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ON THE CALCULATION OF THE UNITS OF

ALGEBRAIC NUMBER FIELDS

TAKASHI AZUHATA

§ 0. Introduction

The method to find a system of fundamental units were given by

G. F. Voronoi in the case of purely cubic fields (see B. N. Delone and

D. K. Faddeev [1]), and by K. K. Billebic [2] in general case of algebraic

number fields except for quadratic fields. But they are rather complicated

for direct calculation. On the other hand, in some special cases, units

can be calculated by the Jacobi-Perron algorithm which is a generaliza-

tion of the continued fractional expansion (see, for example, L. Bernstein

[3]). In this paper, we will show the new method to calculate a system

of independent units by multiplying several numbers. We will give some

examples for purely cubic fields in Section 3.

§ 1. Preliminaries

It is known that the fundamental units of real quadratic fields are

calculated by the continued fractional expansion. We reconsider this

algorithm from the viewpoint of the sequence of ideals. Let ω be a

reduced quadratic irrational with discriminant d > 0, where d is the

discriminant of a real quadratic field Q(V d), and let

( 1) ω0 = ω , ωt — kt + l/ωi + ί , kt — [ωj (/ > 0)

be the continued fractional expansion of ω. If we put ωt — (V d + b^\2at

and % = [ai9 (V~d + &*)/2] where [α, β] = Za + Zβ, then 21, is an ideal of

Q(V~d). We see that

2atkt — bi = & ί M , d — {2atki — bτ)
2 = 4 a ^ + l

from (1) by simple calculation. So we get
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, - 2αΛ)]

We notice that (V d + 6i+1)/2 is an element of Wt which is a conjugate

of %i. If the period of ω is m, then ωm = ω0 and 2ίm = 2I0. Therefore we

have

m 1 \ /m-l

Π -ί(V"3" + bt)Wo = ( Π
ί=l 2 / \ί=0

Hence ε = ω^ ωm_j is a unit of Q(Vd). As a matter of fact, ε is a

fundamental unit.

§2. General method

Let K be an algebraic number field of degree n > 3 with discriminant

D, and σt: K-*C be the embeddings of K into the field of complex

numbers. As usual, we assume that σ^K), , σTl(K) are real fields,

σri+1(K), , σn(K) are complex fields and σ r i + r 2 + i(l£) is a complex conjugate

of σri+ί(K) (l<i< r2) with Λ + 2r2 = n. We put N = Nκ/Q, f(i) = *,(£)

and iV^f) = iV(f)/f for | e Z x . For any fixed £ with 1 < i < rt + r2, we

now construct the unit εe of K satisfying

( 2 ) \ε^\ > 1 , |eί*>| < 1 (1 < k < r, + r2, fe ^ £) .

Then, it is well-known that any r units among εuε2, •• ,ε r i + r a construct

a system of independent units where r — r2 + r2 — 1. For this purpose,

we first notice that for any integral ideal 2ί of K and for any integer

ξ Φ 0 in 2ί, N\ξ)% is an integral ideal of K, and is divisible by iV(2I).

In fact, considering in certain Galois field L containing K, any conjugate

ξσ of ξ is an integer of L and N'(ξ) = N(ξ)/ξ is in K. So N'(ξ) is an

integer of K. By the same argument, N'($X) = 21" W(2ί) is an integral ideal

of K Hence we get N(%) \ N'(ξ)SI from ίσ e Ψ and iV^Sί) | iVr(f). Then, we

can construct the sequence of integral ideals SΓ0, Sϊi, , ST*, and the

sequence of integers £0, f 1? , ξi9 of if such that

( 3 ) OΦξteKt, N'(ξtnt = NφtWM ( ί > 0 ) .

Moreover, by Minkowski's linear forms theorem, we can choose above ξt

so that the following conditions are also satisfied:
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|£*>| < Λ W ^ (1 < k < rx + r2, k Φ t) ,

(4) \ W \ < Δ if£<Zrl9

\ξff < Δ N { K τ ) m n - l ) ii £>rl9

where Δ is any real number greater than Δo = (2jn)r2\D\i/2. It follows from

that iV(2Q < Δn~ι (i> 1). If we take Δ sufficiently close to Δo, then we

get N(%) < Δl'1 (i > 1) since N(%) is a rational integer. There are only

finite integral ideals 2ί with iV(2l) < Δl~λ in K. So we have 2ίs = % for

some positive integers s, ί with s < t. Then, we have the following

THEOREM 1. εt = Π^UtΛPQ/Λ^) is α MTW7 satisfying (2).

Proo/. It follows from (3) and Si, - 2T, that

Therefore

is a unit. We notice that Π |N(f*)l = Π iVW0 1"1 ' since | Π
= 1. Hence we have (2) from

ie?Ί = π ̂ Nmimd] = π mNWi)1"*-" < i

This completes the proof.

We note that (Πf-f ξM%))l(Utl N(ξt)) (s + 1 < k < t - 1) are integral

since iV(£^|£iiV
r/(Sli)2lί+1. It is not easy to find the base of an ideal of K.

But if the base of SI* is given, then we can find easily the base of SIi+1

since (M = [aωu , aωn] if 21 = [ω1? , ωJ = Zωj + + Zωn. So, if we

know the integral base {<xx = 1, a2, , #„} of if and put 2I0 = O^, the

integer ring of K, then the bases of ideals 2ίέ are explicitly calculated.

Furthermore, we can take the base {ωn, -,ωίn} of 21̂  as follows:

Mi* = Σ tyfcffj w i t h βjfc e ^ aJj > aJ* > o .

Then 8Iί Π Z = (αn), iV(2Iί) = Π am a n ( i hence we can decide immediately

whether 2IS = 2ίz or not.

Remark 1. The sequence of the ideals 2I0, Sίi, , 2I<, is not unique

since the choice of ξt satisfying (4) may be not unique.
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§ 3. The case of purely cubic fields

Let K be a real cubic field with negative discriminant and 0K be

the integer ring of K. Then, the unit group of K is generated by ± 1

and the fundamental unit ε > 1. We take the Δ sufficiently close to ΔQ

so that iV(2Q < Δ\ (i > 1). Now we consider the sufficient condition for

the ει to be the fundamental unit when ε > Δ. Every principal ideal 21

of Oκ may be written as 21 = (a) with 1 < a < e. Let P be the set of all

principal ideals 2T = (a) with a e Oκ, 1 < a < Δy i\Γ(2t) < Δ\ and let 2T0 = OKy

2Ii, , δtm-i> 2ίm = Oκ be the sequence of ideals of K satisfying the con-

ditions (3) and (4) with £ = 1. If we put α, = fl ?-"? fftiV(2Tfc)/iV(ft), then

^i β O^, a0 > «! > > afTO_! > 1, %i = (at) and εx = α0 is a unit. Then,

we have the following

THEOREM 2. 7/ noτiβ of the ideals %, SΓ2, , 2ίM are m P

ing au > V^Γ > M̂ + I, ^ ^ ej is ίΛe fundamental unit

w satisfy-

Proof. Assume that εx = εe with e > 1. Then we have αr0 >

&v + i with v < u and 2ίy = (cθ = (αr̂ εεΓ1). It follows from

< \ξυ\ < Δ

that SΪB e P, which is a contradiction. This proves our assertion.

Remark 2. The similar argument applies to the case of totally

imaginary quartic fields.

In particular, if K = Q{V d) where d = mn2 with square-free integers

m > τι > 1, (m, τι) = 1, τn2 ̂ Ξ n2 (mod 9), then the integral base of if is

given by 1, θ = ^ d , <? = ^2/^ a n ^ the discriminant of if is D = — 27m2n2.

Let 21* = [α, 6 + &A c + cxθ + c2θ] be an ideal of K and

(c = 1, 2, 3) ,

D
ι

-0/2 A =
α
b

c

0 0"
0

C2_

Δ > 6V3 mn/π , β = (ab.c^2 .

It follows from the inequalities |/i| < Δ, |/2| = |/3| < β that (x,y, z)AD =

(̂ , //, y) with real numbers λ, μ, v such that |^| < Δ, μ2 + v2 < β2. Denote

by bi, b2, b3 the row vectors of D~ιA~\ then (x, j ' , «ε) is a point in the

parallelotope
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\- μ\ + ι>bz\\λ\<Δ9 M < j8, \v\<β) .

Hence we may choose ξt from a suitable non-zero lattice point in V.

EXAMPLES. Denote by [a; b, bx; c, cu c2] an ideal [α, b + 6^, c + c^

+ c2tf] and put r, = f ,iV(2Q/iV(f,).

( i) d = 5, SIo = [1; 0, 1; 0, 0, 1], To = (3 + 2Θ + <?)/2,

21, - [2; 0, 2; 1, 1, 1] , rt = (1 + θ + β)/4,

2ί2 = [4; 2, 2; 2, 0, 2] , T2 = (2 + 20)/3 ,

Si, = [3; 0, 3; 1, 2, 1] , Γ3 - 4 + 2Θ + θ,

% = Sί0, ε - W 2 r 3 - 41 + 24^ + 149 ,

(ii) d = 11, 2ί0 = [1; 0, 1; 0, 0, 1], To = (4 + 2Θ + θ)/9,

% = [9; 3, 3; 6, 0, 3], Λ = (3 + 30)/4,

8I2 = [4; 0, 4; 1, 3, 1] , λ2 - (5 + W + #)/3,

»8 = [3; 0, 3; 1, 2, 1], T3 = 4 + 2Θ + Θ,

% = sr0, ε = ^ ^ 3 = 89 + 4(» + i&?.
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