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DEPTH FORMULAS FOR CERTAIN GRADED RINGS

ASSOCIATED TO AN IDEAL

SAM HUCKABA* AND THOMAS MARLEY* *

1. Introduction

In this paper, we investigate the relationship between the depths of the Rees

algebra R[It] and the associated graded ring gr7(7?) of an ideal / in a local ring

(R, m) of dimension d > 0. Here

R[If\ : = i?

and

These rings are important not only algebraically, but geometrically as well. For in-

stance, Proj R[It] is the blow-up of Spec(i?) with respect to /. The relationship

between the Cohen-Macaulayness of these two rings has been studied extensively.

We list here a few of the many results on this relationship:

(1.1) R[It] is Cohen-Macaulay for every parameter ideal / of R if and only if R

is Buchsbaum and Hι

m(R) = 0 for i Φ 1, d ([GS1J).

(1.2) Suppose R is Cohen-Macaulay with infinite residue field and let / be an

m-primary ideal of R. Then R[If] is Cohen-Macaulay if and only if

gr7(/?) is Cohen-Macaulay and the reduction number of / is less than d

([GS2]).

(1.3) Let / be an ideal of R of positive height. Then R[It] is Cohen-Macaulay if

and only if i/^(gr7(i?))w = 0 for n Φ - 1 and i < d, and i/^(gr7(i?))w = 0

for n > 0, where N denotes the homogeneous maximal ideal of gr7(7?) ([TI]).

These theorems provide necessary and sufficient conditions for depth

R[It] to be at its maximum. However, very little has been written concerning the

relationship between depth R[It] and depth gr7(i?) in more generality. Schenzel

touched on this topic in [Sch2] and [Sch3], in which he gave necessary and
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sufficient conditions for certain elements to form a regular sequence in R[It].

Also: in an earlier article, the present authors proved the following result:

(1.4) Suppose R is Cohen-Macaulay and / is an m-primary ideal. If gr7(i?) is

not Cohen-Macaulay then depth R[It] = depth gr7(i?) + 1 ([HMβ.

(Here we adopt the convention that if S is a Noetherian graded ring with a unique

homogeneous maximal ideal m then depth S is defined to be depthw 5.)

Thus, in the case / is m-primary the only complication in relating the depths

of R[It] and gr7(i?) occurs when depth gr7(i?) = dimi?. The techniques we used

to prove this result (induction on the depth of gr7(i?)) do not extend to the case

when dim R/I > 0, as we are not guaranteed the existence of a homogeneous reg-

ular element in gr7Cfi?) if depth gr7(i?) > 0. The question of whether or not (1.4)

still holds if the m-primary assumption is removed was left unanswered. In this

paper, we provide an affirmative answer to this question (Corollary 3.12). In addi-

tion, we prove the following:

PROPOSITION 3.6. For any ideal IofR, depth R[It] > depth gr7(i?).

THEOREM 3.10. // depth gr7(i?) < depth R then depth R[It] = depth

gr7θ?) + 1.

THEOREM 3.13. // as(grr(R)) < 0 then depth R[It] > depth gr7lff) + 1,

where s = depth gr7(i?).

The methods employed in the proofs of these results differ from those used in

[HM]. In place of induction, we make frequent use of graded local cohomology in a

manner inspired by the works of Trung and Ikeda [TI] and Brodmann [Brl-3]. In

[TI], the concept of generalized Cohen-Macaulayness is used to prove (1.3) above. In

this paper, we stretch this idea further and introduce the notion of generalized

depth. This concept is developed in Section 2 and plays a key role in our demon-

strations of the above results. These proofs, along with several examples and an

application to ideals generated by systems of parameters in Buchsbaum rings, are

given in Section 3.

Throughout this paper, all rings are assumed to be commutative with identity

and Noetherian. As a general reference, we refer the reader to [Mat] for any unex-

plained notation or terminology.

By dim R we always mean the Krull dimension of R. It is well-known that if

/ is an ideal of R then dimgr7(i?) = dim R. If / is not contained in some prime

ideal of maximal dimension then dim R[It] = dim R + 1. (See [V] for proofs of
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these facts.) We remark here that gr7(i?) = R[It] /IR[It] as graded rings.

If R is local with maximal ideal m and / is an ideal of R, the analytic spread

of /, denoted /(/), is defined to be dim R[It]/mR[It]. In [NR], it is shown that

ht(/) < /(/) < dim R. An ideal / is called equimultiple if /(/) = ht /. In particu-

lar, all m-primary ideals are equimultiple. If R/m is infinite and / = /(/) then

there exist elements xlf. . . yxt e / such that (xv . . . >x)In — In+ for all n suffi-

ciently large. The ideal / = (xlf. . . ,xξ) is called a minimal reduction of / and the

smallest nonnegative integer n satisfying JIn = In+ is denoted Tj(D. The reduc-

tion number of / is defined by

r(I) : = minίr/T) | / a minimal reduction of /}.

If gr7(i?) is Cohen-Macaulay and / is equimultiple, then Tj(D — r(D for any

minimal reduction / of / ([H] or [T]).

Suppose R = Θ Rn is a nonnegatively graded Noetherian ring. We denote by

R the ideal of R generated by all homogeneous forms of positive degree. Assume

now that Ro is local. Then R has a unique homogeneous maximal ideal M. By

[MR], R is Cohen-Macaulay (abbreviated CM) if and only if RM is CM. We define

depth R to mean depthM R. That is, depth R is the smallest nonnegative integer s

such that HS

M(R) Φ 0, where Hι

M(R) denotes the i local cohomology module of R

with support in M. As a general reference on local cohomology, we refer the read-

er to [Gr] or [GW].

Let A be a graded i?-module. For n ^ Z, we let A(n) denote the graded

i?-module A twisted by n\ i.e., A(n)p = An+P for all integers p. We note that if A

is graded and / is a homogeneous ideal of i?, then Hi (A) is also a graded

i?-module and Hl(A(n)) = Ht(A)(ή) (as graded modules) for all n. If

0 >A >B >C »0

is an exact sequence of graded i?-modules with homogeneous (degree 0) maps,

then the induced exact sequence on local cohomology

• Hι,(A) • H}(jB) > Hί(C) •

also has homogeneous maps. If A is finitely generated over R, then for each i ^ 0

Hι

M{A)n = 0 for n sufficiently large. For i > 0, we define

a{(A) : = maxίn ^Z\Hi

M(A)n Φ 0}.

If HM(A) = 0 we set atiA) = ~ °°.

Now suppose x e Ak is ^-regular and let 5 = depth A Then from the short

exact sequence
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0 >A(- k)-^->A >A/xA >0

we obtain

0 • Hs~\A/xA)n >Hs

M{A)n_k »H'M(A)n

for all n. If k > 1 it is easy to see that

(1.5) as_^A/xA) = as(A) + k.

2. Generalized depth

Let (/?, m) be a local ring and / an ideal of R. Using the language of [TI], R

is said to be a generalized Cohen-Macaulay ring with respect to I if Hm{R) is annihi-

lated by some power of / for all i < dim R. (See also [Schl], [CST] and [Tl] in con-

nection with generalized Cohen-Macaulay rings.) In this spirit, we define the

generalized depth of R with respect to I, abbreviated g-depth7i?, by

g-depth7 R : = supίA; e Z | / £ /arm* Hl

m(R) for all i < k).

This number has previously been studied by both Brodmann [Brl] and Fal tings [F]

in their investigations of the finiteness properties of H^(R) (or more generally, of

H}(M) for an ideal / of R and a finitely generated i?-module M). The following

proposition is a special case of Brodmann's result. As the proof is not long, we in-

clude it along with the statement.

For a Noetherian ring R and an ideal / of R, we let D(7) denote the subset of

Spec(i?) consisting of all prime ideals of R not containing /.

PROPOSITION 2.1 (cf. [Brl], Satz 3.12). Suppose that (R, m) is a local ring

which is the homomorphic image of a regular local ring and let I be an ideal of R.

Then

g-depth7 R = min {depth Rp + dim R/p),
peΌ(I)

where the right- hand side is defined to be oo if D (/) = 0 .

Proof For convenience, let s(I) denote the right-hand side of the above

equality. Let R = S/J where S is a d-dimensional regular local ring and let E be

the injective hull of the residue field of S. Then by local duality ([Ha]),

Hι

m(R) s E x t Γ ' C R , S)* for ali i,

where denotes the functor Hom s (—, E). Since a n n 5 M = ann s M for all f.g.
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S-modules M, we see that some power of / annihilates H^(R) if and only if some

power of / annihilates Exts~
ι(R, S).

Now let p be a prime ideal of R and q a prime ideal of S containing / such

that q/J = p. Let r = dim Sq. Then

d — dim S = dim Sq + dim S/q = r + dim R/p.

Thus

Extf f ϋ?, S)p = 0^Extd

s~
i(Rp, Sq) = 0

_ rji-dim R/p , p \ — r\

Suppose g-depth7i? > k. Then some power of / annihilates E x t ^ ' Ό ? , S)

for i = 0 , . . . , k - 1. Thus, Ext^'Ui, S)p = 0 for 0 < i < A - 1 and all /> e

D(/). Hence, Hp~*imR/p(Rp) = 0 for 0 < / < A - 1 and all /> G D(/), and there-

fore depth i?, > A - dimi?/^ for all p G D(7). This proves that g-depth7i?

Conversely, suppose depth i?^ + dimi?/^ > k for all /> G D(i). Then

for 0 < ί < A: - 1 and all p e D(/). Thus E x t f C ^ , S)^ = 0 for 0 < i < k - 1

and all p e D(/). Therefore

/ c yann^ίExtfίi?, S)) = JannR H^(R) for 0 < i < A - 1.

This proves that g-depth7 R > s(I).

We will make use of the following fact:

Remark 2.2. Let (R, m) be a catenary local ring and p c: q primes of R. Then

depth Rq + dim R/q < depth Rp + dim R/p.

Proof. Since i? is catenary, dim R/p — dim R/q = ht <7/£. Thus, by localiz-

ing at q we may assume q is the maximal ideal of R. By Ischebeck's Theorem

([Mat], Theorem 17.1), Ext'(R/p, R) = 0 for i < depth i? - dim R/p. Therefore

depth, R + dim R/p > depth R. •

Remark 2.3. L ί̂ (i?, m) fo α /cm/ ring and I an ideal of R. Then

(a) g-depth7 R = g-depth^ J? tί /î r̂  Λ is the m-adic completion of R.
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(b) depth R < g-depth7j?.

(c) g-depth7 R < dim R if and only if I is not nilpotent.

Proof The first statement follows from the fact that H^(R) = H^(R) <g)R

R. Part (b) is obvious from the definition of g-depth. For part (c), we may first

assume that R is complete so that R is the homomorphic image of a regular local

ring. If g-depth7(i?) < °° then D(/) Φ 0 , so / is not nilpotent. Conversely, if /

is not nilpotent let p be minimal prime not containing /. Then g-depth7 R

< depth Rp + dim R/p< dim R. D

Let R = Θ Rn be a nonnegatively graded Noetherian ring where Ro is a local

ring. For a homogeneous ideal /, we define the generalized depth of R with respect

to / to be g-depth7/?Afi?M where M is the homogeneous maximal ideal of R. In this

case, it is clear that g-depth7 R > k if and only if some power of / annihilates

HliR) for i= 0, . . . ,Λ - 1.

Remark 2.4. Let R be a nonnegatively graded Noetherian ring such that Ro is

local and let Ro be the completion of Ro with respect to its maximal ideal. Let S — R

® Λ o Ro

 and I a homogeneous ideal of R. Then g-depth7 R = g-depth75 S.

Proof. Let M be the unique homogeneous maximal ideal of R. Then MS is the

unique maximal homogeneous ideal of S and HMS(S) = Hι

M(R) ® RQ R O for all

i>0. D

The proof of the following result can be found in [TI], although we state it

here in a slightly stronger form.

LEMMA 2.5 ([TI], Lemma 2.2). Let R be a graded ring as in Remark 2.4. Then

g-depth/ ? + R > k if and only if there exists an integer t such that HM(R)n = 0 for

n< t andO < i< k- 1. D

3. The depths of R[It] and gr7(i?)

In this section we prove several results which illustrate the relationship

between depth R[It] and depth gr7(i?). We begin with an elementary lemma:

LEMMA 3.1. Let R be a local ring and I an ideal of R. Let S = R[It] and G =

gr7(i?). Suppose P is a prime ideal of S which contains IS but doesn't contain S .
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Then depth SP = depth GQ + 1, where Q = P/IS.

Proof. Choose x G / such that jtf £ P. Then xS P = ISP for if a G /, then

-γ = x ~ZΓf^ xSP. Therefore, GQ = SP/xSP. Now if x is a zero-divisor in SP,

then there exists an associated prime q of S such that q c P and x ^ q. But if

ί = ( 0 : s / ) , then xf=0. Hence xtf=0 and so xt ^ q c: Py a contradiction.

Thus x is regular in SP, which completes the proof. O

We now prove a simple formula relating the generalized depths of i?[/fl and

gTj(R) (cf. [TI], Proposition 3.3). This formula will play a key role in the proofs

that follow.

PROPOSITION 3.2. Let R be a local ring and I and ideal of R. Let S = R[It] and

G = givCJ?). 77ιen

g-depth s + 5 = g-depthG + G + 1.

Proo/ By Remark 2.4, we may assume R is complete. Thus, R is the homo-

morphic image of a regular local ring. Consequently, S and G are the homomorphic

images of regular rings and so we may use Proposition 2.1.

Suppose g-depth s + S > k. Let Q be a prime ideal of G not containing G+.

Then there exists a prime P Ώ. IS oί S such that P / / S = Q. Evidently, P G

D(S ). By Lemma 3.1 and Proposition 2.1,

depth GQ + dim G/Q = depth SP - 1 + dim S/P > k - 1.

Therefore, g-depthG + G > g-depth s + S - 1.

Now suppose g-depthG + G > k. Let ?̂ be a homogeneous prime ideal of S not

containing S+. Then there exists P ^ D(S + ) such that (IS,p) c: P. Otherwise,

S+ cz y/(ρ, IS) and so Inf — pn + In+ f for n sufficiently large. By Nakayama's

lemma, this implies that pn — Intn and so S c p, a contradiction. Now let

Q = P/IS. Then

depth S, + dim S/p > depth 5 P + dim S/P (Remark 2.2)

> depth GQ + 1 + dim G/Q (Lemma 3.1)

> ft + 1.

If /) is not homogeneous then depth S^ + dim S/p — depth Sp* + dim S//> ,

where p is the ideal generated by homogeneous elements of p (see [GW]).
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Thus, g-depths+ S > g-depthG+ G + 1. D

LEMMA 3.3. Let (i?, m) be a local ring and I an ideal ofR. Let S = R[It] and

G = grr(R). Then

(a) //depth R < depth S - 1 then depth G = depth R.

(b) //depth R > depth S - 1 then depth G > depth S - 1.

Proo/ Consider the following two exact sequences (cf. [Hu]):

(3.4) 0 >S+ >S >R >0

(3.5) 0 > IS > S > G •O.-

We view these two sequences in the catagory of graded S-modules with

homogeneous maps, where R is considered as a graded S-module concentrated in

degree 0.

Let M and N denote the homogeneous maximal ideals of S and G, respective-

ly. Let t = depth S. Using (3.4) and the corresponding long exact sequence on loc-

al cohomology, we see that Hι

m(R) = H^ (S+) for i < t — 2. Likewise, using

sequence (3.5) we get that H^G) = H^ilS) for i < t - 2. Since IS = S + ( l ) ,

we have H^IS) = H^(S+)(1) for all i Therefore H^(G) = H^(R)(1) for i < t

- 2. Both (a) and (b) now follow. D

It should be noted that both (a) and (b) are possible in the above lemma. Of

course, (b) holds whenever R is Cohen-Macaulay. As an example of case (a)

occurring, consider the following example due to Goto and Shimoda ([GS1], Remark

3.5): let k[\ x, y\] be a formal power series ring in two variables over a field

k, R the subring k[\ χ2, xyy y, χ51] and / the ideal (χ4, y)R. Then depth

RUt] = 3 and depth R = 1.

We now show depth gr7(i?) can never exceed depth R[It].

PROPOSITION 3.6. Let (i?, m) be a local ring, I an ideal of R, S — R[It] and G

= grj(R). Then depth G < depth S.

Proof As before, let M and N denote the maximal homogeneous ideals of S

and G, respectively. Let s = depth G. Using sequence (3.5) above, we obtain that

(3.7) Hi,(IS)n = Hl

M{S)n for i < s ~ 1 and all n.

Applying the long exact sequence on local cohomology to (3.5), we have
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for all n and all i But Hι

m(R)n = 0 for all n Φ 0, so

(3.8) K(S+)n = ^ r ( S ) w for i > 0 a n d ^ 0.

Now since IS = S + ( l ) , we have

(3.9) HUlS)n = H^S+)n+ι for all i, n.

Combining (3.7), (3.8) and (3.9), we obtain that # ί ( S ) n = //£(S) n + 1 for « =£ - 1

and ί < s - 1. But Hl

M(S)n = 0 for w sufficiently large, so # M ( S ) W = 0 for n > 0.

On the other hand, Proposition 3.2 implies that g-depths+ S = g-depthG+ G + 1

> 5 + 1. So by Lemma 2.5, //^(S)M = 0 for w sufficiently small and z ̂  s. Hence

fli(S)rt = 0 for n < - 1 and i < s - 1. Therefore, ^ ( S ) = 0 for i < s - 1

and so depth S > s. D

THEOREM 3.10. Let (R, m) be a local ring and I an ideal of R. Let

S = R[It] and G = gTj(R). Suppose depth G < depth R. Then

depth S = depth G + 1.

Pr<96>/ By Lemma 3.3 and Proposition 3.6, we have

d e p t h G < d e p t h S < d e p t h G + l .

Let 5 = depth G. From (3.5) we obtain

(3.11) 0 > H ^ Ϊ Z

for all n. Using (3.4) and the fact that 5 < depth R we get that ί ^ ( S + ) w =

Hs

M(S)n for all n. Since Hs

M(IS)n = H^(S+)n+1 for all w (see (3.9) above), we get

0 >HΪ(S)Λ+ι >HΪ(S)n

for all n. But g-depth5+ S = g-depthG+ G + 1 > s + 1, so HM(S)n = 0 for w

sufficiently small by Lemma 2.5. Therefore fl^(S) = O.and depth S > s + 1. D

As a special case of this theorem, we get the following generalization of (1.4):

COROLLARY 3.12. Let (R, m) be a CM local ring and I an ideal of R. Suppose

gXj(R) is not CM. Then

depth R[It] = depth gr7(i?) + 1.

Reformulating (1.3) in the case R is CM, R[It] is CM if and only if gr7(i?) is
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CM and #d(gr7(i?)) < 0. The next theorem generalizes one direction of this result.

THEOREM 3.13. Let (R, m) be a local ring, I an ideal, S = R[It] and G —

grf(R). Lets = depth G. If as(G) < 0 then

depth S> depth G + 1.

Proof. By Proposition 3.6, we know that depthS > depth G = s. From (3.4)

we get that

Hs

m~\R)n >H^(S+)n >HΪ(S)U >Hs

m{R)n

for all n. Therefore Hs

M(S+)n = H^(S)n for n Φ 0. Using (3.5), we obtain

(3.14) 0 >Hi(IS)n >HΪ(S)n >HZ(G)n

for all w. As f^'(/S)w = H^(S+)n+1 for all n by (3.9), we get that

0 >H^(S)n+ι >I£(S)H

for n Φ — 1. By Proposition 3.2, g-depths+ S = g-depthG+ G + 1 > 5 + 1, so

# M ( S ) W = 0 for n sufficiently small. Hence Hs

M(S)n = 0 for n < - 1.

As as(G) < 0, Hs

M(G)n = 0 for n > 0. Thus, from (3.14) we have that

Hu(IS)n = ^ M ( S ) M for n > 0. Hence, for w > 0

JU(S).+i = K(S+)n+1 = Hs

M{IS)n = HΪ(S)H.

Since H^(S)n = 0 for n sufficiently large, we see that H^(S)n = 0 for n > 0.

Hence # ^ ( S ) = 0 and depth S > 5 + 1. D

In light of Lemma 3.3, we see that we get equality in the above theorem if

depth G Φ depth R.

We remark that the converse to this theorem is false if 5 < dim R. For exam-

ple, let R — k[x , x y, xy , y ] where k is any field, and let / = (x , x y, y )R.

Using Bayer and Stillman's Macaulay, one finds that depth R[It] = 2 and

gr7(Λ) = k[a, b, c, d\ /(ac, ab\ a2b, a, c4 - b3d)

where a, b, c, d are indeterminates with deg a — 0 and deg b — deg c = deg d

= 1. It is easy to see that d is regular on G = gr7(i?) and that ao(G/dG) = 1.

Thus depth gr7(i?) = 1 and ̂ (gr/i?)) = 0 by (1.5).

As an example of a situation where Theorem 3.13 can be applied, consider

the following
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PROPOSITION 3.15. Let (i?, m) be a local Buchsbaum ring and I an ideal generated

by a system of parameters. Let G = gr7(i?) and s = depth G. Then as{G) = — s.

Proof First note that if dim R = 0 then 7 = 0 and the theorem holds. Thus

we may assume R is of positive dimension. By passing to R(X) — R[X]mR[x] we

may assume that the residue field of R is infinite. (The fact that R(X) is still

Buchsbaum is the content of Lemma 2.26 of [SV].)

Choose generators xv. . . ,xd (where d = dim R) for I such that the images of

xlf . . . ,xs in Gx form a regular sequence in G. Let T = R/(xl9. . . ,xs) and / =

(xs+v . . . ,xd) T. Then T is also a Buchsbaum ring and gr7(T) = G/(xι ,. . . ,xs).

By (1.5) as(G) = ao(G/(x1 ,. . . ,x s )) — s, so it is enough to prove the proposi-

tion in the case 5 = 0.

So suppose depth G = 0. Let #' £= HN(G)n for some w > 1 and choose # ^

7W whose image in Jn /Jn+ j s a\ ψe w[\\ show ^ e / w + and so ^ ' = 0. There ex-

ists a sufficiently large integer A: such that a Gk = 0 i.e., al a I . Thus, a

( / *+i . ^ n / = /" for /c > 1.

Using induction on k and the fact that (7 : / ) = ((/ : I) : I ), we get

that

for all /c, « > 1. Hence tf ^ / w + , and so HN(G)n = 0 for ^ > 1. Therefore,

0O(G) = 0. D

By [G], for any pair of nonnegative integers s ^ d there exist rf-dimensional

Buchsbaum rings with depth s. Thus, by (1.1) we see that for an arbitrary Buchs-

baum ring R it is not necessarily the case that R[It] is CM for all parameter

ideals /. However, we do get the following result, which is a consequence of

Theorem 3.13 and Proposition 3.15.

COROLLARY 3.16. Let (R, m) be a local Buchsbaum ring of positive depth and I

an ideal of R generated by a system of parameters. Then

depth R[It] > depth grx(R) + 1.

Of course if depth R = 0 then depth gr7(i?) = depth R[It] = 0.

Note that we do not necessarily have equality in the above corollary. For in-

stance, take R to be any two-dimensional Buchsbaum local domain which is not

CM (e.g. k[\ x , x y, xy , y |]) and / any ideal of R generated by a system of pa-
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rameters. Then R[It] is CM by (1,1) but depth gr7(i?) = depth R = 1 by Lemma

3.3 (a).

We also remark that Corollary 3.16 does not hold for arbitrary local rings.

For if R = k[\x, y, z\]/(χ2, xy2) and / = (y, z)R then one finds (using

Macaulay, for instance) that depth R[It] = depth gr7(i?) = depth R = 1.
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