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QUASI-HOMEOMORPHISMS OF DIRICHLET FORMS
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§1. Introduction

Extending fundamental work of M. Fukushima, M. L. Silverstein, S. Carrίllo

Menendez, and Y. Le Jan (cf. [F71a, 80], [Si74], [Ca-Me75], [Le77]) it was recently

discovered that there is a one-to-one correspondence between (equivalent classes

of) all pairs of sectorial right processes and quasi-regular Dirichlet forms (see

[AM91], [AM92], [AMR90], [AMR92a], [AMR92b], [MR92]). Based on the potential

theory for quasi-regular Dirichlet forms, it was shown that any quasi-regular

Dirichlet form on a general state space can be considered as a regular Dirichlet

form on a locally compact separable metric space by "local compactification".

There are several ways to implement this local compactification. One relies on

/^-transformation which was mentioned in [AMR90, Remark 1.4]. A direct way us-

ing a modified Ray-Knight compactification was announced on the "5th

French-German meeting: Bielefeld Encounters in Mathematics and Physics IX.

Dynamics in Complex and Irregular Systems", Bielefeld, December 16 to 21,

1991, and the "Third European Symposium on Analysis and Probability", Paris,

January 3-10, 1992, and appeared in [MR92, Chap. VI] and [AMR92b] (see also

the proof of Theorem 3.7 below). One can also do this by Gelfand-transform. This

way was found by the first named author independetly and announced in the

"12th Seminar on Stochastic Processes", Seattle, March 26-28, 1992. It will be

discussed in Section 4.

The main purpose of this paper is to take another point of view to look upon

quasi-regular Dirichlet forms. We shall define a concept of quasi-homeomorphism

for Dirichlet forms in terms of 8-nests (see Definition 3.1 below). Using this con-

cept we may rephrase the local compactification result as that every quasi-regular

Dirichlet form is quasi-homeomorphic to a regular Dirichlet form. But one can see

that the converse is also true. Therefore, from this point of view a Dirichlet form

is quasi-regular if and only if it is quasi-homeomorphic to a regular Dirichlet
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form on a locally compact separable metric space. See Theorem 3.7 for details. We

mention that our concept of quasi-homeomorphism is a modification of the one

used in [F71a] and [Si74] where the same concept was defined in terms of the

cJassicaJ capacity and hence cannot be used directly for general DΊrϊchlet forms

(see Remark 3.2).

The remainder of this paper is organized as follows. In Section 2 we recall

some basic facts on quasi-regular Dirichlet forms which are necessary for the

subsequent discussion. Section 3 is devoted to the main results concerning quasi-

homeomorphism of Dirichlet forms. In Section 4 we describe the above mentioned

"Gelfand-transform approach" to local compactification, whose spirit can be traced

back to Fukushima's regular representation theory [F71b].

§2. Basics on quasi-regular Dirichlet forms

We first recall some basic potential theory for general Dirichlet forms. They

appeared in [AMR90], [AM91] for the symmetric case and were developed in detail

in [MR92] (see also [AMR92a, b]) for the general (non-symmetric) case. For con-

venience from now on we shall refer only to [MR92], and only use the terminology

therein.

In what follows let £ be a Hausdorff topological space with σ-algebra

38(E). Let m be a σ-finite positive measure on ( £ , $ ( £ ) ) . Let (8, D(8)) be a

fixed (not necessarily symmetric) Dirichlet form on L2(E m) with associated

generator L, semigroups (Tt)t>0, (ft)t>0 and resolvents ( G α ) α > 0 , (G α)α>Q on

L2(E m). For α > 0 we shall write Sα(u, υ) '= 8(u, υ) + α(u, v) for u, υ e

D(8), where ( , ) is the usual inner product in L (E m). Let 8 be the symmetric

part of 8, i.e., 8(u, υ) : = -^ [S(u, υ) + S(v, u)]. Then ($, D(8)) is a symmetric

Dirichlet form on U(E m). The associated objects relative to ( I , D(8)) will be

marked by "~ M , e.g. (Gα)α>0 will denote the resolvent associated with ( I , D(8)).

Let K > 1 be a continuity constant of (8, D(8)), i.e., K satisfies \8γ{u, υ) \

< KS^u, uΫ^S^v, v)1/2 for all u, υ e D(8).

For a closed set F c E, we define

(2.1) D(8)F := {u e D(8) \u = 0 m-a.e. on E\F}.

DEFINITION 2.1. (i) An increasing sequence (Fk)kG^ of closed subsets of E is

called an 8-nest if U Λ > l J D( ( f) F is dense in /)($) with respect to <fJ/2-norm.

(ii) A subset N c £ is called 8-exceptional if iV c p) Λ> ι(E\Fk) for some
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8-nest (Fk)keN. We say that a property of points in E holds 8-quasi-

everywhere (abbreviated 8-q.e.), if the property holds outside some

(f-exceptional set.

For a given 8-nest (Fk)ksN we define

(2.2) C({Fk}):= {f :A-+R\ U F Λ c A c £ , / j F is continuous for all k).
k>\ k

DEFINITION 2.2. An 8-q.e. defined function / on E is called 8-quasi-

continuous if there exists an $-nest (Fk)k(ΞN such t h a t / ^ C({Fk}).

The above notions can also be characterized by certain (equivalent) capacities

relative to (<§, D{8)). To this end we set

(2.3) # : = tte D{8) \h= Gλφ for some φ e Z,2(£ w), 0 < p < 1 m-a.e.}.

For h ^ ffl, we define for open f/ c £,

(2.4) CapA(ί/) : = inf low, M ) | « E £>(<?), u > h m-a.e. on U).

and for arbitrary A cz E,

(2.5) Cap,(A) : = inf{CapΛ(C/) | K ί / c £ , C/open}.

Remark 2.3. For l ι e | and U cz E, U open, there exists a unique /^ ^

Z)((f), called the 1-reduced function of h (relative to 8), such that 0 < hυ < h

m-a.e., hv = h m-a.e. on U and CapΛ(60 =8^,^) (cf. [MR92, III1.5 and

2.10])

THEOREM 2.4. L#ί h €= # . T/ι̂ n CapΛ 15 α Choquet capacity which is countably

subadditive, i. e., it has the following properties:

( i ) An ΐ A=> CapΛ(Aw) T

(i i ) Kn 1 i^, Xw compact^ Caph(Kn) I C a p Λ ( i D .

(m) Cap Λ ( U ^ ) < Σ

Proo/. See [MR92, III. 2.8].

THEOREM 2.5. (i) An increasing sequence (Fk)k(=N of closed subsets of E is an

8-nest if and only if lim^^ Caph(E\Fk) = 0.

(ii) A subset N ci E is 8- exceptional if and only if CapΛ(Λ0 = 0.
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Proof. See [MR92, III. 2.11].

By Theorem 2.5 the capacities CapΛ, h ^ X, are equivalent to each other.

By virtue of Theorem 2.5, one can prove the following lemma analogously to

[F80, Theorem 3.1.2(i)].

LEMMA 2.6 [MR92, III. 3.3]. Let S be a countable family of 8-quasi-continuous

functions on E. Then there exists an 8-nest (Fk) k^N such that S c: C({Fk}).

Let fn, n e N, be (8-q.e. defined) functions on E. We say that (/ w ) w e N con-

verges to / 8-quasi-uniformly if there exists an $-nest (Fk)k^N such that fn~^f

uniformly on each Fk. The followung result relies also heavily on Theorem 2.5 (cf.

[FδO, Theorem 3.1.4]).

PROPOSITION 2.7 [MR92, III. 3.5]. Let un e D(8), which have 8-quasi-

continuous m-versions un, n ^ N, such that un—+u €= D{8) with respect to

8X -norm. Then there exists a subsequence (un/)AeN and an 8-quasi-continuous

m-version ΰ of u such that iun)k&^ converges 8-quasi-uniformly to u.

We are now prepared to recall the following definition.

DEFINITION 2.8. (<?, D(8)) is called a quasi-regular Dirichlet form if:

( i ) There exists an (f-nest (Ek) A e N consisting of compact sets,

(ii) There exists an 8λ -dense subset of D(8) whose elements have 8-quasi-

continuous m-versions.

(iii) There exist un e D{8), n G N, having (?-quasi-continuous m-versions un,

n €= N, and an ^-exceptional set N c: E such that iun | n ^ N} separates the

points of E \ N.

In what follows we collect some basic properties of quasi-regular Dirichlet forms

whose detailed proofs can be found in [MR92, IV. §3].

PROPOSITION 2.9. Let (8, D{8)) be a quasi-regular Dirichlet form on L2(E m).

Then:

( i ) D(8) is separable with respect to 8X .

(ii) Each element u ^ D(8) has an 8-quasi-continuous m-version u.

(iii) / / (Fk) AeN is an 8-nest and Fk = supp[/F^*m], then (Fk) A e N is an 8-nest.
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(iv) /// is 8-quasi-continuous and / > 0 m-a.e. on an open set U of E, then f > 0

8-q.e. on U. In particular, u is 8-q.e. unique for all u G D(8).

(v) If D is a set of 8-quasi-continuous functions such that the corresponding

m-classes form a dense subset of D(8), then there exists an 8-exceptional set N

such that D separates the points of E\N.

(vi) Let h be an 8-quasi-continuous m-version of an element in lit {$, being specified

by (2.3)), then there exists an 8-nest (Fk)ksN consisting of compact metrizable

sets such that

(2.6) inί{h(x) \x*Ξ Fk

h} > 0 for all k e N

The following is crucial for the discussion below.

PROPOSITION 2.10. Let (8, D{8)) be a quasi-regular Dirichlet form on

L (E m). Then there exists a countable set D of 8-quasi-continuous functions such

that the corresponding m-classes form a dense subset of D(8) satisfying the following

properties:

( i ) D is an algebra over the rationals and h ^ D, where h is specified by 2.9 (vi).

(ii) Each u in D is bounded and u\ < ch for some c > 0. In particular, each

u ^ D is m-integrable.

(iii) There exists an 8-nest (Fk)k&N such that D c C({Fk}), D separates the points

of Y •= U Fk, and Fk c Fk with Fk being specified by 2.9(vi). Moreover, Fk =

m] for each k.

$

Proof Since ^k>iD(8)Fh is dense and D(8) is separable with respect to

-norm, we may take a countable subset D1 c U A> x D(8)Fh such that Όx is

8 -dense in D(8). Moreover, since (u Λ n) V (— n) -+u in 8 -norm for each

u ^ D(8), we may assume that each element of Dλ is bounded. For each u ^ Dv

we fix an <?-quasi-continuous m-version ΰ such that

(2.7) u = 0 on E\Fk for some k e N.

Let D be the smallest algebra over the rationals which is generated by h and

{u I u e D^. Then D is a countable dense subset of D(8) satisfying 2.10 (i) and

(ii). By 2.8 (v) there is an ^-exceptional set N such that D separates the points of

E\N. Let CF 1 A ) Λ e N be an «-nest such that N c Π A > 1 (E\Flk). Let ( F 2 Λ ) Λ e N be

an 8-nest such that DcC({F2k}). Let Fk' = Flk Π F2k Π Fk and Fk' =

supp[/F;*m]. Then ( F Λ ) A e N is an S-nest satisfying 2.10 (iii). D
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§3. Quasi-homeomorphisms of Dirichlet forms

Let (8, D(8)) be a Dirichlet form on L (E m) as in the previous section. Let

E be another Hausdorff topological space with Borel σ-algebra %{E ). Let

Y •'= E\N where N e SBCJE1) is an <f-exceptional set. Suppose that j is a SB (10/

%{E )-measurable map from Y into E . Let m°j be the image measure of m on

(£" , SB (2? )). Since iVis m-negligible, if w is a function m°y -a.e. defined on E ,

then u °j is m-a.e. defined on E. Therefore, if we set

(3.1) j u '•= u °j m-a.e. for u e L2(E fn°j~ι),

then y is an isometric map from L (E m°j ) into L (E m). In this paper we

use the same notation for a function / (m-a.e. defined) on E and for the

m-equivalence class of functions represented by / if there is no risk of confusion.

We define

/o OΪ ί : = {u* e ' f I i

((?y, Z)((fy)) is called the iwα^ of (δ, D(8)) under . Clearly, ((f;', Dig!)) is a

Dirichlet form if j is onto.

In what follows let m be a σ-finite Borel measure on JE . Let (8, D{$)) and

Of, ZK<?#)) be two Dirichlet forms on L2{E m) and L 2 ( £ # rn) respectively. All

the notions relative to (8#,D(8#)) will be marked by " # " , e.g., (8#,D(8#))

denotes the symmetric part of (8, D(8)), (Ga)a>0 (resp. (Ga)a>0) denotes the re-

solvent associated with (<f, D(8*)) (resp. (<f, D(8*)) etc.

DEFINITION 3.1. (8, D(8)) is said to be quasi-homeomorphic to (8#, D(8#)), if

there is a map j : U ^ ^ ^ U ^ ! ^ , where (^)/CGN ^S a n ^"n^st in £ and

CFΛ

#)Λ e N an <f#-nest in E#, such that:

( i ) j is a topological homeomorphism from Fk onto F Λ for each k e N.

(ii) m = m°y , where m°y is the image measure of m under j .

(m) (8*, D(8*)) = (8\ D(8j)) where (<f, Z)((fO) is the image of (<?, Z)(ί)) under

j defined by (3.2).

Such a map y is called a quasi-homeomorphism from (<?, D{8)) to (<f , Z)((f )).

Remark 3.2. The above definition of quasi-homeomorphism is a modification

of the one used in [Fu71a] and [Si74]. There the same concept was defined in

terms of classical capacities for regular Dirichlet forms, and hence it is not

directly applicable to general Dirichlet forms, since for a general Dirichlet form
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the classical capacity may be identically infinite for any non-empty subset

(cf.[MR92,Π.2.e)] for an example of such a Dirichlet form).

LEMMA 3.3. Suppose that (<§, D{8)) is quasi-homeomorphic to (8#, D(8 )), and

let j be the corresponding quasi- homeomorphism. Then:

( i ) (8 , D(8 )) is quasi-homeomorphic to (8, D{8)) and j is a quasi-

homeomorphism from (8*, D(8#)) to (8, D(8)).

(ii) j maps L (E m ) onto L (E m) and hence L (E m ) is isomorphic to

L\E m).

(iii) j maps D{8 ) onto D{8) and hence the two Hubert spaces (D(8 ), 8X) and

(D(8), 8λ) are isomorphic.

(iv) For a > 0 we have

(3.3) Ga(j*f*) =j*G*J# for all f* e L2(E* m#)

(3.4) Gα(/'7#) =J*G*J* for all f* ^L2(E#;m#).

Proof (i) can be checked in a straightforward way by definition, (ii) and (iii)

are consequences of (i). For proving (iv) we only have to show (3.3). Denote by

( , •) and (*,*)# the inner products of L {E m) and L {E m ) respectively.

For f* e L2(E* m) and g* e D(8#), we have

£ « ( G α 0 f )'J S ) = (J f , ) g ) = if , g ) * ,
$aV GJ , j g ) - 8a(GJ , g ) - ( / , g ) # .

Therefore, since j maps Z)((? ) onto D(8), we obtain for / ^ L (E \m) that

^ ( G « ( / * / # ) , g) = ^ O ' * C : / # , £) for all g e Z)(«).

Thus by the strict positivity of 8a we get Ga(j f ) = / G α / .

Remark 3.4. (i) Lemma 3.3 (i) shows that the quasi-homeomorphism

relation is symmetric. Clearly it is also transitive, hence the quasi-

homeomorphism relation is an equivalence relation among Dirichlet forms on

Hausdorff state spaces.

(ii) Lemma 3.3 (ii)-(iv) show that a quasi-homeomorphism keeps the Hubert

structures of L (E m) and (D(8), 8λ) invariant. In Theorem 3.5 and Corollary

3.6 below we shall show that a quasi-homeomorphism keeps also the potential

theoretic properties of a Dirichlet form invariant.

Let X and ϊtt* be specified by (2.3) relative to (<?, D(8)) and (8*, D(8*))

respectively.
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THEOREM 3.5. Suppose that (g, D(8)) is quasi-homeomorphic to (<?#, D(S*))

and let j : UΛ>X Fk—• U f t> 1 Fk be the quasi-homeomorphism. Let h ^ X and h '• =

j*h*, then h (Ξ tf. Moreover, ifY := U k ^ Fk and Y*: = U ^ F * , tfwn

(3.5) Cap, (5) = Cap*#(;(F Π £)) /or o// 5 c £,

or equivalently,

(3.6) CapJ# (£ # ) = C a p Λ ( f ' ( F * Π JB # )) /or α/Z B # c £ # .

Proof Assume that h = Gxφ for some φ ^ L (E m), 0 < φ < l m -a.e.

Let φ := j*φ*, then 0 < ψ < 1 m-a.e. Therefore, by (3.4) h = j*h* = G ^ e f̂.

For proving (3.5) we take an arbitrary δ > 0. Let B c £" and set B # : = ; ( F Π 5) .

Take an open set U* c £ # such that β # c U* and Cap*#(ί7#) < Cap*#(β#) +

δ. Set / '.= Atf#, where Λ #̂ is the 1-reduced function of /z relative to

( l # , Z)(δ#)) (cf. Remark 2.3). Let / •= j*f*t then 0<f<h m-a.e. and / > A

m-a.e. on f\Y# Π ί / ^ F ί l ί . By Theorem 2.5 we may take n e N such that

Cap Λ (i?\F w ) ^ δ. L e t / , : ~ / + ^ \ F Λ » where A ^ ^ is the 1-reduced function of h

relative to ( I , ZX<?)). Then fn > h"m-a.e. on [£ ^ / ^ ( K * Π f/#) U

Since Un is an open set containing B, we obtain

5) < CapΛ(C/w) < ^(Λ, Λ) < [«,(/, /)1 / 2 1

Letting δ I 0 we obtain

* # * Π

By Lemma 3.3 (i) we may interchange the roles of (8, D{8)) and (β , Z)(<f )) to

obtain

Cap*h*(j(YΠ B)) < Cap.C - V C r n B)) = Caph(Y Π B) = Cap Λ (β),

where we used the fact that CapΛ(i?\ JO — 0 in the last step. Thus (3.5) is

proved. •

COROLLARY 3.6. In the situation of Theorem 3.5, the following statements hold.

( i ) Let (En)ne-N be an increasing sequence of closed subsets of E. Then (En)neN is

an 8-nest if and only if (j(Fn Π En))neN is an 8 -nest.

(ii) N c E is 8-exceptional if and only ifj(Y Π N) is 8 -exceptional.

(iii) A function/, <?-q.e. defined on E, is <§-quasi-continuous if and only if f°j~

is 8 -quasi-continuous.
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Proof, (i) follows from Theorem 3.3 and Theorem 2.5. (ii) and (iii) are con-

sequences of (i). D

Recall that a Dirichlet form (<§, D(8)) on L2{E m) is regular (cf. [Si74], [F80]) if

it satisfies the following three conditions:

(3.7) E is locally compact separable metric space and m i s a positive Radon mea-

sure on E with supp[m] = E.

(3.8) C0(E) Π D(8) is dense in D{8) with respect to <f/2. (Here and henceforth

C0(E) is the family of all continuous functions with compact support on E.)

(3.9) C0(E) Π D(8) is dense in C0(E) with respect to the uniform norm.

Now we can prove our main result.

THEOREM 3.7. A Dirichlet form (8, D(S)) on U(E m) is quasi-regular if and

only if it is quasi-homeomorphic to a regular Dirichlet form (8 , D(8 )) on

L2(E* ;m#).

Proof (i) "if-part: Suppose that (8, D{8)) is quasi-homeomorphic to a

regular Dirichlet form (8 , D{8 )) on L (E m ), and j : U k > 1 F k ^> U k > ι F k is

a quasi-homeomorphism, where (Fk)keN is an 8-nest and (Fk) k(=N an 8 -nest. We

need to show that (8, D(8)) satisfies 2.8 (i)-(iii). Let (Un)n(=N be an increasing

sequence of relatively compact open sets with U A ;>1 Uk = E . Then Ek'-— uk'ιs

compact and (Ek)kξ=^ is an 8 -nest since C0(E ) Π Z)(<? ) cz {Jk>1D(8 )E£. Let

Ek —j (Ek Π i<\). Then each Ek is compact and by 3.6 (i) (Ek)k(=N is an

8-nest, and 2.8 (i) is verified. Let D '•= {u= u °j\ u e C o (£ # ) Π Z)((f#)}. By

3.6 (iii) each u ^ D is (f-quasi-continuous and by 3.3 (iii) D is 8 -dense in

D(8), and 2.8 (ii) is proved. Since C0(E*) is separable and C0(E*) ΓΊ Z)((f#) is

dense in C0(E ) with respect to the uniform norm, we can find a countable family

{un I n e N} c CQCE1 ) Π /)((? ) such that {un \ n ^ N} separates the points of

Z? . Let un '-= un°j. Then {un \ n ^ N} separates the points of U ^ ^ ^ and each

un is an 8-quasi-continuous element of D(8). Thus 2.8 (iii) is verified, completing

the proof of the "if-part.

(ii) "only i f-part (cf. [MR92, VI. 1. Local Compactification] or [AMR92b]): Suppose

that (8, D{8)) is a quasi-regular Dirichlet form on L (E m). Let D be a count-

able dense subset of D{8) specified by 2.10, say D-={un\n^N} with

ux : = h2. Let (Fk)kGN be specified by 2.10 (iii) and Y : = U ^ ! FΛ . Set ̂ w •= — *

arctan ww and define a map j : F ^ [0,1] by j(x) : = {gn{x))nG^ Let Z # = ; ( Y ) .
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Since {gn \ n ^ N} separates the points of F , j is a one-to-one map onto Y . Let

Ψ be the completion of Y# in [0,1] with respect to the metric p defined by

(3.10) p(w, wf) : = Σ 2~n \wn - w'n |, if w : = ( ^ ) w e N , to' : = « ) w e N .

Then F* is a compact metric space. If w : = (ww)«e=N ^ F # , then gn

oj~l{w) = wΛ.

Therefore, all gn°j~
l and ww°i~ a r e uniformly continuous on F . Let ̂  be the un-

ique extension of u^j'1 to F* and

(3.11) E* •= {w^Ϋ\ u[(w) > 0}.

Then £ i s a locally compact separable metric space. Since uι° j ~ = h ° j ~ is

strictly positive on F # , we have that F # c £ # . For all n e N, let M*, g * be the

unique continuous extensions to £" of un ° j , gn° j , respectively. Let Fk =

j(Fk). Since each gn is continuous on Fk, j •= (^ w ) w e N is a continuous one-to-one

map from Fk onto F A . But by 2.10 (iii) Ffc is compact. Therefore, Fk is compact

and y is a homeomorphism from Fk onto F Λ which implies in turn that F • =

Uk^>iFk is a Borel subset of E#. Let m# ' = m°j~ι and extend m# to $(E#) by

setting rn*(E*\ F # ) : = 0. Let ( / , Z)((f#)) be the image (8j, D(8j)) (cf. (3.2)) of

(S, Z)((S)) under j . One can check that D(8 ) is dense in L (E m) and hence

(f,D(8*)) is a Dirichlet form on L2(E#;m#). If u<ED(8)Fk, then u ° f1 tΞ

D(8*)F*. Therefore, Ufc> x £(<?#)F# is lf / 2-dense in £(<?*), which implies that

(Fk)kGN is an 8 -nest. What we have proved shows that / is a quasi-

homeomorphism from (<?, D{8)) to (8 , D(8 )). It remains to show that (8 ,

8D(8 )) is regular. To this end we set

C^iE ) '-= {u \u is continuous on E and {u > δ} is compact in E

for all <5>0}.

Let D* : = {un \n e N}. Then Z)# is lf / 2-dense in £>(<£*). By 2.10 (ii) and (3.11)

D c CooCE ). Since uλ ^ D is strictly positive on £ and Z) is an algebra over

the rationals which separates the points of E , by the Stone-Weierstraβ Theorem

D is dense in C^iE ) with respect to the uniform norm. Let C0(E ) be the

family of all continuous functions with compact support on E . Noting that for

each u e Ώ\ uδ := u - ((u V ( - δ)) A δ) e C0(E#) Π J9((f#) for all δ > 0,

and uδ—*u uniformly and with respect to 8λ when (5 I 0, we conclude that

(8\ D(8*)) satisfies (3.8) and (3.9). Since uγ e L 1 ^ m), hence MJ e Lι(E*

m)f m is a Radon measure. The fact that F Λ = supp[/F * m] implies that

s u p p l V ] = E*. Therefore (<f, D(8*)) is regular. Π
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Remark 3.8. (i) In the second part of the above proof let us set

(3.12) p(x,x') : = Σ 2~n\gn(x) - gn(x0 \;x,x'eγ.

Let Y be the completion of Y with respect to the p-topology. Let ΰγ be the con-

tinuous extension of uγ to Y and define

(3.13) E* : = {x e ΫI ^Cr) > 0).

Then we may construct a regular Dirichlet form on £ quasi-homeomorphic to

(8, D(8)). In this case we have even Yd E*. This was done in [MR92] (cf. also

[AMR92b]) and was called local compactification of E. The local compactification

method provides a procedure to transfer all results known for regular Dirichlet

forms to the case of quasi-regular Dirichlet forms. For details see [MR92. Chap.

VI]. In particular, as already mentioned in [MR92, Chap VI, Remark 2.6], it can be

shown on the basis of the classical results [F71a], [Ca-Me75] for regular Dirichlet

forms and the quasi-homeomorphism established in Theorem 3.7 that every

quasi-regular Dirichlet form admits an associated strong Markov process—more

precisely, an m-tight special standard process. This was first proved by a direct

construction in [AMR92] and [AMR93], (see also [AMR92a]).

(ii) Starting from Proposition 2.10, one can also construct a regular Dirichlet

form by using the Gelfand transform. This approach can be traced back to

Fukushima's regular representation theory [F71b] and will be discussed in the

next section.

§4. Gelfand transform approach to local compactification

This section contains an alternative proof of the "only if" part of Theorem

3.7. Suppose that (8, D{8)) is a quasi-regular Dirichlet form on L (E m). Let

D = {fn I n e N} be a dense subset of D(8) specified by 2.10 and CF A ) A 6 N be an

<?-nest satisfying 2.10 (iii). Henceforth any function / Ξ- D is assumed to be zero

on E\ Y, where Y '-= UΛ>X Fk. With this convention, functions in D are uniquely

defined everywhere on E and | | / |L, the L°° norm of/ on E, is just sup{| f(x) \ \

x e Y}. The uniform closure D of D is a commutative Banach algebra. Therefore,

a regular Dirichlet form (8 , D(8 )) on a locally compact separable metric space

E can be constructed from D via Gelfand transform, which will turn out to be

quasi-homeomorphic to the original Dirichlet form (8, D(8)).

Step 1. Construction of a locally compact separable metric space E



12 ZHEN-QING CHEN, ZHI-MING MA AND MICHAEL ROCKNER

Let E be a collection of non-trivial real valued functions y on D which

satisfy for/, g G D and for a, b rational

(4.1)

(4.2) γ(fg) =

(4.3) γiaf + bg) = aγ{f) + bγig).

We equip E with the weakest topology such that the function Φf: γ-^f(γ) is

cotinuous for each / ^ D. It is well known that £ is a separable locally compact

Hausdorff space which is compact if and only if 1 ^ D and {Φf, / G J9} c

C^iE ) . E is metrizable with metric d defined by

Clearly, by (2.10) each point x in ^satisfies for/, g ^ D and for <z, δ rational

(4.4) i / ω ι < ι i / L

(4.5) (fg)(x) =f(x)-g(x),

(4.6) (af + bg) ω = a fix) + bg(x).

Since D is uniformly dense in D, (4.4)—(4.6) are valid for all ffg^D. Let j be

the unique map from Y to E such that

(4.7) (jx) (/) = /Or), for / G ΰ a n d i e Γ.

By (2.10), j is a continuous one-to-one map on each Fn. Hence Fn ' = j(Fn) is

compact in E and j is a homeomorphism from Fn onto Fn for each n ^ N.

Since j is Borel measurable, there is a unique Borel measure m on E such

that

(4.8) f φ(γ)rn*(dγ)= f φ(jx)rn(dx),

for nonnegative φ on E . Clearly,

(4.9) m*(E*\ Y#) = 0, where F # : = U FA

#.

It follows from the m-integrability of functions in D that m is Radon and it is

easy to check that supp[m#] = E* (see [Si74, p.23]).
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Step 2. j maps D onto C^E*)

)We use the same symbol j to denote the natural mapping of B into C^iE ) that

is,

07) (r) =
Since j(Y) = Y* c £ # ,

(4.10) | | y/L = sup I r (/) I > sup | M O I = sup | /(*) I = II/IL, / e f t

On the other hand by (4.1),

(4.11) ||i/|L = sup \jf(γ) I = sup I r(/) I ̂  l l / L / e ft

Therefore, H//IL = II/IL for / e 5 . So ./Z) is closed with respect to the uniform

norm. Since jD is an algebra of real-valued continuous which vanish at infinity

and separate points on E , by the Stone-Weierstraβ Theorem, jD = C^iE ). In

particular, jD is uniformly dense in C^iE ).

Step 3. The induced regular Dirichlet form on E by (<§, D(S)) via;

For a function / which is m-a.e. defined on E, let jf be the unique function on E

modulo an m -null set such that jf(j) — f(,j~ j) for γ e F = j(Y). It follows

from (4.8) that j is an isometry from L2(E m) Π D onto L CE m ) Π C^CE )

and from L (E m) onto Z, CE m ) . Clearly the mapping j has the

following property:

(4.12) ;(0 V/Λ 1) = 0 V ;(/) Λ 1 m#-a.e. on E*

for any Borel function / on E. Let

(4.13) D(f) =j(D(8)) = {jf\f<ΞD(8)},

and

(4.14) 8\f*,f#) = « ( / , / ) , if ;7 = / # .

Then (g*,D(8*)) is a Dirichlet form on L2(E*;rn*). Since Z)(<f) Π CJE*)

(^> jD) is uniformly dense in C^iE ) and 8ι -dense in D(8 ) (because D is

dense in D(g)), (8*, D(8*)) is a regular Dirichlet form on L2(E* rn). Note that

7 is an isometry from (8, D(8)) onto (8 , D(8 )). Similarly to the discussion in

the previous section, we can now show that (Fn)nGN is an 8 -nest and hence j is a

quasi-homeomorphism from (<§, D{8)) to (<§ , D{8 )). D
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