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A SEPARATION THEOREM IN DIMENSION 3

F. ACQUISTAPACE, F. BROGLIA AND E. FORTUNA*

Introduction

Let M be a compact non-singular real affine algebraic variety and let A, B be

open disjoint semialgebraic subsets of M. Define Z = A Π B (where denotes

the Zariski closure).

The sets A, B are said generically separated if there exists a proper algebraic

subset J c M and a polynomial function p ^ ίP{M) (or equivalently a regular

function p e= $(M)) such that p(A - X) > 0 and p(B - X) < 0.

The sets A, B are said separated if there exists p G ίP(M) such that

p(A - Z) > 0 and p(B - Z) < 0.

Very general results on the problem of polynomial separation for semialgeb-

raic sets are known, for instance Brόcker (cf. [Br 1], [Br 2]) solves the problem of

the separation of constructible sets in a space of orderings. A detailed exposition

of this subject can be found in [AnBrRz], where, in particular, general criterions

for the separation of closed semialgebraic sets are given, by applying powerful

tools of real algebra and quadratic forms theory.

We are interested in finding a finite number of geometric conditions equiva-

lent to the separation of two open semialgebraic sets going towards an algorithmic

solution of the problem. In this article we consider the case of a compact

non-singular algebraic variety M of dimension 3.

The paper is structured as follows. Section 1 contains some general separa-

tion results for compact semialgebraic subsets of R . Geometric obstructions to

separation are found in Section 2, but the proof that this finite set of conditions is

equivalent to the separation is postponed to Section 4. In Section 3 we discuss the

relations between separation and generic separation in dimension 3: if A and B

can be separated outside X, then they can be separated outside a set W which is
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"the best possible", in the sense that any polynomial function generically separat-

ing A from B must vanish on W. Finally in Section 5 we give a criterion of

separation working essentially when the Zariski boundaries of the sets A and B

have only non-singular normal crossings components. So, up to desingularization,

this criterion reduces the separation problem in dimension 3 to a separation prob-

lem on the Zariski boundaries of the sets, hence to a finite number of tests, It is a

first step to prove the "decidability" of this problem.

1. A separation tool

Recall the following result which makes it possible to pass from local to glob-

al separation; it can be found in [F].

PROPOSITION 1.1. Let F, G be compact semialgebraic subsets of Rw such that

F Π G = {0}. Assume there exist a neighbourhood U of 0 and a polynomial function

p such that

p(F Π U- {0}) > 0 andpiG Π U - {0}) < 0.

Then F and G can be separated.

As a consequence we have:

PROPOSITION 1.2. Let F, G be compact semialgebraic subsets of R , F Π G —

0 and let X be an algebraic subset of R such that F Π G <Ξ X. Assume there exist

a neighbourhood U of X and a polynomial function p such that

p(F Π U - X) > 0 and p(G Π U - X) < 0.

Then there exists a polynomial function q such that

q(F-X)>0 and q(G - X) < 0.

Proof Let π : Rw —• N be the topological contraction of X to a point, say 0. It

is known (see [BoCRy]) that iV admits an affine algebraic structure such that π be-

comes a regular function and π\-Rn_x:K
n — X—> N — {0} a biregular isomorph-

ism. The sets π(F) and π(G) are compact semialgebraic sets and π(F) Π π(G) =

{0}, since F Π G £ X The function p° (π^n.xV^.N- {0}-^R is regular,

so it can be written as -y, with φ, φ ^ ^{N), φ never vanishing on N — {0}.
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Then ψ'φ is a polynomial function on N which separates π(F) from ττ(G) in the

neighbourhood π(U) of 0.

N is affine, say N c Rm φ ψ is the restriction of a polynomial function #

which verifies the hypothesis of Proposition 1.1. Hence there exists f ^ ?P(N)

such that

f(π(F) - {0}) > 0 and /(τr(G) - {0}) < 0.

Q\
Then / ° π is a regular function separating F from G outside X. If / ° π = — ,

#2

with #!, # 2 ^ ^ ( R ), then ^ ' ^ * s the polynomial function we looked for. LH

PROPOSITION 1.3. Let F, G 6<? compact semialgebraic subsets of Rw, F Π G =

0 and teί X <z R be an algebraic set such that F Π G <Ξ X Denote by Xlf. . ., Xr

the irreducible components of X and assume that, for each i ^ {1,. . ., r}, there exist a

neighbourhood Ut of Xt and a polynomial function pt such that

pt(F Π ί / r I ) > 0 and pt(G Π Ut ~ X) < 0.

Then there exists q ^ 5^(R ) that X-separates F from G, meaning by this that

q(F- X) > 0 and q(G - X) < 0.

Proo/. By Proposition 1.2, it is enough to prove that there exist a neighbour-

hood U of X and p e ^(R w ) such that />(F Π {/ - X) > 0 and />(G Π U - X)

< 0 .

This result will be achieved in some steps.

Define X1 = U tΦί(Xt Π X,).

Step 1. Construction of a polynomial function X-separating F from G in a neigh-

bourhood WofX-X\

For each i ^ {1,. . ., r), let ft be a positive equation of Xf (i.e. /, > 0 on R ,

VX/j) = X f). Up to shrink it, we can assume that Ui is a closed semialgebraic set.

For each i, on (F U G) Π [/,- the zero-set F(^z) is contained in X, which is the

zero-set of/^ . . . -fr. By Lojasiewicz inequality there exists an integer n{ such that

(Λ ... / r)
W ί

the rational function — * ' ' — - — , extended to 0 on V(pt) Π (F U G) Π f/p is

continuous on (F U G) Π [/,.. Take m > nv for each ί ^ {1, . . . , r). Then the

(/r... Λ)m

function — *' ' — - — is continuous and vanishes on X Π U{. We want to prove
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that the polynomial function

I Y ft

D rm rm I ^-Λ Pi
P m = f l ' . . . ' f r ' [ Σ —

W ft

Z-separates F from G in a suitable neighbourhood W oί X — X .
(y . f)m

In fact, take x0 G X. — X1. Since — 1 — - — (x0) = 0 and for all j Φ i

fi(x0) Φ 0, then lim —~ = + o°. On the contrary Σ —^ is bounded locally at

x0. So there exists a neighbourhood U(x0) of x0 such that, on U(x0), Pm has the

same sign as pt. If we take Wt = U X()GZ._zi U(x0), which is a neighbourhood of

Xt — X , we have that P w has the same sign as ^ on Ŵ  so Pm X-separates F

from G in R^ . It is then enough to take W = U r

t=1 Wt.

Step 2. Proof of the statement in the case dim X = 0.

In this case X is a finite set of points {Qv. . ., Qrω} and, for each y = 1,. . .,

r( l ) , there exist a bounded neighbourhood Vj of Q; and a polynomial function

qj Jί-separating F Π F ; from G Π Vj of course, we can suppose the neighbour-

hoods Vj pairwise disjoint. Moreover, by Step 1, we have a neighbourhood W of X

- i d , . . . , 0,(i)} and p e ^>(RW) that Z-separates F Π f^from G Γ) W.

By suitable manipulations of p and #/s, we will iteratively find a neighbour-

hood Wj oί X- {Qj+1, . . . , Qr{1)} and / e ^>(RW) Z-separating F Π Ŵ  from

G Π PΓ;. Then /> will JΓ-separate F from G in a neighbourhood of X.

Take y = 1 let / be a positive equation of X and rx a positive equation of Q1

such that {rx < 1} ^ Vv Define ^ = sup ( F u G ) n (^_F i) | ^ |. Up to shrink W a little,

we have that on (F U G) 0 (W- V,)

So by Lojasiewicz inequality there exists an integer n such that, by taking a suffi-

ciently small neighbourhood Wo of X — {Qlt..., Qra)} one has

f<=\p\ on (F U G) f) (W, - VJ,
01

and therefore, for any m s N,

\q1\fn<rί\p\<r^\p\ on (F U G) D (Wo - V,).

Then, for any positive integer m, the polynomial function rx p + / qx has the same
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sign as £ on (F U G) Π (WQ ~ V,).
[fn

Now consider the set (F U G) Π (Vλ - Wo), on which V^—j

where p — sup ( F u G ) n ( Tr_^o ) \p |. So there exists m ^ N (depending on n) such that,

by taking a sufficiently small neighbourhood V/ of Qv on (F U G) Π (1// — Wo)

we have r™ < ~τr \ qx |, and therefore r™ | p \ < fn \ q1\. Hence ^ = r™p + / w ^

has the same sign as qλ on V{ — Wo. Since p clearly X-separates F and G on

VΊ Π ^ then it X-separates F and G in (ΪFO - ^ ) U (V; - Wo) U (V, Π WO,

which is a neighbourhood of f̂ — {Q2> •> ̂

By the same argument we can find the polynomials p , . . . , pr as planned

above.

Step 3. Proof of the Proposition in the general case.

Consider the decreasing sequence of algebraic sets

X^ X1^ X2Z) . . . ID Xs

where X = X, U X2 U U Xr, X1 = U lqfc, (ΛΓ, Π X ; ) and recursively if Z / U

• U Z r ( i S ) is the decomposition into irreducible components of X , X = U l > ;

(Z/ Π Z / ) .

Clearly dim X < dim X if β > α, so we can assume X =£ 0 and X —

0 . We will recursively find neighbourhoods W of X — X and polynomial

functions pβ such that pβ(F Π ff̂  ~ X) > 0 and ^ ( F Π Wβ - X) < 0. Clearly

^ s will Z-separate F from G in a neighbourhood of X and the thesis will be a con-

sequence of Proposition 1.2.

By Step 1, we know that F and G are X-separated by £ <Ξ ̂ (R w ) in a neigh-

bourhood Woί X- X\

From the hypothesis, it follows that for each j £ {1,. . ., f(l)} there exist a

neighbourhood V; of Z/ and qj e ^(R w ) such that ^ ( F ί l F ; - X) > 0 and

qj(G Π l/;- — X) < 0. Let / be a positive equation of X and r t a positive equation

of X/ such that {rλ < 1} £ V̂ .

Define ^ = sup ( i Γ u G ) n ( ^_ 7 i ) | ^ |. By the same argument used in Step 2, there

exists w ^ N such that, for any m ^ N, / ^ + r : )̂ has the same sign as p on

(F U G) Π (FΓ0 — VΊ), where PΓ0 is a sufficiently small neighbourhood of X —

x\
Consider now a neighbourhood V{ of Xι — X , VY ^ Vx and such that V{ Π

Z/ = 0 for each ^ 1. On (F U G) Π (ΪΫ - ff0) we have that F ^
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VirJ, where p = supiFuG)n{V{_Wo) \ p |.

So there exists m (depending on ή) such that, possibly after shrinking V[, on
rΠ I

( f U G ) Π ( V ; - Wo) w e h a v e r f < J ' g l , a n d t h e r e f o r e r * | /> | < f n \ q λ

P _
So p = r™p + fnq1 X-separates F from G in V{ — Wo. Since p and qι have

the same sign on (F Ό G) Γ\ (Wo — VJ, we get that p1 X-separates F from G in

a neighbourhood ^ of (X - X 1) U (X/ - X 2 ) .

We can repeat the above argument replacing W by Wv Xγ by X 2, Vx by V2

and ^ by q2. So we find a neighbourhood FΓ2 of (X — X ) U (X2 U X2 — X )

and a polynomial function p which X-separates F Π W2 from G Π W2.

Repeating this procedure, eventually we find a neighbourhood W of X — X

andA e #>(RΛ) such t h a t ^ C F Π W1 - X) > 0 a n d ^ ( G Π Pf1 - X) < 0.

By iterating this argument, we construct successively the polynomials p2,. . .,

ps as described above. Π

2. Obstructions

Let M be a compact, non-singular, real affine algebraic variety, dim M = 3,

and let A, 5 be open disjoint semialgebraic subsets of M.

We will denote by Fthe algebraic set dA U dB , by Yv . . ., Γ̂  the irreduci-
— -z

ble components of Fof dimension 2 and by Z the set A Π 5 .

DEFINITION 2.1.

a) We say that p e $(M) changes its sign at x ^ M if, for every neighbour-

hood V of .r, there exist yv y2 ^ Fsuch that p(yι)p(y2) ^ 0.

b) Let X c M be a 2-dimensional algebraic set and let p ^ 9l(M). We say

that ^ changes its sign across X if it changes its sign at any point x ^ X

such that dim Xx = 2.

DEFINITION 2.2. We say that an irreducible component Yt of F , z ^ {1,. . ., k),

is 0<id (resp. gt ew) if there exists an open set Ω £Ξ M such that dim(Fz Π i3) = 2,

A Π f l and B Π Ω can be generically separated and every p ^ $(M) generically

separating them changes (resp. does not change) its sign across Y{. An irreducible

component Y{ of Fwill be called a 2-obstruction if it is both odd and even.
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Fig. 1. An example of a 2-obstruction

Remark 2.3. In Definition 2.2 we can suppose that βiYμΆiΩ) is a principal

ideal, since this is true on a suitable Zariski open set M — X. Let g be a gener-

ator. Then if Yt is odd (resp. even), any regular function p generically separating

A Π Ω from B Π Ω can be written as p = gmq, with q <έ β(Yt)9l(Ω), and m odd

(resp. even, possibly zero). It is also clear that the parity of m does not depend on

the choice of the Zariski open set and of the generator.

NOTATION 2.4. Let A and B be open semialgebraic sets and g be a regular

function on M. Denote by Ag and Bg the sets

Ag= (AC) {g> 0 » U (B n {g < 0})

Bg = (A Π {g < 0}) Ό (B n {g> 0}).

LEMMA 2.5. Let g be a regular function on M such that

— for any a ^ {1,. . ., r), g ^ β (Fα) and ^ changes its sign across Ya

— for any a e {r + 1,..., k), g £ β (F a).

Then

— for any a ^ {1, . . ., r}, Ya is odd (resp. even) with respect to A, B <=> Ya is

even (resp. odd) with respect to Av Bg

— for any a €= {r + 1 , . . ., A;}, Ya is odd (resp. even) with respect to A, B <=> Ya

is odd (resp. even) with respect to Ag, Bg.

Proof If p e #(Aβ generically separates i ί l f l from βίΊf l , that is

p(A n Ω - X) > 0 and p(B Π f l - I ) < 0 ,

then

pg(Ag Π Ω - X) > 0 Π fl - X) < 0,
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i.e. pg generically separates Ag Π Ω from Bg Π Ω.

Moreover, for any p' generically separa t ing^ Π Ω from Bg Π Ω, we have

p'(Ag Π i 3 - I ) > 0 and pf(Bg Π Ω - X) < 0,

then

p'g(A Π β - ( I U V(g))) > 0 and p'g(B Π f i - ( I U V(#))) < 0.

Hence prg generically separates A Π Ω from 5 Π Ω.

Assume, for instance, Yt is odd with respect to A, B. Then, for any p' gener-

ically separating Ag Π Ω from Bg Π Ω, p'g changes its sign across Y{.

Since by hypothesis g changes its sign across Ylf. . ., Yr and does not change

it across Yr+ί,.. ., Yk, then:

if i e {1,. . ., r}, pf does not change its sign across Yv i.e. Yt is even with re-

spect to Ag, Bg.

if i €Ξ {r + 1, . . . , A:}, p' changes its sign across Yb i.e. Yt is even with re-

spect to Agy Bg.

Arguing in the same way, one easily complete the proof. O

NOTATION 2.6. We will denote by Y° the union of the odd components of Y

(with respect to A, B).

Since any regular function separating A from B must vanish on Yc, if Y° Π

(A U B) is not contained in Z, evidently A and B cannot be separated in the

sense of the classical definition.

Now we can state a result which will be proved in Section 4.

THEOREM 2.7. Let M be a compact, non-singular, real affine algebraic variety,

dim M — 3, and let A, B be open disjoint semialgebraic subsets of M. Define Y =

~dA U JBZ and Z = A Π B \

Then A and B can be separated if and only if the following conditions hold:

1) No 2 - dimensional irreducible component Yx of Y, i €= {1, . . . , k), is a

2-obstruction.

2) For every TJf j G {1, . . ., s), irreducible component of Sing Y, there exists an

open semialgebraic neighbourhood Uj of Tj such that A Π ί/; and B Π C/; can be

separated.

3) F c Π (A U S) c Z.
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EXAMPLES 2.8. In the example in Fig. 2 condition 2) fails; in the example in

Fig. 3 (taken from [Brl]) neither condition 1) nor condition 2) are verified.

Fig. 2 Fig. 3

Fig. 4

In the example in Fig. 4 condition 3) fails, because Y is the whole Whitney

umbrella while Z is a 1-dimensional algebraic subset of Y not containing the

stick of the umbrella.

Remark 2.9. If there are no 2-obstructions, then dim Y° Π (A U B) < 1,

therefore Y° can intersect A U B only with its "tails". For instance, if Y is a

union of non-singular irreducible components and condition 1) holds, then Y Π

(A U B) = 0.

3. Separation and g eneric separation in dimension 3

First, let us recall two results we shall use later on.
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THEOREM 3.1 (Brόcker-Lojasiewicz, [BoCRy] 7.7.10). Let S be a closed semi-

algebraic subset of a real algebraic variety V and let f, g be regular functions on V.

Then there exists a non-negative regular function ε such that:

— (/ 4- eg) (x) has the same sign as fix), for any x ^ S

- V(ε) c V(f) Π SZ

THEOREM 3.2 (Ruiz, [Rz]). Let U be a 1 - dimensional open semialgebraic subset

of a real algebraic variety V. Then there exists h & ίP(V) such that:

U= {χtΞV\ h{x) > 0} and Ό = {x e V\ h(x) > 0}.

It is well known that generic separation and separation are equivalent in

dimension 2 (as one can prove using Theorems 3.1 and 3.2): Fig. 4 shows this is

not true in dimension 3.

As we remarked before, any regular function generically separating A from B

must vanish on Y U Z. In this section we will prove that this "lower bound" for

V(f) Π (A U B) can always be attained:

THEOREM 3.3. If A and B can be generically separated, then there exists f ' €=

%(M) such that

f(A - (Z U Yc)) > 0, f(B - (Z U Yc)) < 0 and

V(f) Π ( i U B ) = (ZU Yc) Π 04 U B).

Proof. By hypothesis, there exist an algebraic subset X of M, d i m X < 2,

and p e S?(M) such that p(A - X) > 0 and p(B - X) < 0. Clearly we can

assume X = X Π (A U B) in particular no irreducible 2-dimensional compo-

nent of X lies in Y°.

Let X; denote the union of the irreducible components of X of dimension 2.

Since p does not change its sign across any component of X\ p ^ β(X') (for a

proof see [AcBg]). So we can write p = g p\ where g is a generator of β(X') , p'

€= 3ί(M) and pr &β(X') . The function p' does not change its sign across X\ so

pr & β (Xf), i.e. p' Xr ^ 0. Then, up to replace p by p\ we can suppose dim X ^ 1.

Consider now all the 2-dimensional irreducible components of Y, say Ylf. . .,

F/5 which do not lie in Yc and on which p identically vanishes (after the first re-

duction we have made, such components can intersect A U B only in dimension 1).

For any a ^ {1,. . ., /}, since A and B can be generically separated and Ya is not

odd, there exists qa G §ί(M) generically separating A from B which does not

change its sign across Ya. We can suppose that qa does not vanish on Ya in fact
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if #αl7α

 Ξ 0> t n e n <7α e / ( O 2 ' which enables us to use the same factorization

argument as above.

Then the regular function Σa=ί Qa separates A — Π a=1 V(qa) from

B ~ ^α=i V(QO) a n ^ does not vanish identically on Y1 U U Yt. Hence p +

Σ α = 1 qa separates A — X from B — X and does not vanish identically on Yx U U

Yt. Therefore, up to replace p by p + Σ α = 1 #α, we can assume that V(p) Π

( i u β ) - ( z u rc) < l.
Consider now the semialgebraic set

L= v(ρ) n i ί - ( z u r c ) .

We know that dim L < 1, so assume first that dim L — 1. Then there exists a

finite set Γ c L such that L — Γ is open in Z . By Theorem 3.2, we can find A ^

such that

- Z
L- Γ= ix<Ξ L \h(x) >0) and L - Γ = b e L | *(*) > 0}.

In particular, h is strictly negative on V(p) Π B — (Z U F ), because L — Γ c

i ϊ a n d i ί n β c z

Consider the closed semialgebraic set

s - ( i n α < o } ) u ( β n ( λ > o})

and apply Theorem 3.1 to p, h and 5. We get ε e $(Aβ, ε > 0, such that p = />

+ ε/z has the same sign as p on 5 and V(ε) <Ξ K(̂ ?) Π 5 . In particular φ(A) > 0

and φ(jB) < 0. Moreover,

V(φ) Π Gϊ U B) = (V(φ) Π S) U (K(φ) Π (A U β) - S)

but

v(φ) n s= v(ρ) n s= (v(ρ) n i u a < o } ) u (v(ρ) n B n {h

and

V(φ) n ( A U δ ) - S c 7(e) £ 7(/ι) Π S c f u Z U f .

So

V(φ) Π ( i U β ) c Γ ϋ Z U F c .

In order to remove the 0-dimensional set Γ, it is enough to apply two more times

Theorem 3.1: the first time to the functions φ and 1 with respect to B to obtain a

function φ which does not vanish any more on the points of Γ (Ί (A — B) the
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second time to φ and — 1 with respect to A to obtain a function / such that

v(f) n(iuβ)αuf,

The last argument can be used also when dim L = 0. EH

Remark 3.4. The irreducible components of Y of dimension < 1 have no in-

fluence on the possibility of separating A from B. To see this, denote their union

by H and consider the sets A — A U H and Bf = B U H. We easily see that

Zr — Z, Y= Yr U H and all the irreducible components of Y' have dimension 2.

Remark that A and B can be separated if and only if A and Br can be separated.

In fact one implication is obvious since A <Ξ A and B £Ξ £Γ conversely if A and

B are separated by p, then )̂ separates A — H from £ ' — i/, so by Theorem 3.3

A and Br can be separated outside Z U F . This is the reason why in Theorem

2.7, in order to obtain the separation of A from B, it is enough to impose some

conditions only on Sing Y and the 2-dimensional components of Y, without assum-

ing anything on the lower dimensional ones.

COROLLARY 3.5. If A and B can be generically separated and Y° Π (A U B) £Ξ

Z, then A and B can be separated. Moreover there exists f separating A from B and

such that V(f) Π (Λ U B) = (Z U Yc) Π (A U β ) .

Proof It follows immediately from Theorem 3.3. ΓH

Theorem 3.3 assures that A and 5 can be generically separated if and only if

the sets A — A — Yc and B = B — Y° can be separated. If we consider the sets

Y and Z defined in an evident way with respect to A and B, it is easy to see that

Y — F a n d Z = Z. If we use Theorems 2.7 and 3.3 as a consequence we get:

COROLLARY 3.6. A and B can be generically separated if and only if the following

conditions hold:

1) No 2-dimensional irreducible component Yt of Y, i ^ {1, . . . , k), is a

2-obstruction.

2) For every Tv j ^ {1, . . . , s), irreducible component of Sing Y} there exists an

open semialgebraic neighbourhood UJ of Ύ3 such that A Π U} and B Π Uj can

be generically separated.
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4. Proof of Theorem 2.7

If A and B can be separated, then obviously conditions 1), 2), 3) hold.

Conversely, assume that conditions 1), 2), 3) hold; the proof that A and B can

be separated will be achieved in some steps.

Step 1. We can assume that Y has only non-singular, normal crossings irreduci-

ble components.

Let π : M-+ M be a desingularization of Y ^ M. This means that, if we de-

note by Y[,. . ., F/the strict transforms of all the irreducible components Ylf. . .,

Yι of F, we have that:

a) F/,. . ., F/are non-singular and pairwise disjoint,

b) E = 7Γ (Sing Y) has non-singular irreducible components and E U Y[ U

. . . U F/has only normal crossings,

c) 7Γ is surjective and induces a biregular isomorphism between M — E and

M - Sing F _ _

Define A = π~\A), 5 = T Γ ' C B ) and Ϋ= dA U dif. It is clear that F ^

TΓ^CF) = £ U F ; U . . ( U F ;

Let us see that A and B verify conditions 1), 2), 3).

In fact, the algebraic set Y is contained in E U F', where Yr is the strict

transform of F So an irreducible component X of F is either the strict transform

of a component Yx of F, or a component of the exceptional divisor.

In the first case, if X has dimension 2, it cannot be a 2-obstruction for the

separation of A and B since F, is not a 2-obstruction and π is a biregular iso-

morphism outside E.

In the second one, π(X) £Ξ Sing F has dimension 1 or 0. So, by condition 2),

there exists a polynomial function p separating A and β in a neighbourhood of

TΓQO. Hence p ° π separates A and B in a neighbourhood of X

For the same reason no irreducible component of Sing Y can be an obstruc-

tion, because it lies in at least one component of E. So A and B verify 1) and 2).

Moreover, since Fhas non-singular irreducible components, 3) is automatical-

ly verified (see Remark 2.9).

Now suppose A and B can be separated: then, by composition with π (where

defined), we get that A and B are generically separated, so applying Corollary 3.5

they can be separated. •

Let Xr be an algebraic subset of M such that [Yc U X'] = 0 in H2(M, Z2).

Being F a union of non-singular components, we can assume that X' is
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transversal to each irreducible component of Yc and of Sing Y (see for instance

[BoCRy], chap. 12).

Since (Sing Y) — Y° Π Yc is a discrete set of points, we can further choose

Xf not passing through such points. So, if we denote Γ — Yc Π Xr, we can

assume that dim Γ < 1, dim(Γ Π Sing Y) < 0 and Γ Π (Sing Y) - Yc = 0.

Similarily there exists an algebraic subset X" of M such that [Yc U X"] =

0, transversal to each irreducible component of Yc and of Sing Y, and "avoiding"

the points of Γ Π Sing Y. More precisely we can assume dimCΓ Π X") < 0 and

Γ ί l Γ Π Sing F = 0 . So the set Γ Π J Γ consists of a finite number of points

Qlf . . . , Qs lying in Y and each of them is a non-singular point for Y. We can

suppose that each Q} is non-singular for X" too.

Now let g" be a generator of the ideal β(Yc U Z") which exists since [ F c U

XΊ = 0.

Consider the sets Ag» and 5 ^ , which for simplicity we will denote respective-

ly Af and B''; define Y" = ~dA'Z U ~dB"Z and Z " = ~Ar Π 5 " Z . It is easy to check

that F " Q 7 U Z r / . Moreover we claim that

(*) z" n or u 5 0 = z π (Ar/ u BΊ.

In fact, since ί Π ̂  c Oί n ΰ) U 7(^0, we get Z ' ^ Z U 7(^0 in particu-
lar z" n u/r u 50 a n or u 50.

Conversely, let I G Z Π (i4r/ U β / r) and assume H is an irreducible compo-

nent of Z passing through x. i/ contains an open subset {/ of A Π J3 of maximal

dimension such that H = 0 . Since g(x) Φ 0, ^ ^ ^ 0 and also g\jj Φ 0 so U ^

ί π F and therefore # Q Z " Then j e Z ' Ή (A" U B").

Assume Y — Y1 U . . . U Yr. By Lemma 2.5, the components F x , . . ., F r are

even w.r.t. A\ B", while F r + 1 , . . . , Yk are not odd w.r.t. A", B'', because they were

not odd w.r.t. Ay B. This means that no 2-dimensional irreducible component of Y

is odd w.r.t. A", B" and therefore that (A7' Π Ίϊ") - X" c Sing Y in other

words Z" £ (Sing F) U Z " .

2. i4r/ and B" can be separated in a neighbourhood of X" Π Γ.

For each j ^ il,. . ., s), Qj £ Sing Y, so there exists a neighbourhood 7 ; of

0 ; such that F Π 7 ; is contained in exactly one irreducible component of Y (more

precisely, of Yc). We can assume the 7/s pairwise disjoint. Let V = Vλ U U

7 - _ _ _ _
Since Ar ΓΊ β " c (Sing F) U Z " , we have that A" Π B" Π 7 c Z^. if the

7/s are small enough, also X" Π 7 consists of non-singular points for X". Let q
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be a regular function in β(X") such that V(q) Π V= X" Π V and q changes its

sign at any point of X" Π V.

For each j ^ {1, . . . , s}, A" Γ) Vj and B" Π V, are separated by q or — q.

Then we can suppose that q separates A" Π V from 5 r / Π 1/ (up to multiplying q

by the equation of a sphere centered in Qf and containing Vv for each i such that

A" Π V{ and β " Π Ff are separated by — q). D

Step 3. A" and B" can be separated in a neighbourhood of Γ.

It is possible to choose a semialgebraic neighbourhood T of .Γsuch that X" Π

Γ <Ξ X" Π V. We want to prove that A" and B" can be separated in T by ap-

plying Proposition 1.3 to the compact sets A' Π T and B" Π Γ.

Since ί ' Π f i ' c (Sing Y) U X", also A" Π T Π 5 r / Π 7 c (Sing F) U X".

As for Z r / , let U" be a neighbourhood of X" such that £/" Π T £ K By Step

2, we have

n T Π ^ - Z O > O and q(B" Π TO U" - X") < 0.

For each irreducible component Tj of Sing Y, by condition 2), there exists a regu-

lar function p} separating A Π C/; from B Π t/,, i.e.

p,(A Π J7y - Z) > 0 pf(B Π C/; - Z) < 0.

Then

^ " 0 4 " n ί/; - 2) > o ρ&"iB" n ί/y - z) < o.

From ( * ) we get that />,#" separates A' Π [/; from β " Π Ur Recall that no irre-

ducible component of Y is odd w.r.t. A", B", so (Y")c ^ Z r / . So, if we apply

Corollary 3.5 to Ar Π Γ Π C/; and B" Π Γ Π C/;, we get that, for each , there ex-

ists a regular function p" separating A' Π T Π C/; from β / r Γ[ T Γ\ Uj and such

that

" Π T Π ί / ; - ((Sing 10 U XO) > 0

ρ](B" n Γ n c/;. - ((Sing y) u X Ό ) < o.

This allows us to apply Proposition 1.3 to the compact sets A' Π T and Z?" Π Γ

relatively to the algebraic set (Sing Y) U X" : we get a function φ which sepa-

rates A' from £Γ in the neighbourhood T. D

4. A and B can be separated in a neighbourhood of Γ.

Coming back to A and B, it follows from Step 3 that
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φg'\A Π Γ - ((Sing Y) U X" U V(g"))) > 0

φg"(B Π Γ - ((Sing Y) U X" U W O ) ) < 0.

that is A (Ί T and B Π T can be generically separated. Because of condition 3),

Corollary 3.5 implies that A Π T and B Γ\ T can be separated by a regular func-

tion, we will denote pτ. ED

Let g"' be a generator of the ideal β(Y U X') and consider the sets A = Ag>

and 5 ' = Bgr. Arguing as above, we can see that

(* *) zr n {A u ΰ θ = z n {A u 50.

5. A and Br can be separated in a neighbourhood of Y .

Let Ω be a semialgebraic neighbourhood of Yc such that Ω f) X' <Ξ= T Π X'.

We want to prove that A and B' can be separated in Ω by applying Proposition

1.3 to the compact sets A Π Ω and £ ' Π β.

Since Ϊ Π B ' c (Sing Y) U Z r , we have also A Π Ω Π ί ' Π T Q (Sing F)

U Z r .

As for X\ let [/' be a neighbourhood of JΓ such that [/' Π β £ Γ. By Step

4, ^)Γ separates A Π Γ from B Π T hence

W n r ) - z ) > o Pτg'W n 7) - z) < o.

From (* * ) , we get that pτg
r separates A Π T from S r Π Γ.

As before, we see that (Y'Y <Ξ X'. So, if we apply Corollary 3.5 to A Π T

and Br Π T, we get that there exists a regular function pr separating A Π T from

B' Π T and such that

/>'(A' Π Γ - (Sing F U X')) > 0 />'(β' Π Γ - (Sing Y U JΓ)) < 0.

Now, since U' Γ\ Ω ^ T, we have

p'iA' Π f l Π ί / ' - (Sing F U X')) > 0 />'(B' Π f l Π ί / ' - (Sing r U XO) < 0,

that is the hypothesis of Proposition 1.3 is fulfilled in the neighbourhood C/'of Xf

with respect to the algebraic set (Sing Y) U X'.

We have to prove that the hypothesis is satisfied also around each irreducible

component T} of Sing Y.

Arguing as in Step 3, from condition 2) we get that pΊg' separates A Π Uj

from Br Π Uj. Since (Y'Y £ X\ if we apply Corollary 3.5 to A Π fl Π ί/y and

β r Π i2 Π C/;, we get that there exists a regular function ^ separating A Γ\ Ω f)

Uj from ί ' Π f l Π C/; and such that
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p'(A' Π Ω Π U, - (Sing Y U X')) > 0 />'CB' Π ΩΠ Uj- (Sing F U X')) < 0.

We can therefore apply Proposition 1.3 to the compact sets A Π Ω and ί ' Π f l

relatively to the algebraic set (Sing Y) U X': we get a function 0 which sepa-

rates A from B' in the neighbourhood £?. Π

^ 6. A and B can be separated in a neighbourhood of Yc.

Coming back again to A and B, from Step 5 it follows that

φg'(A Π Ω - (Sing F U Γ U V(g'))) > 0

ψg'(B Π β - (Sing F U Γ U VV))) < 0,

that is A Π fl and B Π Ω can be generically separated. Because of condition 3),

Corollary 3.5 assures that A Π Ω and B Π Ω can be separated by a regular func-

tion, say pQ. D

7. A and B can be separated.

We want to apply Proposition 1.3 to A and B relatively to Y U Z. In the

neighbourhood Ω of Y°, by Corollary 3.5 we may assume that

pΩ(A Π Ω - (Yc U Zί) > 0 />flGB Π Ω - (Yc U Z)) < 0.

As for Z, it is enough to consider its irreducible components Tj not contained in

Y° and therefore contained in Sing Y. Using condition 2) and again Corollary 3.5,

we get that the hypothesis of Proposition 1.3 is verified also around Tp and so we

get a function p such that

p(A- (Yc U Z))>0 and p(B - (Yc U Z)) < 0.

Then, by condition 3),

p(A ~ Z) > 0 and p(B - Z) < 0.

D

Remark 4.1. In the proof of Theorem 2.7, we actually separate A and B up

to W—ZU Y°, which is "minimal" in the sense of Theorem 3.3 and Corollary
- -

3.5. So if F, G are closed semialgebraic sets such that F — F, G — G and verify-

ing conditions 1), 2), 3), then there exists p ^ Ά(M) such that

p(F- W) > 0 p(G - W) < 0.
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5. A separation criterion

In this section we look for a criterion that makes it easier to decide whether

A and B can be separated.

Consider, at first, the case in which the algebraic set Y is a union of

non-singular normal crossings components Ylt . . . , Yk, each one of dimension 2.

Assume also that Ya Π Yβ is irreducible for any a Φ β.

The test we are going to describe relates the separation of A and B with the

separation or their two-dimensional "traces" on each irreducible component Ya of

Y, that is the sets

traA = Tn~Y~a trα B = B~f)Ta,

where the interior part is taken in Ya.

If / ^ β(Ya) changes its sign across Ya, we have to consider also the traces

of the sets Af and Bf.

DEFINITION 5.1. Let C, D be open semialgebraic subsets of M. We will say

that the triple (C, D, Ya) satisfies the property (P) if the sets t r α C and tr α D are

disjoint and can be separated in Ya. We will say that it satisfies the property (PO if

(Cf, Df, Ya) verifies (P), where / is an element in β(Ya) that changes its sign

across Ya.

It is easy to verify that the property (PO does not depend on the choice of/ :

suppose that both / and g change their sign across Ya if q separates t r α Cf from

tr α Df, then qfg, reduced modulo β(Ya)
2, generically separates tr α Cg from tr α Dg,

so (being in dimension 2) they can be separated.

We begin by proving the following

LEMMA 5.2. The statements:

i) "Ya is odd (resp. even)"

ii) "(A, B, Ya) verifies (P) (resp. ( F ) ) "

cannot hold simultaneously.

Proof. Suppose, by contradiction, Ya is odd and XxaA, Xxa B are disjoint and

can be separated by a regular function q.

Then there exists an open semialgebraic subset Ω of M such that dim (Ya Γ\ Ω)
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= 2 and A Π Ω and B Π Ω can be generically separated, say by / e S?(M), that

is

/ W Π f l - I ) > 0 and / ( £ Π Ω - X) < 0.

By the same argument already used in the proof of Theorem 3.3, we can assume

The functions / and q have the same sign on U — Ya, where U <Ξ Ω is a suit-

able semialgebraic neighbourhood of (traA U tra B) Π Ω — X.

Define

S= (AU B) Π Ω- U

it is a closed semialgebraic set and dim (5 Π Fα) < 1.

Applying Theorem 3.1 to / , q and 5, we get a regular function p = f' + εq

which separates A Π Ω — X from B Γ\ Ω — X and does not vanish on Ya. In fact:

- on UAU B) - X) Π β Π S, p and / have the same sign,

— on (04 U B) — X) Π Ω — S, which is contained in U, f and # have the

same sign, so again p and / have the same sign.

Therefore p separates A Π Ω - X from B Π Ω - X.

Moreover p &β(Ya) in fact, otherwise, ε should identically vanish on Ya,

which is impossible since V(ε) £ V(f) Π SZ and dim (5 Π Ya) < 1.

So /) does not change its sign across Ya and Ya is not odd. Contradiction.

To complete the proof, let f ^ β(Ya) be a regular function that changes its

sign across Ya. Then it is enough to remark that Ya is even w.r.t. A> B if and only

if Ya is odd w. r. t. Af, Bf (Lemma 2.5) and that (A, 5 , Ya) verifies (PO if and

only if 04/, Bf, Ya) verifies (P). The first part of the proof yields the thesis. D

THEOREM 5.3. Let A and B be open disjoint semialgebraic sets. Assume that

Y — dA U dB is a union of non-singular irreducible components Yv . . . , Yk of

dimention 2, simultaneously normal crossings and such that Ya Π Yβ is irreducible for

a Φ β. Then A and B can be separated if and only if for each a ^ {1,. . ., k) (A, B,

Ya) verifies at least one between the property (P) and the property (PO.

Proof (=>) Assume that A and B can be separated and suppose, by contra-

diction, there exists a such that (A, B, Ya) verifies neither (P) nor (PO.

We want to see that, since (A, B, Ya) does not verify (P), then Ya is odd.

This is clear if trα^4 and trα B are not disjoint. In the case they are disjoint, but

not separated, let g be a generator of β (Ya) for any regular function p gener-

ically separating A from B, we can write p = g q, with q £ β (Ya) . Nevertheless
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q G β(Ya), otherwise it would generically separate tr α A from tr α B, which is im-

possible since in dimension 2 generic separation is equivalent to separation. The

functions p and q have the same sign, so p changes its sign across Ya and hence

Ya is odd.

Arguing as before, we see that, since (A, B, Ya) does not verify (PO, then Ya

is even. Contradiction.

(<=) Assume that, for each a <Ξ {1,. . ., k}, (A, B, Ya) verifies (P) or (PO.

Then by Lemma 5.2 there are no 2-obstructions. Since Yc Π (A U B) = 0 (see

Remark 2.9), in order to apply Theorem 2.7 we have only to show that A and B

can be separated in a neighbourhood U] of each irreducible component T3 of Sing

F.

This can be done by modifying a little the proof of Theorem 2.7; let us give a

sketch of it.

Let Ya be an irreducible component of Y containing T; and assume, for inst-

ance, that 04, B, Ya) verifies (P). The curve H=dtraA ΌdtraB has

non-singular, normal crossing, irreducible components, say Hv . . . , Hq and for

each i = 1, . . . , q there exists by hypothesis an irreducible component Y{ such

that F Π K = H,.

Denote by Hv. . ., Hs the irreducible components of H lying in tvaA Π tr α B .

We can find an algebraic subset X of M such that [Yι U . . . U Ys U X] — 0 in

H2(M, Z2) and such that X is transversal to each irreducible component of Fand

of Sing Y.

Take a generator g of β(Yι U . . . U F5 U X) and consider the sets Ag and

Bσ and their traces on Yn.

No //,, i ^ (1, . . . , s), can be contained in XxaAg Π tr α Bg , otherwise it

would be an obstruction to the separation of tvaA and tτa B. So the set

(tr β i4, Π \xaBg) - ( I Π Ya)

is a finite set of points {Qv..., QJ with Q̂  = Ya Π F w ( ί ) Π F / ω .

If we denote by Γ{ the curve FOT(ί) Π F / ω and if the neighbourhood ί/; is

small enough, we have

We want to apply Proposition 1.3 to the sets Ag Π U} and Bg (Ί ί/; and the algeb-

raic set U i==1 Γt U X. Arguing as in Step 3 of the proof of Theorem 2.7 we get

that Ag Π Uj and Bg Π U} can be separated in a neighbourhood of X.
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In a small neighbourhood V{ of Γt Π t/; take local equations/m ω, fι(i) for Ymii)

and F / ω . If Uj is sufficiently small, in Όi the T̂  's are pairwise disjoint, so the

function pt = fm(i) + fι(i) (or - pt) verifies

pt(Ag n n ^ ~ and Π n v, - r,) < o.
Since all the hypothesis of the Proposition 1.3 are fulfilled, we get that Ag Π ί/;

and Bg Π Uj can be separated by a regular function />^. Then pυ. £ generically

separates A Π ί/;. from B Π ί/y and therefore, as in Step 4, there exists a regular

function separating them too. So also condition 2) of Theorem 2.7 is verified and

therefore A and B can be separated. Π

Remark 5.4. It is easy to see that the "only if" part of Theorem 5.3 holds

even if Y is not normal crossings. Fig. 5 shows that the converse is not true in

general.

Fig. 5

Remark 5.5. If we now come back to the general situation (without the sup-

plementary hypothesis on Y considered before), we can make use of Theorem 5.3

as follows.

First of all consider a resolution of the singularities of Y, say :M—*M. Let

Ϋ= π~ (Y). By performing, if necessary, some further blowing-ups, we can sup-

pose that Ϋa Π Ϋβ is irreducible, for any irreducible components Ϋa, Ϋβ of Y,

a Φ β. We can also assume that Ϋ satisfies the hypothesis of Theorem 5.3, be-

cause the 1-dimensional components of Ϋ can be "removed", as pointed out in

Remark 3.4.

Of course if A and B can be separated, then TΓ (A) and π (B) can be sepa-

rated too. Conversely we know (see Step 1 in the proof of Theorem 2.7) that if

7Γ (A) and π (B) can be separated, then A and B can be generically separated;

if moreover Y° Π (A U B) <Ξ Z, they can be separated.
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Now we can test if π (A) and π (B) can be separated by means of

Theorem 5.3, which therefore becomes a criterion of generic separation for A and

B. So Theorem 5.3 reduces the problem to a finite number of 2-dimensional tests:

the separation of the traces of π (A) and π (B). For that one can make use of

the following result, analogous to Theorem 2.7:

THEOREM 5.6. Let M be a non-singular compact surface and A and B be open

semialgebraic subsets of M. Then A and B can be separated if and only if:
— z — z

a) No irreducible component of Y — dA U dB is both odd and even
b) A and B can be locally separated at any singular point of Y

In [AcBgF] one can find a proof of this result under a supplementary condi-

tion, which can be removed arguing as in Section 4; a direct and geometric proof

that such condition is not necessary can be found in [P].

It is important to remark that, when applying Theorem 5.5, one has to verify

only condition a) of the theorem, because it is clear that in a normal crossings

situation condition a) implies condition b).
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