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ON RELATIVE BASE POINT FREENESS OF
ADJOINT BUNDLE

SHIGEHARU TAKAYAMA

Abstract. We give an effective result on the relative base point freeness of an
adjoint bundle for a pair of a projective morphism and a relatively ample line
bundle.

§1. Introduction

Recently, Angehrn and Siu [AS] and Tsuji [Tj] independently obtained
results on the following:

FUJITA’S FREENESS CONJECTURE OF ADJOINT BUNDLES. ([F]) Let X
be an n-dimensional projective manifold defined over C with an ample line
bundle L. Then the adjoint bundle Ox(Kx ® L®™) is generated by global
sections for every m > n.

Their effective bounds are m > n(n 4+ 1)/2. The basic ideas of their
proofs from [AS] and [Tj] (use of Riemann-Roch theorem, Nadel’s van-
ishing theorem, Ohsawa-Takegoshi’s L?-extension theorem and so on) are
extremely simple and can be applied to a variety of contexts. In this note
we would like to go into detail about the method and consider the following
relative version:

MAIN THEOREM. Let f: X — Y be a projective morphism from a
complex manifold X to a complex space Y, and let L be a relatively ample

line bundle on X. Then Ox(Kx ® L®™) is f-free, i.e., the natural sheaf
homomorphism

fFfxOx (KX ® L®m) — Ox(KX & L®m) 18 surjective,

for every
1

here d is the mazimum dimension of the fibres of f.
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Our relative version has some applications to the classification theory of
higher dimensional algebraic varieties. For example, we have the following
(refer to [KMM] for terminologies):

COROLLARY. Let X be a projective manifold defined over C and let
@ : X — X' be the contraction morphism of an extremal ray R of NE(X).
Then the d(d+1)/2-th anti-pluri-canonical divisor —d(d+1)/2Kx is ¢-free,
here d is the maximum dimension of the fibres of ¢.

This corollary is much helpful to the classification of the singular fibres
of ¢ and contraction morphisms (cf. [K])

The reader should refer to [D2] (analytic approach) and [L] (algebraic
approach) for the recent development of the theory of adjoint bundles.

I would like to express my thanks to Professor Takeo Ohsawa for his
suggestions and encouragement during the preparation of this paper. 1
would also like to express my thanks to Professor Hajime Tsuji who kindly
explained his basic ideas.

§2. Singular Hermitian metric and vanishing theorem

Our basic tool is singular Hermitian metrics as in [D1], [D2]. We use
vector bundles and the associated locally free sheaves interchangeably. In
this section we let X be a complex manifold.

2A. Singular Hermitian metric

Let L be a holomorphic line bundle on X. A metric A on L is called
singular Hermitian, if there exist a function ¢ € Llloc (X) and a smooth
Hermitian metric hg on L such that h = e™¥hg holds. This defines a closed
current

curv h := curv hg + v/—190¢p,

where curv hg is the curvature form of the Hermitian metric ho and 80 is
taken in the sense of currents. The (1, 1)-current curv h is said to be the
curvature current of the singular Hermitian line bundle (L, h). It is easy
to see that curv h is independent of the choices of hg and ¢. v/—1 8dlogh
is the formal expression of curv h. For a singular Hermitian line bundle
(L,h) on a Hermitian manifold (X,w). The L2-sheaf £2(L,h) is the sheaf
defined by

LY(L,h)(U) ={s € T(U,L) ; ho(s,s)e”? € Ly, .(U)},
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where h = e ¥hg is a local expression of h as above. Similarly, the multi-
plier ideal sheaf Z(h) of the singular Hermitian metric is defined by

I(R)(U) :=={f €eT(U,0m) ; |f[’e™¢ € Li . (U)}.

These sheaves do not depend of the choices p, hg and w, and satisfy the
following relation: £2(L,h) = L ® Z(h).

2B. Vanishing theorem
We recall the following:

NADEL’S COHERENCE AND VANISHING THEOREM 2.1. ([N], [D1, §4])
Let (X,w) be a complete Kdhler manifold and let (L,h) be a singular Her-
mitian line bundle on X. Assume that there exists a real number c such
that curvh > cw on X. Then

(1) the sheaf Z(h) is a coherent ideal sheaf of Ox, and

(2) if ¢ is positive, the q-th L?-cohomology group

Hé)(X,KX ®L®ZI(h)=0
for every g > 1.
As a simple application of the above theorem, we have

PROPOSITION 2.2. Let (X,w) be a complete Kéihler manifold, x be a
point of X, and let L be a holomorphic line bundle on X. Assume that L
admits a singular Hermitian metric hy such that

(1) there exists a positive constant ¢ such that curv hy > ¢ w, and that

(2) z is isolated in the zero complex space VI (hy).

Then there exists a holomorphic section of Kx ® L which does not vanish
at x.

We will need the following Serre type vanishing theorem:

PropPOSITION 2.3. ([F, Theorem N']) Let L be a positive line bundle
on a weakly 1-complete manifold X, i.e., a compler manifold with a smooth
plurisubharmonic exhaustion function ® : X — R. Then for every coher-
ent analytic sheaf F on X and for every ¢ < supx @, there erists a positive
integer mg such that

HY (X, F®L®") =0

for any ¢ > 1 and for any m > mg, where X, :={z € X ; ®(z) <c} isa
sublevel set of (X, ®).
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2C. Singular Hermitian metric with analytic singularities
[AS, §2]

In this subsection we explain how to construct a singular Hermitian
metric and how to control the multiplier ideal sheaf. The standard method
of the construction is to use holomorphic sections; such metrics are said to
be singular Hermitian metrics with analytic singularities.

It is convenient to introduce the notion of rational coefficient geometry
as follows. We consider a family of local holomorphic functions s = {sy; sy €
HO(Uy,Ox)}xen for some locally finite open cover {Uy}xep of X. For a
positive rational number ¢ and for any smooth Hermitian holomorphic line
bundle (L, hp) on X, the family of local holomorphic functions s is said to
be a multivalued holomorphic section of L®? over X, if there exists
a positive integer p such that pg being an integer and that s := {sh},ca
defines an element of H%(X, L®P9). We denote

|s| = (h¥PI(sP, 7))/ () ;  the pointwise length,
(s)o:={z e X ; sx(x) =0 for some X € A}.

We just consider (s)p as a set of zeros. We also define a singular Hermitian
metric h of L®? by a family of local real valued measurable functions such
that hP defines a singular Hermitian metric of L®P4, We can also define the
curvature current and the multiplier ideal sheaf.

Let sq,..., sk be a finite number of multivalued holomorphic sections
L®7 such that (s;)? (1 <4 < k) is a holomorphic section of L& for some
positive integer p with pg being an integer. Then we can define a singular
Hermitian metric of L®9 by

_ N
E§=1 |3i|2.

The curvature current is a closed positive current on X. Indeed, for local
expressions s; = {s;x}aen, We see

k
curv h = \/—18510gz |sia]?
i=1

on every open set Uy. We note that both the positivity of the curvature
current and the multiplier ideal sheaf do not depend on the smooth Her-
mitian metric hg. Let J be the sheaf of ideal of Ox generated locally by
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{(si)P}k_,. We assume that the support of Ox/J is compact. We take a
modification 7 : X — X by a finite number of successive monoidal trans-
forms with nonsingular centers and a family of smooth divisors E; in X with
only simple normal crossing so that the following three consitions hold:

(0) For every i, m(E;) C supp Ox/d.

(1) The sheaf 7=1J-O 5 Which is the image of 7*J under the natural map
™ — O 5 is equal to the ideal sheaf O(— 3 rLE;) for some non-negative
integers 7.

(2) K¢ = " Kx®O(3 b E;) for some non-negative integers b;. In other
words, the holomorphic Jacobian determinant of the map 7 : X — X
vanishes precisely of order b; along F; and vanishes nowhere on X — U; Ei.
Let r; := rg/p. For every t > 0, we set

k
I(t) := L2(Ox, O Isil) ™).
=1

We see that every Z(t) is a coherent ideal sheaf by 2.1(1) and that Z(1) =
Z(h). Then a point  on X belongs to the zero complex subspace VZ(t) if
and only if there exists an index 4 such that E; intersects 7~ 1(z) and that
tr; — b; > 1. For every point = € VZ(1), we see that

sup{t >0; Z(t); = Ox 4}
=min{t > 0 ; tr; — b; > 1 for i such that E; intersects 7=1(z)}.

Note that the quantity, say «(z), is always a rational number and 0 <
alz) < 1.

83. Preliminary lemma

3A. Reduction and non-vanishing with a parameter space

Let f : X — Y and L be as in Main Theorem. We fix a point = on X.
The situation is local on Y, so we may assume that Y is a closed complex
subspace of the unit ball BM in CM with the global coordinate (Y1,---,Yym)
and that f(x) = 0. Since L is f-ample, restricting Y on a smaller ball B
if necessary, we may assume L admits a smooth Hermitian metric h whose
curvature form is positive on X.

In the local situation as above, we show the following non-vanishing
lemma with a parameter space. It is important to handle the case that the
zero complex subspace of the multiplier ideal sheaf has singularities.
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LEMmMA 3.1. ([AS, Lemma 4.1]) Let Z be a closed subvariety (reduced
and irreducible) in X of positive dimension d such that x € Z and f(Z) =
f(z ) By and By be smaller balls centered at 0 € BM with By CSB & BM,
Y; =Y NB; and X; “UY;) fori = 0, 1, and let N be a posztwe
integer. Let A’ be a local holomorphic curve in Z passing through x with
as the only singularity such that the normalization o : A — A’ is a one
to one holomorphic map from the open unit disk A in C with (0) = z.
Then, replace A with a smaller disk if necessary, there exist a positive
integer m and a finite number of holomorphic sections {ﬁ}le C H(X; x
A, pri L8N “yhere pry : X x A — X is the first projection, such that

il zxu € H(Z, LN+ g Mma(u)) for everyu € A —0

and for every j, and that their common zeros satisty

K
z € XoN [ (Filxix0)o & Z

j=1
Proof. We denote the ideal sheaf of the graph 0 x1: A — Z x A by
Ir C Ozxa. Since Z is compact, the direct image sheaf prA*(pr}L‘X’m(N +1)
R0OzxA ®I{I‘N) is a coherent sheaf on A, where pra : Z x A — A be the
projection. The sheaf pra, (pr LOMINH) @ Oy A ® If\"N ) is generically
locally free with HO(Z x u, L®™N+1) @ My o) xu
We see that the latter space is non-zero for every large m and for every

) as the generic fibre.

u € A — 0 by the following asymptotic dimension compairing:
dim H°(Z, Lo ) = (N 4+ UL - Z)(d)Hm + O(mY);

rank(’)Z/MZU(u) (mN —zd ) = N%d) " tm? 4+ O(md=1).

Then by Theorem A of Cartan-Serre we see that, for every large m, there
exists a section 7 € H%(Z x A,pr}L@’m(N"'l) Q Ozun ® Ilﬁ”N) such that
T|zxo is not identically zero.

For a smaller disk A1, we take a sublevel set W of a weakly 1-complete
manifold X x A for an appropriate smooth plurisubharmonic exhaustion
function which contains X; x A;. By Proposition 2.3, for every zg X ug €
X X A —Z x A, there exists a positive integer mg such that

Hl(I/V,pr}L@n ®ZzxA ® MXxA zoxuy) =0

for any m > mg. Hence we can extend 7 as sections 71,...,7x € H O(X 1 X
Aq, prj§(L®m(N +1)) which satisfy the desired properties. 0
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3B. Calculus Lemma
The following simple calculus lemma on non-integrability will be used
later to locate the zero-set of the multiplier ideal sheaf of a singular metric.

LeEmMA 3.2. ([AS, Lemma 3.1]) Let m and N be positive integers and
0 <a< 1. Let fi,...,fr be holomorphic functions on the unit polydisk
A™ on C"™ with coordinates z,w1,...,wy—1. Let H := {z = 0} and let
V' be the subset of H N A™ where the vanishing order of fjlpnan is at
least mIN for any j. Let d be the codimension of V in H N A™ at the
origin. Then |z|_2a(2|fj|2)_t/(mN) is not locally integrable at the origin
fort>d+mN(1—a).

Proof. By slicing and Fubini’s theorem, we may assume d = n — 1.
Then Y |f;|?> < Ci(|2|? + |w|/*™Y) for some positive constant Cj, where
we set |w|? := 377! |w;|2. The non-integrability of |z|=22(3 | f;]2) /()
follows from that of |z|=2¢(|z| + |w|2™N)~t/(mN)  Then we see the non-
integability by direct calculation by using polar coordinates for z and w
with = |2|? and y = |w|. U

84. Proof of Theorem

We fix a point z on X. Welet f: X — Y c B¥ C (CM;y1,...,yu)
and (L, h) be the local reduction around f(z) as in 3A. We take smaller balls
By and Bj centered at 0 € BM with By S B & BM. WesetY; =Y NB,
and X; := f~1(Y;) for i = 0, 1. With these notations, our Main Theorem
follows from the following

THEOREM 4.1.  For every m > do(dp + 1)/2, there exists a holomor-
phic section T € H°(X1,Ox(Kx ® L®™)) such that T(x) # 0, where dy is
the dimension of a mazimum dimensional irreducible component of the fibre
f7Y(f(x)) which contains .

By Proposition 2.2, all we have to do is to show the following

PROPOSITION 4.2.  For every m > do(do + 1)/2, LIF™ admits a sin-
gular Hermitian metric H,, such that

(1) the curvature current dominants a complete Kdhler form on X,
and that

(2) z is isolated in the zero subspace VI(Hpy,).

If f is constant, then X is a projective manifold with an ample line
bundle L, that is (a part of) the statement of [AS], [Tj]. Hence we assume
that f is non-constant.
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4A. Statement of the induction step

We formulate an induction statement for the proof of Proposition 4.2.
Let my := Zi":dﬂ n for 0 < d < dp and let my, := 0. We take rational
numbers 0 = e(dp+1) < e(dp) < e(dp—1) --- < &(0) < 1. For every positive
rational number ¢ and for every multivalued holomorphic section s of L®4
on an open set of X, we denote |s| the length with respect to the smooth
Hermitian metric h. For every d with 0 < d < dy, we consider the following

INDUCTION STATEMENT (*)4. There exist a rational number £(d +
1) < g4 < £(d) and a finite number of multivalued holomorphic sections

Sgd)> e ,S;(c(i) of L®mated) on X such that

() (N4 (5”0 1 Xo) € 17 (f(2),

(i) z € (Za(1) N Xo) C f71(f(=)),

(iii) = & Z4(t) for t < 1, and that

(iv) The dimension of Z4(1) at = is at most d,

where .
d
Ty(t) == L*(Ox,, (z lsz(-d)IQ)”t) for every t > 0
i=1
be the multiplier ideal sheaf and where Z4(t) := VZ4(t) be the complex
subspace of X; defined by the ideal sheaf Z4(t). U

We note that, by the vanishing theorem: Proposition 2.3, there exist a
finite number of multivalued holomorphic sections {t;}5, of L on X; such
that Xy N ﬂ,{il(ti)g is empty. We verify the first step:

LEmMMA 4.3.  (x)g, holds.

Proof. We set

M
L. (t) == L2(Ox, Q_1f*ul*)™")  for every t > 0;
i=1
ay :=sup{t > 0; Z,(t); = Ox z}.

We see that every Z,(t) is a coherent ideal sheaf and that a, is a positive
rational number. We consider the complex subspace VZ, (o) defined by
the ideal sheaf Z,(c). This space VZ, () is compact and z € VI, (ay) C
FY(f(x)). We choose a positive rational number 0 < €4, < £(dp) and set
the multivalued holomorphic sections

do) K . €
(%38 = (e x 50}y
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of L®%o on X;. Then we can verify (x)4, by the following relation on Xo:

ka,
Tao(t) = L2(Ox,, (3 [s1%)7Y) = L (taw).

=1

4B. Concentration of the singularity

In this subsection we verify the induction step. We assume (x)q with
d > 0. Let p be a positive integer such that p(mg + e4) being integer and
that (sgd))” (1 < i < kg) is a holomorphic section of L®(mdtea) on X,. Let
J' be the sheaf of ideal of Oy, generated locally by { (sgd) )P x, }fil. By the
assumption (%)g4 (i), we can extend J’ as a coherent ideal sheaf J of Ox by
setting J = Ox on X — X. We take a modification 7 : X —X by a finite
number of successive monoidal transforms with nonsingular centers and a
family of smooth divisors E; in X with only simple normal crossing so that
the following three consitions hold:

(0) n(E;) C f~1(f(z)) for every i.

(1) The sheaf 7=17-0O ¢ Which is the image of 7*J under the natural map
m*J — O3 is equal to the ideal sheaf O(— > r;E;) for some non-negative
integers 7.

(2) K =7m"Kx ® O(3 b E;) for some non-negative integers b;.

Let r; := r}/p. The three conditions (ii)—(iv) in the statement (*)4 can now
be rewritten as the condition (ii)’—(iv)’ below. Let A be the set of all ¢ so
that E; intersects 7~ !(x) and r; — b; > 1.

(ii)" A is not empty;

(i) 7 € A then r; — b; = 1;

(iv) i € A then dim7(E;) < d.

We may assume that the index ¢ = 0 is an element of A and that dim7(Ep)
= max{dim7(E;) ; i € A}.

We choose €41 such that e(d) < 41 < e(d —1). Let Z := n(Ep) C
f7Y(f(z)). If the dimension of Z is less than d, then for (x)4_; we simply
choose multivalued holomorphic sections

{Sl(d—l)}fi? — {Sz(d) % tgmd~1+5d«1)‘(md+5d)}i,j
of L®(ma-1+ea-1) on X;. We now assume without loss of generality that the
dimension of Z is precisely d.
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We take a local smooth holomorphic curve I' in Eg — U{E; ; @ € A}
with the following three properties:

(3) T intersects 7~1(x) at one point.

(4) T either does not intersect |J; o E; or intersects (J; 4o E; only at the
point I' N7~ 1(z).

(5) T either does not intersect 7~!(Sing Z) or intersects 7 !(Sing Z)
only at the point I' N7~ 1(x).
The image 7(I") is a local holomorphic curve in Z. Let A be the unit disk in
C. By replacing I' by a relatively compact open neighborhood of I'N7~!(z)
in I', we may assume that there is a nomalization o : A — 7(T") of n(T")
which is one to one and ¢(0) = z.

We take a positive integer N such that d/N < e4_; —e(d). By Lemma
3.1, replace A with a smaller disk if necessary, there exist a positive in-
teger m and a finite number of holomorphic sections {Fj}f:dl C H(X; x

A, pr}L@’m(N“)) such that
Tiulz € H(Z, LN+ g Mgﬁ{,\r(u)) for every u € A — 0

and for every j, and that

Ky

z e XgN ﬂ(Tj)O ; 7,
Jj=1

where 7j ., 1= 75| x; xu (We regard 7;, € HO(X1, L®™N+1)) and 7; := 7.
Then we take a positive rational number € such that emro(1 + N) +
d/N < e4-1 —€(d). For every u € A and for every t > 0, we set

Z(a,t) = £ (0, (L 157F) 7 (Shmal) )
afu) :=sup{t > 0 ; I(u,t)s) = Ox o)}
We see that every a(u) is a positive rational number and that
z € (VI(0,a(0)NXo) G Z C fH(f(z)).

We would like to estimate «(0) by d and O(e) (Lemma 4.6 below). The
following semicontinuity lemma of multiplier ideal sheaves due to Angehrn
and Siu is the key step to reduce the case x € Sing Z to the case z € Reg Z.

LEMMA 4.4. ([AS Lemma 6.1]) Let to be a positive number. Assume
that a(u) < to for almost all w € A — 0 with respect to the 2-dimensional
Lebesgue measure on A. Then a(0) < to holds.
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The outline of the proof is as follows: Assume that «(0) > ty. Then
the following theorem of Ohsawa and Takegoshi shows that a(u) > to for
almost all w € A — 0 which is a contradiction.

OHSAWA-TAKEGOSHI’S L*EXTENSION THEOREM 4.5. ([OT]) Let § be
a bounded pseudoconver domain in C*1 with coordinate z1,. .., zp, w. Let
H be a complex hyperplane defined by w = 0, and let ¢ be a plurisubhar-
monic function on Q. Then there exists a constant Cq depending only on
the diameter of Q such that; for any holomorphic function f on Q OV H
satisfying

/ If|2e=%dV;, < oo,
QNH

where dV, denotes the 2n-dimensional Lebesque measure, there exists a
holomorphic function F on § satisfying Flong = f and

/ |F|2e=%dV; 11 < Cq / |f|2e=%dV,.
Q QNH

Then we have

LEMMA 4.6. (0) < d+ mNrge.

Proof. By Lemma 4.4, it is enough to estimate a(u) for u € A —0. We
show (3 lsz(-d)IQ)_(l“E)(E |7512) 7/ ™N) is not locally integrable at o(u) for
t>d+ mNrge.

We take u € A — 0 and a point Z in 7~ '(o(u)) NT. We see 7 € Ey
and T & U,z Ei- Let W be an open neighborhood of z in X — Uixo Bi
so that a local coordinate z,wq,...,w,—1 on W with Ey N W defined by
{z = 0}, where n is the dimension of X. Since m maps the (n — 1)-
dimensional manifold Fy onto the irreducible d-dimensional subvariety Z,
it follows that the codimension of 7~!(z) N Ey in Ep is at most d at Z.
The restriction (7*7;,)|g, vanishes to order at least mN at Z. Let Jac(m)
be the holomorphic Jacobian determinant of the map n. On W the di-
visor of Jac(w) is presicely boEgy. To conclude the local non-integrability
of (3 |s§d)|2)*(1_5)(2 |750l2) 7/ (™N) at o(u), it suffices to prove the local
non-integrability of

2207 ()t 7,

Since rog—bg = 1, by Lemma 3.2, t>d+mNroe implies the non-integrability.
Hence a(u) < d+ mNree for u € A —0. U
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We set Z(t) := Z(0,t) and « := «(0). Then by Lemma 4.6, we see
(d+ e4-1) — a(l + 1/N) > e(d). We set the multivalued holomorphic
section

{sz(d—l)}’?d—l = {sz(d)(l—e) % 7_jOZ/(mN) % tz(md+64)+(d+€d—1)-a(1+1/N)}i

=1 )j)k

of L®(Mma-1tea-1) on X;. We can verify ()4_; by noting that Ty_1(t) D
Z(te) for 0 <t <1 and that Zy_1(1) = Z(c), where

Ty (t) i= L2(Ox,, (3 LV R0,

4C. Completion of the proof

In 4A and 4B, we showed that (*)o hold. Therefore there exist a ra-
tional number g9 with 0 < g9 < 1 and a finite number of multivalued
holomorphic sections {550)}@1 of L®(mo+e0) on X, such that z is isolated

in VL2(Ox,, (2 [sgo)lz)_l). We take a smooth Hermitian metric hq of L|x,
such that the curvature form gives a complete Kahler form on X;. Then
we get the desired singular Hermitian metric

mo-+eo
hl

H,y, o= p(moteo) 7"~
¥ [sip2

for every integer m > mgy = do(dy + 1)/2, where |s§0)|1 is the length with
respect to hj.
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