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THE MIXED HODGE STRUCTURE
ON THE FUNDAMENTAL GROUP OF THE FIBER

TYPE 2-ARRANGEMENT

YUKIHITO KAWAHARA

Abstract. The complement of an arrangement of hyperplanes is a good ex-
ample of the mixed Hodge structure on the fundamental group of an algebraic
variety. We compute its isomorphic class using iterated integrals in the fiber
type case and then get the combinatorial and projective invariant.

Introduction

The mixed Hodge structure on the homotopy group of the algebraic

variety was constructed in two different ways. One way is Morgan's con-

struction based on Sullivan's theory of minimal models [M]. The other way

is Hain's method based on the bar construction [H5]. We shall deal with

Hain's method as this approach is very natural from the topological view-

point and it directly gives precise results on the fundamental group.

Due to Hain [HI], we can construct a mixed Hodge structure on the

fundamental group of an algebraic variety using iterated integrals defined

by K-T. Chen as follows. Let V be an algebraic variety over C. We fix a

point x of V and consider the truncation

of the group algebra of the fundamental group πi(V, x) over Z by some

power of its augmentation ideal J. An iterated integral is a function on

the space of paths in V. Let us denote the space of iterated integrals with

length ^ s that are homotopy functiojials on the space of loops based at x

(i.e. its value depends only on the homotopy class of the loop.), by

H°(B8(V),x).

Then the integral map

° ) , x) -+ Homz(Zπ!(T/ x)/Jβ+\ C)
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114 Y. KAWAHARA

is an isomorphism (K-T. Chen). As an iterated integral / ω\ ωr is in Fp

if the total number of GPS in CJJ'S is ^ p, a Hodge filtration on i70(i? s(V), x)

can be defined. The weight filtration is given by the length filtration when

V is smooth and projective:

Wι{Zπι(V,x)/J8+1y = (Zπ1(V,x)/Jι+1)* * H°{Bι{V),x)

If Hι(V) is a pure Hodge structure of weight 2, then the weight filtration

on Z π ! ( y , x ) / J 5 + 1 is defined by

W21+1 = W2l = (Zπi(y,x)/J / + 1 )* ^ Jϊo(fl z(\O,x).

Thus the Hodge and weight filtration induced by those define a mixed Hodge

structure on Zτri(V, a?)/J5 + 1.

In particular, when 5 = 1 , there is an isomorphism

of mixed Hodge structures. And, since the mixed Hodge structure on H\(V)

is independent of the base point, so is the same on Cπi(V, x)/J2. Thus, the

interesting case is when 5 = 2; the mixed Hodge structure on Cπi(V, x)/J3

will vary with the base point. In fact,

THEOREM. If V — P 1 — {αi, , an}, then the polarized mixed Hodge

structure on J(V,t)/J3 determines (V,t) up to biholomorphism.

And if V is a smooth projective algebraic curve, the similar theorem is

obtained by Hain and Pulte ([HI]).

On the other hand P 1 — {αi, , an} can be seen as the complement of

an arrangement of hyperplanes in C. We consider the same arguments in

the case of the complement of some 2-arrangement. An arrangement Λ of

hyperplanes in C2 is called fiber type if

-4 = {Hi, , Hni Gi, , Gm}

satisfies the following conditions.

(1) Each Gj is parallel to Gi, and each Hi is not parallel to G\. (i.e. For

each i φ j , Gi ΠGj = 0 and for each fc, /, HkΓ\Gι φ§. )

(2) If Hi Π Hj φ 0, then there exists unique Gk such that

HτΠH3 GGk.
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In general, if Hι(V,Z) is torsionfree, there is an exact sequence

0 > Hι(V) > Hom(J/J3,Z) > K > 0,

where K is the kernel of the cup product Hι(V)®Hι(V) -> H2(V). When
Hι(V) has a pure Hodge structure, the mixed Hodge structure on the dual
of J/J3 is a separated extension of Hodge structures. The set of suitable
classes of extensions of K by H1 forms an abelian group Ext(iί, i ί 1 ), and
there is an abelian group isomorphism (see [Ca])

, Hι)Έ '

For a pointed fiber type 2-arrangement (̂ 4, 6), with suitable each basis
of Hι and K, the concrete description of /0(( J(M(A, b)/ J3)*) gives that it
depends only on cross ratios

Xij {l^Kj^n) \'%3 (1 ύ i < j ί m)

arising from (A, b). Two pointed fiber type 2-arrangements are called cross
ratio equivalent if these respective cross ratios coincide. Then we obtain
the following result.

MAIN THEOREM. Let (A,b) and (A1\bf) be pointed fiber type 2-
arrangements. If there is a ring isomorphism

φ : Zm(M(A),b)/J3 -> Zπi(M(A'),b')/J3

that induces an isomorphism of mixed Hodge structures, then (A, b) and
(A\ U) are cross ratio equivalent.

§1. The mixed Hodge structure on 7Γχ

In this section, we review some results on the mixed Hodge structure
on TΓI using Hain's method [HI].
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The mixed Hodge structure on TΓI

Let k — R or C, and M a smooth manifold. Denote the set of piecewise

smooth path 7 : [0,1] —» M by PM and the subset of loops based at x by

PXM. Ek{M) denotes the de Rham complex of C°° k-valued forms on M.

First we denote the iterated integral as follows. For ω±y .., ωr G E\(M)

and 7 G PM, define

[ ω1- ωr= /••• / fi(ti)-- fr(tr)dt1 ..dtr

where fj(t)dt = J*ujj. f ωι - - ωr denotes the function PM —> /c, 7 —»

/ wi α;r. If r = 0, it is the constant function. A linear combination

of such functions and the constant function is called an iterated path inte-

gral, and a linear combination of a constant function and iterated integrals

J ωι ωr with r ^ s is called an iterated integral of length ^ s. Sometime

we shall denote the integration value of an iterated integral / on a path 7

by < / , 7 > .

A function F on PM is homotopy functional, if ^(7) depends only on

the homotopy class of 7 relative to its endpoints.

We define subspaces of iterated integrals;

BS(M) — {iterated integrals on M of length ^ s },

H°(Bs(M),x) = {I G BS{M) I / is homotopy functional on PXM },

BS(M) — {I G BS{M) with zero constant term},

Note that

Suppose that A" is a subdifferential graded algebra of E'k(M) such that

the inclusion A —* E'k(M) is a quasi isomorphism. J5S(^4) is a set of iterated

integrals on M spanned by J ω\ -ωr where each Uj G A1 and 0 ^ r ^ s.

We define subspaces iίo(# s(.A'), x), J B 5 ( A ) , and if°(£?5(A'),x) in the same

way.

Let G be a group and R a commutative ring. We denote by RG the

group algebra of G over R and by J its augmentation ideal.

THEOREM 1.1. (Chen) For each x G M and s > 0, the integration

map

is an isomorphism.
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Proof The proof is given in [Hl,2,3]. cf. LC1,2,3].

COROLLARY 1.2.

H°(Bs(A),x) -> Homz(J(M,x)/J s +\k)

is an isomorphism.

Using this, we can give the mixed Hodge structure on Zπχ(M, x)/Js+ι.

THEOREM 1.3. (Morgan, Hain) // M is an algebraic variety over C
and x £ V, then there is a mixed Hodge structure on

that is natural with respect to morphism of pointed varieties. Moreover, if
s ^.t, then the quotient map

induces a morphism of mixed Hodge structures.

Proof. The theorem is proved by induction s, using the following propo-
sition. For detail, see [HI].

PROPOSITION 1.4. (Hain) There is a natural isomorphism

) -+H°(Bι(M),x)

ω

and for all s, the sequence

0 —> H0{Bs^(M),x) —> H°{Bs{M),x) -^ ®SH1(M,

is exact, where p takes the iterated integral I to the function

:®8Hi(M,C)—>C
s

® [as] —>< /, Y[{aj - 1) >

for each loop OLJ based at x.

Proof. The proof is given in [HI].
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Extensions of mixed Hodge structures

We also review the extension of mixed Hodge structures, (cf. [Ca] and

[HI]).

A separated extension of Hodge structures is an exact sequence

0 B

of mixed Hodge structures, where A is a pure Hodge structure of weight m,

B is a pure Hodge structure of weight n, and n > m. Two extensions

0 j = 1,2,

are congruent if there is an isomorphism of mixed Hodge structures Φ :

Eι —» E2 such that

0 0

commutes. The set of congruence classes of extensions of B by A forms an

abelian group that we shall denote by Ext(i?, A). There is an abelian group

isomorphism

Λχ Uom(B,A)c

that is given as follows. If

, A)c + Hom(β, A)2

0 A -> E 0

is an extension, choose a Hodge filtration preserving section sp : B —* E oί

p and a retraction r% : E —> A oϊ i that is defined over Z. Composing these

gives an element ψ(E) = r%o sj? of Hom(i3, A)c It can be checked that

ψ(E) — rΈo sp is well-defined modulo F°Hom(i?, A)c + Hom(i?, A)τ. It is

easy to construct an inverse of £. For detail see [Ca].

When B is of weight 2p1 then r^o sp also induces a homomorphism
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called the motif of the extension (cf. [Ca]) where B%p = BZΠ

We can express the mixed Hodge structure on (J/J3)* as an extension.

LEMMA 1.5. Suppose that (X, x) is a path connected, pointed topolog-

ical space. If Hι(X, Z) is torsion-free, then there is an exact sequence

0—*H^{X) Λ Hom z (J(X,x)/J 3 ,Z) Λ Hι

x{X) ® H\{X) —> fl|(X).

iϊere i(z)(g — 1) = < z,g >, where g E πχ(X, x) and z E i ϊ 1 ( X ) . If φ E

(J/J3)* and a, β are loops based at x, then

P(φ)([a] 0 [/?]) = < 0, ({a} -

Proof See [HI].

§2. Fiber type arrangements

DEFINITION 2.1. Let .4 be 2-arrangement i.e. a finite set of hyper-

planes in C2 and M(Λ) a complement of Λ in C2. We call Λ affine fiber

type if Λ is a set {i?i, , i ί n , Gi, , G m } of hyperplanes in C2 satisfying

the following conditions

(1) Each Gj is parallel to G\ and each Hi is not parallel to G\. (i.e. For

each i φ j , G% Π G3 = 0 and for each fc, /, HkΠGι φ 0.)

(2) If H% Π ΐ/j 7̂  0, then there exists unique Gk such that

HiΠHj dGk.

We assume that all H^s are not parallel each other. (In this paper

arrangements mean affine arrangements.), cf. see [FR] and [J].

Now we reconsider the extension of (J/J3)*. For a fiber type 2-arrange-

ment Λ and a base point b of the complement M = M(Λ) of Λ, there is

the extension

0 > H\M) > [J/J^Y > K > 0
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of (J/J3)* where J is the augmentation ideal of the group algebra of
π1(M(A),b) over Z and K is the kernel of the cup-product Hι{M) ®
Hι(M) —> H2(M). Since the first cohomology is pure of weight 2 and
the kernel K of its cup product is pure of weight 4, there is the extension
isomorphism

ψ : E x t ^ ί f 1 ) -> Hom(K,iϊ 1) c/Hom(iί,iί 1) z.

We shall give the description of ψ((J/J3)*) for (A,b). First each basis of
Hι{M)1 ifi(M), if and K* can be given as follows.

As we take a coordinate (x, y) in C2, we can assume that

A — {ϋl, ' , i?n5 ̂ 1) * * ' 5 Gm},

where each ί/̂  is defined by the equation y — h{(x) and each Gj is defined
by the equation gj(x) — 0 where hι,gj are linear polynomials in x. Set

ujj = —dloziv — hJx))

and

Brieskorn showed that the cohomology of the complement of hyperplanes
Hk — {h — 0} is generated by forms

Wk = -—τ=dlog(Zfc),
I \

in general [B](for detail, see [OT: 5.4]). Then CĴ 'S and 77̂ 's generate the
cohomology H*(M(A),Z). Set

BH1 =

Let B be the subarrangement {Gi , Gm} of A. Fix a base point

= (so, 2/o) of M(Λ). We put

,y) e M(^)} = c - {yi,. ,

and
S = {(α,ϊ/o) G M(iB)} = C - {xu ,
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where

y ι = hι(x0) l ^ i ^ n

a n d

Xj — Keτ g3 1 ^ j ^ m.

Choose loops α^, 1 ̂  i ^ n, based at yo in -F such that, for each i, α^ is

anti-clockwise around ŷ  and nullhomotopic in C — {yi, , y^ , ΐ/n}. In

the same way we choose loops β31 1 ̂  j ^ m based at XQ in B. It is clear

that

f f i f
jj = δij / 7jj = ί y / η3 = / CJJ = 0,

7 ^ ^α z Jβi

where δij is Kronecker's delta. Consequently, [αi], , [cen], [/?i], , [/3m] i s

the dual basis of Hι(M(Λ), Z). Set

BHi = {aι,- ,aniβ1, -,βm}.

Remark 2.2. In general, let Λ be an arrangement of hyperplanes in

CN and M = M(Λ) the complement of ^4. The mixed Hodge structure on

the cohomology Hι(M) is pure. Moreover any element of Hι(M) has the

Hodge type (z,z) (see [Sh]).

We hope to find the basis of K. In general, if a vector space H of

dimension n has a basis τi, , τ n , then we can choose the basis of H (£) H

as

We put

}τj = {ωuω3}

We can obtain the following proposition.
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PROPOSITION 2.3.

BKn =

1 ^ i < j ^ n
\[η\tj

S 7 S m

is a basis of KQ.

Let 7ί = {-Fi, , F{\ be an arrangement with Fι = kerψi. We define a

basis TΪ, ,77 of Hι{M(Ή)) by r̂  = o V—dlogc^. Let Zi, , Zi be the

dual basis of Hι(M(7ί)). Denote the free associative algebra they generate

by C < Zi, , Z\ >. We shall denote its augmentation ideal by /. The

geometric lattice L(7ί) consists of the subspaces of the form

n n F l p where {ή, ,ip} C {1, ••-,/}.

Let L2(H) be a set of codimension-two elements of L(7ί). For K G

we set HK — {Ft E Ή\K C F{} and define the relation ideal i?χ of C <

where , Fip}. Let R = (Rκ)κeL2(H) a n d define

Set

α; = CJIZI + + ωxZχ G Hι(M(H)) 0 As.

The relations guarantee that ω Λ CJ = 0. For detail, see [Kl,2,3].

Proof of Proposition 2.3. Let .4 be the fiber type 2-arrangement and

M — M(Λ) its complement. We take the basis ωi, , ωn) 771, , ηm of

Hι(M) and let Xu- ,Xn,^i,- ,^m be a dual basis of HX(M). Set

= C < Xi, Yj > /R + Γ+1

and
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where R is the relation ideal for A. Since A is fiber type, for K E L2(A),

we can write

ΛK = {Hiλ, ' ,Hip,Gjκ}

and its relation is

μ=i

Hence, any [X ,̂ Ŷ ] is generated by [X;, Xj]'s. For 0 φ HiΠHj C G^, there

exists uniquely K{j E L2(Λ) such that Hi,Hj,Gk G Aftτιj5

 a n d we set

where i, j , ii, , ip are distinct each other. We can find the relations in-

cluding terms [X^,X/];

μ=l

and

Any other relation has no terms of [Xi,Xj]. Therefore, the coefficient of

[Xii Xj] in T T is

-{[ωτiω3) - \r)h,ω-\ + [ηk,ωi]) = -[ω]ij.

If HiΠHj = 0, then there is no such relation. The coefficient of pQ,

is only MX^X/]. Consequently we can write

T T=
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Thus \[ω]ij, \[η]ij, \{ , } is independent in Hι®Hι. Since dim(ίf2(M)) =

mn, it is a basis of K whose dimension is (m + n)2 — mn.

u
Then {(7 - 1)|7 € BHi} is a basis of J/J2 = Hi and BH1 is its dual

basis of {J/J2)* ^ H1. Moreover BKq is a basis of K ~ (J2/J3)*. Set

BKX =

LEMMA 2.4.

[ ΓV — 1 ΓV — 1 1 <C 7 <f O *\ 7Q
Lxi _L yJC j _L X v ^ \ / / It

{ f\ • Ί (ΛI • Ί L 1 " \ 7 \ η \ TO

L x ^ , -*- 5 *-* 7 -»- f -*- —— " —— 7 —— ' ^

{α^ - l,βj - 1} l ^ z ^ n , l ^ j ^ m

is o dwαl δαsis 0/ J 2 / J 3 =

Proof. Since αj, βj are dual of ωj, ηj respectively, it is enough to prove

the following lemma.

LEMMA 2.5. Let M be a smooth manifold, τ\, τi smooth 1-forms on

M and j\, 72 loops based at x € M. Then

(1) < /τ iτ 2 , (71 - 1)(72 - 1) >= /7 1 n /7 2 r2 .

(2) < / \{Tl,T2} , [71 - 1,72 - 1] >= /7 1 T! /7 2 r2 - 4 n /7 1 r2 .

(3) < / | {n , r2} , {7l - 1,72 - 1} >= /7 1 n /7 2 r2 + / ^ n / 7 i r2 .

(4) < / | [ τ 1 , τ 2 ] , {71-1,72-1}>=</H τ i ' τ 2} , [7i-l,72-H >= 0.

Proof. (1) See [HI; (2.13) (b)].

(2) Using (1), we get

< / ^[n,T2], [71 - 1,72 - 1] > = ̂ { / n r2- τ2 / n }
J Δ Δ Jηλ Jj2 Jηλ Jη2

- ; { n / τ-2- / n / r2}
^ J72 Jji Jη2

 JΊi

= n / τ2 - / τi / r2.
JΊl JΊ2 JΊ2 J~/ι

Also we obtain (3) and (4) in the similar way. Π
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It is note that BKQ is not a basis of K%. Though we can choose the

following basis of K%. Set

- ηkωj +
ωτujj

if 0 Φ Hi Π Hj C Gk

if Hi Π Hj = 0

COROLLARY 2.6.

M
1 ^ i < j ύ m

ij 1 ^ i < j ύ n

1 ^ i < j ^ m

j} 1 ^ i ^ n, 1 ^ j S m

ωiUi l ^ i ^ n

η«Ύ)η 1 < i < m

is a basis of K%. And also

[ai - 1, OLJ - 1] 1 ^ i < j ύ n

(oίj - l){μi - 1) 1 ύ i < j ^ n

BK% = φ3-l){βτ-l) l ί i < j ί m

(ai - l)(βj - 1) 1 ^ i S n, 1 ^ j ύ m
(ai- ΐ)(ai - 1) l ^ ί ^ n

is its dual basis of K%.

Proof From Proposition 2.3 it is clear that BKZ is a basis of K%.

Using lemma 2.5, we can check its duality. For example,

<
ί f f f ί

ωi3, [ai - 1, aj - 1] > = / ωi ωj -I ωτ ωj = 1

< / ωi3, {aj - \)[μi - 1) > = / ω ί / ωj = 0
«/ ^ α ^ J Oίi

α s - l)(βt - 1) > = / α i / ^ - / ηk ωj = 0.

D
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Consequently, for (A,b), we give the description of ^((J/J 3)*) by

φ((J/J3Y) = Σ ΠX-Ί) X®(Ί- l)*mod(K* ® Hΐ)z

E (K* <g> Ht)c/{K* ® H\)ι ^ Rom(K, H^

where, since a dual of χ is χ* 6 BKZ, we define

§3. The cross ratio equivalence

We compute the description of ψ((J/J3)*) for (A,b). First we prepare
the following lemma.

LEMMA 3.1. Set

1 dz 1 dz

—1 z — z\

Suppose that, for i = 1,27 7̂  is α /oop based at ZQ in C anti-clockwisely
around Z{ which is nullhomotopic in C — {ZJ}, j φ i. Then

Here A is th

A = [2o,2i, 22? Oθ] = — - ,

and also
(1 - A)" 1 = [22,20,21,00] = — -.

ZQ — Z\

Proof Since

dz dz n r—-Λ ,ZQ-Z2,

Γ dz

Λi 2 - 2i 2 - Z2 2i —

and
r ώ

JΊΊ
 Z —

dz dz r— fz1-

=2πV-Hog(g(
Z\ Z — Z2 ZQ — Z2
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then

) l o g ( ) )f Ϊ l

=(log(

Z2,

2 π V - l

From [τi,r2] — — [τ2,τi], we get

/

r
[n,τ2] = - J [r2,ri]

= ~ 2 ' 7= log(~^ ~)

= 2 l \og(ψ^-).

G

COROLLARY 3.2. Let αi, α2 7̂  0

1 αicίz

2 π \ / - ϊ a i ^ + &i' 2τr\/--ϊ

And 71 zs a loop based at ZQ anti-clockwisely around (—^) which is nullho-

motopic in C — { — ^-}. Γ/ien

^ 2 ) x

Proof. Set 2:1 = — &i/&i , 2̂ = —^2/^2- Applying to Lemma 5.1, we

obtain

xp 2τrV-l / - n , r 2 ) = = - 7 -
JΊl 2 zι - z2 -bi/ 7 l

D
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Using this lemma, we can get the following proposition.

PROPOSITION 3.3.

(1) For each 1 ^ i < j ^ n and 7 G BH\,

/(λ ^ λ ^ - 1)) ifΦ^HiΠ Hj C Gk and 7

0 otherwise .

(2) For eαc/i 1 ^ i < j ^ m and 7 £

0 otherwise

(3) For each 1 ^ i 5ί j ^ n, 1 ^ k ^ I ^ m and 7 G -Biϊi,

Γ 1

f l

JΊ 2

__ J 2 v * = J α n r f 7 =
ϊ<7 I 0 otherwise ,

^ tfk = l and η =
0 otherwise .

For each 1 ^ i ^ n, l f ί j f ί r a and 7 G BH\,

^ } 0

Here

2π λ / I Γ ϊ

2/0

and
- X j
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Proof. (1) \[ω]l3 with HτnHj = 0. For each 1 <; 5 ^ n,

dy — dhi(x) dy — dhj(x) f dy dyf f dy — dhi(x) dy — dhj(x) f dτ
/ ωiωj = / — - = / — -

Jots Jois y - tii(x) y - tij(x) J a s y -

Applying to Lemma 3.1, we get

and
1
^ M y = l([yj,yo,yi,00}) =

(1) ^[CJ]ZJ w i t h 0 φ Hτ Π f/j C G f c . For each 1 ^ 5,t ^ n and each

^ iA ̂  m, since

/ [α ί, 7fo] = / ^ 4 % - / ηuωt = / ωt - ωt = 0,

we get

Applying to Lemma 3.1, we obtain

M

and

/ o

For each 1 f£ / ^ 771,

My = / M,^]+ / ([vj,
Jβi Jβilβι~ "' Jβi Jβi' " ' Jβi'

and for / Φ k

Iβi

Then it is enough to compute

ω]tj = 0.
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Set

Hi : y — diX + hi

Hj : y — ajX + bj

Gk : (αi - dj)x + (6i - bj) = 0.

By means of Corollary 3.2 we get

1 Γ 1 1 (cίi — aj)dx

1 Q , (α,-a j )
1 Q

2 π λ / : r ϊ (θi - a>j)(bi - yo) - aι(bi - b3

and, in the same way,

κ

aφ. - (ai - a)yo

Consequently we obtain

i 7 / I u>i Ujj ){ί/i t/o i Uiuj i tίi Ujj) ί/0 \

1 —Uij — / ( - :LL1 — )
Pk Ί 3 v i j) yu v % jjyy^ yoj

Vi — Vn i
7/ ϊ7t c/vj\ 7/Γ 1 \ 7 ( \ — -I- (\ Λ\\

yj -yo J ' υ υ

(2) ^[^]zj We apply rji,ηj, βi,βj to Lemma 3.1 and then get

r l
Jβt 2

and

-r/y = /([XJJXO^ZJOO]) = /((I - λ ^ ) " 1 ) .

(3) ^{ , }. In general, the shuffle formula of iterated integrals (see

[HI; (2.11)]) gives

/ {ω, η} = ωη+ ηω = ω η.
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By the duality between ω{, 77̂ , and [α2], [βk} > for any braces basis ^{ω^η}

of K with ω φ η and [7] G {[αz], [/?&]}, w e g e t

For any braces base ^{ω,ω} of if and a dual base [7] of ω, we get

And also for [7'] φ [7],

D

COROLLARY 3.4. The extension isomorphism φ associated with the

mixed Hodge structure on (J/J3)* is

+ /((I - λ i j ) " 1 ) ^ - l,a3 - 1] ® (αj - 1)*

^ - l ,α j - 1] (8) {βk - 1)*

+ /((I - λij Γ 1 ) ! ^ - l ,α j - 1] (8) (QJ - 1)*

mod(K

= {(i, j , fe)|1 ̂  z < j ^ n, 0 φ H% Π flj C Gk}

and

P = P(Λ) = {(i,j)\l ^i<jύn,Hi^H3 = 0}.
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Proof. In order to prove this we compute its motif. According to §2,

there is an extension

o > H\M) > (j(M,b)/j3y > K > o

of (J(M, 6)/J 3)*. Since Hλ(M) is a pure Hodge structure of weight 2 its

motif is

μ : Kτ -+ Hι

c{M)lHι

z{M).

The exponential map gives a canonical identification

-> (C*)n x (C*)m

(exp 2π V —1 α ,̂ exp 2π y—lbj).

Thus, for zλ® z2e K and [7] G i?i(M),

μ(zι (g) ̂ 2)[7] — exp2π\/—1 / Z\z2.

I 1 Γ 1 _ι_ 1 / \ _L 1 / \ _L 1 / \ *-P (1\ —/- ΪT Γ Ί f-Γ — Γ^

and

Then, using the proposition 3.3, we can compute values of a basis BKZ of

Ki obtained in §2. Π

Remark 3.5. Using

ί f ίf
/ ωη + / ηω = / ω / ry,

J'γ J^y J'γ J ^

we get

fA[ω'η]=iωη-lLωLeta-
It leads

f f 1 f

From this fact and the above proposition we also obtain the corollary.

This corollary leads the following definition and theorem.
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DEFINITION 3.6. Let A be a fiber type 2-arrangement and 6 a base

point of M(A). A pair (A,b) is called a pointed fiber type 2-arrangement.

Two pointed fiber type 2-arrangements (.4,6) and (*4',6') are cross ratio

equivalent if there is a one-to-one correspondence between A and Af satis-

fying following conditions (1), (2) and (3); suppose that

and

where

(i) i

(2) 0

(3)

A={H1

A' = {H[
1-j are corresponded

J I J

ΠHjCGk^V):

, ,Hn,C

) •'" ̂ Hn,C

to Hi, Gj

= 0

φH^nH'j

2i? , G m j

, respectively.

and

Consequently we obtain the following theorem.

THEOREM 3.7. Let (.4,6) and (A\br) be pointed fiber type 2-arrange-

ments. If there is a ring isomorphism

ψ : Zπi(M(A),b)/J3 -^ Z^{M{A'),b')/J3

which induces an isomorphism of mixed Hodge structures, then (*4, 6) and

(A^bf) are cross ratio equivalent.

Proof. The isomorphism φ of mixed Hodge structures induces an iso-

morphism of Hodge structures on W_ι/W-2 — J/J2 = i ϊ i , on H1 and

on K = Ker(iί 1 0 Hι —* H2). Thus there is a one-to-one correspondence

between A and A! satisfying conditions (1), (2). And also it induces a

congruent class of extensions

o > H\M) > (j/j3y > K > o

of K by if1. Hence, according to Corollary 3.4, we get \ij(A, b) = \j{A!, bf)

a n d λ ^ ( Λ 6 ) = Xij(A',bf). D
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