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ON THE CLASSIFICATION THEOREM FOR CR
MAPPINGS

ATSUSHI HAYASHIMOTO

Abstract. Let f: M — M’ be a real analytic CR mapping between hyper-
surfaces with f(p) = g, where p € M and ¢ € M’. In this paper, the relation
between the type at p and the one at g is considered. As a corollary of the
type condition theorem (Theorem 1.1), a classification theorem, which states
that under certain type condition, any real analytic CR mapping as above is
constant, is proved.

§81. Introduction

The goal of this paper is to contribute to the following classification
problem for CR mappings.

PrOBLEM. Classify CR mappings between CR manifolds in terms of
CR geometry (for example, Levi form, type of point, minimality and so on).

Let M be a generic CR submanifold (see §2) of C" with dimg M =
2n — d. We shall prove that under certain type condition, any CR mapping
between generic CR submanifolds is constant, which is a corollary to The-
orem 4.1. In the following theorem, M and M’ are real analytic, generic
CR submanifolds containing the origin as a point of type (I1,...,l;) and
type (I}, ..., 1), respectively (definition of type of point will be given in §2).
After a suitable coordinate change, we may assume that, for a sufficiently
small neighborhood U of the origin, we have ({0}""¢ x R)NU C M and
the sy are real parts of the transversal coordinates (see §2). (f,g) is a real
analytic CR mapping with (f, ¢)(0,0) = (0,0).

THEOREM 1.1. Let M and M’ be generic CR submanifolds of C™ with
dimg M = dimgM' = 2n —d and (f,9) = (f1,- -, fn-ds91,---,9d) :
M — M’ a CR mapping satisfying det((9g;/0sk)(0))jk=1,. .4 # 0. As-
sume that, for sufficiently small neighborhood U of the origin, (f,g) satisfies
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(£,9) ({0} 4 x R NU) C {0}"4 x RE. Then the type condition l; > y
holds for j =1,...,d.

In the previous paper [5], the author gave another proof of the Landucci
Theorem [6] in CR geometric style, namely, by using the tangential Cauchy-
Riemann operator. Theorem 1.1 is motivated by the Landucci Theorem and
its proof in CR geometric style.

Next we consider an application of Theorem 1.1 to a classification theo-
rem for CR mappings. There are some previous results which assert that if
CR submanifolds satisfy certain conditions, then any CR mapping between
them is constant. For example, M. S. Baouendi and L. P. Rothschild proved
the following theorem.

THEOREM. (M. S. Baouendi-L. P. Rothschild [2]) Let M and M’ be
smooth hypersurfaces and H a smooth CR mapping between them. If M
and M’ are of D-finite type at py and H(po) respectively, then either H is
constant or Jac(H) # 0.

We shall prove another type of theorem like this as a corollary of The-
orem 4.1 as follows.

COROLLARY. Let M and M’ be real analytic hypersurfaces in C? with
typeo M = | and typey M’ = U, respectively. If the type condition 1/ ¢ N
holds, then any CR mapping (f,g) : M — M’ is constant.

We are interested in the property of [;/ l;. In the case n =2,d=1in
Theorem 1.1, we have [/l € N (Theorem 4.1). But in case n > 3, unlike
n = 2, it may occur that I;/I; & N even if d = 1. In fact we shall give such
a CR mapping and CR submanifolds in §5. In that case, we shall see that
1j/1; (> 1) can take any rational number.

This paper is organized as follows. In §2, we give a definition of type
of point and basic results on CR mappings. In §3, we prove Theorem 1.1.
In §4, we consider the special case of Theorem 1.1, n = 2, d = 1. In §5, we
give an example as mentioned above.

I would like to express my heartfelt gratitude to Prof. Takeo Ohsawa
for giving me the idea of the proof, which was originally used in my master
thesis [5], and some useful advice during my preparing this paper.
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§2. Notation and basic results

Let M be a smooth submanifold of C™ with dimg M =2n—d, 0 <d <
n. We call M a CR submanifold if the holomorphic tangent space of M at p,
denoted by Hy,(M), has constant dimension for any p. A CR submanifold
M is called generic if dimg Hp(M) is minimal (= 2n — 2d). A smooth
mapping between CR submanifolds is a CR mapping if its components are
annihilated by the induced Cauchy-Riemann operators on the source CR
submanifold. In this paper, we always assume that generic CR submanifolds
are real analytic ones containing the origin and that CR functions or CR
mappings are real analytic ones preserving the origin. We define T;)C(M )
as a complexification of the tangent space of M at p and HC(M) as a
complexification of the holomorphic tangent bundle of M. We shall define
the vector subspace E’;(M ) of TI‘)C(M ) for k > 1. By the Lie bracket of
length k at p generated by H®(M), we mean a differential operator of the
form

[L1,[La,. .., [Lk—1, Li) . - Jpy Ly € HE(M).

Let L1(M) be Hf(M ). We define £’; (M) as the vector subspace of T;,C (M)
spanned (over C) by Hf(M ) and all Lie brackets of length j (j < k) at p
generated by H®(M). Then we have

HE(M) = LH(M) C LAM) C...C Ty (M).

DEerFINITION 2.1. ([3], [4]) Let M be a generic CR submanifold with
dimgp M = 2n — d. We say that a point p € M has type (I1,...,lq) if the
following conditions hold.

1. dimg LL(M) =2n—2d  j < 1y.
2. dimg L5(M) =2n—2d+i 1; <j <l
3. dimc LH(M)=2n—d j>Ig
Denote by type, M = (I1,...,l3). In this paper we assume [ <... <lg.

We may assume that, after a suitable coordinate change, local defining
functions for a generic CR submanifold M with typey M = (l1,...,lq) have
the forms
ri(z,w) =t — h1(z, %, s)

(2.1) :

Td(Z, w) :td - hd(‘z?Z? 8)7
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where w = s + it € C?¢ and

(2.2) hi(z,2,8)= Y. hi, 27"
[wl+Hul >ty
lvhpl21,]7120

is real analytic. In this representation, we call w transversal coordinates.
It follows from these expansions that, for a sufficiently small neighborhood
U of the origin, we have ({0}"~%¢ x R} N U c M. Notation for M’ will be
denoted by ‘dash’ style.

By the analogous argument of [1], any real analytic CR function F :
M — C can be expressed as a power series, where M is defined by (2.1)
and (2.2).

LEmMMA 2.1. ([1]) Let M be a generic CR submanifold and F': M — C
a real analytic CR function. Then F' can be expressed as

F(z,2,8) = Z Ag pz®(s +ih(z,2,s))P.
lal+lp|>1

Next we consider CR mappings between generic CR submanifolds de-
fined by (2.1), (2.2) and their ‘dash’ style.

LEMMA 2.2. Let M and M’ be generic CR submanifolds and (f,g) =
(fiy oy fods91,---594) : M — M’ a CR mapping such that

(23)  (£9)(({0}"* x R)NU) C {0} x R?
holds for sufficiently small neighborhood U of the origin.

Then f1,..., fn—d,91,.-.,94 can be expressed as
fj(z) Z?S) = Z agz,pza(s_l"ih)pa
|al>1,|p|>0
wlozis) = Tt +iny,  theR,
lgl>1

forj=1,...,n—d,k=1,...,d.

Proof. By Lemma 2.1, f; and g are expanded as

fi(zzs)= S0 dl,2%s +ih(z,2,5)F
|ef+]p[>1
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and
9k(z,2,8) = Z bg’qzﬂ(s—i—ih(z,i,s))q.
1Bl+]ql=1

First, by (2.3), we obtain

Zag,psI’:O forj=1,...,n—d,

>1
iz and > bf,PER fork=1,....d,

lg[>1

namely, a%’p =0 for [p| > 1 and b’g,q € R for |g| > 1. These give a desired
expansion of f. Substitute these into expansions of f and g. Then resulting
expansions satisfy

1 —_
5 2 [b'ff,qzﬁ (s+ih)? = bf 42°(s — z’h)q]
1Bl+1g|=1
= z hV’fN’T( Z aa,pza(s—l-ih)p)
I+l ul 21 |ee|>1,|p|>0
(2.4) v lul21,|7]20
w
X ( Z da,pza(s - Zh)p)
lal>1,[p|>0
L B : ARG 1\q 4
< (53 3 [paao it b2 iny] )
|Bl-+lq|>1
fork=1,...,d.

Picking up the sum of the terms that are not multiplies of z;Z; from
both sides of (2.4), we get

Z (bg’qzﬂsq —_ I—)Z’qzﬁsq) =0 fork=1,...,d.
181=1,lg|120

Therefore we obtain bg’q =0, for k=1,...,d, |8] > 1 and |q] > 0, which
implies that g has the expansion,

gk(z7 zZ, S) = Z bg,q(s + Zh‘)q
lgl>1

By replacing b’g,q with b’;, we get the assertion of lemma. 0
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We need the following lemma to prove Theorem 4.1.

LEMMA 2.3. Let the notation be the same as in Lemma 2.2 withn = 2,
d=1. Then g = 0 implies f = 0.

Proof. Assume g = 0. Then we have h/(f, f,Reg) = 0, namely,

25 Y H ’W( > aaypza(s+z‘h)p>”( ) aa’pza(s—ih)p)ﬂ

vul 021,p>0 a>1,p2>0

v,u>1,720
1 ~ T
X (5 Z [bq(s +1h)? + by(s — zh)q]> =0.

q21

Now consider the case 7 = 0. Since, in the above equality, the sum of the
terms of degree I’ in z and Z satisfies

5 tan(Soes) (Sowes) =
p20

vtp=l p>0
v,u>1

we get a1, = 0 for p > 0. Substituting these into (2.5) and observing the

terms of degree 2I’,3l’,... in the resulting equality repeatedly, we obtain
Gqp = 0 for any a and p, which implies the conclusion. N

§3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Theorem 1.1 is a generalization
of the theorem the author gave in [5], where M and M’ are boundaries of
pseudoellipsoids.

For each j = 1,...,d, we define Q; = {(‘h,...,qd) € Z‘éo | g5 > 1}.
Assume that the conclusion of Theorem 1.1 does not hold. Then there
exists j such that [; < I;. Put jo = min{j | [; < I’}. Then we have the
inequality;

. ! !/
h<...<lp<l,<...<lg

The CR mapping (f,g) satisfies Img; = h/(f, f,Reg), for j = 1,...,d,
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namely,

—2}; Z [(s +1ih)? — (s — ih)q]

lgl>1
14
= % o T anpainy)
(3.1) i+, la>1,[p|>0
lvhiulz1
n
X( Z aa,pia(s—ih)p> + higher terms,
lo=1,|p[>0

j=1,....,d.

The minimal degree of z and Z on the right hand side of (3.1) with j =
Jos -+, d equals to l% . Thus picking up the terms of degree I, ..., 1, (< I} )
from both sides of (3.1), we get

) Y bstesBT ST R =0, for j = jo,...,d, k=1,...,Jo,
lg|>1

where h;f") stands for the homogeneous polynomial of degree [ in z and Z
in hy (hi is defined by (2.2)). By (3.2), we get

Jo
by =0, for any g € UQkandj:jg,...,d.
k=1
Therefore the expansions of gj,, ..., gqs become
gi= Y bi(s+in),  forj=jo,...,d.

q1=..=q;, =0
9jg+1F-Fag =1

It follows from these expansions that

aA
9i0)y=0, forj=jo,...,d, k=1,...5.
aSk



102 A. HAYASHIMOTO

Therefore the matrix ((8g;/0sk)(0)); x=; 4 has the following form;

Ie) O, ) a
) ... 2m(0) =) ... )
895431 9g; _’1 9g; _.1 ‘ dg; _'1
i) .. %) 85;'3“ ©) ... —-aggd (0)
93 95 ’
0 .0 ) .. )
. . 8 . . 6 .
0 .0 ) .. ()

and the determinant of this matrix vanishes. This contradicts to the as-
sumption and therefore completes the proof.

84. Special case of Theorem 1.1

In this section, we consider CR mappings between hypersurfaces M
and M’ in C? with type, M = [ and typey M’ = I’, respectively.

THEOREM 4.1. Let M and M’ be real analytic hypersurfaces in C? with
typeg M =1 and typey M' = U, respectively. If a real analytic CR mapping
(f,9) : M — M’ is not constant, then the type condition l/l' € N holds.

We drop the indices j and & in (2.1), (2.2) and in the expansions of f; and
k-

Proof. By Theorem 1.1, we have | > I’. If we assume [ > I, then there
exists L € N such that LI’ < | < (L 4+ 1)I'. Assume that | < (L + 1)I'.
Consider the equality Im g = h/(f, f, Reg), namely,

5173 by [(s +1ih)? — (s — ih)q]
g1
v B
(4]_) = Z h:/,,u,'r( Z aa,pza(s +'Lh)p> ( Z &a’pia(s — ’Lh)p>
v,u>1l, 12>

x (% Y b, [(s + k)T + (s — ih)q])T.

q>1

Since the minimal degree of z and Z on the left hand side of (4.1) equals to
[, by observing the terms of of degree I’,2l’,... LI’ in z and Z on the right
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hand side of (4.1) repeatedly, we obtain aqp = 0 for a =1,...,L, p > 0.
Substituting these into (4.1) and picking up the sum of the terms of degree
[ in z and Z from the resulting equality, we get

3 byst=1h0) = o,

q=>1

where h{) is the homogeneous polynomial of degree ! in z and Z in h. Thus
we obtain by = 0 for ¢ > 1, which implies g = 0. By Lemma 2.3, we obtain
f = 0, which contradicts to the assumption. Therefore we conclude that
l=(L+1)l. 0

§5. Remark on the ratio of types

If we consider the CR mappings between real analytic boundaries of
pseudoellipsoids in C™, then the assertion of Theorem 4.1 holds even if
n > 3 as in [5]. But in general, Theorem 4.1 does not hold if n > 3. In fact
we have the following theorem.

THEOREM 5.1. Forany Ai,...,Aq € Q\N (4; > 1), there exist generic
CR submanifolds M, M’ of C", n > 3 with dimg M = dimg M’ = 2n — d,
typeg M = (ly,...,lq) and typeg M' = (I3,...,1}), respectively and a CR
mapping between them such that A; = lj/l;, forj=1,...,d.

Proof. Let A; = A} /A? be an irreducible fractional representation.
First fix p € N. Put [; = 2pA} and l;- = 2pA]2. Then there exists ¢ € N
such that gl; < [; for any j. Let

M = {(zl,...,zn_d,sl+it1,...,sd+itd)E(Cn|

b = [ (DI GH0Xs b i for = 1,...., )
and
M = {(zl,...,zn_d,sl Fity,...,8q+itg) € C™|

— — ! . .
R P L TP L TP R PR L :1,---,d},

where
. I
X, = li _ % L L=

L+ 1.
P P (] _7)

d
=1

J



104

A. HAYASHIMOTO

Then

(f,9)(z,w) = (z‘ll,zg+q,z§, 2l Wi, .., wa)

is a real dnalytic CR mapping between M and M’. Obviously, A; = I,/ l;.

forj=1,...,d.
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