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A formulation of the differentiability of the product function of a locally-

compact group at the identity may be given in the following way: In a suffi-

ciently small euclidean neighborhood of the identity product satisfies the con-

dition :

where M(λ) is a function such that M(λ) ~» 0 as λ -» 0, From this we can de-

duce easily

In a differentiate group we can introduce a coordinates system in which it

stands that xm ~ mx. In this coordinates system the above equality can be

written

where x, xιh2, %11-", . . . , xιl-n

9 . . . is the sequence of successive square roots

of % in the neighborhood of the identity. In words, the function sequence

Fn(x>y) - ί# 1 / 2V / 2")"n converges to the product of an abelian local group. It

is a remarkable fact that this property is independent of the choice of the co-

ordinates system, and it will be reasonable that this is one of the topological

group theoretical formulations of the differentiability of the product function at

the identity.

P. A. Smith proved that under the condition (*) a euclidean local group

becomes a Lie group. The main purpose of this paper is to obtain conditions

that a locally compact group forms a Lie group from the last point of view.

Let G be a locally compact group and let ί/be a neighborhood of the iden-

tity e. If, for an element x of U, x\ x~"', χ-?!, . . . ? # 2 n e t / ? / + 1 φ t/, we put

n = <M#). If such an n does not exist, we put §u{%) = co. G is said to have

property (S) if there exists a neighborhood U of e such that dc(x) is finite for

every elment x of U — {e}. It will be shown that if G has property (S) we can

define a function sequence Fn(χ,y) = (rJi^y11^)^, which we shall call Lie's
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function sequence, in Φ x Φ, where Φ is a closed subset of U. Theorem 1 states

that if Lie's function sequence has a subsequence converging to a function, which

defines product in Φ in such a way that Φ becomes an abelian local group, G

must be a Lie group. Theorem 2 states that if the Lie's function sequence has,

roughly speaking, a uniformly converging subsequence, G is a Lie group. As a

corollary it is shown that a locally compact group of transformations of class

O which is effective in the stringent sense of S. Bochner and D. MontgomeryJ)

must be a Lie group.

1. Conditions of differentiability

In this section a locally compact separable group G having property (S) will

be treated. Take a neighborhood U~ U~ι of e with U compact and such that

dυ(x) is finite for # e £ 7 - {e} and such that in IP square root is unique, that

is, from x2 = y2 e IP and x,y G U* follows x = y2) Such a neighborhood is said

to be regular. Put

ΦtP = {x\ there exists xl/2* e U such that (JΓ1'2*)8* = x for every k ̂  n and

(*!/**)2* c ^ for fc *== ft}, <F = Π Φnu.

0 / and Φv are closed sets. It is easy to see that (x1'2")2™ = *i/2»-w (n>m).

An element (# β) of Φ*7 is called regular (in U). For a regular element # we

mean by the square root sequence of x the sequence {#1/2?%=o,j,2,.... If y % e

were a limit point of the square root sequence of x, then y2* would be also limit

point of {xί/2n}, hence belong to U, which contradicts to property (S). There-

fore the square root sequence converges to e. We now introduce a function on

ΦnΓ x 0 / by
Fn{x,y) = (x«*y*ι*)*Λ

Since square root is unique and U is compact, the function can be defined and

is continuous. The sequence of functions Fn{x,y), (n = 1,2.. . . ) is called Lie's

function sequence of G in U.

LEMMA 1. For every regular element x of U, there exists a unique one-para-

meter subgroup gx(λ) such that gx(l/2n) = x1'2" for w = 0,1,2, . . . .

Proof. If ?* > m9 χv2nχλ'-n = #1/2*01/2")2*-'* = (^i/2*)S»-»Jci/i» = ,1/^1/*".

Hence the closed subgroup A generated by the square root sequence of x is

abelian. Since A does not have arbitrarily small subgroups, A is a Lie group.

Let A0 be the component of e in A. Since A0 covers a neighborhood of e and

*1/2* coverges to e, there exists an integer k such that for every m^k, x112™ e A0.

J ) Cf. [6] .

-' Cf. Lemma 1 of [4] .



DIFFERENTIABILITY OF LOCALLY COMPACT GROUPS 73

Hence x]/-n G An for every n and so A - A0. Therefore for every element y G A

there exist unique one-parameter subgroup gy(λ) such that gy(l) = y. Since A

is a Lie group, there exists a neighborhood W oϊ e such that g>(Λ) C U for |Λ|

^ 1 and for y e FK If ^ G ^ , it follows that ^/2fc(l/2n) = A : 1 ^ * and

= £*(*). From this, it follows that gx(l/2n) = #1/2n for every w.

Remark, Since no confusion will occur, we shall write xx instead of gx(λ)

in the following.

LEMMA 2. There exists a real continuous function f(x) defined on U satis-

fying the following conditions:

i) f{x~) ̂  2 f{x) for x,x°-&U,

ii) f(x) = 0 if and only if AT = e.

Proof. Put 0(ΛΓ) = ΛΓ2 for x & IP. Since 0 is continuous and square root is

unique in IP there exist with given p{^e e) G ί / open sets Vk{l)p2k and VAΓ2^2*

for k = 0,1, . . . , oc2ϋ>) such that

(1) γkuψ* c Ffe(2)^ C £/*,

(2) ίf^/jCFg/^

(3) Vk(2)p2kΓ)V/vp"J ^φ ( * # Λ ,

ψ denoting the empty set. Construct continuous functions fk{p){%) for /e = 0,1,

. . . , δu-(p) defined on IP satisfying the conditions

(5) /*'*'(*) = 0 for*ι

Let f^(x) = *%f'fkιp)(x). Then it is easily shown that fp\x) satisfies the
fc = 0

condition i). Since U — {̂ } ϋ U VQ

il)p*] there exists a countable set {̂ >w},

(Λ - 1,2, . . . ), such that U - {e) s U V0^!P». Define /(*) = s i / ^ ' W .

then/(Λ:)|ί7 fulfills our requirements.

The following two lemmas show the non-triviality of ΦΌ.

LEMMA 3. ΦΓ - {e} # φ . 4 )

LEMMA 4. Let Z be the center of G. If Gf\U^Z(\U9 there exists a

neighborhood F of e such that Zf l ^ S Φu Π V.

3 ) Fo1 is depend with p.
4> Cf. Lemma 5 of [7],
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Proof. Since Z does not contain arbitrarily small subgroups, Z is a Lie

group. Hence there exists a discrete subgroup H of Z such that Z/iϊ is a torus-

group. C/i7 is locally isomorphic to G and the center of G/H is Z/H. Hence

we have only to treat the case where Z is a torus group. Moreover, to prove

the Lemma it is sufficient to prove that G/Z contains at least one-parameter

subgroup,5* and for this last purpose it suffices to prove that G/Z does not con-

tain arbitrarily small subgroups.6)

Let y b e a natural mapping G ~* G/Z, and put EΛ* = ψ (UΊ)9 where U%

= {#!/(#) < (5} CU with a function /(#) in Lemma 2 and a sufficiently small

positive number δ. Suppose x* = 3>* for x*,y* €Ξ £/,*. Take ΛT,̂  G EΛ such that

#* .-= ̂ (*) and .y* = φ(y). Then #2 = ;y22 and z G ^ f l Z . 0>2J/z)2 - x\ Hence

if C7j is sufficiently small, yz1''2 = ΛΓ, and so AT* = jy*. Thus square root is unique

in J7Λ

Now let ϋC* be a closed subgroup contained in £Λ*. A"= f~J(JίΓ*) is a com-

pact subgroup of G, and so K is a Lie group. Hence K* is also a Lie group-

If K* were not discrete, there would exist an element k^{*t e*) G ϋf* such that

kQ*2 - {?*, which is a contradiction to the fact that square root is unique in Ui*.

Therefore ϋΓ* must be a finite group.

Suppose K* is not trivial. Take k* = φ(k) * e* (k e */,) of iΓ*. We assert

that ^ is a regular element in Z7 and φ(kι/2n) G ΛΓ* for every w. Namely, since

/i* is finite, there exist m and I (my I) such that ft*2"1 = k^\ and so ^* = **s l i l"Γ

= (&*2»-ί-^3β Hence As = A2, where A G CΛ and φ(h) = ^*2?n~z"J. Then 2 G ίΛ*

Π ^ and (A2~ιJ/2))2 = ^ Therefore if Γ.Λ is sufficiently small A2~(J/2) = F G ί / .

But as Z7j = {*!/(#)< tf} and / U 2 ) === 2/(#), F - E ί / , . Moreover y>(AJ/2)

= φ(hz~{lι-]) = A*2"1"^ G/tΓ*. Since F 2 φ Z , we can easily prove the assertion

by induction. Since iΓ* is discrete., there exists a neighborhood Γ/2* such that

£Λ>* Π ^"* = {̂ %} Because AJ/2?< -> ^ as n -> c>o, there exists an integer ??0 such

that kv-n° G <p-\Uf). Hence <P(AJ/2W ) G Γ72* Γi A'* = {β*}, and so /̂ ^r'° G Z.

Therefore ^ ε Z , which is a contradiction to y>(A) = k* ^ e*. Thus ίΓ* is trivial.,

and proof of our Lemma is completed.

LEMMA δ. Let Φ be a locally compact abelian local group containing no

subgroup in the large. Suppose for every element x of Φ square root x*i- of x

exists uniquely and determined continuously. Let Φ\ be the set of element x

such that there exists one-parameter subgroup XX(\Λ\ g 1). Then 0, is a closed

local subgroup of Φ and is locally isomorphic to a neighborhood of the identity

5 ; If H is a normal subgroup of G and both G/H and H are Lie groups, then G is a Lie

group. Cf. [2] or Theorem 7 of [3],
6> Cf. Lemma 5 of [7].
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of a vector group, (i.e. Φ\ is a local vector group).

Proof. Let ° denote the product operation in Φ. xk is a local 1-dimensional

•vector group. Assume that there exist Xi9x29 - . , xn such that for a fixed

positive e #, λ(Λ # 0) e£ Ef_, ^{y\y - x\\° x$*° . . , ° ^ , μ y | < ε} c Φι, (/ = 1,2,.

. . .,'/?). i s ^ is a local ^-dimensional vector group. Suppose E{^ does not cover

a open set of Φx* We shall show that there exists xn+1 e 0j such that

#Λ+J(Λ ^ 0) *£ #ίΓ If n o t > there exists a λ' and a sequence # V (G Φj - Z£j/') — e

such that #*v Ξ ^ f m o d E j ^ e.g., for some |ΛV( < 1 and such that λv -> / β Take

a rational number -? « 1) such that M'— ??|< e/4. Then ^ Ξ ^ v m o d ^ ] 5

where |τ?v| > e/4. Since A;1/2 is a continuous function of x, xΆ is also, whence

^ -» ^. But Λ;̂  can not converge to any element of E^i\» Hence there exists

xn+ι such that x^+1 φ E^]

 β Then we can easily construct E'£+\ for a sufficiently

small e' > 0.

Thus to prove the lemma we have only to show that Φ} is finite dimensional.

Suppose Φι is infinite dimensional. Then there exists, by the above observation,

a sequence of local vector group Eι9E*9. . . , £ « , . . . , where En is ^-dimensional

local vector group and a neighborhood of the identity of En is a local subgroup

of En+i * Let En be a sequence of ^-dimensional vector group such that E[ C E*

C . . CEn'CE'n+i C . and such that JSy (/ ^ «) is a local subgroup of En.

Denote 51 = \JEn and ^ = \JEn

r Consider Ef as an abstract group and intro-

duce a topology by taking ^ Π ^v as a fundamental neighborhood system of the

identity in E'9 where F v is a fundamental neighborhood system of the identity

in Φ. We can complete Ef to a group JΞV* Completed neighborhood of E Π ^v

must be isomorphϊc to ΊΓfYVy (closure in Φ)9 because of the uniqueness of

completion.8' Thus E* is locally compact and contains no small subgroups.

Hence Ef is finite dimensional, which is a contradiction.

THEOREM 1. Let G be a locally compact separable group having property (S)

and let U be a regular neighborhood. Suppose that Lie's function sequence in U

has a subsequence Fm{x,y) satisfying the following conditions:

(A) Fni(x9y)\φF converges to a function F(x.y) such that there exists a

neighborhood W of e so as F{x,y) GΞ ΦΌ for x,y e W f\ Φv,

(B) By the product operation χoy = F{x,y)9 Φu becomes an abelian local

group, Then G is a Lie group.

7> Theorem II of [10],
8> Theorem II of [10]. Consult also the method of completion.
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Proof. Observing that χoy = x y when x and y are commutative, we cam

see easily that Φu is a local group satisfying the condition of Lemma 5, whence

Φ? = {x\xλ G Φυ for |J| ^ 1} = {x\xλ G £/ for |Λ| ^1} is a local vector group.

As the square root is unique in U*,Fn(p~ιxp,p~ιyp) = P"1Fn(x,y)p for #,.yG0,ι^

and ^ GZ7. Hence (p~ixp)o(p"iyp) =pτl(χoy)p. For a given element p of £/,»

there exists V such that /r 1 VpdU. Since 0 / is a local vector group, there

exists Vι such that for every x G Φ/7 Π VΊ it stands that ΛΓX G V. Whence

p~\ΦF Π VΊ)ί C 0J17. Therefore the transformation x -> .£-'*£ for ^ G £7 is an

automorphism of the local vector group Φf\ and so is a linear transformation-

Let Ap be the matrix of this linear transformation.

It is clear that for a sufficiently small neighborhood L of e in G, L ^p -» ̂ 4^

is a representation of our group. We call this the canonical representation. Let

L* be its kernel and G* be the closed subgroup generated by ZΛ

i) G * Π £ = Z*

For, take x G G* Π £• Since G* is generated by the elements commutative

with Φf\ x is also commutative with Φf. Hence x G L* by definition,

ii) If G = G*, then Z, is abelian.

Suppose L is not abelian, and let Z be the center of G. L ^ Z Γ\L. By

Lemma 4, there exists at least one regular x which is not contained in Z9 hence

at least one element ΛΓJ of Φf such that ΛΓJ φ Z. Moreover G (= G*) is. generated

by Z,. Whence there is at least one element of L not commutative with X\ +

Therefore G ξ G* by i).

G* also satisfies, as a closed subgroup of G, the conditions of Theorem 1

with UΓ\G* instead of U. Therefore we can define (G*)*.

iii) (G*)* = G*.

Since G* E (G*)*, we have only to prove that (G*)* e G*. Let 0' be the

set of regular elements of G* in G* Π ϋ" Then (̂  C ΦΓ. Every element of G*

is commutative with Φ~, whence with Φ'. Hence (G^) g (G*)*.

Now we can complete our proof. G/G* is a Lie group and by ii) and iii)

G* is an abelian normal subgroup of G and is a Lie group. Hence G is a Lie

group by the extension theorem of Lie groups.9)

THEOREM 2. Let G be a locally compact separable group having property (S)

and let U be a regular neighborhood of G. Suppose Lie's function sequence in

U has a subsequence Fni(x,y) satisfies the following conditions:

(C) For every neighborhood V of e, there exists an integer I such that for

D) Cf. [2] or Theorem 7 of [3].
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every ί > / and x,y& Φ%.

VFni(x,y)Ξ>Fnι{x9y).

(D) There exists a neighborhood W of e such that for x,y GΞ Φ'J Π W

Fn(x,y)CU, (Λ = 0,1,2,. . . )

T/*£?2 G is a Lie group.

Proof. By (C) Fni(x,y)\Φu converges uniformly to a continuous function

F(x,y). We show that F{x,y) satisfies the condition (A) and (B) of Theorem 1.

(A) By Lemma 2, there exists a neighborhood Wι of e such that if # e WΊ,

Λi/2" G pf for w = 1,2,. . . . If x,y ^ΦΓΓ\Wι

Now, take x,y in our PFj thus obtained. If υ is a limit point of (^v^y/^y- "'-^

(m > A), then z GC/ and v^ = F(ΛΓ,^). Hence, for *,>> G PFj Π ®τ\ F{x,y) e ΦΓ.

(B) α) (ΛΓOJV)©^ = jjfô oM;) (associative law)

For every neighborhood V of ^, there exists 1 such that if x,y e ^^

(7) F.W3^(v),

and such that if f ̂  / and #,;y e Φ^.,

(8) VFnAx,y)^FnAx,y).

Since ί)n

Γ is closed, Fn(x,y) is uniformly continuous, and so there exists, by (7),

a neighborhood VΊ of β such that for every x, y £Ξ 0cr,

(9) V2.Uo^) 3 F W i ( ^ n ^ j )

By ®U

niOΦ%, (8), and (9)

for every x,y &ΦU and z ̂  /. Hence

(10) V*((χoy)oW)DFni(VΛx*y) Π Φ%w)

If Mi is large enough,

(Π) V1(χoy)ΓiΦ$iE)Fm(x9y)

Therefore, by (10) and (11),

Vt((χoy)oW)DFm(Fni(x9y)9w) = (Xh& yM& WM*iγ»* 9

whence
( ^ 0 ^ ) 0 ^ = l i m (ΛΓl/2n<<yI/2"/M;I/S"/)2«<β

n-»βo

Similarly we can obtain
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β) χoy = yoχ 9 χoχ-ι~e.

Since Fn(x,y) = χ^n(y^nx^ynχ-^n = χWnFn(y,x)χ-wH and x^n -> e. Thus, by

the product operation °, φu becomes an abelian local group.

Remark. If Fn(x,y) is a sequence satisfying the condition (C), G is a Lie

group. For F{x,y)\Φv converges uniformly to F(x,y), there exists FT satisfying:

(D).

2, Groups satisfying some metric conditions

THEOKEM 3.J0) Let G be a locally compact group. Assume that for a suffi-

ciently small neighborhood V of e, we can introduce a metric p satisfying the

following conditions:

(E) If x9y9xy&V9 then

Kop(y,e) ^ p(xy9x) £ Ki p{y,e)

(F) If n ^ iv(x\ dr(y), then

•with positive constante Ki, i = 19 2,3,4.

Then G is a Lie group.

Outline of the proof. From (F), G has property (S). We shall show that

G satisfies the condition of Theorem 2.

From (E) and (F) we can deduce that Π)

(12) p(Fn(x,y),Fn(x',y')) £ K{ρ(x,x') + P 6 > . / ) }

with a positive constant K.

Therefore, if we take a sufficiently small neighborhood U of e which is re-

gular, the function sequence Fn{x,y)\Φc x Φσ is a uniformly bounded and equi-

continuous sequence with respect to the uniform structure introduced by p. We

can select a uniformly converging subsequence Fni(x,y)\Φv x Φτ\ i = 1, 2, . . . *

For every positive ε there exists an integer /j such that for every i, j Ξ= I\ and

(13) p(Fnί(χ',y'),Fnj{χ',y')) < «/3.
__ 05 __ _ _

Since Φc = Q Φnu, there exists 72 such that U,ι{ftK){Φu)) D Φ% for every i^I2r

where Uζ(Φ) denotes the e-neighborhood of Φ. Therefore, there are, for every

x,y& Φτ

nί, x\yf e Φu such that

p(x,x?)<e/(fik), P(y,/)<e/(6k).

10) This Theorem generalizes the theorem of [4].
JJ> Cf. §2 of [4].
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Prom (12) and (L4),

(15)/ p(Fni(x,y),Fm(x',yf)) <K{9{x,xf) +p(y,y>))<e/3.

If / = max {Il9 72) and / ̂  / ,

(16) Ut(FnAx,y))^Fm(x,y)

hy (13), (15), (15)/-

As the uniform structure of the compact space is unique, we can deduce

from (16) that the condition (C) of Theorem 2 is satisfied, (D) follows im-

mediately from (12) putting %f = yf = e.

3. Groups of transformation of class C1

Let G be, throughout this section, a locally compact group of transformation

of class C1 of a rnariifold M of class CJ.J2) Elemants of G are denoted by v, w9

x, y, etc. and point of M by p, q, r, s, etc. The point of M to which p is trans-

formed by x, will be denoted by #(j£>) or f(x,p). Let a coordinate neighborhood

<J of M with © compact be fixed. The i-coordinates of p, x{p), and f(x,p) e ζ?

are denoted by £, , Xi(p), and fi(x,p) respectively. Denote dfi(x,p)/dxj by

THEOREM 4, Let G be a locally compact group of transformation of class C1

of a manifold M of class Q. Suppose G acts on M in such a way that the

identity is the only element whose set of fix points contains interior points. Then

G is a Lie group.

Proof. Take a sufficiently small neighborhood V of e and open sets Qh Q2

with ViQi) C Q:> V(Q2) C & Denote by \p - q\ (p9q&Q) the euclidean met-

ric in Q and define

p(x,y) = msx\x(p) ~yίp)\

for x,y£ΞV. It is easily verified that p is a metric in V.m

As x(p) is a transformation of class C1, we have

Xiip) - Xi(Q) = Έ(Pj - Qj) Γ/ιv(*; Q + HP- Q))dt

for every JC e F and

Since it is known 14) that fij(x,p) is continuous in F x Q, fij{x,p) is near

to 5y* uniformly in p9 if ΛΓ is sufficiently near to e, From this follows

<17) \x(p) - *(«) - (i> - q) i έ Λf (|x|) \p-q\,

ι-> Cί, [6] .

"> Theorem 3 of [6].
J4> Cf. [5].
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where M(λ)15) is a function such that M{λ) -» 0 as λ -» 0, and \x\ = p(x9e).

If we put p = y(tf)

(18) |(*y(</) - <z) - {(*(<?) - (?) + (y(q) - <?)}] ^ ΛΓ(|*|)b(0) ~ Q\ έ M(\x\)\y\.

If we put >̂ = y(r)9 q = w (r) in (17), it follows that

|*y(r) - xw(r) - (y(r) ~ w(r))\ έ M{\x\)\y{r) -
whence

(19) p(xy,xw) £ Kp{y,w).

From (19) follows, putting w = e,

(20) \xy\ έ \χ\ + i^b! .

If we assume that x, x2, . . . ,xm^.V and that for q&Qi

\{xm'ι{q) - q ) - { m -

it follows from (18) that

\{xm{Q) -q) -m((x(q) - q)\

-q) -((x(q) - q)

- <Z)}Ϊ

^ M(m\x\)m\x(q) - ^ | .

Thus if x, x\ . . . ,xm^.V

(21) K^(^) - <?) - m(x(q) - q)\ £ M{m\x\)m\x{q) - q\ £ M(m\x\)m\x\ 9

(22) K*m\x\ ^ \xm\ *?. K\tn\x\ (when F is sufficiently small).

From (19) and (22) follows ί6)

(23) p{yw,xw) ^ Kp(y,x).

By (19), (23)

(24) P(xm,ym) ^ f]p(xm-kyk,xm-(k+1)yk+1) έ K*mp(x9y) ,

By (22), G has property (S). Let VΊ bs a neighborhood of e in which the

above inequalities stands. Take a regular neighborhood UC-VL We shall show

that G satisfies the conditions of Theorem 2 with U. If ΛTJG 0jjj+s, it follows

that

((21), (20)),
13) It goes without saying that M(λ) varies from inequality to inequality. But since only

finite numbers of Λf(λ) are used, we can use a unique M(λ).
J 6 ) Consult the beginning of §2 of [4],
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-Q)

2s (xι

+ 2s{(xir-

r-n+s(q) - (

rb(Q) — q\ _j_ (y'/2?ί

^ M(l/25

Λf((l/2w)|Λri

((7)-<7)}|
^ + S |Λ: | )(1/2 M )[

)(1/2 W ) |Λ: |

y\ ((18)),

((21), (22)),

Summing up these live inequalities, we get

(25) \χwny*ι*\q) - (,xι^ayι^Λ)^(q)\ ^ jlf((i/2»)|*| + (l/2n)\y\)(l/2n)(\x\

By (24) and (25)

^ Af((l/2»)|Λr| + (l/2n)\y\)(\x\ + |y|)

for x,y&Φ$+s. Thus G satisfies the condition (C) of Theorem 2, and by the

remark to Theorem 2 G must be a Lie group.
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