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A COMBINATORIAL IDENTITY
FOR THE DERIVATIVE OF A THETA SERIES
OF A FINITE TYPE ROOT LATTICE

SATOSHI NAITO

Abstract. Let g be a (not necessarily simply laced) finite-dimensional complex
simple Lie algebra with h the Cartan subalgebra and @Q C h* the root lattice.
Denote by ©¢g(g) the theta series of the root lattice @ of g. We prove a curious
“combinatorial” identity for the derivative of ©¢(q), i.e. for qd—dq@Q (¢), by using
the representation theory of an affine Lie algebra.

§1. Introduction

Let g = g(Xu) be a finite-dimensional complex simple Lie algebra of
type Xn, where X = A, D, E,C,B,F,G and N € Z>;. We fix a Cartan
subalgebra b of g (note that dimch = N). Denote by A C h* the set of
roots, by A (resp. A_) the set of positive (resp. negative) roots, and by
I = {o;}¥, (vesp. IV = {h;}¥) the set of simple roots (resp. coroots).
Also we set p := (1/2) - 3_,ca, o (the Weyl vector) and @ := SN Za;
(the root lattice). For a dominant integral weight A € P, := {\ € h* |
A hi) € Z>0, 1 <i < N}, we denote by L(A) the irreducible highest weight
g-module of highest weight A\, and set d()) := dim¢ L(\).

Let us normalize the Killing form (- |-) on g in such a way that (a|a) =
2 for all long roots o € Ajgpg. Then the theta series ©¢(q) of the root lattice

Q C b* is defined by
Oq(g) ==Y ¢,

a€e@
where the number r is given by:
1 it X=AD,F,
r=<¢2 ifX=CB,F,
3 if X =G.
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Our main result in this paper is the following theorem.

THEOREM. Let Q = Zfil Zay C b* be the root lattice of type Xy,
(+]-) the normalized Killing form on h*, and ©q(q) = >_,cq gzl the
theta series of Q. Then we have

_ d
2r 1 (1+hY) qd—q@Q(Q)

= D dNA+200)gz Y ] (1_qr()\+p|a)>'

AEQNPL aEA L

Here r is as above and h" is the dual Coxeter number given below.

The dual Coxeter number h" (see [K4, Chap. 6]) is given by:

(N+1 if Xy=An,r=1,

ON —2 if Xy =Dy, 7 =1,

12 if Xy = Eg, 7 =1,
v )8 if Xy = Er,r =1,

30 if Xy = Es, r=1,

ON if Xy = Cn, By, r =2,

12 if Xy = Fy, r =2,

6 if Xy =Gy, r=23.

\

We should note that in the cases where Xy = Ay, Dy, En, h” is the dual
Coxeter number of the generalized Cartan matrix of type X ](\}), and in the
cases where Xy = Cr, By, Fy,Go, hY is the dual Coxeter number of the
generalized Cartan matrix of type A%)_l, D(La)_l, Eé2), Df’), respectively.
Remark. For \ € P, the dimension d(\) of L(\) is given by the Weyl
dimension formula: 0\ o)
+ pla
d(\) = H -_—

ek, (Pla)

Remark. We also have an expression for the theta series ©¢g(q) itself
of the root lattice @ (see Remark 3.4 and Proposition 4.4.3). However, this
expression (at least) in the cases where X = A, D, F is already known, and
similar identities can be found in [K2, Remark (d) below Proposition 2] and
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[KT, Remark 5.2], while the expression for the derivative of ©g(g) given in
Theorem is new. It seems to us that identities of this kind are, even in a
special case, not reduced to well-known ones in the classical literature (cf.
Example 3.3).

We prove our theorem by using the representation theory of affine Lie
algebras. Let g = g(X x\ )) be the affine Lie algebra of type X](V), where
x( =40 bV W, ES) 0,48 DP L EP, DY, andlet b = he
Cc @ Cd be the Cartan subalgebra, where c is the canonical central element
and d the scaling element. Denote by V := Z(ZA\O) the irreducible highest
weight g module (the basic representation) of highest weight Ao € (/f)\)*,
where A is the basic fundamental weight given by: Ag(h) := 0, Ag(c) := 1,
and Ag(d) := 0. We can give a Z-gradation (called the basic gradation) of
V by setting

Vi ={veV]|dv=—-mv} formelZ

Then our proof is carried out by calculating the graded trace

) =Y T(Ql,)q"

meZ

of the Casimir element Q € Z(U(g)) on V = L(Ag) in two different ways.

This paper is organized as follows. In Section 2, we calculate in one
way the graded trace g(q) above on the (general) irreducible highest weight
g-module E(A) of dominant integral highest weight A in the cases where
X = A, D, E. In Section 3, we prove our main theorem in the cases where
X = A,D,FE by calculating g(q) in another way, using some well-known
results of Kac. In Section 4, we prove our main theorem in the cases where
X =C, B, F,G by arguments similar to those in the A, D, E cases.

Throughout this paper, we assume that the reader is familiar with most
of Kac [K4], especially with Chapters 6, 7, 8, and 12.

§2. Graded trace of the Casimir element

2.1. Nontwisted affine Lie algebras

Here we recall from [K4, Chaps. 6 and 7] some standard notation and
facts about nontwisted affine Lie algebras.

Let g = g(Xx) be a finite-dimensional complex simple Lie algebra of
type Xn, where X = A, D, E and N € Z>;. Fix a Cartan subalgebra b
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of g with dimch = N, and denote by A C h* = Homg(h,C) the set of
roots, by Ay (resp. A_) the set of positive (resp. negative) roots, and by
I = {a;}Y, (resp. IV = {h;}¥,) the set of simple roots (resp. coroots).
We normalize the Killing form (-|-) on g in such a way that

(a|a) =2 for all (long) roots a € A.

Let us denote by g = g(X](\})) a (nontwisted) affine Lie algebra of type
Xq(zl) over C, i.e.,

§=L(g) = (Clt,t " @c g) ® Cc Cd,

where C[t,t!] is the algebra of Laurent polynomials in ¢, ¢ the canonical
central element, and d the scaling element. Notice that the Lie algebra g
can be identified with the subalgebra Ct° ®c g of g.

We denote the Cartan subalgebra of g by:

h = (Ct° ®c h) ® Ce® Cd,

and introduce an element & € (E)* (the null root) defined by: d(h@Cc) = 0,
0(d) = 1. Then the set Ay C (h)* of positive roots is described as:

Ay ={j0|jeZo}U{jd+a|jeLsr, ac AJUAY,

where an element a € h* is regarded as an element of (/h\)* by putting:
a(c) = a(d) = 0. Moreover, the root spaces gy, ¥ € Ay, are written as:

95 =Ct/ @ch, Gjssa =Ct ®cga, JjEZ, a€A,

where g, is the root space of g corresponding to a root o € A. Also
we denote by H = {al} iy C A+ the set of simple roots of g, and by
v = {h; W, C b the set of simple coroots of g. (See [K4, Chap. 7] for the
explicit construction of I and T1V. )

The normalized Killing form (-|-) on g can be extended to the nor-
malized invariant form (see [K4, Chap. 6]) (-|-) on g by:

(" @zt @ y) = Omgno(zly), z,y€g, mneZ;
(Ce® Cd|C[t,t™'] @c g) = 0;

(cle) = (d\d) = 0;
(cld) =

The restriction of this bilinear form (-|-) to the Cartan subalgebra b in-
duces a nondegenerate symmetric bilinear form (-|-) on h*. Note that in
this case, for every root « € A C h* C (h)*, we have (a|a) = 2.
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2.2. Casimir operators for g and g
The Casimir element  for g is an element of the center Z(U(g)) of the
universal enveloping algebra U(g) of g defined by:

M

i

Q= E U
i=1

where {u;}}, and {u'}}, with M := dimc g are arbitrary dual bases of
g with respect to the normalized Killing form (-|-) on g. Notice that the
element 2 € Z(U(g)) is independent of the choice of dual bases, and that
) acts on each irreducible highest weight g-module L(\) of highest weight
A € b* by the scalar (A+2p[A), where p = (1/2)- 3, cn, @ € h" is the Weyl
vector for g.

Recall from [K4, Chaps. 2 and 12] the definition and construction of
the (generalized) Casimir operator Q for g, which is a well-defined operator
on a g-module V such that for each v € V, gyv = 0 for all but a finite
number of positive roots v € AJF. Then we know that the operator Q can
be expressed in the following form:

M
Q=0+2c+h")d+2) Y [t @u) " ®u'),
i=1n>1
where the scalar 1", called the dual Coxeter number, is given by:

N +1 if Xy = Apn,
9N —2 if Xy = D,

hY =<{12 if Xy = Es,
18 if Xy = FEr,
30 if Xy = Ex.

Remark 2.2.1. 1t is easily checked that
M =dimcg= N(1+h")
in all the cases where X = A, D, E.

Moreover, we know that the operator Q acts on the irreducible highest
weight g-module L(A) of highest weight A € (H)* by the scalar (A + 2p|A),
where the element p € (h)* (the Weyl vector for g) is defined by: p(h;) = 1
for all 0 <i < N, and p(d) = 0.
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2.3. Calculation of the graded trace of ()
Let
Py :={A e ()" | A(h;) € Zso, 0 <i < N}
be the set of dominant integral weights. Fix A € P, such that A(d) = 0,
and put k := A(c) € Z>¢ (the level of A). Let V := L(A) be the irreducible
highest weight g-module of highest weight A. We give a Z-gradation, called
the basic gradation, of V' by setting:

Vim={veV|dv=—-mv} formeZ.

Then we have (see [K4, Chap. 12])

with V_,, = {0} for m > 0 and dimc V;,, < 400 for all m > 0. Note that
each homogeneous subspace V,,, for m € Z>¢ is stable under the action of
g2 Ct’ ®c g — g since [d, Ct° ®c g] = 0. In particular, we have

QVy, C V,,  for each m € Zx>o.

Thus we can define a formal power series g(q), called the graded trace of
on V = L(A), by
9(g) == > Te(Q,)q"
mEZZO
which is the generating function of the traces Tr(Q|y;,), m € Z>o.
The following elementary fact in linear algebra will play an essential
role in the calculation of the graded trace g(g) in this subsection.

LEmMMA 2.3.1. Let X, Y be finite-dimensional vector spaces over C,
and let A: X —Y, B:Y — X be linear maps. Then we have

Tr(AB) = Tr(BA).

Set k(i )
. imc g
c(k) = Y € Qo
We now define the following formal power series in g:

(e 9]

¢(q) == [[(1—q™),

n=1
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(23.1) H(q) := —c(k)- Y _log(1 —¢"),

n>1

hq) = exp(H(q)).
Remark 2.3.2. We often write h(q) = ¢(¢q)~“*) and H(q) = log(h(q)).

The following lemma immediately follows from the definition of h(q)
above.

LEMMA 2.3.3. We have

d%h(q) — hig)- L H(g).

Furthermore, we can show the following:

LEMMA 2.3.4. We have

qdiqmq) — (k)Y nY g

n>1 j>1

Proof. By differentiating the right-hand side of (2.3.1) by terms, we

obtain
d ng"~
—H(q) =c(k) - .
CRLCR W

1

Thus, multiplying both sides by ¢, we have

() = ) Y 1L

_an’
nzll q

Since, for each n € Z>1,
n

1Eqn :anj’

Jj=1

we deduce that

1) =) YonYq.

n>1  j>1

This proves the lemma. 0
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Now we recall that the Casimir operator Q for g can be written in the
form:

M
Q=Q+2c+h")d+2) Y (¢t @u)t" ®u),

i=1n>1

as an operator on V = L(A), and that € acts on L(A) by the scalar (A +
2p|A). Since L(A) is a highest weight §-module, we see that the canonical
central element ¢ € g acts on E(A) by the scalar k& = A(c). Also, by
definition, the scaling element d € g acts on each homogeneous subspace V;,
by the scalar —m for m € Zx>(. In addition, it follows from the commutation
relation [d,t" ® x] = nt" ® z for x € g, n € Z that

" @u)(t" @ UV C (" @ u)Vinen C Vin
for m € Z>¢, n € Z>1. Hence we deduce that for each m € Z>,

(2.3.2) Tr(Qlv,,) = (A + 2p|A)(dime Vi) + 2(k + hY)m(dime V)

M
—2) D Tt @ u) (" @ ul)|y,,)-

=1 n>1

PROPOSITION 2.3.5. For each 1 <i < M, n € Z>1, we have

Tr((t" @ u)(t" @ u')ly,,) = kn- Y dimg Vinj.
jz1

Here we understand dime V_,, = 0 for m < 0. In particular, the trace
above does not depend on 1 <1< M.

Proof. First we note that for 1 <i < M, n > 1,
" @u )W C Vinen, " @u)Vinen C Vin

by the commutation relation [d,t" ® z] = nt" ® x for x € g, n € Z. Thus
we have

tT"@u) " @U) Vi C Vi, (" QU @ ui)Vip—n C Vipn.
Hence, by Lemma 2.3.1, we see that

(2.3.3) Tr((t™" @ w)(t" @ u')ly,,) = Te((t" @ u) (™" @ wi)|v,,_,)-
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Here we recall the commutation relation:
[t @ul,t™" @ w] = t° ® [u, us] 4+ n(ut|u)e
= 1Y ® [u, u;] + ne.
Therefore, we deduce that

Te((t" @ u) (" @ ui)lv;,_) = Te((tT" @ uy) (" @ w)lvs, )
+ Tr([u?, wil|v,,_, ) + kn(dime Viy_p).
Since
T\r([uZ7 uz”vmfn) = Tr(uzlvmfn o uz‘vmfn - uZ’men © uz‘vmfn)

= Tr(u'|v,,_, tilv,,_,.) — Tr(uilv,,_u'|v;, )
=0

again by Lemma 2.3.1, we get

(2.3.4) Tr((t" @ u")(t" @ u)lv,_,)
= Tr((t7" @ uwg)(t" @ u')|y,,_,) + kn(dimc Vi_y).

By combining (2.3.3) and (2.3.4), we obtain a recurrence relation:

Te((t7" @ ) (t" @ u')lv,, )
=Tr((t™" @ w)(t" @ u')|v,_,.) + kn(dimc Vi,_p).

Note that V;,—n; = {0} for sufficiently large j € Z>;. Hence it follows from
the recurrence relation above that

Tr((t7" @ w)(t" @ u')|y,,) = kn - Z dime Vip—nj-
Jj=21

This proves the proposition. 0
By (2.3.2) and Proposition 2.3.5, we obtain

(2.3.5) Tr(Qy,,) = (A + 2p|A) (dime Vi) + 2(k + kY )m(dimc Vi)

—2kM Y “n ) dime Viyp;.

n>1 j>1
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Here we introduce the following formal power series, called the graded
dimension of V,

flg) =" (dimg V;n) g™,

m>0

which is the generating function of the dimensions dimc V;,, m € Z>¢. If
we set

then we have
(2.3.6)
Lot = (0P @) ki) + F@) - (-h(0)

d
dq
d d
(d—qF(q)) () + Flq) - (h(q) - d—qH(q)) by Lemma 2.3.3
d
dg

( F(Q))'h(Q)+f(Q)' qu(Q)-

Now we calculate the graded trace g(q) = > >0 Tr(v,,)¢™. By
(2.3.5), we have

9(g) = > T(Qy,) ¢"

m>0

— (A + 250 f(q) +2(k + 1Y) qd%f(q)

—2kM (Z n» _ dime Vm_nj>qm.

m>0 “\n>1  j>1

We further deduce that

= Z Z n(dime V) g™
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= Z Z n(dimg Vi) g™ - g™

m>0 n>1
Jj21
= < > (dime Vi) qm) ' (Z ny q”j>
m>0 n>1  j>1

= f(q) - c(k:)lqd;qu(q) by Lemma 2.3.4.

Consequently, we obtain

9(q) = (A +25IA) f(q) + 2(k + 1Y) qd%f(q) —2kMc(k)~" f(q) - qd%H(Q)

— (A + 20 1(@) + 20k + b a{ S @)~ £(0) - 5 H) )
by the definition of ¢(k)

— A+ DINH@F@ + 20k + b a{ha) - L F @} by (236)

= h(a) - {(A + 2P (@) + 20k + 1Y) 4 F(o)
(A 25)F () + 20k + h) a5 Fla)

[0 o™

n>1

Thus we have proved the following.

THEOREM 2.3.6. Letg = g(XJ(\})) be the affine Lie algebra of type X](\})
with X = A;D,E, and let V = E(A) be the irreducible highest weight o-
module of dominant integral highest weight A € (§)* (such that A(d) = 0)
given the basic gradation V = ®m€Z>0 Vin. Then the graded trace g(q) =
Ym0 r(Qv,,) ¢ of the Casimir element Q for the finite-dimensional sim-

ple Lie algebra g = g(Xn) of type Xn is expressed in the following form:

~ d
(A +2p|A)F(q) + 2(k +hY) il
Q(Q) = k(dimg g) ’
G
n>1

where

F = (T[0 -5 ) 3 dime ) o

n>1 m>0
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Remark 2.3.7. If A € (H)* is a dominant integral weight such that
k= A(c) =1 and A(d) = 0, then we know from [K4, Chap. 12]

(AJA)RY = 2(G1A).

So we have
(A +2p|A) = (AJA) - (1 +RY).
Also, since M = dimc g = N(1+ hY) by Remark 2.2.1, we have

(1) = dimcg
B T A

Hence we obtain
(1+ W) { (AN F(0) + 205 Fla)}

[Ta—-gm™

n>1

9(q) =

In particular, if A is the basic fundamental weight Ko € (H)* defined by
Ao(h) :=0, Ag(c) := 1, Ag(d) := 0, then we have

2(1+ hv)qdiF(fJ)
9(q) = 1
[Ta-q
n>1

since (Ag|Ag) = 0.

Remark 2.3.8. Recall from [K4, Chap. 12] that a dominant integral
weight A € (§)* such that k = A(c) = 1 and A(d) = 0 is of the form A = Ag
or A = Ag+ A; with 1 < i < N such that aY =1, where {A;}Y, C h* C
(H)* are the fundamental weights of g = g(Xy) and ¢ = Zﬁio Zi;/ﬁi is the
canonical central element.

83. Identity for the derivative of a theta series of type A,D, E

-~

In this section, we assume that A € (h)* is a dominant integral weight
such that £ = A(c) =1 and A(d) = 0.
Recall from [K4, Chap. 6] that we have an orthogonal direct sum:

(h)" = b* @ (C6 + CAy).
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For an element A € (H)*, we denote by A € h* the orthogonal projection of
A on h*. Note that we have

A=A+ A(e)Ag + A(d)s,

and hence A = A + Ag (cf. Remark 2.3.8). In particular, (AJA) = (A|A)
since (Ag|Ag) = 0.
We know the following fact due to Kac (see [K4, Chap. 12]).

Fact 1. The graded dimension f(q) = 3 ,,>q(dimc Vi) ¢™ of the ir-

reducible highest weight g-module V- = L(A) of highest weight A with the
basic gradation is given by:

flg) =" (dimg V;n) g™

m>0

TN ST gzl
. aeA+Q
- (1—gm™

where Q == YN | Zay C h* is the root lattice of g = g(Xn) and (-|-) is
the normalized Killing form on h*.

By Fact 1, we have
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Hence we obtain by Remark 2.3.7 that

o d
2(1+ hV)g 2 (AN qd—@Q,A(Q)

[[a-a)"
n>1

(3.1) 9(q) =

since (A|]A) = (AJA).

Here we recall that each homogeneous subspace V,,, of V is a finite-
dimensional g(— g)-module for m € Z>(. Hence it decomposes into a
direct sum of irreducible highest weight g-modules L(\) with A € P, :=
{Ae v | Mhi) € Z>p,1 < i < N}. For each A € Py, we denote by
O (A, \),, the multiplicity of L(A) in Vi,:

(3.2) Vi = €D (A, N)mL(N),

and set

(I>(A7)‘)(Q) = Z (I>(Av)‘)mqm

m>0

Then we know the following fact due to Kac (see [K4, Chap. 12]).

FACT 2. Let A € Py. If A\ ¢ A+ Q, then we have ®(A,\)(q) = 0. If
A€ A+ Q, then we have

gHON-GRY . TT (1 _ qmpm)

OtEA+

[Ta-amH"

(A, N)(g) =

Since the Casimir element Q € Z(U(g)) acts on L(\) by the scalar
(A =+ 2p|A), we see from the decomposition (3.2) that for each m € Zxq,

Q)= Y. AN+ 20N (A, N,
Ae(A+Q)NPy
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where d(\) = dimg L(A). Therefore we deduce, by using Fact 2, that

=D Tr(Qv,.)q
m>0
=3 > AN+ 2NB(A N g™
m>0 \e(A+Q)NPy
= ) dW )\+2p|/\<Z<I>A)\mq>
Ae(A+Q)NPy m>0
= > AN+ 20024, M) ()
AE(A+Q)NP1
= X a2 (g ORI TT (1 o)
)\E(]\+Q)QP+ OlEA+
— AR g - ST AN+ 200 (AN I1 (1_q()\+p\a)>’

AE(A+Q)OP+ acAL

where h(q) = [[,>,(1 — q")~N. By comparing this equality with (3.1), we
obtain

d
2(1+ hv)qd—q@Q,]\(q)

= ¥ AN+ 2p|\)gz OV H( A+p|a))

)\6(]\+Q)QP+ acA L

Thus we have proved the following.
THEOREM 3.1. Let g = g(Xn) be a finite-dimensional simple Lie al-

gebra of type Xy with X = A, D, E, and let A = A+Ag € (h)* with A € b*
be a dominant integral weight. Then we have

d
2(1+ hv)qd—q@Q,ix(Q)

= Y AN +20Ng O TT (1),

Ae(A+Q)NPy a€A;

where ©g (9) = > _neirq q%(ala) and d(\) = dimg¢ L(\) for A € Py.
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Remark 3.2. For A\ € P, the dimension d(\) = dim¢ L(A) is given by
the Weyl dimension formula:

weh, (Pla)

ExXAMPLE 3.3. Let g be a simple Lie algebra of type Ao, i.e.,
g=sl(3,C) ={X € M(3,C) | Tr(X) = 0},
and A = 0. Then we have
I ={ar, a2}, Ay ={o,a2,01 + a2}, p=a1 +ag, h¥ =3,
Q =Zay © Zas = {kag + mag | k,m € Z},
(ar]ar) = (e2faz) =2,  (aafaz) = -1,
P.NnQ={kas+maz|2k>m>0,2m >k >0, k,m e Z}.
Also, for A = kaj + mag € Py N Q, we have
d(\) = %(21@ —m+1)2m—-—k+1)(k+m+2)
by Remark 3.2. Thus we can write the identity in Theorem 3.1 as follows:
8. Z (k:2 _ km+m2)qk2—km+m2

k,m€eZ

= Y @k—m+1)@2m —k+1)(k+m+2)(k* — km+m® + k+m)

2k>m>0
2m>k>0
k,meZ

X q

2_ 2 _ —
k*—km+m (1 o q2k: m+1)(1 - q2m k:-‘rl)(l - qk+m+2)'

Remark 3.4. Tt immediately follows from the decomposition (3.2) that
for each m € Z>,

dime Vo= Y dN)D(A,N)m.
Ae(A+Q)NP+

Therefore, as above, we can easily deduce by using Fact 2 that

flg) =" (dime Vi) g™
— ¢ 21D H(l _ g Z d(\)g s OW H (1 _ q()\+p|a)>'

n>1 AE(A+Q)NPy a€Ay
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By comparing this with Fact 1, we obtain
1
Ogil@) = Y gz

aEA+Q
= Y anezO ] (1_q<x+p|a)).
AE(A+Q)NP+ aE€Ay

84. Results in the C, B, F,G cases

4.1. Twisted affine Lie algebras

Here we recall from [K4, Chaps. 6 and 8] (and also [W]) some standard
notation and facts about twisted affine Lie algebras.

Let g = g(Xn) be a finite-dimensional complex simple Lie algebra
of type XN, where XN = AQL_l (L 2 3), DL+1 (L Z 2), E6, or D4
(recall the notation of Section 2.1). Also we denote by p : g — g the

Lie algebra automorphism induced by a Dynkin diagram automorphism
w:{l,...,N} = {1,...,N} of order r.

Remark 4.1.1. In the case where Xy = D4 above, we take one of two
Dynkin diagram automorphisms of order 3. In the case where Xy = Dy
with L = 3 above, we take one of three Dynkin diagram automorphisms of
order 2. In each of other cases above, there is only one nontrivial Dynkin
diagram automorphism, which is of order 2. Thus r = 2 if Xy = Aop_1,
DL+1, E6, and r = 3 if XN = D4.

Let ¢ := exp(%—‘{__l) € C* be a primitive r-th root of unity. Since
u" = id, we have u-eigenspace decompositions of g and h:

o= P o or={zecglp@) =4}
kez/rZ
h= P b br=gnb,
lez/rz

where [ := [+77 € Z/rZ denotes the residue class of | € Z. It is known (see
[K4, Chap. 8]) that the fixed point subalgebra gg of g is, in fact, a finite-
dimensional simple Lie algebra of type Y7, with Cartan subalgebra b, where
Y7 is given by:
Cp if Xy=A91 1, 7=2,
Br if Xy =Dpi1,7=2,
F4 ifXN:EG,’I”ZQ,
G2 ifXN:D4,’I”:3.
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Furthermore, for each [ € Z/rZ, g7 admits a weight space decomposition
with respect to the Cartan subalgebra b of gg:

g=bho P or

aEAl’

In particular, Ag C (hg)* is the set of roots of g5 = g(Y7).

Let g = g(Xg)) be a twisted affine Lie algebra of type X](\;) over C,
where X](C;) = AgQL)fl, Dg}rl, Ef(f), Df). Namely, g is the following subalge-
bra of g:

§=L(g,pur) = (@th ®c gj> ®CK @ CD,
JEL
where K := rc is the canonical central element and D := d is the scaling
element.

Remark 4.1.2. There are some misprints on the canonical central ele-
ment and the scaling element of the twisted affine Lie algebra g = g(X](\;))
in [K4, Section 8.3] and [W, Section 7.2]. Note also that ap = 1 in the

notation therein unless X](G) = A(22).

The Cartan subalgebra of g is the following subalgebra of f)\:
b = (Ct° ®c hy) & CK @ CD.
The set A, C (H)* of positive roots of g is described as:
Ay ={j6|j €Z}U{jd+a|j€ L, ae ULy,

where 0 GN(E)* is the restriction of the null root § € (B)* of § to the
subalgebra b C h and (Ag)+ C (hp)* is the set of positive roots of g5 = g(Y1.)
regarded (as usual) as a subset of (h)*. Moreover, the root spaces 9y,

v € AL, are written as:
ﬁjé = Ct/ Xc hjv ﬁj(erOz =Ct/ ®c 95 o JEZL, ac Aj
Also we denote by II = {a;}t, C A the set of simple roots of g, and by

IV = {h;}=, C b the set of simple coroots of g. (See [K4, Chap. 8] for the
explicit construction of IT and I1V.)
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Remark 4.1.3.  The finite-dimensional simple Lie algebra g5 = g(Y7) of
type Y7, can be identified with the subalgebra Ct° ®@¢ gg of g = g(X](C;)). In

fact, the Dynkin diagram of g(X X0 )) with the 0-th vertex (enumerated as in
[K4, Chap. 4]) removed is nothing but the Dynkin diagram of g(Y7). Thus
the simple roots of g(Y7) = gg are the restrictions of the a;’s, 1 <4 < L, to
hg C bh. So

L
Q=) Za; C (hg)
=1

is the root lattice of g5 = g(Y1.).

The normalized Killing form (-|-) on g = g(X ) can be extended to
the normalized invariant form (see [K4, Chap. 6]) (-|-) on g = g(X X\ )) by:

t' @ xlt! @ y) =r " ij0(zly), i, €L, x € g7,y € g5
CK ® CDICH ®c g;) =0, jE€Z, x <€ gj;

K|K) = (D|D) = 0;

K|D) =r{c|d) = 1.

o~ o~~~

(We note that there are misprints in [K4, Eq. (8.3.8) on p. 131] and in
[W, Corollary 7.2E].) Namely, the normalized invariant form (-|-) on g =
g(X]((,q)) is the restriction of the normalized invariant form (-|-) on g =
g(szl)) multiplied by 7=!. Let z,y € gg. Then (z|y) is defined since
g5 C g, and (z|y) is also defined since g5 = Ct' ®c g5 C g. By the definition
of (-|-) above, we have
(wly) =~ (zly)-
Hence, for A\, u € (hg)* C (H)* N b*, we have

(4.1.1) (Al) = r(Alw).

Remark 4.1.4. Tt is easily checked (see [K4, Chaps. 6 and 8]) that the
restriction of the normalized Killing form (-|-) on g = g(X ) satisfies the
condition:

(ala) =2 for all long roots o € (Aj)iong C (hg)* C ™.

Hence the restriction of the normalized Killing form (-|-) on g = g(Xxn) to
the fixed point subalgebra gg coincides with the Killing form on g5 = g(Y7)
normalized in such a way that the square length of every long root is 2. So
we denote this normalized Killing form on g(Y7) = gg also by (-] -).
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4.2. Casimir operators for g; and g

The Casimir element 2 € Z(U(gg)) for g5 and the Casimir operator Q
for g are defined in the same way as  for g and Q for g in Section 2.2,
respectively. Furthermore, using the explicit descriptions of the set of pos-
itive roots AJF of g and the corresponding root spaces g, v € AJF, we can
show that the Casimir operator Q can be expressed in the following form
(we need to be careful about the normalizations of the bilinear forms (- |-)
and (- -)):

dimc g7
(421) Q=rQ+2(K+h")D+2r > > > (" eu(R))(t"@u(n);).
lez/rZ. n>1 =1
n=l

Here, for each n € Z>1, {u(n); | 1 < i < dimcgn} and {u(@)’ | 1 < i <
dimc g7 } are bases of g5 and g_5; consisting of weight vectors with respect
to the adjoint action of hg such that

(w(n)ilu(n)?) = &, 1<4,j < dimc ga,

(4.2.2) dime g |
> [u@)iu(@)] =0 € b,

=1

and the dual Coxeter number hV is given by:

oL if Xy = Aoy 1,7 =2,
2L if Xy = Dpoq, 7 =2,
12 if Xy = Fg, r=2,
6 if Xy = Dy, 7 =3.

hY =

Remark 4.2.1. In all the cases where Xg) = A(22L)71, D Eém,Df’),

L41»
we can check by direct computation that
dimc gz = (1 + hY) dimc bs
for all n € Zzo.

4.3. Graded trace of the Casimir element ) for g

Let A € (h)* be a dominant integral weight, i.e., A(h;) € Z>¢ for all
0 <i < L. We assume that A(D) = 0. Put k := A(K) € Z>¢, and
k(dimc g7)

C[(k’):zwe(@>0 fOI‘OSZST’—l
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Let V := Z(A) be the ireducible highest weight g-module of highest weight

A € (h)* given the basic gradation:

V= @ Vi, Vm:={veV|Dv=—-—mv}.

mEZZO

Recall from [K4, Chap. 12] that dim¢ V},, < 400 for all m € Z>(. Also note
that each homogeneous subspace V,,, for m € Z>¢ is stable under the action
of gy = Ct° ®c gy — g since [D, Ct’ ¢ gg] = 0, and hence that

OV,, CV,, foreach m € Z>g.

We set

fl@) =) (dimg V;) g™,

m>0

9(@) == 3 Tr(@lv,) g™

m>0

Now we define the following formal power series in g for 0 <[ <r — 1:

ale)= I (-d"),
n>1
n=l (mod r)

Hy(q) :=—a(k)- > log(l—q"),
n>1
n=l (mod r)

hi(q) := exp(Hi(q)).

Remark 4.3.1. We often write

hig=o(g® =] @-g¢y®

n>1
n=l (mod r)

and H;(q) = log(hi(q))-

We get the following lemmas in the same way as Lemmas 2.3.3
and 2.3.4.
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LEMMA 4.3.2. For 0 <[ <r—1, we have
d d
—h =h - —H(q).
ad 1(q) = hi(q) a7 1(q)
LEMMA 4.3.3. For 0 <[ <r—1, we have
d ni
qd—qu(Q):Cl(k)' Z an .

n>1 i>1
n=l (mod r)

Furthermore, we can show the following proposition.
PROPOSITION 4.3.4. For 0 <1 <r —1 and n € Z>1 such that n =
[ (mod ), we have

dimc ar
Tr( S (" o u(m))(e" ®u<n>i>|vm>
=1
=~ Y(dimg gp)kn - Z dime Viy—nj-
j>1

Proof. First we note that for 0 < [ < r — 1, n € Z>; such that
n =1 (mod r), and 1 < i < dimc g7, we have the following commutation
relation (since ¢ = r~1K):

[t" @ u(n);, " @ u(n)!] = t°

®
=
3
=
3
+
=
=
3
£
3
Y

Hence, by (4.2.2), we have
dimc g7

Y @u(n)i,t " @u(n)] = r~ (dime gnkK.

i=1
Using this equality, we obtain a recurrence relation by an argument similar
to the one in the proof of Proposition 2.3.5:

dim g7
Tr< d T eu®@)) (" ® U(n)i)lvm)
i=1
dim gy

= T&«( >t eu®@)) (" ® u(ﬁ)i)\vmn)

i=1

+ ril(dimc g7)kn(dime Vi—p).
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Therefore, we deduce that

dimc g7
Tr( > (t—”®u(n)i)(t“@u(n)mvm) =r~!(dimc gp)kn- Y _ dime Vipopj.
i=1 j>1
This proves the proposition. 0

Here we recall that the Casimir operator € acts on E(A) by the scalar
(A + 2p|A), where 7 is an element (called the Weyl vector) of (h)* defined
by: p(hs) = 1 for all 0 < i < L, and (D) = 0. Hence, from the expres-
sion (4.2.1) of the Casimir operator €2, we deduce in the same way as in
Section 2.3 that for each m € Z>y,

(A 4 2p]A) (dimc Vi)
=7 Tr(lem) — 2(k + " )m(dimc V;y,)
dimc gy
n grz > n( X e sumol, ).
n>1 =1

n=l (mod r)

Furthermore, by Proposition 4.3.4, we obtain
rTr(Qly,) = (A + 2p|A) (dime Vi) 4 2(k + hY)m(dime V)

r—1
—2k> (dimcgy) Y nY_ dime Viyp;.
1=0 n>1 j>1

n=l (mod r)

Consequently, the graded trace g(q) of the Casimir element QonV =
®mGZ>O Vi can be calculated as in Section 2.3:

(4.3.1)

9@) = > Tr(Qv,)q

m>0
— YA+ 20IA) Fq) + 2 (k + hY) qd%f(q)

r—1

d
—2r 1k g (dime gp)e; (k)"  £(q) - g—— Hy(q) by Lemma 4.3.3
=0 dq
d <« d
=7 HA +2p|A) 4 2071 YYgq — — H(
A2 + 2 4 1) a{ 1) - )+ Y o) -

=0
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If we set
r—1 r—1
F(q):= f(@)- [[ @' = f(g) I a—gye®,
=0 =0 n>1
n=l (mod r)
then we have
r—1 r—1
i@ = (2F@) - TTmla) + Fa)- { (oom@) - TT hl<q>}
q q 1=0 i— ogllgq
d r—1 r—1 d r—1
~ (47@) - I+ @) { i@ [ o }
q =0 =0 q =0
by Lemma 4.3.2
d r—1 r—1 d
= (g F@)- [I 1)+ 1(0)- 3 o ilo

by the definition of F(q).

Combining this equality with (4.3.1), we obtain

r—1
o) =0+ 20 1(a) + 207 1o (GoF @) T )}
=0

rTH A+ 20|A) F(q) +2r 7 (k + hY) qd%F (9)

YOG

Recall from [K4, Chap. 6] that we have an orthogonal direct sum:

()" = (hy)" @ (C5 + CAy),

where Ao € (H)* is the basic fundamental weight defined by: Ao(bg) := 0,
Ao(K) := 1, Ag(D) := 0. For an element A € (h)*, we denote by A €
(ho)* the orthogonal projection of A on (hp)*. Since A(D) = 0, we have
A=A+ AK)Ag = A+ kAg. Also we know that p = p + hY Ay, where
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P =(1/2) X ne(ay), @ € (hg)" is the Weyl vector for gg. Hence, by (4.1.1),
we have ) ) B B

(A +2p|A) = (A +2p|A) = (A +2p|A)
since (Ag|Ag) = 0. Thus we have proved the following.

THEOREM 4.3.5. Let g = g(X](C;)) be the twisted affine Lie algebra of
type X](\;) with X](\;) = AéQL)_l,D(LQj_l,EéQ),Df), and let V = E(A) be the
irreducible highest weight g-module of dominant integral highest weight A €
(0)* (such that A(D) = 0) given the basic gradation V = Drez., Vin-
Then the graded trace g(q) = 3., <o Tr(Q|v,,) ¢™ of the Casimir element (2
for the finite-dimensional simple Lie algebra gy = g(Y1) of type Y1 (with
Y., = Cr, Br, Fu, Go, respectively) is expressed in the following form:

~ d
YA+ 2010V P(q) + 27 (k + BY) g~ F(q)
dq
g(q) = r—1 . ’
k(dimg g[)
M ooy
=0 n>1
n=l (mod r)
where
r—1 k(dime a7) '
Fio={(1] T @-q¢9 = ] (dimgVm)q™
=0 n>1 m>0
n=l (mod r)

Remark 4.3.6. If A € (E)* is a dominant integral weight such that
k= A(K) = 1 and A(D) = 0, then we know from [K4, Chap. 12] that
(AJA)RY = 2(p|A). So we have

(A+2pA) = (AJA) - (1 +RY).

Also, since dimc g; = (1 + h")dimg by for 0 < < r — 1 by Remark 4.2.1,

we have di
mge gz
k: pr—
alk) = 3

Hence we obtain

=dimch; for0<I<r—1.

r1 1+ hV){<AyA>F(q) + 2qd%F(q)}

r—1
H H (1 - qn)dimc by
=0 n>1

n=l (mod r)

9(q) =
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In particular, if A is the basic fundamental weight A € (E)*, then we get

d
2r~Y(1+hY)q—F(q)
9(q) = —— 9

r—

N
Il
=)

H (1 _ qn)dimc bf
n>1
n=l (mo

d r)
since (Ag|Ag) = 0.

Remark 4.3.7. Recall from [K4, Chap. 12] that a dominant integral
weight A € (h)* such that k£ = A(K) = 1 and A(D) = 0 is of the form
A=Agor A=Ay+ A; with 1 <4 < L such that ay =1, where {AZ}ZL:1 C
(b5)* C (B)* are the fundamental weights of g5 = g(Yz) and K = SE, aYhi

is the canonical central element.

4.4. Identity for the derivative of a theta series of type C, B,
F, G
In this section, we assume that A € (H)* is a dominant integral weight
such that k = A(K) = 1 and A(D) = 0. Hence we have A = A + Ay with
A € (hp)* (cf. Remark 4.3.7). In particular, (A|A) = (A|A) = r(A|A) by
(4.1.1).
We know the following fact due to Kac (see [K4, Chap. 12]).

FAcT 3. The graded dimension f(q) = >, so(dimc Vin) g™ of the ir-

reducible highest weight g-module V = E(A) of highest weight A with the
basic gradation is given by:

m>0
AN 3 gl
. ael_\JrQ
o1 ’
H (1 - qn)dlmc b;
=1 n>1

n=l (r?md T)

where Q = ZiLzl Zay C (bg)* is the root lattice of g5 = 9(Yr) and (-]-) is
the normalized Killing form on (hg)*.
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By Fact 3, we have

since ¢;(1) = dimc by for 0 <1 <r —1. We set

Oor@ = Y el
a€A+Q

Then we get

d T o, - - _ T (ANIA d
gy @) =5 RI8) - Flg) +q> (AR 3 O2a(0);

and hence from Remark 4.3.6

_ T (AIA d
2r (1 4+ hY)g 2 A 4 4q ©2.2(0)

(4.4.1) 9(q) = .

r—

N
Il
=)

H (1 _ qn)dim(c bf
n>1
n=l (mo

d r)

since (A|A) = r(A|A) by (4.1.1).

Now, for A € Py == {\ € (bg)* | Mhi) € Z>o, 1 < i < L}, we denote
by L(\) the irreducible highest weight gg-module of highest weight X, and
by ®(A, \),, the multiplicity of L()) in the homogeneous subspace V,,, of V
viewed as a gg-module:

Voo = €D (A, N)mL(N).
AePy

Further we set

(I>(Av )‘)(Q) = Z Q)(A, A)mqm~

m>0

Then we know the following fact due to Kac (see [K4, Chap. 12]).
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FACT 4. Let A € P.. If X\ ¢ A+ Q, then we have ®(A,\)(q) = 0. If
A€ A+ Q, then we have

q%{(M)\)_(m/_\)} . H (1 _ qr(A+P|a))

ae(Ag
B(A,N)(g) = ——— (Solt
H H (1 qn)dimc h[
=0 n>1

x> A+ 2N)gE O (1 g0,
)\E(]\+Q)ﬂp+ OlG(A())+

where d()\) := dim¢ L(\) for A € (A + Q) N P, and
hig= J[ @—gr) dmeh

n>1
n=l (mod r)

for 0 <1 < r — 1. Comparing this equality with (4.4.1), we obtain the
following.

THEOREM 4.4.1. Let gy = g(Yz) be a finite-dimensional simple Lie
algebra of type Y with Y, = Cr,Bp, Fy, G2, and let A = A+ Ay € (h)*
with A € (hg)* be a dominant integral weight. Then we have

_ d
2r =11 4 hY) qd—q(aQ’/—\(q)

= > dVA+20) ez ] (1_qr()\+ﬁ|a)>’
AEA+QNPy ae(Bg)

where G)Q’A(q) = ZaeA+Q ¢z Herer=2if Y =C,B,F andr =3 if
Y =G.
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Remark 4.4.2. For A\ € Py, the dimension d(\) = dim¢ L()) is given
by the Weyl dimension formula:

d()\) — H M.

|
actdey A1)
By using Facts 3 and 4 instead of Facts 1 and 2, respectively, we can show

the following proposition as in Remark 3.4 (this identity is new, while the
identity in Remark 3.4 is already known).

PRrROPOSITION 4.4.3. We have the following identity.

acA+Q
= Y dneO T (1_qr(x+pla))7
Ae(AQ)NPy a€(Ap)+

wherer =2 if Y =C,B,F andr =3 if Y =G.
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