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ALGEBRAIC DEPENDENCE OF MEROMORPHIC
MAPPINGS IN VALUE DISTRIBUTION THEORY

YOSHIHIRO AIHARA*

Abstract. In this paper we first prove some criteria for the propagation of al-
gebraic dependence of dominant meromorphic mappings from an analytic finite
covering space X over the complex m-space into a projective algebraic mani-
fold. We study this problem under a condition on the existence of meromorphic
mappings separating the generic fibers of X. We next give applications of these
criteria to the uniqueness problem of meromorphic mappings. We deduce unic-
ity theorems for meromorphic mappings and also give some other applications.
In particular, we study holomorphic mappings into a smooth elliptic curve F
and give conditions under which two holomorphic mappings from X into E are
algebraically related.

Introduction

Let fi1,..., fi be dominant meromorphic mappings from a finite analytic
(ramified) covering space m : X — C™ into a projective algebraic manifold
M. Suppose that they have the same inverse images of given divisors on
M. Our aim in this paper is to seek conditions under which fi,..., f; are
algebraically related. We study this problem from the point of view in value
distribution theory. Roughly speaking, our results say that if these map-
pings satisfy the same algebraic relation at all points of the set of the inverse
images of divisors and if the given divisors are sufficiently ample, then they
must satisfy this relationship identically. These results are considered as
the propagation theorems of algebraic dependence. The propagation of de-
pendence from a proper analytic subset to the whole space was first studied
by L. Smiley [17] (cf. [19, p. 176]). There have been several studies on the
propagation of dependence (cf. [5], [6], [8] and [21]). So far, this problem
has been studied under the conditions on the growth of meromorphic map-
pings. However, there can be only a few restricted cases where meromorphic
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mappings satisfying these conditions exist. In this paper we first give some
criteria for the propagation of algebraic dependence of meromorphic map-
pings from X into M under the condition on the existence of meromorphic
mappings separating the fibers of 7 : X — C™. Thanks to the theory of
algebroid reduction of meromorphic mappings, we can always find such a
mapping. Thus it seems that our condition is more natural and essential
than the above mentioned conditions. The theorem on algebroid reduction
of meromorphic mappings and the ramification estimate due to J. Noguchi
[11] are essentially important in the proofs of our results. In some of our
criteria, we assume somewhat complicated conditions. However, they have
a wide range of applicability and give sharpness. These criteria are actu-
ally corollaries of two basic theorems, which are Theorems 2.2 and 2.15 in
Section 2. In the next part of this paper, we give their applications to the
uniqueness problem of meromorphic mappings. For example, we study the
uniqueness problem of holomorphic mappings into smooth elliptic curves.

Let L be a line bundle over M. We denote by H°(M, L) the space of
all holomorphic sections of L — M. A line bundle L over M is said to be
big provided that

dim H°(M,vL) > CydimM

for all sufficiently large positive integers v and for some positive constant
C. Let Pic(M) be the Picard group over M. Let F' € Pic(M) ® Q and
v € Q. We simply write vF for F®7. Then F is said to be big (resp. ample)
provided that a line bundle vF € Pic(M) is big (resp. ample) for some
positive integer . We fix an ample line bundle L — M. Let Dq,..., D, be
divisors in |L| such that Dy + --- + D, has only simple normal crossings,
where |L| is the complete linear system defined by L. Let Si,...,S; be
hypersurfaces in X such that dim.S; N.S; < m — 2 for any ¢ and j (i # j).
We define a hypersurface S'in X by § = S;U---US,. Assume that, for each
i, the union of all irreducible components of f*D; with the multiplicities
at most k; coincides with S; for all j with 1 < j < ¢, where k; is a
fixed positive integer. Set M! = M x --- x M (I-times). Suppose that
fi,.-., fi are algebraically dependent on S, that is, (f1 x --- x f;)(S) C X
for some indecomposable hypersurface 3 in M!. By Noguchi’s theorem on
the algebroid reduction of meromorphic mappings, we may assume that
each f; : X — M separates the fibers of 7 : X — C™. Since L is ample,
there exist the least positive integer po and a pair of sections og,01 €
HO(M, puoL) such that each meromorphic function f7(o0/01) separates the
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fibers of m : X — C™. Let Fy be a big line bundle over M. We denote
by so the sheet number of 7 : X — C™. Set ky = max;<j<; kj. We define
Ly € Pic(M) ® Q by

q ~
. kj ’ylk’o
Lo= (; kj+ 1 ~ 2n0(s0 = 1))L® (_ /-c0+1F°)’

where 7 is a positive rational number depending only on ¥ and on Fj.
Then we have our fundamental result, from which we see that the algebraic
dependence on S propagates to the whole space X if Lg is sufficiently big.

THEOREM. Suppose that f1,..., f; are algebraically dependent on S.
If Lo ® Ky is big, then f1,..., fi are algebraically dependent on X.

In Section 2, we give the proof of the above theorem, which is just
Theorem 2.2. Furthermore, we consider the case where given divisors may
determine distinct line bundles and Theorem 2.15 is fundamental in this
case. We also study the effect of the existence of deficient divisors to the
propagation of dependence. In Sections 3-5, we will give their applications.
These sections are actually the principal part of this paper. We note that
a certain kind of unicity theorems such as results in [2] and [4] may be
considered as a special case of theorems on the propagation of dependence.

In these theorems we can see that, for two meromorphic mappings
fyg + X — M with the same inverse images of divisors as point sets (say
Z) satisfying f = g on Z, the algebraic relation f = g on Z propagates
to the whole space X. We prove some unicity theorems from this point of
view in Section 3. In Section 4, we investigate meromorphic mappings into
complex projective spaces and give theorems on algebraic dependence. We
finally study the uniqueness problem of holomorphic mappings into smooth
elliptic curves in Section 5. In particular, we give some conditions under
which two holomorphic mappings are related by endomorphism of elliptic
curves. The last section is devoted to giving the proof of Katsura’s theorem,
which is a crucial step in the proof of the main result in Section 5.

Acknowledgement. The author would like to thank Professor Toshi-
yuki Katsura for his useful advice. In particular, he has agreed with making
his theorem public in this paper.
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81. Preliminaries

Let 7 : X — C™ be a finite analytic (ramified) covering space over
C™ and let sy be its sheet number, that is, X is a reduced irreducible
normal complex space and 7 : X — C™ is a proper surjective holomorphic
mapping with discrete fibers. We denote by B the ramification divisor. Let
z=(21,...,2m) be the natural coordinate system in C™, and set

1217 =Y 22, X()=7"'{zeC™;|z| <r}) and a=nr"dd||z|?
v=1

where d° = (/—1/47)(0 — ). For a (1,1)-current ¢ of order zero on X we

set
1 dt

r
N(Tv 90) = 5/1 <S0/\am_17 XX(t)>t2m,7717

where X x(,) denotes the characteristic function of X (r). Let M be a com-
pact complex manifold and let L — M be a line bundle over M. Denote by
| - | a hermitian fiber metric in L and by w its Chern form. Let f: X — M
be a meromorphic mapping. We set

Ty(r,L) = N(r, f*w),
and call it the characteristic function of f with respect to L. We also define

T¢(r, F) for F € Pic(M) ® Q in the following way. If v is a positive integer
with vF € Pic(M), then we set

1
Ty(r, F) = ij(T‘, vF).

It is easy to see that T'y(r, F') is well-defined. We have the following Nevan-
linna’s inequality for meromorphic mappings (cf. [11, p. 269]):

THEOREM 1.1. Let L — M be a line bundle over M and let f : X —
M be a nonconstant meromorphic mapping. Then

N(r, f*D) < Ty(r, L) + O(1)

for D € |L| with f(X) € Supp D, where O(1) stands for a bounded term as
T — +00.
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Let f : X — M be a meromorphic mapping, and let D € |L|.
define Nevanlinna’s deficiency 6¢(D) by

: N(r, f*D)
§¢(D) =1—limsup ————=.
(D) m e =7 T
If 67(D) > 0, then D is called a deficient divisor in the sense of Nevanlinna.
Let Z be an effective divisor on C™ such that Z =) ;vjZ;j for distinct
irreducible hypersurfaces Z; in C™ and for nonnegative integers v;, and let
k be a positive integer. We set

Z) = me{k, v} N(r, Z;).

A meromorphic mapping f : X — M is said to be dominant provided
that rank f = dim M. The following second main theorem for dominant
meromorphic mappings gives an essential computational way in the next
section (cf. [11, Theorem 1)):

THEOREM 1.2. Let M be a projective algebraic manifold with m >
dim M and let L — M be an ample line bundle. Suppose that Dq,...,D,
are divisors in |L| such that D1+ ---+ Dy has only simple normal crossings.
Let f: X — M be a dominant meromorphic mapping. Then

qT¢(r,L) + T¢(r, K ) < Z ;) + N(r,B) + S¢(r),

where S¢(r) = O(logTy(r,L)) + o(logr) except on a Borel subset I C
[1,+00) with finite measure.

In applications of Theorem 1.2, it is essential to give the estimate for
N(r, B) by the characteristic function of f. In the case where m = 1 and
M = P(C), the ramification theorem due to H. Selberg is well-known (cf.
[15]). In the case of meromorphic mappings f : X — M, we have a following
ramification estimate proved by J. Noguchi.

DEFINITION 1.3. Let Y be a compact complex manifold. We say that
a meromorphic mapping f : X — Y separates the fibers of m: X — C™, if
there exists a point z in C™ — (Suppm.BUm(I(f))) such that f(z) # f(y)
for any distinct points x,y € 71(z). In this case, X is said to be the proper
existence domain of f.
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Assume that f : X — M separates the fibers of 7 : X — M. Since
L is ample, there exist the least positive integer po and a pair of sections
00,01 € H°(M, j1oL) such that a meromorphic function f*(og /o) separates
the fibers of 7 : X — C™. Then we have the following ramification estimate
due to J. Noguchi ([11, p. 277]):

THEOREM 1.4. (Noguchi) Suppose that L — M is ample and f : X —
M separates the fibers of m: X — M. Let g be as above. Then

N(r,B) <2up(so — 1) T¢(r,L) + O(1).

In the case where f does not separate fibers of 7 : X — M, we cannot
estimate the growth of the ramification divisor in general. However, we
have the following reduction theorem proved by J. Noguchi ([11, p. 272]):

THEOREM 1.5. (Noguchi) Let f: X — M be a meromorphic mapping.
Then there exist a finite analytic covering space w : X — C™, a surjective
proper holomorphic mapping A : X — X and a meromorphic mapping
f X — M separating the fibers of w : X — C™ such that the following
Eiagmm

i f
cm X M
idJ{ )\J( lid
cm X M
@ f

is commutative. Furthermore, if f is dominant, so is f.

From the above theorem, we can determine the proper domain of exis-
tence for an arbitrary meromorphic mapping f : X — M. For the theory
of algebroid reduction, see also [20].

Remark 1.6. We note that X is also a normal complex space. By
making use of Theorem 1.4, we can easily obtain the following equalities
(cf. [11, p. 273]):

Tf('r, L)= Tf(r, L), and N(r,f*D)= N(r,f*D).

Thus we also have
Ni(r, f*D) = Ni(r, f*D)
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for each positive integer k. Hence, by Theorems 1.2 and 1.4, we have the
following: For an arbitrary dominant meromorphic mapping f : X — M,
the following inequality

q
qTs(r, L) + Ty (r, Kar) gz \(r, f*D;) + N(r, B) + S¢(r)

holds, where B is the ramification divisor of w : X — C™. We also see that
the following inequality holds:

N(r,B) < 2po(so — 1) Ty(r, L) + O(1).

Therefore we can apply Theorems 1.2 and 1.4 for an arbitrary meromorphic
mapping f : X — M. This observation is very useful and will be essentially
used in the next section.

We finally give the defect relation and the ramification theorem for
f X — M, which are needed later. For a line bundle F' over M, we define
[F'/L] by
[F/L] = inf{y € Q;yL ® F~! is big}.
Note that [F/L] < 0 if and only if F~! is big. This is an easy consequence

of Kodaira’s lemma. We also set

) Ny(r, f*D)
8 _D — ]. — hmsu I ——
#(D) r—>+o<1>o Ty(r, L)

Then Theorems 1.2 and 1.4 yield the following defect relation:

THEOREM 1.7. (Defect Relation) Let f and D; be as in Theorem 1.2.
Suppose that f separates the fibers of m: X — C™. Then

Z 1/L]+2M0(80—1)

DEFINITION 1.8. Let v be a positive integer and D € |L|. A noncon-
stant holomorphic mapping f : X — M is ramified to order at least v over
D if

f*D > vSupp f*D.
In the case Supp f*D = (), we may say that f is ramified to order +o0o. If
v > 2, then D is said to be a totally ramified divisor for f.
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Now, by Theorems 1.2 and 1.4, we have the following ramification the-
orem:

THEOREM 1.9. (Ramification Theorem) Let f and D; be as in Theo-

rem 1.2. Suppose that f is ramified to order at least vj over D;j (1 < j < q).
Then

Z(l - Vi) < (Kt /L] + 2u0(s0 — 1).
i=1 !

The following corollary directly follows from Theorem 1.9:

COROLLARY 1.10. The number of totally ramified divisors D € |L| for
f does not exceed 2[K ;" /L] + 4po(so — 1).

Remark 1.11. Let f and D; be as in Theorem 1.2. Suppose that
q> Q[KA}I/L] + 4#0(80 - 1)

By the above corollary, we see that Supp; f*D; is not empty for at least
one j.

82. Criteria for algebraic dependence

In this section we prove theorems on the propagation of algebraic de-
pendence for some families of dominant meromorphic mappings from X into
a projective algebraic manifold M. We first give a definition of algebraic
dependence of meromorphic mappings. Let [ be a positive integer not less
than two. A proper algebraic subset 3 of M! is said to be decomposable if,
for some positive integer s not grater than [, there exist positive integers
li,...,ls with | = [y + -+ + [5 and algebraic subsets ¥; C MU such that
=31 X -+ X X, In the case where X is not decomposable, we say that
> is indecomposable. For meromorphic mappings f1,...,f; : X — M, we
define a meromorphic mapping fi X --- x f; : X — M* by

(frx-x fi)(z) = (f1(2),..., fi2)), 2€ X = (I(f1)U---UI(f1)),

where I(f;) are the indeterminacy loci of f;.

DEFINITION 2.1. Let S be an analytic subset of X. Nonconstant mero-
morphic mappings fi,...,f1 : X — M are said to be algebraically de-
pendent on S if there exists a proper algebraic subset 3 of M! such that
(fi x -+ x fi)(S) € ¥ and ¥ is indecomposable. In this case, we also say
that f1,..., f; are X-related on S.
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Let L — M be an ample line bundle. Let Dq,..., D, be divisors in
|L| such that Dy + .-+ D, has only simple normal crossings. Let Z be an
effective divisor on X, and let k be a positive integer. If Z = 3, v;Z; for
distinct irreducible hypersurfaces Z; in X and for nonnegative integers v;,
then we define the support of Z with order at most k£ by

Supp;, Z = U Z;.

0<v;<k

Let S1,...,5, be hypersurfaces in X such that dim S;NS; < m—2 for ¢ and
j (i # j), and let kq,...,k, be fixed positive integers. Assume that there
exists at least one dominant meromorphic mapping fo : X — M such that
Suppkj foD; = Sj for all j with 1 < j < ¢. As a matter of convenience, fy
separates the fibers of 7 : X — M. We denote by

= y(fo; {k'j}; (X7 {SJ})v (M7 {DJ}))
the set of all dominant meromorphic mappings f : X — M with
Suppy, f*D; = 5;

for all j with 1 < j < ¢. Let Fi,..., F} be big line bundles over M. We
define a line bundle F over M! by

F=miF & onh,

where ; : M I — M are the natural projections on the j-th factor. Let L
be a big line bundle over M!. Note that, in general,

L & 7 Pic(M) @ - - - @ m} Pic(M).

In the case of L #* F we assume that there exists a positive rational number
4 such that ’yF ® L7 is big. If L= F then we take 7 = 1. Let Z be the
set of all hypersurfaces ¥ in X such that ¥ = SuppD for some D € |L|
and ¥ is not decomposable. We assume that there exists a line bundle, say
Fy, in {F},..., F;} such that Fy ® ijl is either big or trivial for all j. Set
ko = max{ki,...,kq}. Since L is ample, there exist a positive integer p and
a pair of sections og,01 € HO(M, L) such that a meromorphic function
f*(00/01) separates the fibers of m# : X — C™ for all such mappings f.
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We denote by pg the least positive integer among those u’s. We define
Ly € Pic(M) ® Q by

q ~
_ k‘j ’)/lko
LQ—(]EI k‘]—f—l —2#0(80—1))L®(—k0+1F0>.

The following theorem is just the theorem stated in the Introduction.

THEOREM 2.2. Let f1,..., f; be arbitrary mappings in % and let ¥ be
in %. Suppose that f1,..., f; are X-related on S and that Lo @ Ky is big.
Then f1,..., f; are X-related on X.

For the proof of Theorem 2.2, we need some lemmas. The following
lemma is well-known as Kodaira’s lemma:

LeEMMA 2.3. (Kodaira) Let Ly be an arbitrary line bundle over M. If
L is big, then there exists a positive integer pu such that pL ® Ly is big and

HY(M,vL @ Ly) # {0}
for all sufficiently big positive integers v.
For a proof, see, e.g., [9, Lemma 2].

LEMMA 2.4. Let F be a big line bundle over M. Let f: X — M be a
dominant meromorphic mapping. If uF @ L™ is big for a positive integer
W, then

Ty(r, L) < pTy(r, F) + O(1).

Proof. Since the line bundle uF ® L~ is big, we see that there exists
a nonzero holomorphic section 7 € HY(M,v(uF ® L™1)) for a sufficiently
large positive integer v. By Theorem 1.1, we have

N(r, f*(1)) < Ty(r,v(u(F @ L71)) + O(1)
= Tf(r, F) —vTy(r, L) + O(1).
This shows the desired conclusion. [

LEMMA 2.5. Let f be an arbitrary mapping in % . Then

qTp(r, L)+ Ty(r, Knr)
q

ko N(T,S)+Z

<
~ ko+1 4
J=1

o N(r, f*Dj) + N(r, B) + S¢(r).
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Proof. Since k;/(kj + 1) < ko/(ko + 1) for all j with 1 < j < ¢, we
easily see

Ni(r£Dy) € T NG Sy) + 1 N (D))
J

Hence, by Theorem 1.2 and dimS; NS; < m — 2 for ¢ # j, we have our
assertion. 0

For brevity, set f = f1 XX fi.

LEMMA 2.6. Let f1,..., fi € %. Suppose that f(S) C X and f(X) z
Y for some ¥ € #. Then

l
N(r,S) <7 Z O(1).

In particular, the following two mequalmes hold:

o~

N(r,8) <7 [F;/LITy,(r,L) + O(1) and
7=1
l
N(r,S) <7y Ty, (r, Fp) + O(1).
j=1

Proof. Take a divisor D€ |E| so that X = Supp D. Then, by Theo-
rem 1.1, we see

N(r,8) < N(r, f*D)

Thus we have our assertion. []

We now give the proof of Theorem 2.2. For brevity, we set

!
:ZSfj(r) and T(r,F) ZTfer

for F' € Pic(M) ® Q.
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Proof of Theorem 2.2. By Remark 1.6, we may assume that all f; sep-
arate the fibers of 7 : X — C™. Suppose that f(X) Z 3. By Theorem 1.1,
Lemmas 2.5 and 2.6, we have

q
k
Z( )sz (r.L) + Ty, (r. Kar) < — ilN(r,S)—FN(r,B)—FSfi(r)
0
7j=1
ko
T(r, F N(r,B )
< LT R + N B) + 85,(1)

for all 7. Hence we have

q -
k; A1k
< .
<]21 Bt >T(7‘, LY+ T(r,Ky) < o) T(r,Fy) +IN(r,B) + S(r)

Therefore we see
T(r,Lo) + T (r,Kpr) < S(r).

Since Lo ® Ky is big, there exists a positive integer u such that pu(Lo ®
Kyr) ® L1 is big. Thus, by Lemma 2.4, we get

T(r,L) < u(T(r, Lo) + T(r, Kap)) + O(1).

This gives a contradiction. Therefore, we have f(X) C ¥. We have now
completed the proof of Theorem 2.2. 0

As was stated in the above proof, under our assumptions, we may
assume that all meromorphic mappings f; : X — M separate the fiber of
X — C™. This comes from Noguchi’s theorem. Thus we assume this in
what follows.

Set v0 = [Ly' ® K;;/L]. Under the condition that Lo ® K is big,
we see 79 < 0. In the case where 7 is nonnegative, we cannot conclude
the propagation of algebraic dependence in general. In the case of a pos-
itive g, the propagation of algebraic dependence does not occur even if
we assume the existence of Picard’s deficient divisors (see Remarks 2.14
below). However, in the case of 79 = 0, we have the following theorem
on the propagation of algebraic dependence under a condition on the ex-
istence of Nevanlinna’s deficient divisors. This shows that the existence of
such a divisor gives strong effect on the uniqueness problem of meromorphic
mappings.
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THEOREM 2.7. Let f1,..., fi be as in Theorem 2.2. Suppose that fo =
fi for some k with 1 <k < q and that [Ly' @ K /L] = 0. If 6;,(D;j) > 0
for at least one j with 1 < j <gq, then f1,..., f; are X-related on X.

The following lemma is a crucial step for the proof of Theorem 2.7:

LEMMA 2.8. Let fi,...,f; be as in Theorem 2.7. If [Ly* @ K;}'/L)]
=0 and f(X) € 3, then there exist positive constants C1 and Co such that

Ty, (r,L)

< <
= Tfl(rvL) =6

for all sufficiently large v with r & I, where I is an exceptional set for S(r).

Proof. We first show the following: For any positive rational number
v with yv < 1, we have that

(2.9) vyT(r, Fo) + O(1) < N(r,S)

for all sufficiently large » ¢ I. Assume the contrary. Then there exist
a positive rational number vy with 419 < 1 and a monotone increasing
sequence {r} with r; & I such that ry — +o00 and

N(ry, S) < voyT(ry, Fo) + O(1).

By Lemmas 2.5 and 2.6, we have

(Z )Tk L)+ Tl Ko

= kj+1

lko -
< .
< ( o] )VO’YT(TkaFO) +IN(r, B) 4 S(r)

We define a positive rational number p; by

~ ko(1 —vo9)
W= ——"F
ko +1

Then we have

T(rg, Lo ® Kyr) + py Ty, Fo) < S(ry,).
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It follows from [Ly ' ® K},' /L] = 0 that Lo® Ky ® p1 Fp is big. Hence there
exists a positive constant C' such that

CT(r, L) < T(rg, Lo) + T(ry, Knr) + i1 T (i, Fo) + O(1).

Thus we see CT (1, L) < S(ry). This shows C' < 0, which is absurd. Hence
we have (2.9). Next we note that

N(r,S) <qTy (r,L) +O(1).
This is an immediate consequence of Theorem 1.1. We now have
pT(r,L) < qTy (r, L) + O(1),

where = v4. Note that 0 < u < 1. This completes the proof of
Lemma 2.8. [

Proof of Theorem 2.7. For the proof of Theorem 2.7, it suffices to show
that f (X) € X¥. Assume the contrary. We may assume that fo = f1. B
the definition of Nevanlinna’s deficiency, for any € > 0, there exists rg > 0
such that

N(?", f]jD]) < (1 — (5fk(Dj) + 6) Tfk(’r, L)
for all » > ro (r & I), where I C [1,+00) is a Borel subset with finite

measure. We may assume that the exceptional set for S(r) is included in
I. By Lemmas 2.5 and 2.6, we have

T(r,Lo) + T(r, Kpr) < ZZ 5 +1 (87, (D;) — &) Ty, (r, L) + S(r)
k=0 j=1

quT(r,L) 5f1(D1)Tf1(74 L)+S( )

k +1
Hence
1

ki+1
Take a rational number vy > 0. Tt follows from [L;' ® K;;' /L] = 0 that
—~yT(r,L) <T(r,Lo)+T(r, Kpr) + O(1)

04, (D1) T4, (r,L) +T(r,Lo) +T(r, Kps) — qeT(r,L) < S(r).

and hence
1
ki+1
By Lemma 2.8, we see ¢y, (D1) = 0, which contradicts the assumption.
Thus we have now completed the proof of Theorem 2.7. U

6, (D1) Ty, (r, L) — (v +qe) T(r, L) < S(r).
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We now give a criteria for the propagation of dependence, which is an
immediate corollary of the proof of Theorem 2.2 (cf. [5] and [21]). Set

q
kj -1
= — K Ll —2 —1).
Po ]21 o (K3 /L] — 2p0(s0 — 1)

We also set
mi1 =q— Ky /L] —2u0(so —1) and mj=q— [K;/ /L] (2<j<]I).
Then we have the following:

PropoOsSITION 2.10. Let fi,...,f1 € #. Suppose that they are -
related on S. If all m; are positive and if

~ l ~
Ylko Ylko
- /L — F;/L
Po k0+1[1/1+m1]z:;(p0 R B/ >0

then f1,..., fi are X-related on X.
Proof. We note that
~Ty(r,Knr) < [Ky' /L) Ty (r, L) + O(1)

and hence
q
(¢ — [Ky!/L) Ty (r, L) < Z 1(r, f*Dj) + N(r, B) + Sy(r).

We first show
(2.11) mq Ty, (r, L) < Ty, (r, L) + Sg (r)
for all j. By Theorems 1.1 and 1.2, we see

qTp (r,L) + Ty (r, Kpr) < N(r, Z) + N(r, B) + Sg, (r)
S Tfj(T7 L) + N(T,B) + Sfl(’l”)
<Ty, (r, L) +2po(so — 1) Ty, (r, L) + Sg,(r),

which gives (2.11). We also have

mj Tfj(r’ L) < Tfl (Tv L) + N(Ta B) + Sfj (T)
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for j (# 1) in the same way, and hence

(2.12) m; Ty, (r, L) < (2p0(so — 1) + 1) Ty, (r, L) + Sy, (r).
The inequalities (2.11) and (2.12) yield

(2.13) Ty (r,L) ~Ty(r,L) as 1 — +oo.

As in the proof of Theorem 2.2, we have

< 1/L]) Ty, (r, L) < kok_?_lN(r,S)+N(r,B)—|—SfZ.(7“)

for all 7. Hence, by Lemmas 2.4 and 2.6, we have

l
Yk
pT(rL) < 75 Z [Fj/L) Ty, (r, L) + 2lpso(s0 — 1) T, (r, L) + S(r).

By (2.11), we get

_ ! .
<p0 — ]gzl_]r_ol [F1/L] +my jz2(po — kzl_lr_ol [Fj/L]>>Tf1 (r,L) < S(r).

By the assumption in this proposition and (2.13), we have a contradiction.

a

Remarks 2.14. (1) In the past, the propagation of dependence has been
studied under conditions on the growth of mappings and the ramification
divisor B of 7 : X — C™. For example, W. Stoll proved some interesting
theorems on the propagation of dependence of meromorphic mappings f :
X — M under a condition on the growth of mappings in different settings
(cf. [21]). In his results, at least one of the mappings f; must grow quicker
than the ramification divisor B, that is, it is assumed that

N(r,B
lim (r, B)

T—+00 Tf(r, L) =0

However, the existence of such a mapping is a delicate matter even if X and
M are Riemann surfaces (cf. L. Sario [13]). In [21], he already declared that
his condition can be replaced by a condition on the existence of mappings
separating the fibers of 7 : X — C™ in some cases.
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(2) If [Ly ' ® K, /L] is positive, we cannot conclude the propagation of

dependence under the condition on the existence of deficient divisors. We
now give an example. Let M = P1(C) and [ = 2. Suppose that H — P;(C)
is the hyperplane bundle. Let L = H and F} = F5> = H. We now take
L=F=niH®nH.
Let fy : C — P1(C) be a meromorphic function defined by fy(z) = exp z.
Set D1 =0, Dy = oo, D3 = 1 and Dy = —1. Then it is clear that D,
and Do are Picard’s deficient values of fo. Let k; = 1 for all j and put
S; = Supp; f;D;. Now, we see that [Ly' ® K]Pfll((c)/L] =1 and fi(z) =
exp(—z) € Z. If ¥ is the diagonal of P1(C)?, then ¥ € Z. It is clear that
(fo x f1)(S) € X and (fp x f1)(C) € 3. Note that the proofs of the above
theorems also work in the case where some of S; are the empty sets.

(3) The case, where either all k; = 1 or all k; = +o0, are essentially
important in our study. We now consider the case where k; = +oo for
some j. We first note that Supp f*D = Suppkj f D if kj = +o0. Set
kj/(kj +1) =1 and 1/(k; +1) = 0 for k; = +00. Then it is easy to see
that the proof of Theorem 2.2 also works in the case where k; = 400 for
some j. In the case where [Ly' ® K;;'/L] = 0, we have the same conclusion
as in Theorem 2.7 if we assume that 6, (D;) > 0 with k; # +oo for some
j. The proof of Theorem 2.7 remains still valid under this condition. Note
that the condition k; # +oo cannot be dropped. Indeed, let D;, f; and
¥ be as in (2). Now let k; = 400 for all 1 < j < 4. Then we see that
(Lo @ Ky )/L] = 0 and (fo x f1)(S) € £, but (fo x f1)(C) £ %.

(4) We consider the case where D; and D; are not linearly equivalent
for some pair (7,7) but all the Chern classes c1([D;]) are identical. In this
case, by the proof of Theorem 2.2, we easily see that Theorem 2.2 remains
valid provided that

q ~
]Cj ’)/lkio
S —20(so —1) ) [Dy] @ (— F
(jl k+ 1 o(so ))[ 1]®< Fo+ 1 0)

is ample. This fact is used lalter.

Now, let us consider a more general case. Let Li,...,L; be ample
line bundles over M and let ¢1,...,q; be positive integers. Assume that
Dj = Dj1 +---+ Djq; € |g;L;| has only normal crossings, where D, € |L|.
Let Z be a hypersurface in X. We denote by

Y =9k} (X, 2); (M, {Dj}))
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the family of dominant meromorphic mappings f : X — M such that
Suppy, f*Dj = Z

for some j with 1 < j <. In the case where all L; are identical (say L),
we define Gy € Pic(M) ® Q by

B . gk B ~ Alko
o= ({205} -2t = ) ) o (-5 )

Then the following theorem is fundamental in this case:

THEOREM 2.15. Let f1,..., fi be arbitrary mappings in 9 and let 3 €
. Suppose that fi1,...,f; are X-related on Z. If Gy ® Ky is big, then
fi,--., f1 are X-related on X.

Proof. Suppose that f (X) € ¥. Without loss of generality, we may
assume that Suppk.j f;Dj = Z for all j. We first note that the following
inequality holds (cf. Lemmas 2.5):

q; Tfj (7“, L) + Tfj (7“, KM)
< ko
- ko +1

N(r,Z) + N(T,f;Dj)-l-N(r,B)-i—Sfj(r).

k?j-l-l

The following inequality also remains valid in this case:

N(r,Z) <% i O(1).

Thus we get
R gy (r, 1) 4 T Kar) < (2 )G, Fo) + N(r.B) + S5, (r).
k‘ +1 J J ko +1 ’ ’ J

So we have

min {

(1<]<z +1

< (me1)
T(r,Go) + T(r, Kar) < S(r).

Since Gg ® Ky is big, this gives a contradiction. 0

}> r, L)+ T(r, Knr)
T(r,Fy) +IN(r,B) + S(r).

Hence we see
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We now return the general case. We note the following: In the case
where L; and L; are not same for some ¢ and j but all the Chern classes
c1(L;) are identical, the conclusion of Theorem 2.15 is atill valid if the line

bundle
) qik; ko
- D)) (- R
(min {235}~ 20— 0 ) & (25 )

is ample. We give two criteria for the propagation of dependence similar to
Proposition 2.10, which are corollaries of the proof of Theorem 2.15. Set

ny=q — Ky /L] = 2p0(s0 — 1) and  nj =q; — [K3,'/L;] 2<j <1).

We also set .
N
Pj 1+ kj [

for all j with 1 < j <. Then we have the following result:

Ky /Ly = 2p0(s0 — 1)

PROPOSITION 2.16. Let fy,..., fi be arbitrary mappings in 9 and % €
X. Suppose that fi,..., fi are X-related on Z. If n; > 0 for all j and if

’Ylko Ylko
P [Fl/Ll +nlz< " +1[F/L ]) 0,

then fi1,...,fi are X-related on X.
Proof. As in the proof of Proposition 2.10, we get
n1 Ty (r, L1) < Ty, (r, L) + Sy, (r)
for all j, and
n; Ty, (r, Lj) < (2po(so — 1) + 1) Ty, (r, L1) + Sy (1),

Hence T, (r, L1) ~ Ty, (r, Lj) as r — +o00. Next, we also have

l . .
Zl< kjjijl - [KM/LJ]> Tfj (T7 Lj)
j=

< (k:j?l)N(r’Z) +IN(r,B) 4+ S(r).
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It follows from
l

Z Fj/L;] Ty, (r, L) + O(1)

that

I o -
Z( kj]_lr_jl _( kzl_lf_ol )[KM/Lj]>Tfj (n Lj)_QZ,UO(SO_l)Tfl (T7L1) < S(T’)
=1

Therefore we see

~ l N
(pl R e GIARR j;(pj - ﬂm/m))m (r. 1) < S(r).

ko+1
This gives a contradiction. We now have completed the proof. U

Set eg = 2u0(so — 1) + 1. By a method similar to the above proof, we
have the following:

PRrROPOSITION 2.17. Let f1,..., fi be as in Proposition 2.16. If n; >0
for all 7 and if

~ l ~
Ylko Yleoko
— /L — ——2 _[F;/Lj]) >0
el 1]+jz;<mpy Ty i/ k) > 0,

then f1,...,f; are X-related on X.

Proof. As in the proof of Proposition 2.16, we see that
m Ty (r, Ln) < Ty, (r, Lj) + S, (r) - and
nj ng (T7 LJ) < eg Tf1 (’I”, Ll) + Sf] (T)

for all j. On the other hand, we get

~ l ~
o= kzliol i3 /Ll])TfI(T,L1)+j;<pj_%[Fj/Lj])Tfj(rv L;) < 5(r).

Thus we see

- 1 ~
(p1 - kzlf_ol [F1/L1] -I—j;(mpj - %[ﬂ/Lﬂ))Tﬁ(r,Ll) < S(r).

This contradicts our assumption. Therefore we have the desired conclusion.

a
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As was mentioned in Remark 2.14, the case where all k; = 1 is impor-
tant from the viewpoint of Nevanlinna theory. Note that the conclusions of
Propositions 2.10, 2.16 and 2.17 are still valid for the case where some of
k; = 400. Indeed, the proofs of Theorems 2.2 and 2.15 also work in this
case, and hence we have our assertion. We also have a criterion in the case
where Gg ® Ky is not big. In this case, we can show the following theorem
by an argument similar to the proof of Theorem 2.7:

THEOREM 2.18. Let f1,..., fi be arbitrary mappings in 9 and let 3 €
Z. Suppose that f1,..., f; are X-related on Z and [Gg1 ® KI\?/L] =0. If
there exists f; such that 65,(Dj) > 0 for at least one j with 1 < j < q, then
fi,--., fi are X-related on X.

To see what the criteria proved in this section amount to, we will give
some applications and examples in the next three sections.

§3. Unicity theorems for meromorphic mappings

As we mentioned in the Introduction, a certain kind of unicity theorems
are just theorems on propagation of dependence. In this section, we give
some unicity theorems as an application of criteria for dependence by taking
line bundles F}; of special type. For the details of this direction, see, e.g,
[2], [3], [4] and [18]. We keep the same notation as in Section 2. Let
¢ : M — P,(C) be a meromorphic mapping with rank® = dim M. We
denote by H the hyperplane bundle over P, (C). Now, let [ = 2 and take
Fy = Fy, = ®*H. We also take L = F. Then we see

q .
Lo = <Z N oo(so — 1)>L ® (—ﬂq&*ﬂ).
j=1

k:j-i-l ko +1

A set {Dj}?zl of divisors is said to be generic with respect to fo and @
provided that

Rj := fo(X —I(fo)) NSupp D N{w € M : rank dP(w) = dim M} # ()

for at least one j with 1 < j < ¢q. We assume that {Dj}g-zl is generic with
respect to fop and @. Let %7 be the set of all mappings f € % such that
f = foon S. Then we have the following unicity theorems (cf. [2]):

THEOREM 3.1. (1) Suppose that Lo ® Ky is big. Then the family .7,
contains just one mapping fo.
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(2) Suppose that [Ly*' @ K3 /L) = 0. If §7,(D;) > 0 for at least one j
with 1 < j < q, then the family #1 contains just one mapping fo.

Proof. Let f € .#;. We denote by A the diagonal of P,(C)2. Set
U =@ xP. Since f = foon S, it is clear that ¥ o (f x fp)(S) C A.
Suppose that @ o f £ & o fy. Then we can take a hypersurface ¥ € Z so
that (f x fo)(S) € ¥ and (f x fo)(X) € ¥. Indeed, we define the line
bundle H — P,,(C)? by H = nfH ® 73 H. Note that L = ¥*H. We define
a meromorphic mapping ¢ : C™ — P,(C)2 by ¢ = ¥ o (f x fo). Since
@ o f £ Do fo, there exists a holomorphic section & of H — P, (C)? such
that ¢*6 # 0 and A C Supp(é). Then ¥ = Supp¥*(Gy) has the desired
properties. By Theorems 2.2 and 2.7, we have a contradiction. Thus we
see Po f = Po fy. By the assumption, we have R; # () for some j. Take
a point p € R;. Then there exists an open neighborhood U of p such that
@l : U — ®(U) is biholomorphic. Set U’ = f;'(U). Tt follows from
bof=3do fopand f = fgon S that f = fo on U'. Thus we see f = fy by
uniqueness of analytic continuation. 0

We next consider the case dim M = 1. Assume that M is a compact
Riemann surface with genus go. In the case gy = 0, we have the following
unicity theorem for meromorphic functions on X (cf. [1, Theorem 3.3]),
which is closely related to the uniqueness problem of algebroid functions.

THEOREM 3.2. Let f1, fo : X — P1(C) be nonconstant holomorphic
mappings. Let ay,...,aq be distinct points in P1(C).

(1) Suppose that Supp fia; = Supp fya; for all j. If d > 259 + 3, then
f1 and fo are identical on X.

(2) Suppose that Supp, fia; = Supp, fya; for all j. If d > 4sg + 3,
then f1 and fo are identical on X.

Proof. Let M = IP1(C) in Theorem 3.1. Assume that k; = +oo for
all j. Then we see Lo ® Kp,(c) = (d — (250 +2))H. Hence Ly ® Kp, () is
ample provided that d > 2s¢9+3. Thus Theorem 3.1 yields that f; and f5 are
identical. Next, let k; = 1 for all j. Note that at least one Supp, f{a; is not
empty by Remark 1.11. In this case, we have Lo® Kp, (c) = (d—(4s0+2))H.
Thus we have our conclusion. [

We note that Theorem 3.2 is sharp. The following example due to
H. Ueda (cf. [22]):
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ExAMPLE 3.3. We consider the integral

W 1
z = p(w) :—/0 ﬁdt

on the unit disc in C. Set 21 = (1), 22 = ¢(v/=1), 23 = ¢(—1) and
24 = p(—y/—1). Then ¢ maps the unit disc onto the square z1292324.
By Schwarz’s reflection principle, the inverse function of z = ¢(w) can be
analytically continued over the complex plane C, and the resulting function
w = f(z) is doubly periodic. Let a; = 1, az = v/—1, a3 = —1, ay = —v/—1,
as = 0 and ag = oo. Set f; = f and fo = /—1f. Then Supp; fi*a; =
Supp; fo*a; for all j, but fi # fo.

The uniqueness problem of holomorphic mappings into a compact Rie-
mann surface with positive genus is not well studied (cf. [1], [4], [5] and
[14]). In the case of gy = 1, we will discuss the uniqueness for holomorphic
mappings into smooth elliptic curves and give some results in Section 5.
Assume that gg > 2. Then there can be only restricted cases where there
really exists a nonconstant holomorphic mapping f : X — M. Now, we
will prove the following unicity theorem, which gives an improvement of
Theorem 3.6 in [1].

THEOREM 3.4. Let f1, fo : X — M be nonconstant holomorphic map-
pings. Let ay,...,aq be distinct points in M.

(1) Suppose that Supp fia; = Supp fsa; for all j. If d > max{4go,
2(go +1)(so — 1)}, then f1 and fa are identical on X.

(2) Suppose that Supp, fia; = Suppy fya; for all j. If d > max{4go,
2(go +1)(2s0 + 1) — 8go}, then fi and fa are identical on X .

Proof. Since H*(M,Z) = Z, we identify the Chern class ci(L) of L
with an integer. In general, a; and a; with ¢ # j are not linearly equivalent,
but ¢1([a;]) = c1([a;]) = 1. In the proof below, we only use this fact. Hence,
without loss of generality, we may assume that all a; are lineary equivalent.
Now, by Riemann-Roch’s theorem, we have pug < go + 1 (see the proof
of Theorem 2 in [12]). Take a meromorphic function @ on M such that
deg® = g and let k;j = +oo for all j. Then

Cl(LO X KM) = (d — 2,[1,0(80 — 1) — 2#0) + (290 — 2)
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Hence Ly® Ky is ample if d > 2upso—(2go—2). Thus, if d > 2(go+1)(so—1),
then @ o f; = ®o fy. On the other hand, if ¢ is the number of branch points
of #: X — P;(C), then Riemann-Hurwitz’ formula gives

t <2(go+ po—1) < 4go.

By Theorem 1.7, we have the following defect relation:

d
> 65, (a;) < 4+2(g0 + 1)(s0 — 2).
j=1

Note that 44 2(go +1)(so —2) < 2(go + 1)(so — 1). Thus, if the assumption
of (1) is satisfied, then there exists at least one of the point a; such that
Supp f{a; is not empty and is not a branch point of @. Therefore, as in the
proof of Theorem 3.1, we have (1). Next, we assume that k; = 1 for all j.
By Remark 1.11, at least one Supp; f{a; is not empty. In this case

61(2(L0 X KM)) = (d — 4/10(80 — 1) — 2#0) + (490 — 4)

Hence Ly ® K is ample if d > 4pugsp + 2up — 4(go — 1). By the above
argument, we have our assertion. 0

Note that there have been examples of holomorphic mappings into com-
pact Riemann surfaces that satisfy our condition (cf. [12]). The details on
the uniqueness problem of holomorphic mappings into compact Riemann
surfaces will be published elsewhere.

8§4. Meromorphic mappings into complex projective spaces

In this section, we consider the case where M = P,,(C). In the remain-
der of this paper, we always assume that [ = 2. Note that, if f : X — P, (C)
separates the fibers of 7 : X — C™, we can always take pg = 1. Let H be
the hyperplane bundle over P,,(C). Then Pic(P,(C)) = Z and H is the gen-
erator of Pic(P,(C)) with ¢;(H) = 1. Let Kp, ) be the canonical bundle
of P, (C). Tt is well-known that

Kp,c)=—(n+1)H.

In this case, F' € Pic(P,(C)) ® Q is big if and only if F' is ample. We also
note that
Pic(P,(C)?) = 7} Pic(P,(C)) & w5 Pic(P,(C)).
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Hence we may assume that L = F. Since Pic(P,(C)) & Z, there exists a
positive integer d such that L = dH. There also exist positive integers d;
such that F; = d;H for j = 1,2. Thus a holomorphic section of L —P,(C)?
is a homogeneous polynomial P(&;() of degree d; in & = (&,...,&,) and
degree do in ¢ = ((o,...,Cn). Set dy = max{dj,ds}. Let D be an effective
divisor in P, (C) with simple normal crossings. Assume that D = D;+---+
D, for some D; € |L|. Let S be a hypersurface in X. We will show some
theorems on the propagation of dependence, which are the prototype of our
study in this paper. By Theorem 2.2, we now have the following theorem:

THEOREM 4.1. Let D, S and P(§;() be as above. Let f,g: X — P,(C)
be dominant meromorphic mappings such that Supp,, f*D; = Supp,, g*D; =
S; for some k with 1 < k < +oo. Suppose that P(f;g) =0 on S. If

dlg—21+kH(sg— 1)) >2do + (1 + k1) (n+1),
then P(f;g) =0 on X.

Proof. Let M =P, (C) and L = dH in Theorem 2.2. Since Kp, () =
—(n+1)H, we have

k(dg — 2dy)

L0®KM:< ]

—9so—1)d —n — 1)H.
Hence Ly ® K is ample provided that the assumption in the theorem is
satisfied. Therefore we have the desired conclusion. []

In [5], S. J. Drouilhet dealt with the case of n = 1 and obtained some
theorems on the dependence of meromorphic functions. Related to this, we
have the following:

THEOREM 4.2. Let D and D’ be hypersurfaces of degree d which have
only simple normal crossings. Let f,g : C™ — P,(C) be dominant mero-
morphic mappings such that Suppy, f*D = Supp, ¢*D’ = Z as point sets
(1 <k < +00). Let P(&;C) be as in Theorem 4.1. Suppose that P(f;g) =0
on Z. If

d>di+dy+ 14+ (1+k ) (n+1),
then P(f;g) =0 on C™.
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Proof. In this case, we have that

d—n-—1 k n+1
mE g = Ty

for j = 1,2 in Proposition 2.16. We also see [F;/L| = d;j/d. We can easily
see that ny and ngy are positive under the condition on d. Now, we have

2k 2k
Q:=p1— k—H[FI/L] +ny (p2 - k—H[FQ/L]>

k n+1 2kd;

" k+1 4 (k+1)d
d—n—l( k n+1 2kds )

d k+1  d  (k+1)d

For brevity, we set u = k/(k + 1). Then it is easy to see that @ is positive
provided that

2ud® — 2(u(dy +do +1) +n+1)d+ (n+1)% > 0.

If the assumption of Theorem 4.2 is satisfied, then the last inequality is
valid, and hence @ is positive. Therefore we have the desired conclusion by
Proposition 2.16. U

If X =C, n=1 and k = 400, then we have Drouilhet’s theorem. He
also gave some examples which show his result is sharp. In the case where
L' ® KIPTnl(C) /L] = 0, we have the following:

THEOREM 4.3. Let f,g9,D,S and P(§;() be as in Theorem 4.1. Let
k=1 andd=dy+n+ 1. Suppose that P(f;g) =0 on S and q = 4sg — 2.
If 4(D) > 0, then P(f;g9) =0 on X.

Proof. In this case, Lo®Kp,(c) is trivial. Hence [Ly' @ Kp'oy/L] = 0.
Thus we have our assertion by Theorem 2.7. U

85. Holomorphic mappings into smooth elliptic curves

We finally consider the case where M is a smooth elliptic curve E. The
uniqueness problem of holomorphic mappings into elliptic curves was first
studied by E. M. Schmid [14] and he obtained the following unicity theorem:
Let f,g : R — E be nonconstant holomorphic mappings, where R is an open
Riemann surface of a certain type. Then there exists a nonnegative integer
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d depending only on R such that, if f~'(a;) = g~'(a;) for distinct d + 5
points ai,...,aqys in E, then f and g are identical. In the special case
R =C, we have d = 0.

Until now, there have been only few studies on the uniqueness problem
of holomorphic mappings f : X — E (cf. [4], [5] and [14]). In this section,
we consider the problem to determine the condition which yields f = ¢(g)
for an endomorphism ¢ of the abelian group E. We first note the following
fact: If f : X — FE separates the fibers of 7 : X — C™, then we can take
po = 2 (cf. [12, p. 286]). Let L € Pic(E). Since H?(E,Z) = Z, we identify
the Chern class ¢1(L) of L with an integer. We now consider the infimum
[F'/L] of the set of rational numbers 7 such that vyci (L) — ¢1(F') is ample.
We note that [F/L] = [F/L'] if ¢;(L) = ¢1(L’). Hence the conclusions of
Theorem 2.15, Propositions 2.16 and 2.17 are still valid provided that D; €
lg;L;j| and all ¢i(L;) are identical. We also note that ¥ is not necessarily
rational number in this section. It is well-known that

Pic(E?) # i} Pic(E) @ mj Pic(E).

We denote by [p] the point bundle determined by p € E. Let Fy = Fy = [p].
Let f,g : X — FE be nonconstant holomorphic mappings. We denote by
End(E) the ring of endomorphisms of E. If E has no complex multiplica-
tion, it is well-known that End(F) = Z. Hence ¢(x) = nx for some integer
n.

We now seek conditions which yield g = ¢(f) for some ¢ € End(FE).
To this end, we first remark that the number of the totally ramified value
for nonconstant holomorphic mappings f : X — F is at most 8sg — 8. Let
¢ € End(F) and consider a curve

S={(z,y) EEx E;y=¢p(x)}

in E x E. Let L be the line bundle [S] determined by 5’ . In this section,
7 denotes the infimum of rational numbers such that vF @ [S]™1 is ample.
Then we essentially use the following theorem proved by T. Katsura:

THEOREM (Katsura). Let ¥ be as above. Then 7 = degp + 1.
By the above theorem, we have the following corollary (cf. [16, p. 89]):

COROLLARY. Letn be an integer. If ¢ € End(FE) is an endomorphism
defined by p(x) = nx, then ¥ = n? + 1.
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If E has no complex multiplication, we can give the value of 4 by
direct calculation of Chern forms. This method is based on the existence
of valence of correspondence and hence does not work in the case where F
has complex multiplication (cf. [7, p. 286]). We give the proof of Katsura’s
theorem in the next section.

THEOREM 5.1.  Let f,g and ¢ be as above. Let D1 = {a1,...,aq} be
a set of d points and ¢ a endomorphism of E. Set Dy = ¢(D1). Assume
that the number of points in Ds is also d. Suppose that Supp;, f*D1 =
Supp, g*Da for some k. If d > 2(degp + 1) + 8(sg — 1)(1 + k=1), then

g=o(f).

Proof. Note that [D1] may be not equal to [Ds] but ¢([D1]) = ¢([D2]) =
d. We take a line bundle L — E with ¢(L) = d. In this case, we may assume

that . -
i
Go= (o = 8(s0 — D) L& (— 2 ) Ry
0= G780 b)Le (7 )h
Thus the assumption of Theorem 5.1 yields that G is ample. We have now
completed the proof of our theorem. 0

Note that, by Remark 1.11, Supp; f*D; is not empty under the condi-
tion in Theorem 5.1. In the above theorem, we assume that the cardinality
§Ds of the point set Dy equals d. However, it may happen that §Ds < d.
For example, if ¢(z) = nx (n € Z) and there exists at least one pair (i, j)
such that a; — a; is n-torsion point, then §Dy < d. In this case, by making
use of Proposition 2.17, we have the following:

THEOREM 5.2. Let f,g: C"™ — E be nonconstant holomorphic map-
pings. Let D1 = {a1,...,aq} be a set of d points and ¢ € End(E). Set
Dy = p(D1). Assume that the number of points in Dy is d'. Suppose that
Supp; f*D1 = Supp, ¢*Ds. If dd’ > (d+ d')(degp + 1), then g = p(f).

Proof. We take line bundles L; over E such that D; € |L;|. In Propo-
sition 2.17, let ny = no = 1 and p; = py = k/(k + 1). We also have
[Fl/Ll] = 1/d and [FQ/LQ] = 1/d/ Hence

27k 27epk
——[F/L - [F/L
y4l k—i—l[ 1/L1] + nip2 ng(k+1)[ b/ L]
can be written as
k 27k k 27k

P = — — .
1l dk+D) R4l dk+D)
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If dd’ > (d + d')¥, then P > 0. Hence the assumption of Proposition 2.17
is satisfied. This proves Theorem 5.2. b

COROLLARY 5.3. Let f and g be as in Theorem 5.2. Let D1 = {aq,...,
aq} be a set of d points and set Dy = {nai,...,naq} for some integer n.
Assume that the number of points in Dy is d'. Suppose that Supp, f*D; =

Suppy g*Da. If dd' > (d + d')(n® + 1), then g = nf.

In the case where X = C, Supp f*D; = Suppg*Ds and E has no
complex multiplication, we have Drouilhet’s theorem (cf. [5, Theorem 6]).
We do not know whether Theorem 5.2 is sharp or not. However, if the
condition dd’ > (d+d’)(deg ¢ + 1) is not satisfied, then it is not necessarily
true that g = ¢(f).

EXAMPLE 5.4. Let ¢ € End(F) be an endomorphism defined by
o(x) = 2z. Define f,g: C — E by f(z) = 7(x) and g(z) = —27(x), where
7 : C — E be the universal covering mapping. Let D; = {z € FE ; 4o = 0}.
Then Dy = ¢(D;1) = 2D;. It is clear that Supp; f*D; = Supp; ¢*D2. In
this case, d = 16, d’ = 4 and deg o + 1 = 5. Thus we have

dd — (d+d)(degp+1) = =36 < 0
and g # ¢(f).

The following unicity theorem is a direct conclusion of Theorem 5.1:

THEOREM 5.5. Letay,...,aq be distinct points in E. Let f,g: X — E
be nonconstant holomorphic mappings. Suppose that Suppy f*a; = Suppy
g*a; for all j, where 1 < k < +oo. Ifd > 8sg — 4+ 8k~ (sg — 1), then f
and g are identical.

In the case of X = C™, we have the following:

THEOREM 5.6. Let ay,...,aq be distinct points in E. Let f,g: C™ —
E be nonconstant holomorphic mappings. Suppose that Supp; f*a; = Supp,
g a; for all j. If d > 5, then f and g are identical.

We give here the concluding remark. If we choose special points of
FE, we obtain an example which yields that Theorem 5.6 is sharp. Indeed,
let aj,...,aq be two-torsion points in E and let p be the Weierstrass p
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function. If f{'a; = fya; for j = 1,...,4, it is easy to see that po f1 = po fo
by Nevanlinna’s four points theorem (cf. [10, p. 122]). Hence f; = fo or
fi = —fa. Since p — —p (p € E) is an automorphism of F, it is acceptable
that f; and fo are essentially identical. In this example, it seems that the
structure of the function field of E affects strongly the uniqueness problem
for holomorphic mappings. We conjecture that, if we take “generic points”
in F, then the number of points that implies the unicity of holomorphic
mappings is less than five. Further studies in this direction are expected.

§6. Appendix: Proof of Katsura’s theorem

In this section we give the proof of Katsura’s theorem, which is the
original proof due to T. Katsura.

Let E be a smooth elliptic curve as in Section 5. Let £1 = Fy = F
and ¢ € End(E). Then we regard ¢ as an isogeny ¢ : E1 — FEs. Set
A= E1 X EQ and

S={(x,¢(x)) ;z € E1} C A.

Let C be an irreducible curve in A. We denote by 7(C') the virtual genus
of C, that is,

2
- K
m(C) = W + 1.
Since K 4 is trivial, we have
2
2(C) = C 2+ 2 '

Since S = Fq, it is clear that Sis a smooth elliptic curve. Thus 52 = 0.
Set D = Ey x {0} + {0} x Ey. Then D? = 2. For brevity, we write E; for
Ey x {0} and Ej for {0} x Ey in what follows. Then we set

5 =inf{y € Q;vD — S is ample}.

For the proof of the theorem, we need some lemmas. The following lemma
directly follows from the definition.

LEMMA 6.1. Let §, Eq1 and E5 be as above. Then

(S-Ey) =degp and (S-Ey)=1.
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LEMMA 6.2. Let A be an Abelian surface, and C1 and Cs irreducible
curves in A. Denote by T, : A — A the translation by x € A. If (Cy-Cs) =
0, then Cy and Cy are smooth elliptic curves and T;Cy; = Cy for some
r e A

Proof. Takey € Cj and z € Cy and set ¢ = y—2. Then z € T;C1NCh.
If T;Cy # Cy, then (C1 - Cy) = (T;Cy - Cy) > 0. This contradicts the
assumption. Thus we have T;C'y = C and hence

C? = (T:Cy-Cy) = (Cy-Cy) = 0.

Thus 7(C7) = 1. This implies that C; is a smooth elliptic curve and so is
Cs. O

LEMMA 6.3. Let A be an Abelian surface, and C1 and Cs irreducible

curves in A. If (C1 - C3) = 1, then Cy and Cy are smooth elliptic curves
and A = Cl X CQ.

Proof. Suppose that C7 > 0. Set & = (C?)Cy — (Cy - C2)C. Then we
have (C7 - ¢) = 0. By Hodge’s index theorem, we see 2 < 0. Then we get

C?.02<(Cy-Cr)?=1.

It follows from C3 = 2x(04(C2)) that C3 is even. Hence C3 = 0. This
implies that C5 is a smooth elliptic curve. Without loss of generality, we
may assume that Co contains an identity element of A. Hence Cs is an
Abelian subvariety of A. Thus we have a fiber space

P A— A/Cs.

It follows from ¢~1(0) = Cy and (C; - C3) = 1 that Oy is a section of .
Thus C; = A/C, is a smooth elliptic curve, and hence 012 = 0. This is
absurd. Therefore C? = 0. This implies that C; is a smooth elliptic curve.
By the same method, we have C3 = 0 and C is a smooth elliptic curve. We
may assume that both of C; and Cy are Abelian subvarieties. We define
¢ :Cy xCy — Aby &(z,y) = v +y. Since (C - C2) = 1, we infer that &
gives an isomorphism. U

LEMMA 6.4. (A. Weil) Let A be an Abelian surface and © an effective
divisor on A. Suppose that ©% = 2. Then one of the following occurs.

(1) © is a smooth curve with genus two.

(2) There exists smooth elliptic curves C1 and Cy with (Cy - Cy) = 1
such that © = C1 + Cs.
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Proof. Let © = Zlizl n;0;, where ©; are distinct irreducible compo-
nents of ©. Then

Zn2®2+22nmj (0;-0;) =

1<j

If ] =1, then ny = 1 and © = O;. Hence the virtual genus 7(0) equals
2. Suppose that © is a singular curve. Since A contains no rational curve,
O is a singular elliptic curve. Let ¢ : © — © be the desingularization of
©. Then O is a smooth elliptic curve, and hence ¢ is a composite of a
homomorphism and a translation. Thus © is smooth. This is absurd. Thus
we conclude that © is a smooth curve with genus two. Next we assume
that [ > 2. Suppose that all (©; - ©;) = 0. By Lemma 6.2, we see that
all @% = 0. This contradicts the assumption. Hence, for at least one pair
of i and j, (©; - ©;) > 0. In this case, it is easy to see that [ = 2 and
np = ng = 1. We also have (01 - ©3) = 1. U

Now we return the proof of the theorem of Katsura. Set 4’ = degp + 1
and let F = 5/D — S. Then we have F2 = 0. On the other hand, we see
(F-E1)=1and (F- Ey) = degy. Since (F + E1)? = 2, we have

(F + E1)2

X(Oa(F + 1) = =

=1>0.

Hence hO(O4(F + E)) > 0 or h2(O4(F + Ey)) > 0. Since ((F+ E;)- D) =
degp + 2 > 0, we get h®(O4(F + E;) > 0. Then there exists an effective
divisor D such that

F+E ~D and D*=2.
Suppose that D is irreducible. It follows from F' ~ D — E; that
0=F>=D*-2(D-F)=2-2(D-E).

Thus (D - E1) = 1, which contradicts Lemmas 6.3 and 6.4. Therefore
there exist smooth elliptic curves C7 and Cj such that (C7 - Co) = 1 and
D = Cy + Cy. Since F ~ D — Ey, we have (D - Eq1) = 1 as above. Hence
(C1- E1)+ (C2- Eq) = 1. Without loss of generality, we may assume that
(C1-E1)=1and (Cy- E7) = 0. By making use of Lemma 6.2, there exists
a point x € A such that Cy = T;C. Hence

F~D—E =C +T'E —E).
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Thus F and C; are algebraically equivalent. Note that, for an arbitrary
curve C' in A, we have (F'-C) = (C1-C) > 0. Let € be a sufficiently small
positive rational number. Then we have

(¥ +e)D-S=eD+F.

We also note that, for an arbitrary curve C'in A, (D-C) > 0 and (F-C) > 0.
Hence, for an arbitrary curve C in A,

({(3 +¢)D—S}-C) > 0.
This implies 4’ > 4. On the other hand, we have
(3 —e)D — S = —eD + F.

By Lemmas 6.1 and 6.3, we see that (D -Cy) > 0 and (F - C;) = 0. Hence
we get L
({7 —e)D - 8}-Cy) <.

This implies 4/ < 4. Therefore we have 4/ = 4. We have now completed
the proof of Katsura’s theorem.
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