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PASSAGE-TIME MOMENTS FOR POSITIVELY
RECURRENT MARKOV CHAINS

TOKUZO SHIGA!, AKINOBU SHIMIZU? AND
TAKAHIRO SOSHI

Abstract. Fractional moments of the passage-times are considered for posi-
tively recurrent Markov chains with countable state spaces. A criterion of the
finiteness of the fractional moments is obtained in terms of the convergence rate
of the transition probability to the stationary distribution. As an application it
is proved that the passage time of a direct product process of Markov chains has
the same order of the fractional moments as that of the single Markov chain.

§1. Problems and results

In this paper we are concerned with the fractional moments of the
passage-time for continuous time Markov chains. The problem of finding
criteria for the finiteness and infiniteness of the passage-time moments has
been studied by many authors in various situations both for Markov or non-
Markov processes. (eg. [Al], [L], [TT], [CK], [MW] etc.) However most of
these results give only sufficient conditions for the finiteness and infiniteness
of the passage-time moments.

It has been well-recognized that the finiteness of the fractional mo-
ments is closely related to convergence rate of the transition probability to
the stationary distribution for positively recurrent Markov processes and to
its decay rate for null recurrent Markov processes, but it seems not straight-
forward to describe their relations.

Let S be a countable set, and let (X, P;)i>0.4e5 be a continuous time
Markov chain with state space S. The transition probabilities of the Markov
chain are denoted by p(x,y),z,y € S. Throughout this paper we assume
that (X, Py)i>04es is irreducible and positively recurrent. Then the in-
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finitesimal matrix {qsy}zyes of the transition probability satisfies

Gy >0 (@#Y), Y dey=0 (Y€,
yes

and
0< @y =—Gpa <00 (z€b).

For x € S let T, be the passage-time to x, and denote by T the first
returning time, namely

= inf{t > 0; X; =z}
and
=inf{t > 0;X; =Xo and X;# Xo for some s<t}.

Under the present assumption it is known that E,(T") < oo holds for every
x € S and there exists a unique stationary distribution v = (v,) which is
given by

(1.1) vy =

rEx(T) (z €9).

As seen in Lemma 2.1, to investigate the fractional moments of the passage-
times it suffices to consider the fractional moments of the first returning time
to any fixed starting point.

In the present paper we give a complete criterion for the finiteness
and infiniteness of the first returning time fractional moments in terms of
convergence rate of the transition probability to the stationary distribution
as t — o0.

One of our motivations comes from a problem arising in population
genetics. In [SS] was obtained a limit theorem involving the mean number
of different types in n random sampling in a certain stationary interac-
tive Fleming-Viot processes under the assumption that for the n-product
process (X, P Py )) of the Markov chain (X, Py)t>0ze5, E(n)(TQ) < oo is
fulfilled, where T" stands for the first returning time of (X, Py )) so that
the following problem arises naturally:

Let a be a real number with @ > 1 and n be an integer with n > 2.
Then does it hold that E,(T%) < oo implies B (T) < oo ?
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In the case o = 1, the problem is trivial, because the n-product process
is also positively recurrent and its stationary distribution »(™ = (v("(x))
is given by

v (x) = I ve;, for x=(x1,29,---,2,) €S

However if a > 1, the problem is highly non-trivial. In this paper we present
two theorems which give criteria for the finiteness and infiniteness of the
fractional moments, and applying these results we solve the above problem
in Theorem 1.3.

Our result are the following.

THEOREM 1.1. Let a > 1. Then E,(T%) < oo if and only if

o
(1.2) sup/ e M2 (py(x, ) — vp)dt < 0.
2>0J0

For g > —1, let
(1.3) +?(0) = / e (py (2, ) — vy ).
0

It should be noted that rgﬁ )(0) > 0 does not hold in general, (see Remark
2.1). However if (1.2) is fulfilled, then

. (a—2)
)1\1{% ry (0)

exists as seen in the proof of Theorem 1.1.

Next we state another version of the fractional moment criterion. Let
((X+,Y2), P, ® Py) be the direct product process of (X;, P;), and we denote
by T and T’ the first returning times of X; and Y;.

THEOREM 1.2. (i) For § > —1,
(1.4) E,®E, (TT’(T A T’)ﬁ“) < o,

holds if and only if

(1.5) /100 tP(pi(z, ) — vp)2dt < .
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(ii) For g = —1,
(1.6) E, ®E, (TT'log (T AT")) < oo,

holds if and only if

(1.7) /1+OO t Y pe(z, ) — vp)2dt < .

We remark that if E(T3+3)/2) < oo, (1.4) does hold, but the converse
is not true in general. If (1.4) is fulfilled, it holds that E(T7) < oo for any
0<~vy<(B+3)/2, (see Lemma 4.1).

Let (X}, P},) and (X7, P2,) be two positively recurrent and irreducible
Markov chains with state spaces S' and S2, and let 7" and T? the first
returning times of (X}, Pl ) and (X7, P2,), respectively. We denote by T
the first returning time of the product process ((X{, X?), Pl ® P2)).

THEOREM 1.3. Let a > 1, and x; € S', o € S?. Suppose that
EL ((TY)*) < 0o and E2,((T?)%) < oo, then it holds E; ® EZ (T®) < cc.

Theorem 1.3 follows from Theorem 1.1 and Theorem 1.2. In fact, denot-

ing p; (z1,y1), P} (22, y2), v' = (v3,) and v* = (V2)) the transition probabili-

ties and the stationary distributions of (X}, P}, ) and (X7, P2) respectively,
by Theorem 1.1 it suffices to show that

oo
(1.8) sup/ e M2 (pf (w1, 21)p} (12, 22) — v, v2,) dt < <.
A>0Jo

However from the assumption and Theorem 1.1 it holds

o
(1.9) sup/ e M2 (pi(xy, ) — Vi )dt < 0o (i =1,2)
x>0.Jo '

and by Theorem 1.2 with 8 = 2a — 3 it holds

(1.10) / P (pi(x, ) — V;i)th <o (i=1,2),
1
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so that (1.10) is valid for § = o — 2 because of & > 1. Now note that

pt (21, 21)p} (22, 22) — vy, V2,

< (p%(illl,llfl) - l/alcl)yg?cg —+ (p%(l’g,xg) - ng)yil

1 1

+§(P§($17$1) ez 5(??(@7%2) —v2,)%

Combining this with (1.9) and (1.10) with § = a —2 we obtain (1.8), which
completes the proof of Theorem 1.3.

§2. Preliminary lemmas

LEMMA 2.1.  Suppose that the Markov chain (X, Py) is irreducible.
Then for a > 0, the following three are equivalent.

(i)  Ex(T%) < oo for some x € S.
(ii) E.(T%) < oo for every x € S.

(iil) Ex(Ty) < oo for everyxz #y € S.

Proof. Obviously (i) and irreducibility imply E,(T5) < oo for every
y € S. Next we claim that

(2.1) E.(T;)) < oo for every y € S.

Using the following inequality; for any e > 0 there exists a C'(¢) > 0 such
that

(a+b)* <(1+4¢e)a®+C(e)b* (a>0,b>0),

and the strong Markov property, we see that for every M > 0

(22) E(Ty AM) = Eu(Tg ANM : Ty <T) 4 Ep (T3 AM : T, >T)
< E (T*)+ E,(T+0r -T)*"NM:T,>T)
<A +C)Ee(TY) + (L +)Pu(T, > T)E (T, AN M).

Noting that P,(T, > T) < 1 due to the irreducibility, choose € > 0 so that
(1+¢)P,(T, > T) <1, then (2.1) is immediate from (2.2).

The rest is trivial since for z, y € S, E.(T}) < oo and Ey(T}") < oo
imply E,(T%) < oo and Ey(T%) < oo. U
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Let x € S be fixed. For A > 0 and o > —1, let us introduce the following
functions of z € R:

(2.3) r&a)(z) = /0 e~ TR (py (2, 2) — vy)dt,
(24) SOS\&) (Z) =F, (/T e()\+iz)ttadt> ’
0
(2.5) Gg\a)(z) = /OO e~ AUy g (1) du,
0
where
(2.6) g(u) = vy (1 — e ") Ey(T) — Ex(T Au)) .

In particular we denote ry(z) = rg\o)(z) and ¢y (z) = gog\o)(z). Notice that

rf\a), gog\a), and Gg\a) are complex-valued functions, but rf\a)(O), gog\a)(O) and
@Df\a) (0) are real.
The proofs of Theorems 1.1 and 1.2 are based on the following relations.

LEMMA 2.2.

(2.7) ra(2)ea(z) = Ga(2).
(ii) For integer n > 1
(2.9 > ()P e = 6o,
k=0
(iii) For integer n >0 and 0 < vy < 1,
i n n— n n
29 Y (1) (4 @A + B ) =60 )
k=0

where for 0 <k <n and 0 <~y <1

(k) (n—k) (n—k)
o () (#0702 - o100 (2)
7) /0 W

k, v
(210) Bp*I(z) = e

ra—
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Proof. Let T™ be the n-th returning time, and ¢ be the first jump
time. Since the distribution of ¢ under P, be the exponential distribution
with parameter g, by using the strong Markov property we have

T(n+1)
Ex / 6*()\+zz)tI(X(t) — CC)dt — Ex (67()\+ZZ)T( )) .
T(n) A+ gy t+iz

NCAGIED
A+qe +iz

9

which implies

o0 . 1
2.11 ARt (2, 2)dt = .
(211) /0 ()t = e S Tt o )

Using (1.1), we have

r(2)ea(z) = (‘”E’C(T)

T Ntz At g +iz

- 80)\(2)> )
and the r.h.s. is easily identified with G\(z), which proves (2.7). To see (2.8)

take n times differentiations in A > 0 for both hand sides of (2.7). (2.9) is
easily checked using (2.8) and the equality

v ] — eV
- ZC dy=u".
F(l—’Y)/o it T
0

LEMMA 2.3. (i) There exist constants ¢y > 0 and ca > 0 such that

(&) Co
( ) 1+)\+|Z|_|90>\(Z)|_1+)\+|Z| ( >07ZER)
In particular,
C1 Co
(2.13) R SeO < (>0
(a)(z

(i) If E,(T*") < +oo for a > 0, L2\

is bounded in A > 0 and
oa(2)
z € R.
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Proof. Note that by the strong Markov property
(214)  oy(2) = —— B, (1- By (ef()\Jriz)Tm) e )
Atiz ¢ At qp +iz

which implies that

lim |14+ X +iz||ea(z)] =1,

and

inf |1+ X+ > 0,
A>10r71Z6R| + A +izl[pa(2)]

yielding (2.12).
Next, note that

T
(a) _ -1 ( —(A+iz)T a) 1 / —(Miz)u ,, a—1
=—FK, T E, du |,
P (2) Ntz e +)\+iz : e ou U
from which it follows
(o) < 2 E. (T
)] < T B (7).

Noting that

L A BTt
Azl—0 pa(2) E.(T) ~’
which yields (ii) by (2.12). U
LEMMA 2.4. Let —1< (3 < a.

(i) If sup rg\a)(O) < 00, then sup 7“&’6)(0) < 00.
A>0 A>0

(i) If -1 <a <0, then rg\a)(()) >0 for A > 0.

Proof. Note that
1
/0 y2P1 (0)dy = (e — B)r{ (0)

—/ e_’\ttﬁ</ e du) (pe(z, ) — vy)dt.
0 t

Since the L.h.s. is bonded in A > 0 by the assumption and so is the last term
of the r.h.s., (i) holds.
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For (ii) use (1.1) and the strong Markov property, then

@By (Ex, (e — 1+ ATy))

m(0) = Mo\ + q2) Ep (1 — e ) B, (T)

Since e — 142 >0 (z > 0), we have r,(0) > 0. Moreover,

H)(0) = T(—a) ! / 5 sy (0)dy

implies r&a)(O) > 0. 0

Remark 2.1. rg\n)(O) > 0 holds for every integer n > 0 and every
A > 0 if and only if pi(x,x) > v, for every t > 0, that is true if p;(z,y) have
a reversible measure, but it is not true in general.

83. Proof of Theorem 1.1

We prepare the following lemma.

LEMMA 3.1.  Let a > —1. E,(T“"?) < oo if and only if
sup Gf\a)(O) < 0.
Proof. As easily seen,
oo
sup/ e ME, (T —uw)y —Te ") u¥du < o
A>0J0

is equivalent to
/ E, )+) udu < oo,
which turns to E,(T%"?) < . 0

We divide the proof of Theorem 1.1 into 3 cases.
Casel: a=n+2 (ne€ Z;).
By Lemma 2.2 (i)
A(0)A(0) = GA(0),
which yields that supg.y; 7A(0) < oo is equivalent to supg.yq GA(0) < o0,
since 0 < infger<1 pa(0) < oo. Moreover by Lemma 3.1 this condition is
equivalent to E,(T?) < co. Then it is obvious that

1 G
lim 7, (0) = fimyo GA(0) exists.

AN0 E.(T)
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Next for 0 < k < n, suppose that supy. rf\k)(O) < o0 is equivalent to
E,(T**?) < oo for 0 < k < n, and that

(k) : <
)1\1{% ry (0) exists. (0<k<n)

By Lemma 2.2 (ii)
n—1

(3.1) rg\n)(())@)\(()) + Z (Z) rg\k)(())@g\nfk) (0) = Gg\n)(o).
k=0

If supy~g rg\n) (0) < o0, by Lemma 2.4 supy rf\k)(O) <oofor0<k<n,
so that by the inductive assumption we know E,(T""!) < oco. Hence the
Lh.s. of (3.1) is bounded in A > 0, so that sup,q Gg\n)(O) < 00, which is
equivalent to F,(T""2) < oco. The rest of the statement is also proved by
the same induction argument, so we skip it.

Case2: a=n+2+~v (n€ Z;, 0<y<1).

By Lemma 2.2
n—1 n
n ny\ (k n—k Y ok,
32)  0)ea(0) + Y (k) rE 00 3 (k> B7(0)
k=0 k=0
= G"(0).
If sup>\>07“§\n+7)(0) < o0, by Lemma 2.4, sup>\>0r§\n)(0) < oo and

SUpyq r§k+7)(0) < o0 (0 < k < n) holds, so it follows from the result
of case 1 that E,(T""2) < oo, hence the second term of the L.h.s of (3.2) is
upper bounded in A > 0. For the third term

k n—k n—=k
I T 3 ¢ 0 G VRS el O
O=ta 5 ), i v
< sup rg\k) (O)gof\nflﬁw (0).

A>0

Hence supy- Gg\nJﬂ)(O) < 00, which is equivalent to E,(T""2+7) < oo by

Lemma 3.1.

Conversely supposing that £, (T"2%7) < oo we claim that rg\nJW)(O) is
bounded in A > 0. By the result of Case 1, we know that r&n)(O) is upper
bounded in A > 0. So by Lemma 2.4, it holds that supy.ori* 7 (0) <
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oo (0 <k < n). Hence the second and third terms of the Lh.s. in (3.2) are
upper bounded in A > 0, which yields sup,+ r&nJﬂ) (0) < 0.

Finally using the inductive argument to (3.2) again, we can conclude
that

. (n+7)
)1\1{% LB 7(0)
exists.
Case3:a=2—7v (0<y<1).
Using Lemma 2.2 (i) we have
GO0 =15 [ e 0 (01
L'(v) Jo

Note that E,(T?77) < oo is equivalent to the existence of limy g Gg\_v) (0),

which turns to o
(3.3) / 51y (0)2y (0)dy < o,

since 7)(0) > 0 (A > 0) holds by Lemma 2.4, and (3.3) is equivalent to

N e 7 W S R
lim 1§ (0)_m)/0 "y (0)dy < oc.

§4. Proof of Theorem 1.2

The main tool for the proof of Theorem 1.2 is Fourier analysis. For
instance, applying Plancherel’s identity to the function r&a) defined by (2.3),
we have

@y e e [ e e - vt < o,
0

so that it holds

o0
(42) sup | 7§ [B=2m [ (o) — v < o,
A>0 0
where || - ||2 stands for the L?(R)-norm, i.e.

| £ 3= /R ().

Let us begin the following simple lemma.
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LEMMA 4.1. Let X,Y be independent identically distributed positive
random variables. If E((X AY)®) < 400 for a > 0, then E(X?) < +oo
holds for any 3 € (0,%).

Proof. From the assumption it follows
o0 o0
(4.3) / e 'P(XAY > x)dx = / 2 'P(X > x)%dx < oco.
1 1

For 0 < 8 < a/2, use the Schwarz inequality to get

0o 2 00 o0
( / P1P(X > x)dx) < / 1 P(X > x)%da / 2Py < 0o
1 1 1

which yields E(X?) < occ. O

LEMMA 4.2.  Let a > —1/2. Suppose that

(4.4) sup || 7 |l2< oo
A>0
Then
(4.5) E.(T?) < oo for every 0 < < a+ 3/2.

Proof. Applying the Schwarz inequality we have
oo 2 oo

(/ 2 |py (2, ) — l/x‘dt> < sup || 'rg\a) 3 / 2= gt < o0,
1 A>0 1

so that supy-g 7“(’6_2)(0) < 0o holds for § > 1. Hence by virtue of Theorem
1.1 we get (4.5). [

LEMMA 4.3. Let Gf\m(z) be the function defined by (2.5).
(i) Let 3> 0.

sup [ G/ [la< o0
A>0
holds if and only if
(4.6) E,® E, (TT’(T A T’)Qﬁﬂ) < .

(i) Let —1/2 < B < 0.

(4.7) JAE S [ NPN
0
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holds if and only if
(4.8) E, ® B, (TT’(T A T’)w“) < .
(ili) Let 8= —1/2. 1
[ 16aen Bar< o

holds if and only if

E, ® Ey (TT'log (T AT")) < o0,
where log, v = max{log z,0}.

Proof. Note that if 8 > —1/2, g(u)u® is extended to an absolutely
continuous function on R with value 0 on (—o0,0] and e **g(u)u” and
(e~ Mg(u)uP) are L2-function. Then Plancherel’s identity and Lemma 2.3
(i) implies that for some ¢; > 0

49) e | GV Jox o< e Mg |2 + || e (g(u)u®) 1o
for 0 < A <1, and that for some cy > 0
(4.10) e g(w)u’ [lo< ez | GV Jon |2 -

As easily seen, if 3 > 0, then supy~ || e M g(u)u? ||2< oo turns to

TAT'
E,®FE, / (T — u)(T" — w)u®’du | < oo,
0

which is equivalent to (4.6). Observing that E, ® E, (T AT")?*!) < oo
implies || e (g(u)u®)" ||]a< oo, we obtain the conclusion of (i).
If -1/2 < 5 <0, by (4.9) and (4.10), (4.7) turns to

/ )\251/ e~ 2 (9(w)* + ¢'(v)?) dudX < o0,
0 0
which is equivalent to
/ u?Pg(u)?du < 0o
0

and further to (4.8). The case § = —1/2 is essentially the same as the
previous case —1/2 < 3 < 0, so the proof is omitted. 0
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LEMMA 44. For 0 < k <nand 0 < vy < 1, let B/T\L’k’v(z) be the
function defined by (2.10). Suppose that

E (T F1H7) < 0o and  sup || rf\k) ll2< 00,
A>0

then it holds
(4.11) sup || By /px [|2< o0,
A>0

Proof. Note that

2 2\ ()0)\+
4.192 B"»kv’Y 3 l2< 2l / )\er Y d
(4.12)]] /oa ll2< Ta=) Jo o | o lloo

Let

A@) =1 @5 = o) for lloo -

Using Lemma 2.3 and integral by parts we see that for some constant C' > 0

T
1) < ConpEa( [ (14 A izje M1 - et
zER 0

<o(E ( /O Y- eyt)t"kdt) + B, (1= evTyrn)
B, ( / ' ye—ytt”—kdt) (n - R)E, ( / Y- e_yt)t”_k_ldt) ).

so that for some C; > 0

(4.13) ; J; Afff dy < Cy (E(T"*kﬂﬂ) n E(Tnkar’Y)) '

Hence (4.11) follows from (4.12), (4.13) and supys || 7")\ H2< oo by the
assumption. 0

Proof of Theorem 1.2.

Casel: f=2n (ne€Z;)
Note that by Lemma 2.2

n—1
(4.14) == 3 (1),
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First we assume (1.5) with 5 = 2n. The it holds that
(k)
sup || ry’ [la< oo (0<k <n),
A>0

so by Lemma 4.2 we have
E (T < o0,
from which and Lemma 2.3

sup 1o ™ Jor o< o0 (0<k<n—1).
>0

Hence the second term of the r.h.s. of (4.14) is L?-bounded in A > 0, so
that

sup || G5 /o [|2< oo,
A>0

yielding (1.4) by Lemma 4.3. Conversely, assuming (1.4) with § = 2n, by
Lemma 4.3 we see that the first term of the r.h.s. of (4.14) is L?-bounded
in A > 0. Also, by Lemma 4.1 it holds

E,(T"™) < 0.
Accordingly using Lemma 2.3 and induction we get
sup || rg\n) lla< o0,
A>0

which yields (1.5).

Case2: f=2(n+7v) (neZ,,0<y<]1)
By Lemma 2.2

n—1
n n n n—
(415) 7"& +7) _ Gg\ +'Y)/€0)\ - Z <k) Tg\k"r"/)(p()\ k)/so)\
k=0

o n n,k,
- (1)t
k=0

Assume (1.5) with 5 = 2(n + ). Then it holds that

sup || TE\IH'Y) la< oo (0<k<n),
A>0



184 T. SHIGA, A. SHIMIZU AND T. SOSHI

so by Lemma 4.2
BT < oo,

from which and Lemma 2.3

Sup 1 Jor o< 00 (0<k <n—1).
>

Hence the second term of the r.h.s. of (4.15) is L?-bounded in A > 0.
Furthermore, by Lemma 4.4 the last term of the r.h.s. of (4.15) is bounded
in A > 0, so that

sup || G Jiox [l2< oo,

A>0

yielding (1.4). Conversely, assuming (1.4) with 5 = 2(n+), by Lemma 4.3
we see that the first term of the r.h.s. of (4.15) is bounded in A > 0. Also,
by Lemma 4.1 it holds

E(T"17) < .

Hence by Lemma 4.4 and Case 1 the last term of the r.h.s. of (4.15) is L?-

bounded in A > 0. Accordingly using Lemma 2.3 and induction we get

sup || r{"*7 [l< oo,
A>0

which yields (1.5).

Case3: f=—y (0<vy<1)
Note that

o0

— _ —~/2
N a3 da =T )27 | #7713

So by Lemma 2.2

—v/2
sup || {77/ [la< 00
A>0

is equivalent to

/ XU GaJion |2 dA < .
0

Accordingly the desired conclusion follows from Lemma 4.3.

Case4: f=-—1
Note that

1 © 1 _ 6_2t
(4.16) / 7 |2 d) = 27r/ Lo (e 2) — w2t
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and the finiteness of (4.16) is equivalent to (1.7). It is also equivalent to

1
/ | GaJon 13 dA < oo,
0

which turns to (1.6) by Lemma 4.3. Thus the proof of Theorem 1.2 is
completed. 0
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