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INTEGERS FREE OF SMALL PRIME FACTORS
IN ARITHMETIC PROGRESSIONS*

TI ZUO XUAN

Abstract. For real z > y > 2 and positive integers a, ¢, let ®(x,y; a,q) denote
the number of positive integers < z, free of prime factors < y and satisfy-
ingm =a (mod ¢). By the fundamental lemma of sieve, it follows that for
(a,9) =1, ®(z,950,9) = p(¢) ™", ®(z,y){1 + O(exp(—u(log u —log, 3u —2))) +
O(exp(—+vTogz/2))} (u = logz/logy) holds uniformly in a wider ranges of x,
y and q.

Let x be any character to the modulus ¢, and L(s, x) be the corresponding
L-function. Let x be a (‘exceptional’) real character to the modulus g for which
L(s, %) have a (‘exceptional’) real zero 3 satisfying § > 1 — ¢o/loggq. In the
paper, we prove that in a slightly short range of g the above first error term
can be replaced by ¥(a)p(q) ™" - 2°p(u)(Blogy) " (1 4+ O((logy) ~'/?)), where
p(u) is Dickman function, and p’(u) = dp(u)/du.

The result is an analogue of the prime number theorem for arithmetic pro-
gressions. From the result can deduce that the above first error term can be
omitted, if suppose that 1 < ¢ < (log ¢)*.

§1. Introduction

The distribution for integers without large prime factors have been
extensively investigated, and have found applications in various problems
in number theory (for instance, to finding large gaps between primes, to
analysis of algorithms for factoring and primality testing and to Waring’s
problem).

The dual problem is of studying the distribution of integers free of small
prime factors (so-called sifted integers).

To state the results on this problems, we first introduce some notations.

Let p(n) be the smallest prime factor of n > 1, and p(1) = oo. For
real x > y > 2 let S(z,y) denote the set of positive integers n < x for
which p(n) > y, and let ®(x,y) denote the cardinality of S(z,y). Also, let

u = log z/log y.
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®(x,y) is an important function of analytic number theory. Various
estimates for ®(x,y) have been given by several authors (see, [1], [4], [8],
[9] [19], [24]), and has a variety of applications (see, [7], [8], [11], [14]).
Thus, it was shown in [4] that for any fixed u > 1

x

P(z,y)

~ o) (@)

where the function w(u) be defined by

wu) = 1/u, (1<u<?2)
(@) = wu-1), (@2

where for u = 2 the right-hand derivative has to be taken.
Recently, Hildebrand [10] derived an asymptotic estimate for w(u),
where he proved that for u > 2

(1)  w(u)—e " = 2Re {Wi)q)(u)} +0 (#u) |q>(u)|) ,

where

1 v ev
(1.2) ®(u) = e = T0(0) exp {—’y —up(u) — /0 dv} ,

and where (1) = A(u)+ip(u) is the unique solution of ¥ —1 = —up(u)
in the range A(u) > 2, 0 < pu(u) < 4w/3. Moreover, we have

(1.3) lh(u)| < A(u) < log u.

Tenenbaum [19, Theorem II1.6.7] obtained an estimate for ®(z,y) in a
wide range. Very recently [24], we extended the range of asymptotic estimate
for ®(x,y). Then we deduce from the result that the estimate

(14) (z,y) = =[] <1 _ 1>

_W(u=0) (—1)Fw® (u—0)
gy | (logyf )

z|®(u)|(log u)*
O ( (log y)k+2 > '
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holds uniformly in a wide range, where k£ > 0 is fixed
By (2.7) of [10], we have

2

(15) (/o) e { T

u

(1+ o<1>>} |

where p(u) (the so-called ”Dickman function”) is defined as the continuous
solution of the system

plu) = 1 (0<u<),
—up'(u) = plu—1) (u>1).

An approximation to p(u) in terms of elementary functions [10, (1.8)]
is

(L6)  plu) =

Ly 1 L3 Ly 2 L3
eXp{—u(L+L2_1+f—f—m+ﬁ—ﬁ+0 - ,

with L = log u, Ly = logyu (= log log u).

A natural problem is to investigate the distribution of the integers free
of small prime factors in arithmetic progressions.

In analogy as the function ®(x,y), we define

‘I’(l’,y; aa‘]) = Z 1, (I)q(xay) = Z L.

neS(z,y) neS(z,y)
n=a(mod q) (n,q)=1

Buchstab [4] considered the function ®(z,y;a,q), and obtained the same
result as the case ¢ = 1 described above.

By the fundamental lemma in the form given in [9, Ch.2, Th.2.5], it
follows that for (a,q) =1

(1.7)  ®(z,y;a,q) =

ﬁ (. y) {1 L0 (efu(log u—log, 3u72)) L0 (e*%\/@)}

holds uniformly in the ranges

(1.8) 1<q¢<Vz, P(qg)<y and 3/2<y<ux/q
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where P(n) denotes the largest prime factor of n > 1. The current sieve es-
timates (see, for example, Iwaniec [13]) give that for y > exp {(log )50/ 11
the error terms in (1.7) can be replaced by the bound

e—u(log u+logy 3u—140(log, 3u/ log u)) + p(u) log y.
In [22], Wolke showed that for any A > 0 the following holds

Py(2,9) A

&(z,ya,q) — -2 log x)~
max max (2,950,9) 2(0) < z(log )

with @ = z'/?(log )~ % and B = B(A) > 0.

In this paper, we will give further estimates for ®(z,y;a, q).

Let x be any character to the modulus ¢, and L(s,x) be the corre-
sponding L-function. Let x be a real character to the modulus g for which
L(s, ) have a real zero 3 satisfying > 1 —cp /log g, where ¢ is a suitable
positive constant. Also let xo be the principal to the character modulus gq.

Let

(1.9) Le(y) = exp {(log 9)* 7~ .

where ¢ is any fixed positive number.

THEOREM 1. Fize > 0. Let x,y satisfy

(1.10) x> x0(e), exp {(log :c)2/5+8} <y <,
and
(1.11) 1 < g <exp{cilog y/log,z},

where c¢1 is a sufficiently small positive constant, and x be a nonprincipal
character modulus q.
(i) If x # X, then we have uniformly

(1.12) Z x(n) < zexp{—calog x/log q} + z/L.(x),
nesS(z,y)

where ¢y is a suitable positive constant, and L.(x) = exp {(log :1:)3/5*5} is
defined as in (1.9).
(ii) If x = X, then we have uniformly

GONDY x<m="’§£§2 (o () o (5m)

nesS(z,y)

where p'(u) = dp(u)/du.
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By [3], we have p'(u) ~ —p(u)log u. Thus, p'(u) can be estimated by
(1.6). In [23], we obtained a sharp asymptotic formula for p’(u).

THEOREM 2. Let (a,q) = 1. For x,y satisfying 3/2 <y < x/q, and

(1.14) 1< qg<exp {min(c;:,\/log x, cslog y/log, x)} ,  Plg) <y,

where c3 is a sufficiently small positive number, we have uniformly

S SRS (O R )
(115) ®(z.y:0.q) = SO(Q)(I)( ’y)+s0(Q) Blog y <1+O(

+ O (e_%\/@> .

)

We note that though the result (1.7) is stated in the range (1.8), it yields
an asymptotic estimate for ®(z,y;a,q) only when u = log x/log y — oo,
as & — 00. In Theorem 2, the range of asymptotic estimate for ®(x,y;a,q)
is 3/2 <y < x/q and (1.14), which is necessary to estimate the sum of form
2 neS(zy), n=a mod ¢ J (n), Where f(n) is an arithmetic function.

COROLLARY 1. Let A >0 be fized, (a,q) = 1. The estimate

(1.16) O(z,y;a,q) = ﬁ O(z,y) (1 +0 (e_%\/@>> ,

holds uniformly in the ranges 3/2 <y < x/q, and
(1.17) 1<qg<(logz)d,  Pg) <y.

We note that Corollary 1 remove the first error term of (1.7).

Theorem 2 is an analogue of the prime number theorem for arithmetic
progressions, which can be stated as follows (see, for example, [5, p.123,]
and [16, p.315,)).

If we suppose that

(1.18) qgexp{C(log :c)l/Q},

where C is any positive constant. Then

L () Y PN ey
(1.19) m(a: ’q)_w(Q) w(q)/g logvd +O< ’ )
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for a positive constant C’ depending only on C, and this holds uniformly
with respect to ¢ in the above range. Evidently, when y = z'/2, (1.15)
gives an asymptotic estimate for the number of primes in an arithmetic
progression.

From Theorem 2 and a result of [5, p. 124,], we also get

COROLLARY 2. On the hypotheses of Theorem 2, then, except possibly
if ¢ is a multiple of a particular integer q1 depending on x, we have uniformly

1 floe o
(1.20) O(z,y;a,q) = —q)(x,y){l-l-O (e_% log x)}
o(q)
We note that Corollary 2 remove the first error term of (1.7), if suppose
that ¢ is not an ‘exceptional’ modulus.
By [5, p. 124], the lower bound for the exceptional modulus ¢; is

(1.21) q1 > log x/(logy x)%.

§2. Preliminary lemmas

Let ¢ > 1 be integer, s = o + it, put
M(q,t) = max {log q, log? 3+ (|t + 3)} .

LEMMA 1. There exists a constant cg > 0, such that
(i) in the region o > 1 — co/M(q,t), there is no zero of any L(s,X)
with character x(mod q) except, possibly, one simple real zero of a function
L(s,x) belonging to an exceptional real character x(mod q).
(ii) in the region o > 1 — co/M(q,t), for all nonprincipal character
x(mod g),
L(s,x) = O(log (q(Jt] +2)).

(iii) in the region o > 1 — ¢o/2M(q,t),|t| > 1, for all nonprincipal
character x(mod q),

log L(s, x) = O(log (q([t| +2))).

Proof. (i) See [16, Th.17. 4. 2]
(ii) It can be deduced from the estimate (24.2.8) of [16].
(iii) To prove the result, it suffices to show that

L'(o +it, x) E

Lotity) s—p  Cleslalitl+2)),
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where 3 is an exceptional real zero of L(s,x), and FE =1, if there exists an
exceptional character ¥(mod ¢) and x = X, and E = 0, otherwise,

The proof of the last estimate is almost the same as that of [17, Ch.IV,
Th.7.1].

Let

Lis,xiy) = [] (1= x@)p~) "
P<y
To prove Theorem 1, we need an estimate for L(s, x;y). Fouvry and Tenen-
baum [6, Lemma 6.3] have given a such estimate, but it would not be
sufficient for our purposes (cf. §4, proof of Theorem 1(ii)). The following
lemma gives a slightly different estimate for L(s, x;v).

LEMMA 2. Let s= o0 +it, o,t satisfying
(21) o> 1-a/MAM(T), | <exp{(logy)*? <},
where T =2|t|, if |t| >v*, and T =2y, if |t| <y*, and let q satisfying

(2.2) 1 < g <exp{cslog y/logy y},

where cg s a sufficiently small positive constant. Then we have uniformly
for x # xo(mod q)

(2:3) Lis.xiy) = eI L(s, ) (1 + O(R(y, 1,0))).
where E is defined as in the proof of Lemma 1, and where

(24) R(yt,q) = (e7cs1wv/M@) . omcolomu/M@) ) 1062 g(|t] + ),

here c5 is a suitable positive constant, and

,@—J yufit
2.5 0! = d if t#£0).
(25) o= [ Lgdu G £0)
Proof. Our method of proof for the lemma has its roots in Vinogradov’s
approach to the fundamental lemma of [21]. (Also see [24].)
To prove the lemma, we use two different ways to compute the following

integral:

1 1+:T yw
2.6 J=— —log L , X) dw,
(26) 5w |l L(s +w ) du
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where s =0 +it, t #0, 0 > 1—c¢o/4M(q,T).
One side, applying Perron’s formula we have

(2.7) J = _ng /11” v (1—%) dw

ir W
= log L(s,x;y) + O (y’l/g) :

where the sum is taken over all primes.
The other side, by residue theorem we have for x # xo, X(mod ¢q)

(2.8) J = log L(s,x)

1 “ AT — AT LHT N g
—(/ +/ —1—/ )—logL(s—l—w,X)dw,
2mi \J1—ir AT _AyiT) W

where A = ¢y/4M(q,T).
By Lemma 1 and the definition of T, the integral along Rew = —A is

_l’_

(2.9) < em s u/M@T) 1002 (¢T) < R(y, t,q),

and the integrals along the horizontal sides are O(y~2).
Hence, for x # xo0, X(mod q), we get

(2.10) J =log L(s,x) + O(R(y, ,9))-
If there exists x(mod ¢) and ¢ # 0, we have

(211)J = log L(s,x)

1 —A—iT —A+iT LT N g
+ —(/ —1—/ —1—/ >—logL((s+w,>~<)dw
2me \ J1_iT —A—iT —A4iT/) W

1 yv -
+— [ =—log L(s+ w, x) dw,
21 Jr w

where I' is a loop starting and finishing at w = —A —ét, and encircling the
point w = 3 — s in the positive direction.

To estimate J in the case, by the above argument, it only remains to
estimate the fourth integral on the right-hand side of (2.12), namely, that
along I'. We note that the function L(s+ w, x) has a zero w = 3 — s, hence

log 75}‘?“] g) is regular at the point w = 3 — s. From this we have

1 yv N -1 1
212) — | Z—log L dw = — —1 ——dw.
212) 5 [ Ltog L+ w0 = o [ Lotog ———au
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Using the argument of [20, pp. 64-65], the integral on right-hand side
of (2.12) is equal to

ﬁ—a yufn
-/ ~du+ O(R(y.,9))

oo U—

So, for x = x, we get

(2.13) J =log L(s,X) —(y,s) + O(R(y,t,q)).

The desired estimate (2.3) follows from (2.7), (2.10), (2.13), (2.1) and (2.2),
if ¢ in (2.2) has been chosen sufficiently small. ( We note that from this we
can deduce R(y,t,q) < 1, hence exp {O(R(y,t,q))} = 1+ O(R(y,t,q)). )

Remark. To show Theorem 1, the estimates for L(s, x;y) are needed.
We will apply (2.3), to obtain the estimate for L(s, x)/L(s, x;y) in the case
c=1-0=1-1¢/(4M(q,T)), and [t| < L.(z) = exp {(log z)3/°+<} | (see
§3, (3.2)) and 0 = 3 — 6 and |t| < L.(x). (See §4, (4.12) and (4.14).) In
the range, the estimate of Fouvry and Tenenbaum [6, Lemma 6.3] would
not be sufficient. Moreover, Saias [18] gives an estimate for a related quan-
tity ((s,y) = [[,<, (1 — p~*)~1, but the range only to [t| < Lc(y); also
Hildebrand and Tenenbaum [12] gives an estimate for the same quantity,
but only when o = ‘a’ — a saddle point for ((s,y)z*, those corresponding
estimate would not be sufficient for our purposes.

Thus it can be seen that the lemma of Vinogradov [21] provided a useful
tool in this topic, though the paper [21] was criticized. For instance, Norton
[15] pointed out that the results stated as case 1) and 2) of Theorem 1 in
[21] are incorrect. (In the proof of the lemma in [21] there was some defect,
so we [23] have given a summary of the proof once more.)

Let

l1—0 u—1t
v(y,s>=/ U du (t£0).

oo U— 1
From (2.5) we have
(2.14) Yy, s) =y, 1+ 0 — B +it).
LEMMA 3. On the hypotheses of Lemma 2 we have

(B—s)log y el — 1
(2.15) L(s,X;y) = exp —’y—/ dv
0

L(s,x)
P (1+ O(R(y, t.,q)))-
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Proof. By Lemma 2, to prove the lemma, it suffices to show that

(2.16) Y(y,s) =mi+~v+ I((1—s)log y) + log((1 — s)log y),

where

I(s) = /OS (eV — 1)v ! dv.

We can write
1—s
W) = [ ytelde (@20,
—oo—1t

By Cauchy’s theorem , we have

(2.17) v(y, s) —I—/ Yy w™ dw = 2mi,
I'1+T2+T'3

where I';(1 < ¢ < 3) are defined as follows:

(i) T’y is a line segment from 1 — s to 1 — o;

(ii) 'y is a semi circle starting at w = 1—o0 and finishing at w = —(1—0),
and encircling the origin w = 0 in the positive direction;

(iii) T's is a line segment from —(1 — o) to —oo.

Clearly,

(2.18) / w™ dw = mi.
I

From (2.17) and (2.18) we get

1-s ,w l-0o v_1 —00 v
(2.19) ~(y,s) =mi + / Y dw + / Y dv — / Y_ v

1-o W —(1-0) v —(1-0) VY

It is well known that T'(1) = —, where I'(s) denotes the gamma-
function. It follows that

1 ~+o00
(2.20) -y = / (7’ — 1w tdv+ / e vl dv.
0 1

Thus, the desired estimate (2.16) follows from (2.19) and (2.20).
This completes the proof of Lemma 3.
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By Lemma 3 and the definition of §(y, s), we have

(2.21) Y(y,s) = v+ 1((8 — s)log y) + log((s — B) log y).

Let £(u) denote the positive solution of the equation e = ué+1 (u > 1).
Then we have £(u) = log u + logy u + O(log, u/ log w).

To further estimate 5(y, s), for s = B+ it = § — £(u)/log y + it, it can
be written as

(2.22) Ay, B+it) = v+ 1(&(u)) + w(u, —itlog y) + log(—&(u)),

where

w(u,z) = /OZ ST (e () + w) 7 dw.

Let a(u,t) = Re w(u, —it). The following lemmas give the estimates for
a(u,t), which are proved in [23].

LEMMA 4. Foru > 2,t > 1 we have uniformly

6(JL(u,t) < efu/(9log2 u)

LEMMA 5. Foru > 2,0 <t <1 we have uniformly

_ 2
ea(u,t) <e crut ,

where c7 is a sufficiently small positive constant.

§3. Proof of Theorem 1 (i)

Perron’s formula gives

1 [+ L(s,x) z° xlog x
G 2 X(n)_%/ (S,X;y)?d8+0< T )

7 L
nes(z,y) 1=l

where o1 = 1+ (1/log ) and T = LZ(z) = exp {2(log x)3/5_€} . Suppose
X # X(mod ¢). By Cauchy’s theorem we have

1 o1+ L(S X) 5 1 1-6+:T o1+ 1-6—:iT
LN R Y S i
21t Jo v L(s,x39) s 2mi J1-s—it 1-6+iT  Joy—iT

where § = ¢o/(4M(q,T)). By Lemma 2 we have, for x # x and z,v,q

satisfying (1.10) and (1.11), respectively,

L(Sv X)/L(va;y) < 1.
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Hence, the integral along Re s =1 —§ is

1—6+4T
(3.2) < /
1

—0—1iT

S

|ds| < zexp {_W} log (¢T).
By the definitions of M (q,T") and T, we have
(3.3) M(q,T) = max {log q, (log :c)2/5+5} .
So, the right-hand side of (3.2) is bounded by
< zexp{—calog x/log q} + x/L.(x).

Moreover, the integrals along the horizontal sides are

o1
(3.4) <</ T '2% do < x/L.(x).
1-6

Combining these estimates we obtain (1.12). This completes the proof of
part (i) of Theorem 1.

§4. Proof of Theorem 1 (ii): the case u > log3y

To prove the theorem, we need the following lemma.

LEMMA 6. Foru > 2, we have uniformly
P () = 7 EHED) (¢ (u) log )T (u) + O(E,),

where

1 /1 S
J(u) / ew(u,—zﬂ-{-ztu dt,

(f: tlog y) and
E, = e_ug(“)'i'](g(u))—Csu/ log? u

where cg is a suitable positive constant.

Proof. By (1.9) of [2] we have

(4.1) plu) = = / TuH ) gs (u>1).

211 — 00
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From this, (3.3) and (3.4) of [2] we obtain for "> 1,u > 1

1 & —Uus S -
(4.2) p(u)—Q—m,/_T e’ H()ds—l—O(T .

Form (4.2) and the definition of p(u) we get

-1 o —(u—1)s s -
(4.3) o (u) = S /_‘T (D) g 1 O (T71).
Since -

—1
(4.4) Re I(iT) = / % dt = —log T + O(1),
0
and
&(u)
(4.5) I(o +iT) - I(iT) < T~* / e’ do < 1,
0

if T > et and 0 <o < &(u), so we have
(4.6) pl(u) = —u ey (U DEHIEW) 1y () 4 O(1/T),
where -
(4.7) Jy(u) = - / it (u—1)+I(g(u)4+it)—I(Ew) gy

2w T
Obviously

€ w

rew) +it) - 1660) = [ g du g (5.

So, by the definition of w(u, z), we have

dt.

1 T it (u—1)+w(u,it)
(4.8) () /

Tor o 1+ (itfE(w))

Choose T = €2“(") Jog 3. We split the range into the two parts: [t| < log y
and log y < |t| < T, the corresponding integral being denoted by J; and
Js. By Lemma 4 we have

T .
u,zt)‘ dt < e—u/(lOlog2 u) log y < e—cgu/loggu

e
(4.9) J; < /10gy [T+ (it /&)

since u > log3 .
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To estimate Js, we note that the integrand can be written as
(—ig(u))e~ S itugewnit) /gy,

Partial integration and Lemma 4 give

log y ] )
(410) Jo = ué(u)eff(u) { 1 / e—ztquw(u,zt) dt + O (efcsu/logQ u)} )

2r —logy
Lemma 6 follows from (4.6) and (4.8)—(4.10).

Proof of Theorem 1 (ii): the case u > log3y
For x = x(mod q), by (3.1), we have

1) Y %) =— /UlHTMx_Sdﬁo( v >

neS(z,y) 2 o1—iT’ L(87X7y) S Lg(ZL')

By Cauchy’s theorem, the integral on the right-hand side in (4.11) may
be replaced by integrals Iy, ---,Ig over paths I'y,---,I'g which are defined
as follows:

I, is a line segment from 8 — & +iT to oy + iT, with T' = L.(x), §=
co/ (4M(q, T)): ] ]

I’y is a line segment from g — 6 + i1, to B — d + ¢1"; with

T cs o colog y

= X M

“Tlogz Pl4M(q,T) [’

log(cg_ltlog )
log y

I'5 is a curve described by 86—
to Ty;

Ty is a line segment from B + i to § — log(cg ' log 2)/log y + i, with
B =p—¢(u)/log y;

I's is a line segment from B — i, to B + 1;

' is a line segment from ( — log(cg1 log x)/log y — i to B —i;
log(fcg_ltlog x)

log y

+ it, as t increases from 1

I'; is a curve described by 8-
T, to —1,

I'g is a line segment from 8 — § — iT to 3 — § — iTy;

Iy is a line segment from oy — iT to § — & — iT.

+ 4t, as t increases from

By Lemma 2 we have, on I’y
(412) |L(s,0)/L(s,00)] < i) < exp {47~ ((t]1og )7}

< exp{y’(It|log y) ™'} < e/ex.
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From this and (3.3) we have

L < /T aPe—0log etu/esy—1 gy
< xﬁaexp {—q;(log x)3/575} log T+ 2P exp{—cglog z/log q}log T.
(1.10) and (1.11) give
cglog x/log q > cyciulogy x > 2ulog u,

and

2ulog u < (log x)%/5~/2.

By the definitions of {(u) and I(s) we have &(u) = log u + O(log, u) and
I(£(u)) = O(u). From the above estimates and u > log3 y we deduce that
(4.13) I < xﬁefug(“)H(é("))(log y)~Lemcow/ log? “(log y) ! == E.

Also, it is easy to estimate I} < Ej.
On I's we have, by Lemma 2

(4.14) L(s, 0)/Lls, %59)] << €109 < exp {3 (felog )1} < v/,

From this we further have
T . B
(4.15) Iz < xﬂ/ e~ ulog(eg tlog @) ju/cs gy o 08— (3u/4)logy @ EL,
1

here we have used (1.10).
For I, we readily get
B ~

(4.16) I, < / 27 e do < e WU/ (1og )71 « By,
1/2

since u > log3 .
For I;(j = 6,7,8,9), by the same argument as before we get that they
can be bounded by the right-hand side of (4.13). So, we obtain

(4.17) > %(n)=I + O(Ey) + O(x/Le(x)),
nes(z,y)
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where B
1 Y L(s,x s
2mi B—i L(‘SaX; y) S

To estimate I, we note that by B = 3 — ¢(u)/log y we have, for

s=B+it, (8—s)log y=¢&(u) —itlog y. So, by Lemma 2 and (2.22), the
integral Is can be written as

5 1 L gw(u,—it)+itu
(4.19) Is =2"Q(u) - or /1 T Byt (1+O(R(y,t,q))) dt,

where t = tlog y, Q(u) = ¢?~®W+HEW)(—¢(y)) and w(u, —it) is defined
as in §2.

By Lemmas 4 and 5 we have (ew(“’_"‘ﬂ”f“) /(B +it) < 1. From the
definition of R(y,t,q) and (1.11), it follows that

R(y,t,q) < e~ v/198.0 4 =092 0)°  (log )~V

Hence, the contribution of the error term O(R(y,t,q)) to the integral
in (4.19) is )
< 27 Q(u)(log y) V.
From this, (4.17) and (4.19) we obtain

1

or

(420) > x(n) = Q) /_ 11 eww—ibtitu By iyt dt + O(Ey),

nes(z,y)

By Lemma 6 we have, for u > log% Y,

1 _
@2 ) =Qulogy-5- [ e Oy,
-1

where ,
(4.22) E, = e~ (W) +I(€(u))—c1u/log “(log y)fl'

Moreover, it is well known (see [2], (1.6)) that

Hence, in order to prove the theorem, it suffices to show that

1 [t o L 1 1 1 logu
424)  — wu—itidu (2 ) g o 08U
(4.24) 27r/1€ (B—i—it ﬂ) < Vulog ylog y
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We have 1/(B +it) —1/3 < £(u)/log y 4 t. From this, Lemmas 4 and
5 we deduce that the integral in (4.24) is

1/log y 9 1 )
< / e=c0u(t108 9 (¢ () log y + £) dt + / ¢~u/(O1og® w) gy
0 1

/log y
1 logu /910820 1 log u
< Vilogy logy ' © < Vulogy logy’

since u > log3 y. The desired estimate (4.24) follows.
This completes the proof of Theorem 1(ii) in the range considered.

§5. Proof of Theorem 1 (ii): the case 2 < u < log3y

We need the following lemmas.
LEMMA 7. For s=o+it,o > 0,|t| > 1, we have uniformly
1) < (o + it]) " exp {e7 ([£]) 1}

Proof. We may suppose without loss of generality that ¢ > 1. We have

1 eV — 1 1 eV it ev
I(0+it):/ dv + —dv—i—/ —dv + K; — log(o +it),

0 v 1 v i v

where
o+it o )
K = / v Hdy = / eVt (v 4 it) L du.
it 0

Hence

g
Kl < [ e o < Jel e
0
The Lemma follows from the above estimates.

LEMMA 8. For 2 <u < (logyy)? we have uniformly

-1
(5.1) p'(u) _ 2_m e'yfus+1(s)+log S ds + O(Eb),
L

where Ey is defined as in (4.22) and contour L will be given in (5.6) below.
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Proof. By Cauchy’s theorem the integral on the right-hand side in
(4.3) may be replaced by integrals Ji,---,Jg over paths Li,---, Ly which
are defined as follows:

Ly is a line segment from 2logy y + i7" to i1, with T' = e2us(w) 162 y;

Ly is a line segment from 2log, y+417 to 2log, y+¢71, with 171 = log? y;

L3 is a curve described by log |t| + it as t increases from Tb to 11,
where T, = log y;

Ly is the same curve, as t increases from T3 to 15, where T35 = ef(“);

L5 is a line segment from &(u) — iT5, to {(u) + iT5;

Lg is a curve described by log |t| + it as t increases from —T5 to —T5;

L7 is the same curve as ¢ increases from —T17 to —T5;

Lg is a line segment from 2logy y — i7" to 2log, y — ¢717;

Lg is a line segment from —iT" to 2log, y — 7.

By Lemma 7 and (4.3) we get

-1 (T , ,
(5.2) Jy = — 67—(u—1)(210g2 y+it)+1(2log, y+it) dt + 0O (T—l)
2w Jpy

T
< u—l / e—2(u—1)log2 yt_ldt < u—le—Q(u—l) log, yu2
T
-1 1-u
< u (logy) ™
If 10 < u < (log, y)?, then the above bound becomes
(5.3) < u e "W (1og 3)17W/2 « .

If 2 < u <10, we easily see that the same estimate holds.

Similarly, we can show that the same is true for the integral Jj.

We now show that the integral J3 is bounded by Ej. By Lemma 7 we
have

Ty
(5.4) J3 K ul/ e~(w—Dlog =1y u ! (log y)' 7Y,
T

and the desired bound follows.

Similarly, we can show that the integrals J; (j = 7,8,9) is bounded by
Ey.

Thus, we obtain

(5.5) o) = —

2miu

/ V= (w=Ds+1() g5 4 O(E),
L
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where
(56) L=L4s+ L5+ Lg.

To estimate the integral in (5.5), we note that
(5.7) I(s) =I(1) + E(s) —log s,

where

Hence, the integral in (5.5) equals

-1
o | Ql( Yo Hum B2+ (50 4 )1 gt

1 L d )
- Ql( )( —02) e—ztua (eE(og-i-zt)) dt,

" 27w
where oy = log, ¥, and

Ql (u) _ e'yf(ufl)aerI(l) )

By using integration by parts this is

2_71 Ql( Je —itu—o2+E(o2+it) gy + O(Ey),

here we have used the estimate:
Po2HiTe) o (o2 Hill) |5y 4Ty < 1,
by Lemma 7. The desired estimate follows from this and (5.5)—(5.7).

Proof of Theorem 1 (ii): the case 2 < u < log 3.

We note that in the range considered, (4.11) is still valid. The integral
on the right-hand side of (4.11) may be replaced by integrals I1, - - -, I{ over
paths I'},---, T’y which are defined as follows:

I} is a line segment from § — § + 4T to o1 + T, with T = L.(x) and
5 = cof (AM(q,T)); ] )

I, is a line segment from 3 — § + T, to § — § + T, with T, =

1 cology | .
log y P { 4M(q,T) [
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log([t|log y)

I'; is a curve described by g — log y

T;;
I, is the same curve, as t increases Tp to 1, with T, = eS(w) (log y)~ Y
I'f is a line segment from B — T}, to B+ T}, with B = 5 —¢&(u)/log y;

log(]¢|log y)
log y

+14t, ast increases from 1 to

I is a curve described by § —
to —Ty;

I'” is the same curve, as ¢ increases —7), to —1,

T% is a line segment from § — 8 — T to 3 — & — iT.;

T is a line segment from oy — iT to § — § — 4T.

We note that in the range considered, (4.13),(4.16) is still valid, namely
I + I, + I, < Ey, and similarly I7 4+ I{ + I < E. Hence, we have

+ 4t, as t increases from —1

(5.8) Y X(n) =TI, + I+ Iy + O(By),
nesS(z,y)
where ) L(s.7)
/ s, x) x® .
(5.9) I; = ——="ds, (j=4,5,6).

~2mi Jr L(s,xiy) s
J
Moreover, by Lemma 8, we have

1 o
(5.10) p'(u) = =— / TG (—8) ds + O(Ey) = Jy + JL + J§ + O(Ey),
L

= 2m
where s = o 4+ it,5 = 0 — it and
-1 o
(5.11) Ji=— [ e HG54s  (j =4,5,6).
7o 2mi [y,

Hence, in order to prove Theorem 1 (ii) in the range considered, it suffices
to show that

(5.12) I~ a2’ (Flog y) ™ - J. < Ba, (j=4,5,6),
where )
(5.13) By = 2" Q(u)(vulog y) ' - (log y)~'/2,

and here Q(u) is defined as in (4.19).
We first consider the case when j = 4. By Lemma 3, the integral I can
be written as

-1 1
(5.14) Ii=2" — [ F(ut)s™" (1+O(R(y,t,q))) dt,
2 T
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where s = 3 — (log |t])/log y + it, and

(515) F(UJD — e’erI(log |t]—it)—ulog \f|+ifu(_10g |£| + Zﬂ
By Lemma 7 we have, for T; < |t| <1,

(5.16) |F(u, )| < e~*18 11l exp {|f|—lelog 'ﬂ} < (tlog y)™™

Moreover, the integral J; can be written as
1 !
(5.17) Jy=logy-— F(u,t)dt.
2 Ty
From §4 we know that R(y,t,q) < (log z)~", and
(1/s) = (1/5) < (|log |/ log y) + t.

Thus, from this, (5.14), (5.16) and (5.17) we obtain
(5.18) I} —a’(Flog y) "' T,

~ 1 -
= oo [P {5 0+ O ) - 57

- 2P /1(ylogt\+t)@<< P /1 dt
(log y)* Jg, \ log y tv " (log y)* Jq, t1

When v > 5/2, the last integral is

< T(;u+2 < (10g y)u72€7(u72)§(u)'

(We recall that T, = e£(*)(log y)~'.) Hence, we find that the right-hand
side of (5.18) is

(5.19) < xﬁefuf(“)Jrl(f(U))*u/?(log y)73/2 < BE».

If 2 < wu < 5/2, the last estimate remains true, since, for T, < t < 1, we have
t~utl < ¢73/2 and leb t=3/2dt < \/log y. Thus, (5.12) follows for j = 4.
Similarly, (5.12) holds for j = 6.

It remains to prove estimates (5.12) for j = 5.

It follows from Lemma 2 and (2.22) that

- 1 T, ew(u,—iﬂ-‘,—it_u
| g G olRw.ta) dr

Il =P .
e N
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By the relation

re(w) — i0) = 1(¢(w) + wlu —i0) +1og (52

§(u)
we have
1 B o
Jé = (log y)Q(u) - — / o (w,—it)Fitu gy
27 -7
Hence,
8
R e
log y
X u) s — e s 2 |
21 J_m, B+it f Y,t,q

By Lemmas 4 and 5, it is
- 1/log y .
(521) < 2PQ(u) / e (¢(4)/log y + 1) dt
0

~ Ty ) B
[ e () 08 8
ogy

Combining these estimates, we obtain (5.12) for j = 5 and hence the
estimate (1.13) of Theorem 1 (ii), in the range considered.
The proof of Theorem 1 is completed.

§6. Proofs of Theorem 2 and Corollary 1

Proof of Theorem 2
We first consider the case:

(6.1) exp {(log :c)2/5+8} <y<az'/?
‘We have
1
m>wwmh75wwHwawa
A X#X0 neS(z,y)

From this, Theorem 1 (i) and (ii), (1.15) follows. (We note that for P(q) <y
we have ®,(z,y) = ®(x,y).)
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We now consider the case: x!/?

theorem of arithmetic progressions, we have for ¢ satisfying (1.18)

(6.3)®(x,y5a,q9) = Z 1

y<p<z p=a(mod q)

T ~ z ,B3-1 ,
_ liz —liy X(a) / v dv+ O (xe—c log :v) '
©(q) v(q) J, logw

< y < z/q. By the prime number

We remark that for 1 < u < 2 we have p/(u) = —1/u. Also, yﬁ < x/+/log z,
since y < x/q < x/q1 < z/y/log x, by (1.21). From this, (1.14) (where c3
has been chosen sufficiently small) and the prime number theorem, (1.15)

follows.
If

(6.4) 3/2 <y <exp {(log x)2/5+€} ,

we have
p(u) = e~loe o) « emVIEr and  p'(u) ~ —log u - p(u),

hence (1.15) follows from this and (1.7).
This completes the proof of Theorem 2.

Proof of Corollary 1

To deduce Corollary 1 from Theorem 2 for x, y satisfying (6.1), it suffices
to show

(6.5) 2P < ge~Viog®

holds uniformly in the range (1.17).

By Siegel’s theorem, for any £ > 0 there exists a positive number c()
such that § < 1 — ¢(e)g ¢. Put ¢ = 1/(24 + 1), (6.5) follows, hence the
proof of Corollary 1 is completed in the range considered.

If 2'/2 < y < 2/q, the estimate (1.16) follows from the prime number
theorem of arithmetic progressions (the second term in (1.19) have been
deleted) and the prime number theorem.

If , y satisfying (6.4), the estimate (1.16) follows immediate from (1.7).

This completes the proof of Corollary 1.
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