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DENSITY MEASURE OF RATIONAL POINTS ON
ABELIAN VARIETIES

MICHEL WALDSCHMIDT!

Abstract. Let A be a simple Abelian variety of dimension g over Q, and let
¢ be the rank of the Mordell-Weil group .A(Q). Assume ¢ > 1. A conjecture of
Mazur asserts that the closure of A(Q) into A(R) for the real topology contains
the neutral component A(R)" of the origin. This is known only under the extra
hypothesis £ > g% — g+ 1. We investigate here a quantitative refinement of this
question: for each given positive h, the set of points in A(Q) of Néron-Tate
height < h is finite, and we study how these points are distributed into the
connected component A(R)°. More generally we consider an Abelian variety A
over a number field K embedded in R, and a subgroup I' of A(K) of sufficiently
large rank. The effective result of density we obtain relies on an estimate of
Diophantine approximation, namely a lower bound for linear combinations of
determinants involving Abelian logarithms.

§1. Introduction

Let K be a number field with a given real embedding. Let V be a
smooth variety over K. Denote by Z the closure, for the real topology, of
V(K) in V(R). In his paper [9] on the topology of rational points, Mazur
assumes that K = Q and that V(Q) is Zariski dense; he asks whether Z is a
union of connected components of V(R). However an example is given in [2]
of a smooth surface V over Q, whose Q-rational points are Zariski-dense,
but such that the closure Z in V(R) of the set of Q-points is not a union
of connected components.

We consider here a quantitative refinement. Assume that V' is embed-
ded, as a quasi-projective variety, into a projective space Py over K. Denote
by h the absolute logarithmic height (Weil height) on Py (K) (see [4], [5,
Chap. IV, §1], [6, Chap. III], [7, Chap. II}, or [12, Chap. II]):

Ky :Qy
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where Mg denotes the set of places of K normalized so that the product
formula reads

Z [Ky : Qyllog|y]y =0 for any v € K*.

veMy
Further, for ( = (g : -+ : (y) and &€ = (§y @ -+ : €n) in Py (R), write
max |G — (il
dist(¢, &) = 0<ij<N >0 ™

onax |Gl - max [¢]

For each sufficiently large real number H, define ny (H) as follows:

v (H) = inf{e 5 g for any ¢ € Z, there exists 7 € V(K)}

with h(v) <log H and dist({,7) <€
Since V(K) is dense in Z,
i ny (H) =0.

An upper bound for 7y (H) can be considered as a measure of the density
in Z of the rational points V(K).

A lower bound for 7y (H) is easily achieved as follows: denote by ¢y (H)
the number of points v in V(K) of height h(v) < log H. Then

lim inf oy (H) ny (H)3™Y > 0.
H—oo

Since the estimate ¢y (H) < CH" always holds, with a constant C' which
depends only on V' and K, but not on H, and with x = (dim V +1)[K : Q],

we deduce .

dim V"’

In certain cases a sharper lower bound for ny (H) is available. For instance
when V' is an Abelian variety A, if £ is the rank over Z of the Mordell-Weil
group A(K), then

liminf gy (H) - HY >0 with ' =
H—oo

liminf na(H) - (log H)“?9 > 0.
H—oo
Indeed there exists a positive constant C such that, for all H > e,

ba(H) < Clog H)"/2.
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This follows easily from the properties of the Néron-Tate height h associated
with the given embedding of A into Py, which is defined for v € A(K) by

For elliptic curve, see [5, Chap. IV], or [13, Chap. VIII, §6 and §9]. For
Abelian varieties, see [6, Chap. V], [12, §3.3], [7, Chap. I1I, §1], or [4, §3].

Since |h — b is bounded on A(K), it does not make a difference for us
to replace h by h. Accordingly we define

. ) for any ¢ € A(R), there exists v € A(K)
h) = inf : :
na(h) = in {E >0; with h(y) < h and dist(¢,v) <€ ’

where A(R)? denotes the connected component of the origin in A(R).

CONJECTURE 1.1.  Let A be a simple Abelian variety of dimension
g over a number field K embedded in R. Denote by ¢ the rank over Z of
the Mordell-Weil group A(K). For any ¢ > 0, there exists hg > 0 (which
depends only on the Abelian variety A, the real number field K and €) such
that, for any h > hg,
ﬁA(h) < h—(Z/Qg)-‘re'

This means that for sufficiently large h, any point in A(R)? should be
at distance < h~(/29)%¢ of a point of A(K) of Néron-Tate height < h. We
shall see that this Conjecture 1.1 can be stated in an equivalent way as an
estimate of Diophantine approximation, for which we shall produce partial
results.

We start with the special case of an elliptic curve. Here is a measure of
density for the set of rational points.

THEOREM 1.2.  Let £ be an elliptic curve over a real number field K.

There exist two positive constants C1 and Co, which depend only on € and
K, such that for any h > €€,

i (h) < Oy exp{—Cs(log h)(loglog h)~1~ (/9
According to Conjecture 1.1, it should be possible to replace the factor

Cy(loglogh)™'=%/0 by (£/2) —e for h > ho(e).
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The proof of Theorem 1.2 (see §3) rests on an estimate, due to N.
Hirata-Kohno, on the simultaneous approximation of quotients of elliptic
logarithms (namely Theorem 3.2).

As we shall see, the case of an elliptic curve is the only one where the
problem is reduced to a lower bound for a linear form in logarithms.

Let A be a simple Abelian variety of dimension g over a number field
K C R, with Mordell-Weil group A(K) of rank ¢. If £ > g — g+ 1, then the
closure of A(K) in A(R) contains A(R)". Moreover, if £ > g2, then there
exists v € A(K)NA(R)? such that Z~ is dense in A(R)? (see Corollary 4.6).
Our aim is to provide quantitative refinements to these density results.

We assume that A is embedded into a projective space Py over K.

THEOREM 1.3.  Assume £ > 2g®. Then there exist two positive con-
stants C1 and Cy such that, for any h > e,
2¢°

fla(h) < Cyexp{—Cs(log h)e} where 6 =1— 1

The constants C; and Cy depend on A and K, as well as on the em-
bedding of A into Py.

Here is the plan of this paper. The purpose of section 2 is twofold:
firstly we state a consequence of Kronecker’s Theorem which reduces the
density problem to a question of irrationality; secondly we give a transfer-
ence lemma which reduces the question of density measure to a problem of
Diophantine approximation on Abelian varieties. Next in §3 we discuss the
case of elliptic curves. Section 4 is devoted to the qualitative problem on
Abelian varieties, and sections 5 and 6 to the quantitative one. The main
results of Diophantine approximation (namely Theorems 5.2 and 6.1) are
deduced from [19].

Acknowledgements. It is a pleasure for the author to thank Noriko
Hirata Kohno for her helpful comments on this paper.

§2. Kronecker and Khinchine

Let E be a vector space of dimension n > 1 over the field R of real
numbers and let Y be a finitely generated subgroup of E. From a result of
Kronecker one deduces (see [18, Chap. II, Prop. 4.3]):
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LEMMA 2.1.  The following conditions are equivalent.
(i) Y is dense in E.
(ii) For any vector subspace V' of E distinct from E, we have

rankz(Y/Y NV) > dimg(E/V).

(iii) For any hyperplane H of E, we have rankz(Y/Y NH) > 2.

(iv) For any nonzero linear form ¢ € Homg(E,R), we have ¢(Y) ¢ Z.

(v) For any non-trivial character x of E, we have x(Y) # {1}.

(vi) Let y1,...,y¢ be a set of elements of Y which span a subgroup
of finite index in Y let (e1,...,e,) be a basis of E over R; consider the
coordinates w;; of y; in this basis:

yj = uijer + -+ upjen, (1 <75 <0);

then for any nonzero s = (sq,...,s;) in Z¢, the matriz
uir v U
Mg = ‘
Un1 Une
S1 S¢

has rank n + 1.

Let € be a lattice in ' (which means a discrete Z-subgroup of maximal
rank n). Denote by E* = Homg(F,R) the dual vector space of E, and by
2 the dual lattice of :

Q* ={pc E*;p(Q) CZ}.

From the equivalence (i) < (iv) in Lemma 2.1, it follows that a finitely
generated subgroup Y of E which contains € is dense in FE if and only if|
for any nonzero ¢ € Q*, we have ¢(Y') ¢ Z. We now give a quantitative
version of this statement. For z € R we denote by ||z|| the distance to the
nearest integer:
||z|| = min |z — n|.
nez

LEMMA 2.2. Letws,...,wy, be a basis of the lattice Q and let y1,...,Ym
be elements in E. Let F and G be two monotonically increasing and un-
bounded real valued functions of a real variable which are inverse of each
other:

Go F(S)=S for all sufficiently large S
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and
FoG(T)=T for all sufficiently large T.

Then the two following conditions are equivalent.
(i) There exist three positive constants c1, co and Sy such that, for any
nonzero @ € QF, if we set

S = max{|p(wi)l, ..., e(wn)l; So},
then we have

max {|p(y;)|| = c1/F(c2S).

1<i<m

(ii) There exist three positive constants ¢y, ¢ and Ty such that, for any
x € E and any integer T > Ty, there exist w € Q and (t1,...,ty,) € Z™
which satisfy

max{[t1],...,[tm|} ST and |v—w—tiyr — - — twym| < 4 /G(AT).

Proof. The proof is given in [20, Lemme 3.1], and relies on Khinchine
transference Theorem (see also [18, Chap. V, Lemme 4.1]). More precisely,
one gets the following explicit estimates.

e If (i) holds, then (ii) is true with

=nealwly, d=c/n and Tp=(1/c))F(c250),
where

Wit = lwi| 4+ wa] and 5 =2""""((n+m)!)%
e In the other direction, if (ii) holds, then (i) is true with

c1=0c/2(n+m), c2=2(n+m)d|lw|- and Sy=(1/c2)G(ATy),
where
lw|— = sup{|wiz1 + -+ wnzn| T |2 = = |z = 1.
[

Remark. Lemma 2.2 deals with the equivalence (i) < (iv) of Lem-
ma 2.1. One could also state the result in terms of (vi): the problem is then
to produce lower bounds for at least one of the (n + 1) x (n + 1) minors of
M in terms of max |s;|.



DENSITY MEASURE ON ABELIAN VARIETIES 33

§3. Diophantine approximation on elliptic curves

In this section we deal only with elliptic curves.
Let £ C Py be an elliptic curve over a subfield K of C given with a
Weierstrafl model:

E(K) = {(:c cy i t) € Po(K) yQt = 427 — ggxt2 — g3t3},

where gy and g3 are elements of K satisfying g3 # 27¢3.
To begin with, assume K C R. Then the exponential map of the Lie
group E(R) is the restriction to R of a Weierstrafl p-function:

eXpgr: R — E(R)

The image £(R)? of this map is the connected component of the origin in
E(R), while its kernel is of the form Zw for some nonzero period w € R. The
induced isomorphism of topological groups between £(R)? and R/Z shows
that any finitely generated subgroup of £(R)? of positive rank is dense. In
this case no arithmetic assumption is needed.

We now consider the quantitative density problem. Let I" be a finitely
generated subgroup of £(R)? of rank £. Let v1,...,7v be Z-linearly inde-
pendent elements in I'. For 1 < j < /, let y; € R be an elliptic logarithm
of 7j, viz. a real number such that expg p(y;) = 7j. From Lemma 2.2, we
shall deduce:

LEMMA 3.1.  The following properties are equivalent.

(i) For any € > 0, there exists a constant Ty > 0, with the following
property. For any integer T > Ty and any ¢ € E(R), there exist rational
integers t1,...,tp satisfying

: —0+
lrgjage [t;| <T and dist (C,tlfyl 4+ 4 t[yg) < T,

(ii) For any e > 0 there exists a constant Ty > 0, with the following
property. For any integer T' > Ty and any & € R, there exist rational integers
to,t1,...,te satisfying

max |t:| <T and —tow —t1yy — - — 1t < T~ te,
1§jg|y|_ € —to 1%1 oye| <
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(iii) For any € > 0 there exists a constant QQ > 0, with the following
property: for any rational integers q,p1,...,pe with ¢ > Q,
Yi _DPj

w q

max f(l/f)flfe.

>
1<5<e 1

Moreover, if the field K is an algebraic extension of Q and if ' is contained
in E(K), then these properties are also equivalent to the next one:

(iv) For any € > 0 there exists a constant hg > 0 such that, for any
h > ho and any ¢ € E(R)?, there exists v € I' with h(v) < h and

dist (¢, ) < h™W/2)+e,

In each of these properties, the “constants” are supposed to depend only
on €, ga, g3, K and 1, ...,y — notice that the real number w depends only
on g2 and gs.

Proof. There is no loss (apart from the constants, which we do not
compute explicitly here) to replace if necessary I' by a subgroup of finite
index. Hence one may assume I' = Zry; + -+ + Zry,.

For the proof of (i) < (i), write any ¢ € E(R)" as expg () for some
£ € R. Also write any v € I as expg g (t1y1+- - - +teye) for some (t1,...,1;) €
Z*. Up to a (multiplicative) constant, dist(¢,~) is nothing else than

min‘g —tow —t1yp — - — tgyg‘.
to€EZ

For the proof of the equivalence between (ii) and (iii), use Lemma 2.2
with

E=R, n=1, Q=7Zw, F(S)=8W9% and G(T)=T*,

where €1 and €y are related by €1/ — ea /0 = €1€3.
Finally, the correspondence between h in (iv) and T in (i) is h = T?. [J

It seems reasonable to conjecture that the equivalent properties stated
in Lemma 3.1 always hold when the field K is a (real) number field. This
would imply Conjecture 1.1 for g = 1 (just take for 71,...,7, a basis of the
Mordell-Weil group £(K)). Moreover, as far as assertion (iii) is concerned,
one expects that such an estimate should hold for any number field K,
not only real ones. In this direction, the best known estimate for the si-
multaneous approximation of the numbers y;/w is due to N. Hirata-Kohno

(ct. [3]):
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THEOREM 3.2. (Hirata-Kohno) Let £ be an elliptic curve over a num-
ber field K. Let w € C be a non-zero period of expg. Let yy, ..., ye be complex
numbers such that expg(y;) € E(K) for 1 < j < L. Assume the numbers
W, Y1,---,Ye are linearly independent over Q. Then there exists a constant
¢, which depends only on gs, g3, w, K and yi,...,ys, such that, for any
(q,p1,--.,p¢) € ZFT with q > €€,

Y P
w q

max

N B 14+(2/6)
max, > exp{ c(log q)(loglog q) }

We now deduce from Theorem 3.2 a stronger statement than Theo-
rem 1.2 (we do not restrict the discussion to the full Mordell-Weil group
here).

COROLLARY 3.3. Let & be an elliptic curve over a real number field K
and let T' be a subgroup of E(K) of positive rank £. There exists a constant
C > 0 such that, for any h > €¢ and any ¢ € E(R)?, there exists v € T with

A~

h(y) < h and
dist(¢,v) < exp{—C(logh)(loglog h) 1=/}
Proof. We use the implication (i) = (ii) of Lemma 2.2 with
F(S) = exp{(log S)(log log S)H(Q/é)} for S > e°.
Then the inverse function G is bounded from below by

G(T) > exp{(log T)(log log T)fl*(z/z)} for T' > e°.

84. Irrationality, transcendence and density

Let A be an Abelian variety of dimension g defined over a subfield K
of C. We denote by T4(C) the tangent space at the origin of A, by

exp 4 : T4(C) — A(C)

the exponential map of A(C), and by Q4 its kernel, which is a discrete
subgroup of T4(C) of rank 2g over Z. If K is a subfield of R, then the
exponential map of the real Lie group A(R) is the restriction

eXpAR TA(R) — A(R)
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of exp 4 to T4 (R). Its image is A(R)" and its kernel
Qur = QaNTa(R)

is a discrete subgroup of T4(R) of rank g over Z.
We denote by
LA(K) = exp! (A(K))

the Z-module of Abelian logarithms of rational points in A(K). If K is
algebraically closed, then the group A(K) is divisible, hence £4(K) is a
Q-vector space.

The following result is a consequence of Lemma 2.1.

LEMMA 4.1.  Let A be an Abelian variety defined over R. Let T' be
a finitely generated subgroup of A(R)?. Then the following properties are
equivalent.

(i) The subgroup T is dense in A(R)°.

(ii) Define Y = exp;\’lR(F). Then for any monzero linear form ¢ €
Hompg(T4(R),R), we have p(Y) Z Q.

(ili) Let wi,...,wq be linearly independent elements of Qo wr. Let y1, . . .,
ye be elements in T4(R) whose exponentials exp 4 g(y;j), (1 < j <L) span a
subgroup of finite index of I'. Further, consider the coordinates of y; in the
basis wi,...,wg of T4(R):

Then for any (o1,...,0¢,51,...,5¢) in 79 with (01,...,04) #(0,...,0),
the matriz

up o U
I, :
Ugl Uge
0'1 PEEEEY O'g Sl DY 8,6

has rank g + 1.

For instance a subgroup Z~y of A(R)? is dense if and only if v =
exp g g (y) with y = d1wi +-- - +9Jyw, and 1,91, ..., 9, linearly independent
over Q.

It seems reasonable to hope that these properties are true when A
is simple and K is a (real) number field. This would imply the following
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stronger version of Mazur’s conjecture for Abelian varieties: for a simple
Abelian variety A over a real number field K, the closure in A(R) of any
subgroup of positive rank of A(K) contains A(R)Y.

Condition (iii) suggests a problem of irrationality: for any finitely gen-
erated subgroup Y of LA(K) of positive rank and any nonzero linear form
¢ € Homg(T4(R),R), prove that one at least of the numbers p(y), (y €Y)
is irrational. It is natural to extend this question to a transcendence prob-
lem: prove that one at least of the numbers o(y), (y € Y) is transcendental.
In this later case it is also natural to consider a nonzero linear form ¢ on the
complex vector space T4(C) (the number field K need not be real). More
generally we produce a lower bound for the dimension of the Q-vector space
spanned by ¢(Y') in C.

THEOREM 4.2. Let A be a simple Abelian variety over a number

field K, Y be a finitely generated subgroup of LA(Q) of rank m and ¢ €
Hom¢(T'4(C),C) a nonzero linear form. Define

k = ranky (QA N Ker (p).
Let r be the dimension of the Q-vector space spanned by ¢(Y). Then
m < (29 —k)(g+7—1).

The number « lies in the range 0 < k < g — 1. If there exist k periods
w1, ...,wg in Q4 which are linearly independent and such that p(w;) € Q
for 1 <i <k, then kK > k — 1. In other words

(4.3) K+ 1 > rankz (Q4 N~ (Q)).
From Theorem 4.2 (with » = 0) one deduces:
(4.4) if m > (29 —k)(g — 1), then p(Y') # {0}.

This means that ¢(Y) has rank > m — (29 — k)(g — 1). Hence from (4.4)
we derive

(4.5) if m> (29 —k)(g—1)+1, then ¢p(Y) Z Q.

This statement includes the following density result (see [17, Cor. 4.1]; see
also [18, Chap. IV, §4]):
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COROLLARY 4.6. Let A be a simple Abelian variety over a real number
field K and let T be a subgroup of A(K) of rank €. If £ > g®> —g+1, then the
closure of T in A(R) contains A(R)?. Further, if { > g*, then there exists
a subgroup of T' of rank 1 which is dense in A(R).

Proof. Using Lemma 4.1, we deduce the first part from (4.3) and (4.5)
with ¥ = exp;\lR(F), m = {+ ¢ and Kk = g — 1. The second part is a
consequence of the first one by means of Lemma 3.2 of [10]. [

We also deduce from Theorem 4.2 (now with r = 1):
(4.7) If m > (29 — k)g, then (V) ¢ Q.

In case g = 1, k = 1, the statement (4.7) just means that u/w is transcen-
dental if u € Lg(Q) is a logarithm of a point of infinite order. This is a
result of Schneider’s [11]. For g = 1 again, but £ = 0, the condition m > 3
cannot be improved when £ is a CM elliptic curve: in this case the result
(again due to Schneider) states that the quotient of two elliptic logarithms
of points of infinite order is either in the field of endomorphisms, or else is
transcendental. These are the only cases where (4.7) is know to be optimal.
For instance in case g = 1, Kk = 0 and £ without complex multiplication,

Schneider’s result shows that the assumption m > 2 is sufficient to imply
p(Y) Z Q.

Finally, Theorem 4.2 (in case g = 1) contains the following result due
to D. W. Masser [8]: if £ is an elliptic curve defined over the field Q with
complex multiplication, and if y1,...,ye are in Eg(@) and linearly inde-
pendent over the field of endomorphisms of €, then y1,...,yp are linearly
independent over Q.

The similar result (due to Bertrand and Masser [1]) in the non-CM case
does not seem to follow from Theorem 4.2, nor do the inhomogeneous linear
independence results.

We now prove Theorem 4.2. We shall use the following special case of
the Theorem of the algebraic subgroup (see [15] and [16]).

THEOREM 4.8. Let A be a simple Abelian variety of dimension g over
a subfield K of Q, let dy be a nonnegative integer, and let V be a vector
subspace of C% x T4(C). Assume

V(T x{0}) ={0} and V3 {0} x T4(C).
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Define
= ranks, (V1 ({0} x 24) ).
Then
dimQ(V N (@do X EA(@))) < (29 —k)(do+9g—1).

Proof of Theorem 4.2. Let (&1,...,&.) be a basis over Q of the vector
field spanned by (V) in C. For y € Y, denote by 1(y) € Q' the vector
whose components are the coordinates of ¢(y) in this basis. This defines a
homomorphism of additive groups ¢ : Y — Q.

Let V be the hyperplane of C" x T')4(C) of equation

&iz1 4+ &z =9(2), (21,-..,2r,2) € CT x T4(C).
Since &1, .., &, are linearly independent over Q, we have
P (T X (0)) = (0}
Since the form ¢ is not zero, we have
V 2 {0} x Ta(C).
The number x in Theorem 4.2 is the same as in Theorem 4.8, because
VN ({0} x Qa) = ({0} x Kerp) N ({0} x Q4).
Moreover, for each y € Y, we have
(¥().y) VN (Q" x La4@).
Finally, we use Theorem 4.8 with dy = r and conclude
rankz(Y) < dimg (V N(Q" x EA(@))) <(29—k)(g+r—1).
O

Remark. There is a corresponding multiplicative story which relies on
a variant of Theorem 4.8, where the algebraic group G% x A is replaced by
G% x A.
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§5. Rational Diophantine approximation on Abelian varieties

Let A an Abelian variety of dimension g over a subfield K of R. Fix
an embedding of A in a projective space over K as well as a norm | - | on
the tangent space at the origin T4(R). Let wq,...,wy be a basis of Q4.
Further, let v1,...,7, be Z-linearly independent elements in A(R). For
1 <j <4, let y; € TA(R) be an Abelian logarithm of v;, viz. an element of
Ta(R) such that exp 4 g(y;) = ;-

The proof of Lemma 3.1 extends to the case g > 1 and yields the
following.

LEMMA 5.1.  Let 0 be a positive real number. The following properties
are equivalent.

(i) There exists a constant C > 0, with the following property. For any
positive integer T and any ¢ € A(R)?, there exist rational integers ti, ...t
satisfying

max |t;| <T and dist((,tlfyl + o+ t[)/g) <cor.
1<5<¢

(ii) There ezists a constant C' > 0, with the following property. For any
positive integer T' and any & € T4(R), there exist rational integers 11, ..., Ty,
t1,...,tp satisfying

max |t;| <T and ‘f —TIW] — = TgWg — Y1 — o — tgyg‘ <crt.
1<j<e

(iii) There exists a constant C' > 0 with the following property. If p €
Hompg(T4(R),R) is a nonzero linear form such that ¢(w;) € Z for1 <i < g,
then

max [le(y;)ll = CS™0 where S = max fio(wi)].
Moreover, if the field K is an algebraic extension of Q and if the group
I'=Zyi + -+ + Zyy is contained in A(K), then these properties are also
equivalent to the next one:
(iv) There exists a constant C' > 0 such that, for any h > 1 and any
¢ € A(R)Y, there exists v € I with h(y) < h and

dist(¢,~) < Ch™9/2,
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In each of these properties, the “constants” depend only on 8, A, K,
Wi, ... ,Wes Yl,---,Ye, as well as the norm on T4 (R) for property (iii) and
the embedding of A into Py for properties (i) and (iv).

The best possible value (i.e., the largest one) of 6 for which the prop-
erties of Lemma 5.1 can hold is § = £/g: this is the “Dirichlet exponent” of
[14, p. 36].

It seems reasonable to expect that the equivalent properties stated in
Lemma 5.1 hold for any 6 < ¢/g when the variety A is simple and K is a
(real) number field. This would clearly imply Conjecture 1.1.

In order to check condition (iii) of Lemma 5.1, one needs to produce
lower bounds for numbers of the form

50 + 8101 + - - + 500,

where 91, ...,9, are certain determinants of matrices; the entries of these
matrices are coordinates of Abelian logarithms of algebraic points on the
variety. In this direction we shall prove two estimates of simultaneous Dio-
phantine approximation. The first one (Corollary 5.3) yields lower bounds
for homogeneous linear forms. The second one (Theorem 6.1) is an inho-
mogeneous estimate of approximation by algebraic numbers.

In the next statements, the Abelian varieties are defined over a number
field which is embedded in C. For such an Abelian variety A, we fix a basis
(é1,...,eq) of the tangent space at the origin 74(C), as well as a norm | - |
on the same, namely

|z| = max{|z1],...,|z|} for z=zie1 4+ -+ z5e4 € T4(C).
Further, for a linear form ¢ € Hom¢ (TA((C), (C), we define

N(p) = max{|p(e1)],-- ., lo(eg)l}-

THEOREM 5.2. Let A be a simple Abelian variety over a number field
Ky of dimension g and let m be a positive integer. For any sufficiently large
real number cqg the following property holds. Let K be a finite extension of
Ky, with [K : Q) = D. Let y1,...,ym be elements of LA(K). For1 <j<m
define v; = exp 4 y; € A(K). Define a real number A > e by

log A = 1I§njagfnmax{17h(’7j)v (G/D)‘yﬂ?}'
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Let S be a positive integer and ¢ € Home (T 4(C),C) a nonzero linear form.
Define
V = co(c2S*Dlog A)?

and

m,’sj’<s?(1§j§m)§

S: = yeee9OM GZ ’ B .
{5 (Sl $ ) ’(p(sly1+"'+5mym)‘§N((P)e V}

Then the number of elements of the set
Y= {slfyl—l—---—i—sm’ym;seS} C A(K)

s bounded by
Card¥ < 2v9l.

Proof. The basic tool for the proof of Theorem 5.2 will be the effective
version of the algebraic subgroup Theorem given in [19].

We assume that the hypotheses of Theorem 5.2 are satisfied. There is
no loss of generality to assume N(¢) =1 and ¢(e4) = —1:

o(zre1 + -+ zge9) =121 + -+ Vg12g-1 — 24,

with max{|d|,...,|[¥g-1]} < 1.

We denote by ¢y a sufficiently large number, which depends on m, on
the Abelian variety A, on the chosen basis of 74(C) and on the number
field Ko, but not on K, y1,...,¥m, nor on v1,...,Y,—1. In particular cy
does not depend on the parameters D, A and S.

We use the notation of Theorem 2.1 of [19] with

G:A, dozdlzo, dQZd:g,
W=W={0}, =0, r=rg=g—1, r =ry=0,
while V' is the hyperplane Ker ¢ of T4 (C). Further we define
U=V/cy, logA; =cpS*logA, E=e, M=CardS

and
Ty = [U/Dlog A] = [U/cyS*Dlog A].

Since

(U/coS?Dlog A)9 = coVI™1,
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one deduces
T < V9™t < (Th +1)9.
For 1 < j < m define y; € Ker p by

/I

Yj = y; + eys)eq-

For each s € S, define two elements of 7'4(C):

Ns = S1Y1 + - + SmYm, 77;:51?/1""""’_5771?/;717

so that, for any s € S,

s — 0l = l@(s1y1 + -+ + Smym)| < e V.

Since the only connected algebraic subgroup of A, distinct from A4, is {0},
one deduces from Theorem 2.1 in [19]:

Card¥ < coTlg < c%Vg_l.
0

Theorem 5.2 is the Abelian counterpart to Theorem 4.3 of [20], which
deals with G¢. We now deduce from Theorem 5.2 Abelian analogues of
Theorem 1.2 and Corollary 1.3 of [20]. Theorem 6.1 in the next section is
an Abelian analogue of Theorem 1.4 of [20].

COROLLARY 5.3. Let A be a simple Abelian variety of dimension g
over a number field Ky and let £ be a positive integer with £ > 2g(g — 1).
There exists a constant ¢ > 0 with the following property. Let K be a finite
extension of Ko, with [K : Q] = D. Let yi,...,y; be elements in LA(K).
For1 < j </{ define v; = exp 4 y; and assume that v1,...,v, are Z-linearly
independent in A(K). Define a real number A > e by

_ ) 12
log A = 1r2j%<€max{1,h('yj), (e/D)ly;| }

Let ¢ € Home (T A(C),C) be a nonzero linear form. Then

gj@\w(w)\ > N(p) exp{—c(Dlog A)® },
with
lg

0p=-—""""".
O l—2g(g 1)
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Proof. To begin with, consider the case ¢ = 1. We may write A =
£, using the notation of section 3. Then ¢p(z) = Az with A = N(¢). By
assumption we have ¢ > 1. For simplicity we write y for y; and ~ for ;.
The number y is not a pole of the Weierstral p-function, and p(y) is an
algebraic number of height h(p(y)) < h(v). Hence [p(y)| < ePh() < AP,
Since p has a double pole at 0, we deduce

ly| > c A=P/?

for some positive constant ¢; < 1 (which depends only on &, that is of go
and g3). This provides the desired result with ¢ = (1/2) —log ¢; and gy = 1.

We now assume g > 2. Apply Theorem 5.2 with .S the smallest positive
integer which satisfies

§¢-29(9-1) > 6(2)92 (Dlog A)9(9=D),
Since S > 2, we deduce
(5/2)t7290=1) < 29 (Dlog A)90@D).
Therefore the parameter V of Theorem 5.2 satisfies the following estimate:
yi—29(9—1) < 6(2)(94‘1)(“‘9) (Dlog A)Zg'
The choice of S is done in such a way that
AvITl < st

Consequently, according to Theorem 5.2, the set ¥ has less than (25 — 1)[
elements. Since 71,...,7, are Z-linearly independent, equality CardS =
Card ¥ holds, and we deduce that there exists s € Z¢ satisfying

0 0 0 -V
g;@lsij and |@(syy1 + -+ spye)| > N(p)e .

On the other hand the upper bound

0 0
lo(siyr + - + spye)| < LS max, lo(y))]

plainly holds. Since V' + log(4S) < ¢(Dlog A)?, the conclusion of Corol-
lary 5.3 follows. 0
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COROLLARY 5.4. Let A be a simple Abelian variety over a number
field K, of dimension g. Let v1,...,7v¢ be Z-linearly independent elements
of A(K), with £ > 2g(g—1). For1 < j </, lety; € LA(K) satisfy exp,y; =
;. Further let w € Q4 be a period of exp 4. There exists a constant ¢ > 0
such that, for any linear form ¢ € Home(T4(C),C) satisfying 0 # p(w) €
Z., we have

2
max [l (y;)ll = N(p) exp(—¢'N*®),

with ,
g
N = 1,N d =
max{1,N(¢)} and oo —250g=1)

Proof. Define sy = p(w). For 1 < j < £, let s; € Z be an integer at
minimal distance of ¢(y;), and let

Yj = soyj — S;jw,

so that o(;) = so(p(y;) — s5) and |@(F;)| = Isol - lle(y;)[l- The points
7; = exp 4 yj, (1 < j <{) are linearly independent in A(K).

Since the final constant ¢ depends on w, yi,...,y,, we may bound
maxo<;<¢ |sj| by ¢”N, with some suitable constant ¢”, and apply Corol-
lary 5.3 with D = ¢, log A = ¢’ N?2. Corollary 5.4 easily follows. b

We now deduce from Corollary 5.4 a density measure for rational points
on an Abelian variety. We need only the condition ¢ > 2g(g — 1). The
estimate is weak compared with Theorem 1.3, but it is non trivial for g > 1.

COROLLARY 5.5. Let A be a simple Abelian variety of dimension g
over a real number field K C R. Let I' be a subset of A(K) of rank ¢ >
2g°> — 29 + 1. Define

1 1 g-1
Op=—=——"——.
200 2g l
Then there exists a positive constant C' such that, for any h > e and any
¢ € A(R)?, the system of inequalities

dist(¢,7) < C(logh)™®, h(y) <h

has a solution v € A(K).
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Proof. Since the subgroup I' of A(K) is finitely generated of rank ¢, the
subgroup Y = exp;}R(F) of T4(R) is of rank £+ g. Let wq,...,wg,y1,...,Y¢
be a basis of Y over Z, with w; € Q4 for 1 <1i < g. For each nonzero ¢ €
Q) g, one at least of the integers p(w;), (1 <4 < g) does not vanish. There-
fore we may apply Corollary 5.4. On the lattice %  in Homg (T A(R), R),
the two norms

max{|p(wi)], ..., [p(wg)[} and N(p)

are equivalent. We deduce that condition (i) of Lemma 2.2 is satisfied with
E=TsR), Q=Qur, n=g, m=1~{

and with
F(S) = exp(C,5%%)

for some positive constant C. The inverse function G of F' is bounded from
below by
G(T) > Cy(loglog T)/?e,

§6. Algebraic Diophantine approximation on Abelian varieties

In this section we prove a non-homogeneous estimate of Diophantine
approximation which will enable us to complete the proof of Theorem 1.3.

THEOREM 6.1. Let A be a simple Abelian variety over a number field
Ky. Let g be the dimension of A, and let A be a positive integer with A >
2g2. There exists a constant ¢ > 0 with the following property. Let K be a
finite extension of Koy, with [K : Q] = D. Let m be a positive integer and
Yis---,Ym be Z-linearly independent elements in L4(K). For 1 < j < m
define vj = exp o y;. PutY = Zyy + - - - + Zym,. Define a real number A > e
by

log A = lrgnjzg;lmax{l,h(vj), (e/D)ly;|*}.

Let (1,...,Bmn be elements in K, not all of which are zero. Define a real
number B > e by

log B = 12’?21 max{1,h(3;)}.
Let ¢ € Home (T A(C),C) be a nonzero linear form such that

(Y NQA) CZ and rankz(Y/Y NQanKerg) = A
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Then
1r<na<x lo(y;) — B > exp(—c(D log A)%(Dlog B)g),
<j<m
with
B A
e 2g2

Proof. We assume that the hypotheses of Theorem 6.1 are satisfied.
We denote by ¢; a sufficiently large number, which depends on the Abelian
variety A, on the number field K, and also on A, but not on K, y1,...,Ym,
@, nor on B1,..., By. In particular ¢; does not depend on D, A and B. The
parameter m is bounded in terms of A and g:

0<m—-XA<2g—2,

because Y N Q4 N Ker p is a discrete subgroup of the hyperplane Ker .
Let S be the smallest positive integer which satisfies

(6.2) S22 5 (SDlog A)Y (Dlog B)Y.
Next we define
(6.3) Uy = (¢15?Dlog A)Y(Dlog B) and V; = ¢U;.
It easily follows that
(8/2)*7%" < (¢! Dlog A)*" (D log B)?

and
Uy < ({Dlog A)%¢(Dlog B)®.

Assume

N A —c1V1
1r§r5a§>§nls0(yg) Bil <e :

We shall deduce a contradiction, which will complete the proof of Theo-

rem 6.1 with ¢ = c?gﬁz.

We use the notation of Theorem 2.1 of [19] with

G=Gyx A, do=1, d1 =0, do=g, d=g+1, n=1,
W=W={0}, (=0, r=rs=g9, r1=r2=0,
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while V' is the hyperplane of C x T4(C) of equation zy = ¢(z). Further we
define

By =B, logA; =cS%logA, E=e, M=2S8",
To = [Ui/Dlog B] and T) = [U;/DlogA;i] = [U1/c1S*Dlog A].

One deduces
(TO + 1)(T1 + 1)9 > Clvlg.

Define n1,...,nm in K x LA(K) C C x Ty4(C) and nq,...,n,, in V' C
C x T)4(C) as follows

ni = (B5,y5) and nf = (e(y;),y;), (1<j<m).

Next define 2M elements of C x T4(C), which are indexed by s =
(81,--.,8m) €Z™ with 0 < 55 < 5, (1 <j <m):

Ns=8s1M + 4 Smlm, Mo =810+ + STl

Hence
Vi

max [ — 1| < e”
We consider the following subset of K x A(K):
S={(181+ + smbBm,s171 + F Sm¥m) ;0<5; < S, (1 <j<m)},
and its two projections
20:{81ﬁ1+~-—|—smﬁm;0§sj<5, (1§j§m)} CK
and
= {5171+"'+8m7m;0§5j <S8, 1<y gm)} C A(K).
The assumption ¢(Y N Q4) C Z will be used as follows:

If s = (s1,...,5m) € Z™ satisfies the three properties

max [s;| < S, s161+ -+ 5mBn =0 and siyi+ -+ Spuym =0,
1<j<m
then

(511 + - + smym)| < mSmax|y —nl| <mSe™" <1,
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hence
S1y1 + -+ Smym € Y N4 N Ker .

Given the definition of \, the number of such s € Z™ is at most (25)™ 2.

The algebraic subgroups G* of G = G, x A, distinct from G, are {0},
{0} x A and G, x {0}. We give accordingly three lower bounds for the
cardinality of the projection of ¥ on G(K)/G*(K).

a) The case G* = {0}.
We claim
Card X > 27961T0Tlg.

Indeed, from the choice of parameters and conditions (6.2) and (6.3) we
deduce
(6.4) SA > 29¢1 TyTY.

Using the assumption ¢(Y N Q4) C Z as shown above, we deduce

CardX > S™/(28)™ A > 279¢, TyTY.

b) The case G* = {0} x A.
We want to check
Card 20 Z ClT().

The set
S1 = {s: (51,--.,5m) €Z™; max |[s;| <S8, 8151—1—---+smﬁm:0}
1<j<m
satisfies
(Card &1)(Card ) > S™.

For s € Sy, we have |p(s1y1 -+ -+ Sm¥ym)| < mSe™V1. Since (B4, ..., Bm) #
(0,...,0), we deduce from Liouville’s inequality

-D ) N 1/2
B™ < max |6;] < max |o(y;) — Bl + N(p)((1/¢) Dlog A)

Therefore the parameter V' of Theorem 5.2 satisfies
mSe™"" < N(p)e ",
and we deduce from that theorem

Card{s;71+ -+ Smym ;s €S} < I3 S%Dlog A)I9~Y),
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From the assumption (Y NQ4) C Z we deduce

Card §; < (48)" T (252 Dlog )99V,
which yields

Card g > cfg*ZSA—Qgng?g(C%Dlog A)~9lo=1),
Our claimed lower bound for Card X follows from the estimate

A% 20 ATy (3D log A)I9~Y),

¢) The case G* = G, x {0}.
Now we are going to check

Card 21 > ClTiq.

Put T' = exp 4(Y). If £ is the rank of ', then Card ¥; > S*. Now from the
definition of A follows

A—f= rankZ(YﬂQA/YﬂQAﬂKergo) < rankz Q4 = 2g.
Since (6.3) implies
U1 > Cl(D logB)S2g,
we deduce Ty > S29 and (using (6.4))

Card Xy > S > S29 > ¢\ TyT7S729 > 1 TY.

These estimates show that the conclusion of Theorem 2.1 of [19] does
not hold. This completes the proof of Theorem 6.1. 0

We now deduce from Theorem 6.1 the following corollary, which obvi-
ously implies Theorem 1.3 (just take I' = A(K)):

COROLLARY 6.5. Let A be a simple Abelian variety of dimension g
over a real number field K C R. Let T be a subset of A(K) of rank £ > 2g°.
Then there exist two positive constants Cy and Cs such that, for any h > e
and any ¢ € A(R)?, there exists v € A(K) of height h(vy) < h satisfying
2g°

dist(¢,~) < Cp exp{—Co(logh)?} with § =1 — 1
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Proof. When ¢ is the rank of I', the subgroup exp;\lR(F) of Ty(R) is
of rank m = £+ g. Let w1,...,w, be a basis of (2 4r and let y1,...,y, be
elements in expzllR(F) such that wi,...,wg,y1,...,ye are Z-linearly inde-

pendent. Define a subgroup Y of finite index in epo‘IR(I‘) by
Y = 2w+ -+ Lwyg + Zyy + - - + Lyp.

Let ¢ € Homgr(T4(R),R) be a nonzero linear form on T4(R) such that
©(ar) C Z. Define rational integers (i, ..., Bm as follows: for 1 <i < g,
let 3; = p(w;); for g < j < m, we choose for ; a rational integer at minimal
distance of ¢(y;—g). From our assumption ¢ # 0, we deduce that one at
least of the numbers (31, ..., 3, does not vanish. Since

rankZ(YﬂQAﬂKergo) =g—1,

we may apply the estimate of Theorem 6.1 with A = ¢+ 1. We deduce that
there exist positive constants Sy and C” such that, for any nonzero ¢ € Q%
for which the number S = max{|p(w1)],...,|¢(wy)|} satisfies S > Sp, the
inequality
)l >1/F(S
max [l = 1/F(S)

holds with

+1

F(S) = exp{C'(log S)Q} and 0= m,

Applying Lemma 2.2 to the R-vector space T4(R) yields the conclusion
with 6 = 1/p. []
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