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ONE DIMENSIONAL PERTURBATION OF
INVARIANT SUBSPACES IN THE HARDY SPACE
OVER THE BIDISK II

KEI JI IZUCHI, KOU HEI IZUCHI, AND YUKO IZUCHI

ABSTRACT. This paper is a continuation of the previous paper [9]. Let M; be
an invariant subspace of H? over the bidisk. Then there exists a nonzero fy in
Mj such that My := M; © C - fy is also an invariant subspace. A relationship is
given the ranks of the cross commutators [R%, R,,] on M; and M,. We also give
a relationship of the ranks of the cross commutators [S,,, S?] on H? © M; and
H? © M.

1. Introduction

Let H? = H?(D?) be the Hardy space over the bidisk D? with two variables z and
w. Let T, and T, be the multiplication operators on H? by z and w, respectively. A
nonzero closed subspace M of H? is said to be invariant if 7,M C M and T,,M C M.
We write RM = T,|y; and RM = T, |p. Let N = H>© M. Then TN C N and
T*N C N, where T7, T are adjoint operators of 7,7, so N is called a backward
shift invariant subspace of H?. We denote by S¥, S the compression operators of
T.,T, on N, that is, SN = PyT,|y and SY = PyT,|y, where Py is the orthogonal
projection from H? onto N. We note that RM* = Py, 7|y and SM* = T7|y.

In [12], Mandrekar showed that [RM* RM] .= RM*RM _ RM RpM+ — () if and only
if M = @H? for an inner function ¢ (see also [1, 2, 4, 8, 13]). In [10], Nakazi, Seto
and the first author proved that [SY, SN*] = 0 if and only if M = ¢(2)H?+(w)H?,
where p(z), 1 (w) are either one variable inner functions or 0 (see also [3, 5, 6, 7, 11]).
So it is considered that the cross commutators [RY* RM] on M and [SL, SN*] on
N are important operators to study the structure of invariant subspaces H?. We
denote by rank T the rank of the operator T', that is, rank T" is the dimension of the
range of T'.
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Let M, be an invariant subspace of H?. Then there is f, € M; with || fo|| = 1 such
that My := M, & C- fy is an invariant subspace. To study the structure of invariant
subspaces of H?, one of the basic questions is what kind of changes of properties
occur under the one dimensional perturbation. Let N; = H?* & M, for j = 1,2. In
the previous paper [9], we described the spaces

M5 & (zMs + wMs) and {h € Ny : zh € My, wh € MQ}
using the words of fj,
M1@(ZM1+’UJM1) and {h€N1 :zhEMl,wheMl},

respectively and studied some related topics, and see the references given in [9] for
the study of invariant subspaces of H2. In this paper, we shall concentrate on the
study of the relationship of the ranks of the cross commutators on M, M, and on
Ny, Ny, respectively.

In Section 2, we shall show that

rank [RM* RM — 1 < rank [RM2*) RM2] < rank [RM™* RM'] + 1.

Since M, is one dimensional perturbation of M, this is an expectable fact.
In Section 3, we shall show that

rank [SN SM*] — 1 < rank [S2?, SM2*] < rank [SD', SM*] 4 3.

The authors think that this is a remarkable fact.
We shall give examples of M; and fy € M; which satisfy the cases in the above
inequalities.

2. Invariant subspaces

For an invariant subspace M of H?, it is not difficult to see that
(2.1) [RM* RM|IM = Ppz2(M & wM).

We note that

(2.2) rank [RM* RM] = rank [RM* RY].

Let M; be an invariant subspace of H? and f, € M; with ||fo|| = 1 such that
My := M; & C - fy is an invariant subspace. The following is given in Lemmas 3.2
and 4.2 in [9].

Lemma 2.1. If fy € My © wM,, then

My & wMs = ((My ©wMy) & C- fo) & C-wfo.



Suppose that fo ¢ M, © wM;. Since My = My ® C - fo and RM* fy € C- f, there
is a nonzero 8 € D such that fy = Puy,cwn, fo + Bwfo. The following is given in
Lemmas 5.1 and 5.2 in [9].

Lemma 2.2. Suppose that fo ¢ My ©wM; and fo ¢ My © zM,. Then we have the
following.

(1) FEither PMlewM1f0 ¢ M1@(ZM1 —|—’U}M1) or PM1@ZM1f0 §é Ml@(ZMl —|—le)
(11) ]f PM1@wM1f0 ¢ Ml ) (ZMl + ’UJM1)7 then

My & wMy = ((My © wM;) © C - Pyycwnn fo) ® C - go,

where .
go = fo— 1_—|6|2PM19wM1f0~

Theorem 2.1.
rank [RM* RM — 1 < rank [RM2*) RM2] < rank [RM* RM] + 1.

Proof. Step 1. Suppose that fo € M; © wM;. By Lemma 2.1, we have

(2.3) My & wMy = ((My ©wMy) ©C- fo) ®C - wf.
Then

(2.4) wMy = wM; © C - wfy.

We have

rank [RM2* RM2] = dim Py, 2(My © wM,) by (2.1)
< dim Pypp, 2(Msy © wMs) because of M, C M,
< dim Py z(Mi©wMy) ©C- fo) +1 by (2.3)
< dim Pypp,2(M; © wMy) + 1
= rank [R)"* RM +1 by (2.1).
Let
A={he (M owM)SC- fo:zh Lwfy}.
By (2.4), Py, zh = Py, zh for every h € A. Then we have

rank [RY2* RM2] = dim Py, 2( My © wMy)

= dim PwMzz(((Ml owM;)oC- fo) oC- wfo) by Lemma 2.1

= dim (Pyanz((My © wMy) ©C- fo) + C - Puapzw fo)

> dim (PwM2zA +C- PwMzzwfo).



For every h € A, we have

(Purtyzhy Pory2w fo) = (Puns,zh, 2w fo) = (Puar 2, 2w fo)
= (zh, Pyar, 2w fo) = (zh, zw fo) = (h,wfy) = 0.

Since Py 2w fo = wPyy,zfo # 0, we have
rank [RM2* RM2] > dim Py, 2A 4+ 1 = dim Py, 2A + 1.
By the definition of A, there is hy € (M; © wM;) © C- fy (may be zero) such that
A= (MyowM)e(C- fodC-h).
Hence

rank [RM2* RM2] > dim Py, 2A + 1
Z diIIleMl,Z(Ml ) le) -2 + 1
= rank [RM"* RM] — 1.

Step 2. Suppose that fo ¢ M; © wMy. If fo € My © zM;, then by Step 1
(exchanging variables z and w) we have

rank [Riwl*, Rffl] — 1 <rank [Ri\h*, Rf‘u@] < rank [Riwl*, Rﬂfl] + 1.

Hence by (2.2), we get the assertion. So, we may assume that fy ¢ M; © zM;.
By Lemma 2.2 (i), either 1y := Pyrcwns fo € M1 © (2My + wMy) or Pyyeann fo ¢
M; © (zM; +wMy). So, further we may assume that ny ¢ M; © (2M; +wMy). For
the latter case, we may prove it similarly. By Lemma 2.2 (ii), we have

(2.5) My wM, = (My & wM;)©C-ny) & C- go,
where
1
9o = fo— 1_—|B|2770~
In the same way as the first paragraph of Step 1, we have
rank [RY2* RM2] < rank [RM*) RM1] 4 1.

We have
’LUM2 = UJ(Ml @C : f()) = ’LUM1 @C : wfo.

Since fo = 1o + Bw fo,



We have

rank [RM2* RM2] — dim Py, 2( My © wMy)

= dim (PwM2z((M1 owM;) o C- 170) +C- PwMQZgo) by (2.5)

Z dlmeM2Z<(M1 ) le) S C- 770)

> dimPyyy, z(My ©wMy) ©C-19) =1 by (2.6)

> dim Py, 2(My © wMy) — 2

= rank [RM* RM] — 2.
By this fact, if rank [RYM*, RM1] = 0o, then we get the assertion. So, we may assume
that

k = rank [RM"* RM] < 0.
To show that
rank [RM2* RM2] > rank [RM* RM] — 1

Y

assume that

(2.7) rank [RY2* RM2] = rank [RM* RM] — 2.
We shall lead a contradiction. By the above inequalities, we have
(2.8) Punri,zg0 € PwMQz((Ml cwM;) e C- 770),
(2.9) dim Py z (M1 © wMp) ©C - 1) =
dim Pypp 2 ((My © wMp) ©C 1) — 1
and
(2.10) dimeMlz((Ml o wM,) @C-no) =

dim Py, 2(My © wMy) — 1.
By (2.10), there are fi, fo, -, fx_1 in (M7 © wM;) & C - g such that
{Pleth PwM1Zf27 e 7Plesz—1}

is a basis of Py z((M; ©wM;) & C ).
First, suppose that Py, 2f; L fo —no for every 1 < j <k —1. Then by (2.6), we
have Py, 2 f; = Pumy2fj for every 1 < j <k — 1. Hence

rank [Rﬁ)b*, Riwz] > dim PwMQz((Ml cwM;)oC- 770)

k—1 k—1
> dim Pz Y C- fj =dim Py 2 Y C- f;
j=1 Jj=1

=k — 1 =rank [RM"* RM] — 1.
This contradicts (2.7).



Next, suppose that Py, 2f; £ fo —no for some 1 < j <k —1. We may assume
that Pyanzfi £ fo—no and Pya,zf; L fo —no for every 2 < j < k — 1. Then
Py 2f; = Pum, 2 fj for every 2 < j < k — 1. We divide the proof into two cases.

Case 1. Suppose that
k—1 k-1
P’LUMzzfl ¢ Z(C : PwMQij = Z(C . Plezfj.
=2 j=2

Then

rank [R)**, R)?] > dim Py, 2 (M © wMy) © C - 1)
k—1
> dim Z(C - P2 f;

J=1

k—1
= dim ((C . PwM22f1 + Z C- PwM2ij>
=2

k—1 k—1
=dim » C-Pupzfi+1=dim » C-Puy,zfi+1
j=2 j=2

This contradicts (2.7).

Case 2. Suppose that

k—1 k—1
PwMszl - Z (C . P’LUMQij = Z (C . Plezfj.
j=2 Jj=2
Then
k—1
PwM2Zf1 = ZCJPWMzzfj
j=2

for some ¢; € C, 2 < j < k — 1. Replacing f; by fi — Zf;; c;fj, we may assume
that Pyanzf1 = 0. Since Py, zf1 # 0, by (2.6) we have

(2.11) C-Puanzfi=C-(fo—mo).
In this case, we note that (2.7) holds by (2.8), (2.9) and (2.10).
For every h € My © wMy, since fy — ny € wM; we have
0= (fo—no,h) = (z(fo — o), 2h)
= <Plez(f0 — o), zh> = <Plez(f0 — o), Plezh>.
Then
Pornz(fo —no) L Puan 2(My © why).



By (211), fo — Mo € Plez(Ml 911)M1) Then Ple,Z(fo —770) 1 fo — Mo, SO by (26)
we have

UJMl (fO )_ wMa? (fﬂ )

Hence
wM2 (fO - 770) 1 PwM1 (Ml © le),
so that we get

(2.12) Punmyz(fo = o) L Pur,2(My © why).
Therefore
0 = (Purt2(fo — m0), Pure290) by (2.8)

- <PwM22(fo —0); P,z (fo _1|5|2770>>

= <PwM22(fo —10)s Punn? (fo 1|_B—||;|2770>>

= || Purnz(fo —mo)[|* by (2.12).

This shows that z(fy — n0) L wM,. Since fo — n9 € wMy, we have z(fy — ng) €
whM; and by (2.6) we have z(fo — 1n9) = ¢(fo — no) for some ¢ € C. Thus we get
fo =mo. Since ny € My © wM, fo € My © wh;, and this contradicts the starting
assumption. O

Ezxample 2.1. Let
My, = 2°H? + ZwH? + w?H>.
Then
rank [RM* RM] = dim Py, 2(My © wMy)
= dim Plez(z3H2 +C- 22w+ C-2w* +C- w2)
= dim (C - z*w + C - 2*w?) = 2.

We shall take a nonzero fy in M; such that My = M;6C- f; is an invariant subspace
and rank [RM2* RM2] = 1,23, respectively.
(i) Let fo = z*w € M;. Then M, = 23H? + w? H* and

rank [RY2* RM2) = dim C - Py, 25w® = 1.
(i) Let fo = 2% € M. Then My = 2*H? + 22wH? + w?H? and
rank [RM2* RM2] = dim (C - 2w + C - 22w?) = 2.
(iii) Let fo = w* € M;. Then
M, = 2°H? + 22wH? + 2w*H? + w*H?



and
rank [R)**, R)?] = dim (C - z°w + C - z°w”* + C - zw®) = 3.

3. Backward shift invariant subspaces
Let M be an invariant subspace of H? and N = H?>© M.

Lemma 3.1. We have the following.
(i) [SN SN*| = PyTrPyTy|N-

w z

(ii) rank [SY, SN*] = dim PyT PyywN.
Proof. (1) We have
52,55 = SYS2 — s
= PyTwPNT}|Nn — PNT; PyTy|n
= PyT:Ty|ny — PNTIPyToln
= PyT)(I — Px)Ty|n = PNT; PyTy|nN.
(ii) follows from (i). O

Let M; be an invariant subspace of H? and f, € M; with ||fo|| = 1 such that
My := M; ©C- fy is an invariant subspace. Let N; = H? & M, for j = 1,2. We
have My = My @ C- fo and Ny = N; @ C - f.

Theorem 3.1.
rank [SN SN*) — 1 < rank [S0?, SM*] < rank [SD', SM*] + 3.
Proof. We have
rank [SN2, SN2*] = dim Py, T Py, w N, by Lemma 3.1 (ii)
> dim Py, T Pp,wNy because N; C N,
> dim Py, T PyywNy — 1 because M; = My @ C - fp.
= rank [S2, SN — 1.
On the other hand,
rank [S22 SN2*] = dim Py, T Py,w N,
< dim Py, T Pyr,wNo + 1 because No = N1y @ C - fy
< dim Py, T Py,wNy + 2 because Ny = N; & C - fj
< dim Py, T Py, wNy + 3 because M; = My @ C - f.

= rank [SN, SN*] 4 3.



Example 3.1. Let
M, = 2*H? + 22w H? + 2w H? + w’H?
and Ny = H?> & M,. Then
rank [SN', SN1*] = dim Py, T Py, wN,
= dim (C - 2*w* + C - zw?) = 2.

We shall take a nonzero fy in M; such that My = M, SC- f, is an invariant subspace
and rank [SY2 SN2*] = 1,2 3 4,5, respectively, where Ny = H? © M,. Note that
rank [RM* pM1] = 3,

(i) Let fo = z*w* € M;. Then

M, = 2*H? + 2w*H? + v’ H?
and
rank [S22 SN2*] = dim C - 2%w? = 1.

Note that rank [RM2*, RM2] = 2.
(i) Let fo = 2*w? € M;. Then

M, = 2AH? + 2w H? 4+ 220w H? + WS H?
and
rank [S22, SV2*] = dim (C - 2%w® + C - zw?) = 2.

Note that rank [RM2* RM2] = 3.
(iii) Let fo = 2* € M;. Then

M, = 2°H? 4+ 2*wH? + 23w?H? + 22w*H? + w’H?
and
rank [S])?, S1*] = dim (C - 2°w + C - 2*w? + C - zw?) = 3.

Note that rank [RM2* RM2] = 4.
(iv) Let fo = z3w? — w® € M. Then

M, = 24H? + 2w3H? + 220 H? + 20’ H? + wH?
+C - (Z*w® + w?).



We have

rank [S22 SN2*] = dim Py, T3 Py, w Ny
= dim Py, T Pryw(C - 2°w + C - (2°w® — w®) + C - 2*w®
+C- 2w +C-w?)
= dim Py, T} (C - (2°w® + w’) + C - (z°w® — w°)
+C- 22w+ C - zu°)
= dim Py, (C - 2*w* 4+ C - 2*w® + C - 2w* + C - w°)
= dim (C - 2*w* + C - 2*w® + C - 2w* + C - (2"w® — w®))
=4.

Note that rank [RM2*, RM2] = 4.
(v) Let fo =2 —w® € M;. Then

My = 2°H? + 2wH? + 22w H? + 22w* H?
+ 2w’ H? + wOH? + C - (2* + wP).

We have

rank [S2? SN2*] = dim Py, T Py, w Ny
= dim Py, T} Prw(C - (2* — w°) + C- 2w + C - 2°w®
+(C-zw4—|—C-w4)
= dim Py, T7 (C - (2*w — w®) + C - 2°w® + C - 2*w*
+C- 20”4+ C- (2" +w°))
= dim Py, (C- 2w+ C - 2*w?* + C-zw* + C-w’ + C - 2?)
=dim (C- 2w+ C-2*w*+C-zw* + C- (z* —w’) + C- 2%
=5.

Note that rank [RM2* RM2] = 4. O

Remark 3.1. We shall give rank [Sg",SiVj*], j = 1,2, for Example 2.1. We have
rank [SN1, SNi*] = 1.

() rank 5, 52
(ii) rank [S22, GN2+]
(iii) rank [S22, SN2¥]

0.
1.
2.

w z
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