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ABSTRACT. We give a simultaneous extension of Diaz-Metcalf and Buzano in-
equalities: Let z1,..., 2z, be nonzero vectors in a Hilbert space . Suppose that
Z1,...,Tn € J€ satisfy that for each j = 1,...,m there exists a constant r; such
that 0 < r; < Reﬁzz"lzﬁ fori = 1,...,n. If y1,y2 € A satisfy (yg,z;) = 0 for

k=1,2and j=1,...,m, then

(S (S (L) () 0 <8000 [

where B (y1,92) = 3 (lyal 2]l {yr, 2)]) and ¢ = 3, | (2,25} for j = 1,....,m.
As an application, we discuss a refinement of an extended Heinz-Kato-Furuta

2

9

inequality. Moreover, we show some variant inequalities of it by Furuta inequality
and chaotic order.

1. Introduction

About 50 years ago, Wilf [20] proposed a reverse arithmetic-geometric mean inequal-

ity for complex numbers: For complex numbers ty, ..., t,, suppose that
\argti|§¢§g fori=1,...,n. (1.1)
Then .
bty tu]n < (sec@) |t by + ot (1.2)

As a matter of fact, the assumption (1.1) implies
cos - ([ta] + [ta] + -+ [ta]) S i+ ta+ -+ + 1] (1.3)
by which the conclusion (1.2) is obtained via the arithmetic-geometric mean inequal-
ity.
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Afterward, Diaz and Metcalf [2] advanced it to the case of vectors in a Hilbert
space ¢ with an inner product (z, z) as follows:

Diaz-Metcalf inequality. Let z be a unit vector in €. Suppose that x+,...,x, €
JC satisfy that there exists a constant r such that
Re (z;, z)

0<r<
||$z'||

fori=1,...,n.

Then

P3Nl <
%

D
%

In [9, Theorem 9], it was generalized by connecting the Selberg inequality, cf. [12]:

Theorem A. Let z,...,z, be vectors in 7. Suppose that x4, ..., x, € F satisfy

that for each j =1,...,m there exists a constant r; such that
Re (z;, z; )
0<r; < W fori=1,...,n.
T

If y € A satisfies (y,z;) =0 for j=1,...,m, then

| (1 + -+ 20, y) P+ (Z %) (Z ||wi||> lyll* <

J

2
2
lyll”

D
)

where ¢; =Y, | (zn,25) | for j=1,...,m.
On the other hand, we recall the Buzano inequality. For convenience, we denote
by
1
B (y1,y2) = 5l ly2ll + (g1, y2)1)

for yy,yo € . The inequality

[ (2, 91) (2, 92) | < %(HylH lya |l + (g1, 92)]) [l

holds for all z,y,,ys € ¢, which includes the Schwarz inequality as in the case
Y1 = Y.

In our paper [8], we proposed a simultaneous extension of Selberg and Buzano
inequalities:



Theorem B. If y1,y. € J satisfy (yx,2;) = 0 for k = 1,2 and given nonzero
vectors {z;;j =1,2,...,m} C A, then

(z, 2j) 2

)] SBwew ™ (14)

| (2, y0) (@, 92) | + B (Y1, 92 Z
2l
holds for all x € F.

In this note, we propose a simultaneous extension of Theorems A and B related
to Diaz-Metcalf and Buzano inequalities. As an application, we discuss a refinement
of an extended Heinz-Kato-Furuta inequality. Moreover, we show some variant
inequalities of it by Furuta inequality and chaotic order.

2. Simultaneous extension of Diaz-Metcalf and Buzano in-
equalities

We propose a simultaneous extension of Diaz-Metcalf and Buzano inequalities.

Theorem 2.1. Let zq,..., 2, be nonzero vectors in . Suppose that x1,...,x, €
J satisfy that for each j =1,...,m there exists a constant r; such that

Re (x;, zj)
[EA|

If y1,y2 € F satisfy (yx, zj) =0 fork=1,2 and j =1,...,m, then

) (ool () () o

>~ B(Z/lny)
where c; =, | (zn, 25) | forj=1,...,m.

OST]‘S

fori=1,....n

(2.1)

)

Proof. We have

2 2
B (Y1, 42) Z“’l _Z%(Z\|xil|>
L \)2
B (y1,v2) sz —Z Re(Zé?Z,zj>)
i J




> B (y1,92)

_Z|<Zi27zj>l

2
%

()5

as desired. O

> (by Theorem B)

Next, we propose a generalization of (2.1) as follows:

Corollary 2.2. Let T = U|T| be the polar decomposition of an operator T on F .
Let zq, ..., zy be nonzero vectors in 7€ and o, 5 > 0 with o+ > 1 > «. Suppose
that x1,...,x, € J satisfy that for each j = 1,...,m there exists a constant r;
such that

L 200, o
0<r, < Re (T'x;, zj) Re (|T|**x;, ;)
[ T] 4| [ T[]

Ifyi,ys € I satisfy <]T*|5+1*°‘yk,zj> =0 (resp. <T|T|a+5*1zj,yk> =0) fork=1,2
and j =1,...,m, then

<Z T|T|a+ﬂ_1$i, y1> <Z T|T|a+'8_1:)3i, y2>
r? ’
+ B (IT*Pyr, IT*"ys) (Z C—J> (ZIIITIC“%-II) (2.2)
— ¢; i
’ 2
> T

where ¢; = 3, | (T2 "z, 2;) | (resp. ¢; = >0, | (IT)**2n, 2) |) for j=1,...,m.

Proof. We apply Theorem 2.1 by replacing x;, z;, yx to |T|“x;, |T|*=U* 2, U*|T*|Pys
(resp. U|T|%x;, U|T |z, |T*Pys). O

(resp.OSrjg ) fori=1,... . n.

< B(I7"1°y1, 1771 y2)

3. Extensions of Heinz-Kato-Furuta inequality

In [15], Furuta extended the Heinz-Kato inequality:

The Heiz-Kato-Furuta inequality. Let A and B be positive operators on .77.
If T satisfies T*T < A% and TT* < B2, then

[(TIT 7 ) | < [l A% || B



holds for all z,y € 5 and «, 5 € [0,1] with a+ 5 > 1. In addition, if A and B are
invertible, then a4+ § > 1 is unnecessary.

Afterwards, several authors have generalized it, e.g. [9], [10], [11].
In this section, we apply Corollary 2.2 to extend the Heinz-Kato-Furuta inequality.
To do this, we use the following lemma in our paper [8] X

Lemma C. [f TT* < B? for some B > 0, then for 8 € [0,1]
B (|T*|ﬂy17 |T*|B?Jz) < ||Bﬁy1H HBﬂ?JQH

holds for all y,,ys € F.
Now the following inequality follows from Corollary 2.2 and Lemma C:

Corollary 3.1. Let T = U|T| be the polar decomposition of an operator T on F .
Let z1,. .., zy be nonzero vectors in A and o, € [0,1] with « + 8 > 1. Suppose
that zv,...,x, € I satisfy that for each j = 1,...,m there exists a constant r;
such that

Re (|T)*“x;, 2;)

Re (T'z;, z;)
0<pr, < — "2
! 7] |

= 7o)

(resp.OSrjg ) fori=1,... . n.

If T*T < A? and TT* < B? for some A, B >0, and y1,y> € S satisfy
<|T*|B+1_ayk; Zj> =0 (T@Sp, <T|T‘a+ﬁ—lzj’yk> _ 0)

fork=1,2andj=1,...,m, then

|<ZT|T|Q+51%‘791> <Z T|T|a+ﬁll’z‘ay2>

(2 7 r2 ,

+ BTy, IT"|"y:) (Z C—?) (Zmﬂaxiu) (3.1)
i i

Z Aal’i

where ¢; = 3, [ (| T2z, ;) | (resp. ¢; = >, |1 {(IT1**2n, ) |) for j=1,...,m.

2
< [[B%[| | B |

Next we cite the Furuta inequality [13] for convenience:



The Furuta inequality.
If A> B > 0, then for each r > 0,

(i)  (B'APB")s > (B'B’B")

and A
£
(i)  (ATAPA")e > (A"BPA")s (1, )Y
hold for p > 0 and ¢ > 1 with ~
(1+2r)g>p+2r (1,0) I
(07 _QT)
Figure

We refer [17] and [3] for mean theoretic proofs of it, and [14] for a one-page proof.
The best possibility of the domain drawn in the Figure is proved by Tanahashi
[18]. The Heinz -Kato-Furuta inequality has been extended by the use of the Furuta
inequality in [16].

Now, we have the following extension of Corollary 2.2 by the Furuta inequality:

Theorem 3.2. Let A be a positive operator on F and T = U|T| be the polar
decomposition of an operator T on € such that T*T < A% Let z,...,%m be
nonzero vectors in  and o, > 0 with (1 +r)a+ (1+s)8 > 1> (1 +7r)a for
each r,s > 0. Suppose that 1, ...,x, € F satisfy that for each j = 1,...,m there
exists a constants r; such that

Re (Tx;, z;) Re (|T|2+og;, z;) ,
Ogrjgm resp. 0 < r; < T | fori=1,...,n.

If y1, yo € F satisfy <]T* |(Fs)BH1=(tr)ay, zj> =0 (resp. <T|T](1+T)°‘+(1+5)5_1zj, yk> =
0) fork=1,2and j=1,...,m, then

<Z T|T|(1+r)oc+(1+s)ﬂ—lxi’ y1> <Z T|T|(1+r)a+(1+s),3—1l,i’ y2> ‘
(2 7 Tz g
+B (|T*|(1+S)’3y1, |T*|(1+s)ﬂy2) (Z C_J) (Z H|T|(1+r)aﬂ7i”> (3.2)
i i

* S * s T T (tr)a
< B (T 0Py, | T +9)Py,) <<|T| APP|T[") 5 in,in>,

%

wherep = 1 andc, = 3, | (T POz, ) | (resp. ¢; = 35, | (ITR0+92, ) )
forj=1,...,m.



Proof. By replacing « and § to a; = (1 + r)a and 51 = (1 + s)f, respectively in
Corollary 2.2, we have

‘<ZT|T|Q1+51_1%7?J1> <Z T|T|a1+ﬁl_1$iay2>
r? ?
+ B (TP, [T ) ( D ) | DU NI ]
i i

< B (TP, [T o) <|T|2a1 Z% sz>

i

where ¢; = Y7, [ (IT[20-20 24, ) | (vesp. ¢; = X5, | (TP 24, 2) ) for j = 1,...,m.

Next we replace A, B, r and ¢ to A%, |T|?, 5 and (ff;f;a, respectively in the Furuta

inequality. Then we have

(14r)a

TP = [T < (T AW|TT) 55

Combining them, we obtain the inequality (3.2). O

We remark that the condition (1 + r)a+ (14 s)8 > 1 in above is unnecessary if
T is either positive or invertible.

From the operator monotonicity of the logarithmic function, we introduced the
chaotic order among positive invertible operators by A > B if log A > log B in
[4], and obtained a characterization of the chaotic order in terms of Furuta’s type
operator inequality [5], [6] and [7]. We show a variant of Corollary 2.2 by chaotic
order. For this, we use the following characterization of the chaotic order which is
an extension of Ando’s theorem [4], [5], [6], [7] and [19] for a polished proof.

Theorem D. For positive invertible operators A and B, A > B if and only if
(B"APB")s > (B"BPB")s

holds for ¢ > 1, p,r > 0 with 2rq > p + 2r.
We now show the chaotic version of Corollary 2.2 by applying Theorem D:

Theorem 3.3. Let A be a positive operator on S and T = U|T| be the polar
decomposition of an operator T on S such that T*T < A% Let z1,..., %, be
nonzero vectors in J and o, € [0,1] with ra + sf > 1 > ra for each r;s >
0. Suppose that x1,...,x, € F satisfy that for each j = 1,...,m there exists a



constant r; such that

Re (T'x;, zj)
= 7o

R T2rai .
e (T x,zﬂ) fori=1,...,n

o< r, <
(“Sp == T T e

OSTJ'

If y1, yo € I satisfy <|T*|85+1*myk, Zj> =0 (resp. <T|T|m+55’1zj, yk> =0) fork=1,2
and j =1,...,m, then

‘<Z T|T‘Ta+56_l.l"i, y1> <Z T‘TVOH_S'B_lxi, y2>‘
B (1T [y, |T°1) (Z —) <Z |||T|mxz-||> (33
i i
< BTy, 1T y) <<\T|’”AZP\TV>J$ S Z> ,

where p > 0 and ¢; =, | <\T*\2(1_m)zh,zj> | (resp. ¢; = >, [ {(|T)* “2n, 25) |) for
=1,....,m

Proof. By replacing o and 8 to ra and sf, respectively in Corollary 2.2, we have

<Z T’T|ra+sﬁflxi’ y1> <Z T|T|ra+sﬁflxi7 y2>
+ B (|7, | TP ) <Z C—J> (Z !IIT\mxiH)
i i
B (lT*lsB |T* sﬁ <|T|2ra Zx“ sz>

where ¢; = 3, [ {|T*[P07) 2, 2;) | (vesp. ¢; = 3, [ (|T**2n, 25) |) for j = 1,.
Moreover we replace A, B, r and ¢ to A?, |T|?, £ and pJ”” , respectively in Theorem

D. Then we have

(TP < (1T A%\ 7)) 75

Combining inequalities above, we obtain the desired inequality (3.3). d

Next we interpolate between Theorems 3.2 and 3.3 by the use of Furuta’s type
operator inequality which interpolates the Furuta inequality and Theorem D.

Theorem 3.4. Let A be a positive operator on F and T = U|T| be the polar

decomposition of an operator T on S such that |T|*° < A% for some 6§ € (0,1].
Let z1, ..., zm be nonzero vectors in € and o, B € [0, 1] with (0 +r)a+ (§+5)8 >



2 (5 + 7“)04 for each r;s > 0. Suppose that x1,...,x, € J€ satisfy that for each
=1,...,m there exists a constant r; such that

Re (T'z;, z; Re (|T 204Ny, ».
0<r; SEAE {7 i) fori=1,...,n

< — L0<r, <
> |HT|(6+r)axiH (7"68]? ST s |HT|(6+T)axiH

If y1, yo € I satisfy <\T*|(5+5)5+1_(‘5+’")0‘yk, zj>:0 (resp. <T]T| (0+r)at(0+s)6— zj,yk>—
0) fork=1,2 and j=1,...,m, then

<Z T|T|(5+r)a+(5+s)5—1xi’ y1> <Z T|T|(5+r)oc+(6+8)ﬁ—1$i, y2>
i i ; /
B (|T*|(5+S)ﬁy1, |T*|(5+S)By2) (Z C_J) (Z H |T|((5+7")ocl,ZH) (34)
i i
B (7702, [17]+9%4) <<|T|TAQP|T| )5, le> |

wherep > 6 and c; = >, | (| T* [P0z 20 | (resp. ¢; = >, | (T2, ) |)
forj=1,....m

Proof. By Corollary 2.2, we have

| <Z T|T|(6+r)o¢+(6+s)6—1l,i, y1> <Z T|T|(§+r)oz+(6+s)ﬁ—1xi’ y2>
KA 1 T2 2
B (|77 5+, |T7|C+%y,) (Z —) (Z { IT“‘”’”“%H)
i i
B <‘T*‘(5+s |T*|(5+s)5 <‘T|2(5+r Zx“ Z $Z>

where ¢; = X5, [{[T*RO-0) 2, 2| resp. ¢ = 30, [ ([T[00%2,2,) ) for j =
1,...,m. Moreover the following inequality is known in [6]:

(T[ < (T A% |T]) 5

Combining above inequalities, we obtain the desired inequality (3.4). O
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