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THE DUNKL-WILLIAMS CONSTANT OF
SYMMETRIC OCTAGONAL NORMS ON R?

HIROYASU MIZUGUCHI, KICHI-SUKE SAITO, AND RYOTARO TANAKA

ABSTRACT. Recently, we constructed a new calculation method for the Dunkl-
Williams constant DW (X)) of a normed linear space X. In this paper, we deter-
mine the Dunkl-Williams constant of symmetric octagonal norms on R? by using
our method.

1. Introduction

A norm || - || on R? is said to be absolute if ||(a,b)|| = ||(|a|, |b])]| for all (a,b) €
R?, and normalized if ||(1,0)]] = [|(0,1)|]| = 1. The set of all absolute normalized
norms on R? is denoted by AN,. Bonsall and Duncan [4] showed the following
characterization of absolute normalized norms on R?. Namely, the set AN, of all
absolute normalized norms on R? is in a one-to-one correspondence with the set ¥,
of all convex functions ¢ on [0, 1] satisfying max{1 —¢,¢} <(t) < 1forall ¢t € [0, 1]
(cf. [24]). The correspondence is given by the equation ¥ (t) = [[(1 — ¢,t)|| for all
t € [0,1]. Note that the norm || - ||, associated with the function ¢ € U, is given by

(al + 1o -
0 if (a,b) = (0,0).

(@, 0)[l =
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For each 5 € (1/2,1), let ¢5(t) = max{1l — ¢, ¢, 5}. Then, ¢g € Vs, and the norm
| - |5 associated with 15 is given by

(@, 0)[|s = max{]al, [b], 5(lal +[6])}

(1 (|b| <12f |a1) |

1 —
=3 Aal+ ) (“5 ol < 01 < 25lal).

L (150 <)

Remark that the unit sphere of (R?, ]| - ||3) is an octagon, and that the norm || - ||

is symmetric, that is, ||(a,b)||s = |[(b,a)||s for all (a,b) € R% Hence, in this paper,
the norm || - ||5 is said to be a symmetric octagonal norm on R?.

Throughout this paper, the term “normed linear space” always means a real
normed linear space which has two or more dimension. Let X be a normed linear
space. In 1964, Dunkl and Williams [8] showed that the inequality

Aflz —y||

Ty
- = (1)
’ - llyl H ]l + vl

holds for all z,y € X \ {0}, and that if X admits an inner product, the stronger
2|z —y||

inequality
z Y
- < (2)
’ ezl [yl H ]|+ [l

holds for all z,y € X \ {0}. These inequalities are so called the Dunkl-Williams
inequality. There are many results related to this inequality (cf. [1, 5, 6, 7, 16, 17,
21, 22, 23, 25, 26], and so on).
In [8], it was also proved that for any € > 0 there exist z,y € (R?, || - ||1) such that
x y [l = ylh
> (4—-¢)

‘Hle Iyl 11, lll + Nyl

This means that the constant 4 is the best possible choice for the Dunkl-Williams
inequality in the space (R? || - ||;). A bit later, Kirk and Smiley [15] completed this
result by showing that inequality (2) characterizes inner product spaces.

Thus, the best possible choice for the Dunkl-Williams inequality measures “how
much” the space is close (or far) to be an inner product space. Motivated by this
fact, Jiménez-Melado et al. [14] defined the Dunkl-Williams constant DW (X)) of a
normed linear space X as the best constant for the Dunkl-Williams inequality, that
is,

oW () s { L
lv =yl

Els ||§||H oy € X0 “Ay}'



We collect some basic properties of the Dunkl-Williams constant. Let X be a
normed linear space. Then, the following hold:
(i) 2< DW(X) < 4.
(ii) X is an inner product space if and only if DW(X) = 2.
(iii) X is uniformly non-square if and only if DW (X)) < 4 (cf. [2, 14]).
However, the Dunkl-Williams constant is very hard to calculate. It is not known for
almost all normed linear spaces. We cannot compute DW (X) even if X = (R?, [|-]|,).
In [20], it was shown that DW (fo-fs) = 2/2, where {5-£,, is the space R? endowed
with the norm || - |20 defined by

(@, B) |00 = (laf? + [B])V2 if ab > 0,
e max{|al|, [b|} if ab <0,

for all (a,b) € R% This is the only nontrivial example that the Dunkl-Williams
constant was precisely determined.

In this paper, we determine the Dunkl-Williams constant of the space R? endowed
with a symmetric octagonal norm || - |[g by using a calculation method which was
constructed in [20].

2. Calculation method

In this section, we describe a calculation method used in this paper. Let X be a
normed linear space, and let Bx and Sy denote the unit ball and the unit sphere
of X, respectively. When we make use of the calculation method, the notion of
Birkhoff orthogonality plays an important role. We recall that x € X is said to be
Birkhoff orthogonal to y € X, denoted by = L y, if ||z + Ay|| > ||z|| for all A € R.
Obviously, Birkhoff orthogonality is always homogeneous, that is, x L y implies
ax 1Lg Py for all a, € R. More details about Birkhoff orthogonality can be found
in Birkhoff [3], Day [9, 10] and James [11, 12, 13].

To construct a calculation method, we introduced some notations in [20]. Suppose
that X is a normed linear space. For each x € S, let V(z) be a subset of X defined
by V(z) ={y € X : x Lp y}. Foreach z € Sx and each y € V(x), we define I'(z, y)
and m(x,y) by

A+
(z,y) = {TuiASOSM, lz + Ayll = Hx+uyH}

and m(x,y) = sup{||z +vy| : v € ['(x, y)}, respectively. Furthermore, let
M(z) = sup{m(z,y) : y € V(2)}.

Using these notions, we obtained a calculation method for the Dunkl-Williams con-
stant.



Theorem 2.1 (][20]). Let X be a normed linear space. Then,
DW(X) =2sup{M(z):x € Sx}.
For two-dimensional spaces, Theorem 2.1 has the following improvement.
Theorem 2.2 ([20]). Let X be a two-dimensional normed linear space. Then,
DW(X) =2sup{M(z) : x € ext(Bx)},
where ext(Bx) denotes the set of all extreme points of Bx.

For each nonzero element z of a normed linear space X, an element f of X* is said
to be a norming functional of z if || f|| = 1 and f(z) = ||z||. Let D(X,x) denote the
set of all norming functionals of . The following is an important characterization
of Birkhoff orthogonality.

Lemma 2.3 (James, 1947 [12]). Let X be a normed linear space, and let x and y
be two elements of X. Then, x | g y if and only if there exists a norming functional
f of x such that f(y) = 0.

From this result, one can easily have that V(z) = (J{ker f : f € D(X,x)} for
each unit vector x in a normed linear space X.
When we put the method into practice, the following results are needed.

Lemma 2.4. Let X be a normed linear space, and let z € Sx. Then, the following
hold:

(i) m(z,0) =1.

(ii) m(x,ay) = m(z,y) for all y € V(x) and all « € R\ {0}.
Proposition 2.5. Let X and Y be normed linear spaces, and let 1" be an isometric
isomorphism from X onto Y. Then, the following hold:

(i) m(Tz, Ty) = m(z,y) for all z € Sy and all y € V().

(ii) M(Tx) = M(z) for all x € Sx.

Lemma 2.6. Let X be a normed linear space. Suppose that x € Sy, and that
y € V(x). Then, m(z,y) = max{||z + ay||, || + By}, where a = infI'(z,y) and
B =supl'(z,y).

Lemma 2.7. Let X be a normed linear space, and let z € Sx. Suppose that D is
a dense subset of V(z). Then, M (z) = {m(z,y) : y € D}.

All of these results can be found in [20].



3. The Dunkl-Williams constant of (R? || - | 5)

The following is the main theorem in this paper.

Theorem 3.1. Let 5 € (1/2,1). Then, the following hold:
(i) If B € (1/2,1/+/2], then

DW((R?, | - [2)) = @3 (1B + 57).

(ii) If B € [1/4/2,1), then
DW((R* ] - [ls)) =4 (1 = 8)* + 5%).

Once it has been proved that (i) holds, one can show (ii) easily. Indeed, for
each 8 € (1/2,1), it is easy to check that (R?, || - ||5) is isometrically isomorphic to
(R?, || - |[1/25) under the identification

(R?, 1|+ 1l5) 3 (21, 22) +— Blar + 22,21 — 22) € (R, [| - [11/25)
since max{|z, + o, |1 — 22|} = |21| + |22 for all z1, 25 € R. If B € [1/v/2,1), then
1/28 € (1/2,1/+/2] and hence

DW((R?, | - [l5)) = DW((R? | - [l1/25))
2
= ———— ((1—(1/28))* + (1/2B)?
=4((1-p)*+5%)
by Theorem 3.1 (i).

Thus, to prove Theorem 3.1, the case of 5 € (1/2,1/1/2] is essential. Henceforth,
we assume that 8 € (1/2,1/+/2] unless otherwise stated. Put Xz = (R, || - ||5) and
ks = (1 — )/ for short. We remark that v/2 — 1 < kg < 1 since 1/2 < 8 < 1/V/2,
and that § = 1/(1+ kg).

We start the proof of Theorem 3.1 with the following lemma.

Lemma 3.2. DW(X;) = 2M((1, ks)).

Proof. 1t is easy to see that ext(Bx,) is the set of all vertices of the octagon Sx,,
that is,

ext(Bx,) = {(e1,62k3) : |e1] = |ea| = 1} U {(e1kp, €2) : |e1] = [e2] = 1}.

Since || - || is a symmetric absolute normalized norm on R?, both of the maps
(x1,22) = (21, —2x2) and (z1,22) — (z2,21) are isometric isomorphism from Xjg
onto itself. Hence, we have

M((e1,82k)) = M((e1ks, €2)) = M((1, kg))



by Proposition 2.5, which and Theorem 2.2 together imply that
DW (Xg) = 2sup{M(z) : v € ext(Bx,)}
= 2M((1, kg)).
This completes the proof. 0

Put x5 = (1, k). Next, we determine the set V' (z3). To do this, we make use of
the following lemma found in [4] (cf. [19]).

Lemma 3.3 (Bonsall-Duncan, 1973 [4]; Mitani-Saito-Suzuki, 2003 [19]). Let ¢ € U,
and let x(t) = (1 —t,t)/¢(t) for each ¢t € [0, 1]. Then,

D((R?, [ - [l), (1))

{(Le(1+a)):ae[=1,9R(0)], [cf =1} (t=0),
= (W) —at,v(t) +a(l = 1)) sa € [Yr(t), vR®)]} (0<t<1),
{(c(1=a),1):a€[yYr(1),1], |e] =1} (t=1),

where ¢ (t) and ¢(t) are, respectively, the left-hand and right-hand derivative of
Y atte|0,1].

Using this result, we have the following lemma.
Lemma 3.4. V(zg) = {a(l +a,—1+ kga) : a € [-1,0], o € R}.

Proof. First, we note that 3 = (8,1 — ) /¥s(1 — /). Since (¢5);(1 — 5) = —1 and
(Yp)Rr(1 — B) =0, we have

D(Xg,25) = {(B—a(l = B),B+af):ac[-1,0]}.

Thus,

V(zg) = J{ker f : f € D(Xp,24)}
={a(B+aB,—B+a(l—-p)):ac][-1,0], a € R}
={a(l+a,~1+kga):a€[-1,0], a € R}.

The proof is complete. O

To reduce the amount of calculation, we make use of Lemmas 2.4 and 2.7.

Lemma 3.5. M(z3) = sup{m(zs, (1, —t)) : t € (1,00) \ {1/kg, (1 +ks)/(1 —kg)}}.

Proof. 1t is clear that {a(1+a,—1+kga) : a € (—1,0), a € R} is a dense subset of
V(z3) by the preceding lemma. On the other hand,

{a(l14+a,—1+kga) :a € (—1,0), a € R}

-1
:{a (1,M) ca € (—1,0), aGR}.
1+a



Since the function a — (—1+ kga)/(1 + a) is continuous and increasing, it maps
(—1,0) onto (—oo, —1). Thus, one has that

{a(L:%Eéﬁ):ae(—Lm,aeR}:{aﬂ;%yte(Laﬂ,aeR}

From this, it follows that {a(1,—t): ¢t € (1,00) \ {1/ks, (1 + kg)/(1 — kg)}, a € R}
is also a dense subset of V(z3). Thus, by Lemma 2.7, we obtain

M (zg) = sup{m(zs, (1, —t)) : t € (1,00) \ {1/kg, (L + kg)/(1 = kg)}, o € R}.
Finally, applying Lemma 2.4, we have the lemma. O

For each t € R, put y; = (1, —t). Next, we give the formula of ||z5 + Ay||s for all
t € (1,00)\ {1/ks} and all X € R.

Lemma 3.6. Let ¢t € (1,00) \ {1/ks}, and let

2k k2 —1 1+ k2
= =0 =L and ¢ = B
— L+ kst Tt — 1

Qg

Then, the following hold:
(i) If t € (1,1/kp), then ¢ < by < 0 < a; and

(kg —1—(1+EA
d 1+<]€B ) ()‘Sct>7
kg —tA (. <A< by),
L+ksg+(1—1)A
25 + Myl g = Tk (b < X\ <0),
1+)\ (OSASCLt),
L—kg+ (1+6)A
a; < A
\ 1+/€5 <t_ )
(ii) If t € (1/kg,00), then b, < 0 < a; < ¢; and
(ks —tA (A< by),
1+/€5+(1—t>)\
<A<
1+k5 (bt A_O)’
lzg + Apellg = q 1+ A (0< A< a),
1—kg+(1+t)A
i+% ) @ <A< ),
| A~ ks (e, < ).




Proof. First, we note that
—1<b <0<kg/t<a
for all £ € (1,00) \ {1/ks}. If t € (1,1/kg), then one can easily have
o < —1<b <0<kg/t<a.
If t € (1/kp, 00), then we obtain
—1<b <0<kg/t<ar<c

since

(=K (ks + 1)
T k) (st — 1)
Now, it follows from the definition of || - ||5 that

Cy —

lzs + Ayells
1+ Al (Iks — tAl < kg1 + Al),
11+ A+ kg — tA| 1
= kgll + Al < kg —tA| < k7 [1+ A
P 1 = s = ] < 45710+ A
’/{/5 — t)\l (k;lyl + )\‘ < ’/{5 —t)\‘).

On the other hand, we have
(kg —tA)? = k3(1 4+ X)? = (t + kg)(t — kg)(A — ar) X, and
kg?(1+A)? = (kg — tA)? = kg2 (1 + thp) (1 — thg) (A — be) (A — o).
From these facts, one can obtain the lemma. [l
The following lemma is needed in the sequel.
Lemma 3.7. Let ¢t € (1,00). Then, the function A\ — |lzg + Ayl|g is strictly
decreasing on (—oo, 0], and is strictly increasing on [0, 00).

Proof. We first note that y, € V(xz), that is, x Lg y,. Since the function \ —
lzs + Aye||s is convex, it is enough to show that ||z5 + Aoyl = min{||xs + Ay :
A € R} =1 if and only if Ay = 0. To this end, we suppose that ||z5 + Aoye||g = 1.
Then,

max{|1 + Xo|, |ks — tAol, B(|1 + Xo| + ks — tAo])} = 1z + Xowells = 1.
Since |1+ Ag| < 1, we have Ay < 0, whence
ks — tho = [ks — tho| < 1.
It follows from 0 < kg < 1 and ¢ > 1 that

ks — 1

Ao >
0=""4

>l€5—1>—1,

— 100 —



which implies that
1> B(|1 4 o] + |kﬁ — tAo|)
= B((1+ Xo) + (kg — tAo))
Thus, we also have \y > 0. This completes the proof. U

We clarify the relationship among ||zs + a:yel|s, |25 + biyells, and ||z + coyell .

We note that
1+ kg B 1 S 15} 1

1—ks 28—1"1-8 kg
since 8 € (1/2,1/v/2).
Lemma 3.8. Let t € (1,00) \ {1/kg, (1 + kg)/(1 — kg)}. Then, the following hold:
(i) It € (1,1/kg), then [lzg + biyills < [lzg + ayells < llz5 + il
(i) If¢ € (1/kg, (1+kg)/(1=kg)), then [lzs+buyills < [[xs+ayells < llzs+cills.
(iii) I ¢ € ((1+kp)/(1 = kg),00), then |lzs +arlls < [z +blls < l|lz5+crylls-
Proof. By Lemma 3.6 (i) and (ii), we have

1—}-1{75

25 + aryills = 1+ ar and [lzg + bigells =

Y

which implies that

125 + aryills = llzs + biyells =

(1 —Fkg)(kg+1t) (1 + kg _t)
(t —kg)(1+ kgt) \1— kg '
Thus, |z + ayells > [les + biyells i ¢ < (14 kg)/(1 = kp), and [lzg + alls <
[z + beyellp it > (14 kg) /(1 — kp).
Suppose that ¢ € (1,1/kg). Then, as mentioned above, ||zg+biy|| g < ||zs+aiy:||s-
Moreover, by Lemma 3.6 (i), we have
1+ kg

ks —1— (141,
1+]€5

|z + awyell s = :

and [|lzg + cinls =

and so

28 + cyells = llws + anyells

1 L+k5 2k

= 2(kg —1 141t — :

1+kﬂ(<’3 )+(+)<1—kﬁt t—kﬁ))
On the other hand, since 1 — kgt <1 — kg <t — kg, we obtain

L+ k3 2kg 14k 2k

st t—ky 1—ky 1—ky

— 101 —



which implies that

(t =1 — ks)

1+/€3 > 0.

25 + cryells = lles + ayells >

This shows (i).

Next, we suppose that ¢t € (1/kg, (1+kg)/(1—kg)). Then, we have ||zg+ by <
|lzs + arye]|p. Furthermore, we obtain 0 < a; < ¢ by Lemma 3.6 (ii). Thus,
Lemma 3.7 assures that ||z5 + a:yellp < |25 + eyl s-

Finally, we assume that ¢t € ((1+kg)/(1—kg),00). Then, we have ||xz+ a;ye]|p <
|lzs + byt s as mentioned in the first paragraph. Moreover, since

|25 + beyells = kg — thy and  |zg + ciyellp = ter — kg,
it follows that

2(kg + 1)
s + canlls = s+ begells = 55— > 0.
22 —
Thus, one has that ||zs + biy||g < ||zs + ciye]|g- This proves (iii). O

Let t € (1,00). Then, the intermediate value theorem guarantees that the function
A = ||zs + Ayel|p maps (—oo, 0] onto [1,00) and [0, 00) onto [1,00). Thus, for any
p € [0,00), there exists a A € (—o0,0] such that ||zs + Ayellg = |lzp + pyells-
Furthermore, by Lemma 3.7, this gives a one-to-one correspondence between [0, 00)
and (—o00,0]. Now, let p;, g, be real numbers such that p; < 0 < g, ¢y < 0,

lzs + aills = llws + peells, llws + biyells = Nz + ayells, and |lwg + cells =
|z + r:yt||3. Then, we have the following lemma.

Lemma 3.9. Let t € (1,00) \ {1/kg, (1 + ks)/(1 — kg)}. Then, the following hold:
(i) Ift € (1,1/kg), then ¢, < pr < b <0 < ¢ < a; <1y and

BT TR L= and =B
Y2 n Gt 1+ kg and Ty P Gt
ii) If t € (1/kg, (1 + k 1 —kg)), then r, <py <b; <0< q <a; <c¢ and
B B B
ks—1—a 1—1t)b 2k
pt:—ﬁ p t’ Qt:—(l—l—k)gt and 'rt:—tﬂ—ct.
(iii) If t € (1 4+ kg) /(1 — kp),00), then r, < b <p <0< a; < ¢ < ¢; and
1+ kg)a 2ks + (1 —1)b 2k
= 1—i)t’ £ ﬂtil P o - Sl

Proof. Suppose that ¢ € (1,1/kg). Then, ¢; < by < 0 < a; by Lemma 3.6. Using
Lemma 3.8, we have the following diagram:

+1 lzg vl < llvsg+amlls < |log 4+ 7l
I I Il

—: lzg+bwells < s +pwells < s + conlls

— 102 —



Thus, by Lemma 3.7, it follows that ¢; < p; < by <0 < q; < a; < ry. Then, we have

ke —tpe = llws + Pyl = llzg + alls =1+ ar,

1 = = b = d
+ e = w5 + awells = lws + beyells 1+ ky , an
1—k5+(1+t>7’t kg—l—(l—i-t)Ct
L Y s = o + s = P
This shows (i).
Similarly, one can prove (ii) and (iii). O

Next, we consider the set I'(xs, ;). As was mentioned in the paragraph preceding
Lemma 3.9, for each pu € [0,00) there exists a unique A\, € (—00,0] such that
|lzs + Auyills = ||z + pye]| g Then, it follows that

s = { 25w .00}

Remark that ( )
kg(1 + kg 1-p I5; 1
1 = -
S 8ky—1  BB-4p) 1-5 Iy

since 8 € (1/2,1/v/2).
Lemma 3.10. Let ¢t € (1,1/kg). Then,

|:Ct+rt’0:| (1<t§k5(1+k’5))’

I ) 2 kg — 1

xg, =

B> Yt c+ 1 ap + pe k5(1+k5)<t<i
) kg —1 — ks '

Proof. By Lemma 3.9 (i), we have ¢; < p; < by < 0 < ¢ < a; < ry. Suppose that
0 <u < . Then, Lemma 3.7 guarantees that by < A\, <0, and so
1+ ks + (1 —t)A
1+ k‘g

E= o+ MNavellp = llzg + pyells = 14 g

Hence, we have

P S/
w )
1—t
which implies that

At (=2 —kg)p

2 2t-1)
Since t € (1,1/kg), we have t —2 — kg < 0. Indeed, it follows from kg > /2 — 1 that
1 1
24 ks —t>2+ks— — = —(kj+2ks—1) > 0.
ks ks

— 103 —



Thus, the function p — (A, + p)/2 is decreasing on [0, ¢;], and therefore

A+ by +
(st ctoal} - 1520

Next, we suppose that ¢; < 1 < a;. Then, we have p; < A, < b, and so
ks —tAu = s + Auells = llws + pells = 1+ .

From this, we obtain
k)/g —1-— j2
ANy= ———
a t
and

)\N—F[L . k/g—l—i-(t—l)u
2 2t ’
This shows that the function p — (A, + p)/2 is increasing on [gy, a;], which implies

that
Aut 1 |t a ai+p
{ 5 ~#€[Qt,at]}—[ 5 ' 9 :

In the case of a; < pu <y, we have ¢; < A, < p;. Then, we obtain

1—kzﬁ+(1+t),u
1—|—k‘5 '

kg —tA, = ||lvg + /\uytHB = ||x5 + pyells =

It follows that

B2k -1 (Lt
. t(1+ kg)
and
Mot i KR+ 2ks — 1+ (kst — D
2 2t(1 + kg)
Since t € (1,1/kg), the function p — (A, + p)/2 is decreasing on [a;, ], and hence

Aut i |Gt artpe
{ 5 .ue[at,rt]}—{ SRR )

Finally, we assume that 7, < p. Then, it follows from A, < ¢; that

ks —1— (14 1)\

1—Fkg+(1+t)u
1+k/’5 ’

1+/€5

L= lzg 4+ Navells = llzs + pagells =

So we have
~ 2(ksg—1)

=—=1;

A
" 1+t

which implies that

Aut+p kg—1 ¢+
2 1+1¢ 2

— 104 —



Now, since the function p +— (A, + 1)/2 is continuous, one has that

F(ajﬂ?yt)

A

2
bt bi+q a+p Ct +T¢ Gy + Py
_{2’0U > 2 Y72 2

bt q oty ay + Pr
= |min { ———, ,max 4 0, .
2 2 2

However, since

b+q c+re  (t—1)(kg+t)(1—ks)

— = >0
2 2 2(1+t)(1 + kgt)
and
ag + py . Sklg—l t—kﬂ(l—i_kﬁ)
2 2t(t —kp) kg —1 )’
we have the lemma. O

We remark that

since kg > V2 -1.
Lemma 3.11. Let t € (1/kg, (1 + kg)/(1 — kg)). Then,
[—bﬁ% —Ct+”] (ki <t< 2+k5) ,

2 2 )
F(l’ﬁ, ?/t) =
g

Ct + 1y 1+k5
< .
2 :| (2+k6_t<1—k5

Proof. In the case of t € (1/kg, (1 + kg)/(1 —kg)), we have 1 <p; < b; <0 < ¢ <
at < ¢; by Lemma 3.9 (ii). Suppose that 0 < 1 < ¢. Then, we have b, < \, <0,
and so

L+ kg+(1—1)A

lll pr— A pr— :1 .
Tk lzs + Nuvellp = Nz + pyellp = 1+

As in the proof of the preceding lemma, we obtain

)‘u"‘ﬂz (t—2—kg)p
2 2(t—1) 7
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which implies that p — (A, + p)/2 is decreasing on [0, ¢] if ¢ < 2 + kg, and is
increasing if ¢ > 2 + kz. Hence, we have

1
M,O —<t§2+k35 s
{A’”LM'ME[Oq]}— X o
2 S b+ 1+ kg
2T (2q k<t .
{O’ 2 } (+5_ <1_k,8)

Assume that ¢; < pu < a;. Then, we have p; < p < by and
kg — thy = llzg + Auwellp = llwg + puells = 1+ p,

which implies that
Aatp k=14 —1)p
2 2t
Since the function p — (A, + p)/2 is increasing on (g, a;], which implies that

AL+ by +q: a; +
{ u2 MI/LG[Qt,CLt]}:[tQ%, tzpt}.

We suppose that a; < g < ¢;. In this case, we obtain

1—]{35+(1+t)pj
1+/€5

kg —thy = |lzg + Nuwellp = llog + pyell s =

since 7, < A, < pg. It follows that

Mot _ k% + 2kg — 1+ (kgt — D)
2 2t(1 + kg)

Since t € (1/kg, (1 + kg)/(1 — kg)), the function p — (A, + p)/2 is increasing on
[a, ¢¢], and hence

Au+ ag+p; ¢+
{ M2M:M€[at,ct]}:|:t2pt’ t2 t}

In the case of ¢; < p, it follows that A, <7, and that

ks —tA, = llvg + Auyellp = |vs + pyells =t — kg.

Then, we obtain

2k
=T

and
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Finally, if 1/ks <t <2+ kg, then

F(:C,37yt)
A
2
b+ bi+q ar+p g +pr G+ Ty
_[Q’O]U{2’2 ol R
bt g oty
L2 72
since (¢; +1¢)/2 > 0. On the other hand, if 2+ ks <t < (1 + kg)/(1 — kg), then
F(l'ﬂ,yt)
A
2
_ b + g bi+q ar+p g + Py G+ Ty
_[O’Q]U{Q’Q ol R
Ct‘f—rt
= |0 :
o
This completes the proof. 0

Lemma 3.12. Let t € ((1+ kg)/(1 — k), 00). Then,

Ct +7’t
5 .

Proof. First, we note that r, < by < p; < 0 < a; < ¢; < ¢; by Lemma 3.9 (iii). In
the case of 0 < p < a4, we have p; < A <0, and hence

Aut _ (t —2—kg)u
2 2t — 1)
Then, the function p +— (A, + p)/2 is increasing on [0, a;|, which implies that
Ay + ay +
{MTM YIS [O,at]} = |:07 L 9 pt:| .

If a; < p < g, then by < X\, < py, and so we obtain

1+ ks + (1—t)\,
1+ k?g

It follows from

F@m%)‘{&

1 — kﬁ —f- (1 —|— t),u
s+ Auills = s + uyells vy
(1 + t),u — 2]{35

Aw = 1—¢

that
)‘M+N: ks — p

2 t—1"
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This shows that the function p +— (A, + 11)/2 is decreasing on [a;, ¢;], and therefore
Ay + bi+q: a;+p
{MTM:NG[at7qt]}:|:t2 t) t2 ¢ .

Next, we assume that ¢; < o < ¢;. Then, we obtain r, <\, < b, and
Ao+ p kG +2ks — 1+ (kgt — 1p
2 2t(1 + kp)

As in the proof of Lemma 3.11, we have

A b
{ M;MIMG[Qt,Ct]}Z l ¢ + G Ct+7’t]

2 72
Let ¢; < p. Then, it follows that A, < r,, and then
At kg ety

2 t 2
Thus, one has that
F(J/'Ba?/t)
A
2
- ar + Py by +q ar+p bi+q i+
Sl e Bl i o

o . bt+Qt at+pt Ct+7"t
= |min < 0, ,nax , .
2 2 2
On the other hand, we have
be+qr kg + k3t + kg — 1
2 (1+t)(1+ ket
Indeed, since 3 < 1/4/2 and t > 1/kg, it follows that

ki + kgt + ks —1> k3 +2ks—1>0.

Finally, since
ct+re ar+p kg(ks +1t)
— = > 0,
2 2 t(t —1)(t — kp)

we have the lemma. O

Now, we prove the main theorem.
Proof of Theorem 3.1. Putting
M, = sup{m(xzs,y) : t € (1,1/kg)} and
My = sup{m(zs,y;) : t € (1/kg,00) \ {(1 + kg)/(1 — ks)}},
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we have
M(.Tﬁ) = max{]\/[l, MQ}

by Lemma 3.5. First, we suppose that ¢t € (1,1/kg). Then, we obtain b; < (¢; +
r:)/2 < 0. Indeed, one has (¢; +11)/2 = (kg —1)/(1 +t) < 0 and

Ct+ Ty (1 —kg)(ks +1)
- bt - > 0
2 A+ 01+ kst)

Hence, we have

Ct+7"t

2

Ak -1

g+ , I+ k)i 1)

Yt

From the fact the function ¢ — (¢t — 1)/(t + 1) is strictly increasing on (1, 00), it
follows that

(L—kg)(t=1) _(A—kg)(ks = 1) (1 k)’

u+mW+w<u+@mﬁ+n‘u+@V

which in turn implies

ct—l—rt (1—k'/3)2

Tz + ye|| <1+ —7~5

A 5 (1 + kg)?
<1+k§

since kg > (1 — kg)/(1 + kg). Thus, for each t € (1,kg(1 + kg)/(3ks — 1)], we have

Ct +Tt
2

zg+ Yt

m(zg, yt) = max{

7Hxﬁ’|ﬁ} <1+k3
8

by Lemma 2.6.
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Let ¢t € [kg(1+ kp)/(3ks — 1),1/kg). Then, as in the proof of Lemma 3.10, we
have 0 < (a; + pt)/2 < a;. 1t follows that

at—I—pt ]_( 1) ]_—]{/'/6’
x5+ Yl =1+ (1—~—]a—
5 2 t 2t
1 1 1—kg
<1l4+-(1—-— - —r
2( k51>at 2k
1—k ka(l —k
14 26%_ 6(2 8)
k(1 — kg) 2
=1 —1
L [~k
ks(l —k 2
1 ull k) ( )
2 kﬁ(l =+ kﬁ)(3/€5 — 1) — kg
k2 4+ 2kg — 1
:1+%
<1+ kj.
This shows that
m(xs, )
- -
:max{ iL‘B—i—CtQTtyt , $ﬁ+at2ptyt }
B B
<1+ k3.

Therefore, we obtain M; < 1+ k3.
Next, we suppose that ¢ € (1/kz,00) \ {(1 + ks)/(1 — ks)}. Since

o+ kp(ks+t)
2 t(t—kp)
we have 0 < (¢; +1¢)/2 < a¢. Then, it follows that

ay —

> 0,

C +Tt

k
T+ " =1+Tﬁ<1+k§.

B
This proves that if ¢ > 2 + kg, then

Ct +7"t
2

zg+ Y

m(xg, yr) ZmaX{Hl‘ﬁHﬁ, } <1+Kk?

B
by Lemma 2.6.
In the case of 1/kg <t <2+ kg, we have by < (b; + ¢)/2 < 0 since ¢; > 0 and
be + qs _ (2 + kg — )by <0
2 21+ ky) =
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Then, it follows that

. +bt+Qt B (L—kp)(t—1) 2+ks—t
T, 2(1+ k) 1+ kgt
On the other hand, since
p 0= (k) (@24 k) — 1)
g 2(1+k5) = "B 2(1+k5)
3kg — 1
= >0
2
and
24+ks—t (L+k3t—2
P 1 ket 1+ kgt
(1+k3)kz' —2
T Tt ket
ks + k' —2
SR E——O)
1+ kgt
we obtain
b, +
o+ 2=yl <14k,
B
which implies that
m(zg, yi)
b: + +
= max { ||z5 + — qtyt B “ rtyt
2 B 2 B
<1+ k.

Hence, we have My <1+ k3.
Finally, since

k
My > m(xg,y,) > 1+ 76

for each t € (1/kg,00) \{(1+kg)/(1—kg)}, it follows that M, > 14 k3. This shows
M, =1+ k3. Thus, by Lemma 3.2, one has that

2
DW(Xs) = 2M(zg) = 2My = 21+ k3) = 25 (1= B)* + 7).
The proof is complete. O
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