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Average-time Criterion for

Vector-valued Markovian Decision Systems

Hang-Chin Lai and Kensuke Tanaka

AbStract. The optimization problem of a Markovian decision

model for vector-valued loss function is investigated under the

discrete average-time criterion. For a convex cone D. a

D-optimal policy is defined as a policy which takes minimal

point, with respect to the ordering induced from D. among the

set of all cluster points of the expected average vector losses.

By using a numerical modification, we prove that a D-optimal

pol icy exists in the vector-valued decision system for the

average criterion. Conversely, under some additional conditions,

a D-optimal policy is also an optimal policy of the modified

decision system for numerical loss function constructed by a

weighted vector.

1. Introduct $i$ on

In a dynamic programmi ng problem, the Markovi an models on

AMS 1980 subject classification: $90C47$ , 90D35
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infinite horizon have been studied by many authors. Much of the

earlier works in this area were done by Blackwell [2]. [3] and

Strauch [17]. Hinderer [11] gave an extensive account of

Markovi an decision process with discrete time parameter.

Previously, average criterion for Markovi an decision processes

were investigated by Ross [14], [15], [16] , Tiiims [19], etc.

However, these papers are restricted in the Markovi an models

wi th real-valued loss function. Recently, under the influence of

multiobjective optimization theory ( see $Yu$ [21] and Tanino and

Sawaragi [18] ), many authors studied vector-valued Markovi an

models ( cf. Furukawa [5], Hartley [7], Henig [8], [9] and White

[20], etc. ). However, they restricted themselves in the case of

discounted model. Up till now the vector-valued Markovi an model

under average criterion in general state and action spaces has

not yet been formulated.

In this paper, we will study the optimization problem of

vector-valued Markovi an decision model under the time average

criterion as opposed to the criterion of numerical Markovi an

decision models. We will show the existence of a D-optomal

policy which minimizes the set of all cluster points of the

expected time average vector losses. We show that the D-optimal

policy is indeed more general than the optimal solution of the

usual optimization problem. To this end, we introduce a vector

as a weighted factor in the positive polar cone of a convex cone
$D$ , and modify the vector-valued Markovian decision model to be a

new dec isi on sys $t$ em wi th numer $i$ cal 1 oss $f$ unc ti on. I $t$ fo 11 ows

that an optimal policy of modified decision model is also a
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D-op $ti$ mal po 1 $i$ cy $of$ the vec $tor$ decision one. Further, from the

co nvex $i$ ty of the se $t$ of al 1 cl us $t$ er po $i$ nts for al 1 pol icies, and

under approprate conditions, the converse version of the above

result is also true, that is, a D-optimal policy of the

vector-valued declsion model is an optimal policy of the

modified decision system wi th numerical loss function.

This paper is organi zed in the following way. In Section 2,

we formulate the average time cri terion of vector-valued

Markovi an decision model. In Section 3, we present some

notations and definitions for D-optimal policy. Section 4 is the

main part of this paper, and we show that the D-optimal policy

exists in our decision system. We also establish the relation

between the vector decision system and the modified decision

sys tem.

2. Formulation of vector-valued Markov $\lceil$ an dec \ddagger $s$ \ddagger on mode l

wi th an expected average reward cr \ddagger ter \ddagger on

A vector-valued decision system of Markovian model is

specified by a set of five elements

\langle $S$ , $A$ , $F$ , $q$ . $r$ ). (2. 1)

where

(i) $S$ is a non-empty Borel subset of a Polish space ( that

is, complete separable metric space ), the state space

of the decision system.

(ii) A is a non-empty Borel subset of a Polish space, the

action space.
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(iii) $F$ is a Borel measurable mul tifunction which associates

each state $s$ $E$ $S$ , a non-empty feasible set $F(s)$ $\subset$ A of

ac $ti$ ons.

(iv) $q$ is a transition probabili ty measure $q$ ( $\cdot$ ls, a) on the

Borel subse $ts$ $of$ $S$ $f$ or any $(s, a)$ $E$ GrF $=$ { $(s$ , a) $|$ a $\epsilon$ $F(s)$ }.

The graph of multifunction $F$ , is a Borel subset of SXA.

For a Borel subse $t$ $BcS$ , the mapp $i$ ng $q(B|\cdot )$ : GrF $\rightarrow R$

is a Borel func ti on in $(s, a)$ $EGrF$ . Th is func ti on

$q$ (Bl $s,$ $a$ ) plays the law of motion in the decision system.

(v) $r(\cdot )$ $=$ $( r_{1} , r_{2} , , r_{m} )$ $(\cdot, \cdot)$ : $GrF\rightarrow R^{m}$ $is$ an

m-dimensional vector-valued function, it is a one step

vector loss function.

Note that the feasible set $F(s)$ of actions depends only on

the state $s$ $\in$ $S$ , and $q(\cdot|s, a)$ is independent of the time. A

po 1 $i$ cy $\pi$ $is$ def $i$ ned as an $infinite$ sequence $($

$\pi_{1}$ . $\pi_{2}$ . ,
$\pi_{t}$ ,

. . . . . ), where each element $\pi_{t}$ is a conditional probabili ty on A

under the known histories $H_{1}$
$=$ $S$ , $H_{t}$

$=$ $(GrF)H_{t-1}$ , $t\geq 2$ , the set

of possible histories up to the t-th stage. Let $s_{t}$ and $a_{t}$ denote

the t-th state and the t-th action, respectively. Assume that $\pi_{t}$

satisfies the cons traint $\pi_{t}(F(s_{t})|h_{t})$ $=$ 1 for any given history

$ht$
$=$ $( s_{1}, a_{1}. s_{2}. a_{2}. . s t )$ $in$ the dec $ision$ sys $t$ em. A PO 1 $i$ cy

$\pi$ is said to be stationary if there exists a Borel measurabl e

mapp $i$ ng $f:S$ $\rightarrow$ A such tha $t$ $f(s)$ $\in$ $F(s)$ $f$ or all $s$ $\in$ $S$ , and

$\pi_{t}(f(s_{t})|h_{t})$ $=$ 1 $for$ any $g$ \ddagger ven $histo$ ry $h_{t}$
$=$ $($

$s_{1},$ $a_{1}$ . $s_{2}$
,

$a_{2}$
,

$s_{t})$ .
Throughout this paper, we let $\mathfrak{n}$ denote the set of all
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pol icies. Let $R^{m}$ be the range space of the vector loss function

$r$ which is an ordered vector space ordering by a pointed convex

co ne $D$ , tha $t$ $is$ , a convex co ne $Ds$ uch tha $t$ $D\cap(-D)$ $=$ $\{e\}$ , where $\theta$

denotes the zero vector.

Now, we interpret the decision process as fol lowI. If a

$po1icy$ $\pi$ $=$ $($

$\pi_{1}$
,

$\pi_{2}$
, $\cdot$ . . . . $\pi_{t}$

, $\cdot$ . . . $)$ $is$ appl $i$ ed $for$ a

success $i$ ve $di$ scre $te$ $ti$ me $t$ $=$ 1, 2, 3, , we obs erve the

subsequent variant states $s_{t}$
$\in$ $S$ of the decision system, and

through proper analysis, then choose an action $a_{t}$
$\in$

$F(s_{t})$ under

the conditional probabili ty
$\pi_{t}$ for the past history $h_{t}$ up to the

time $t$ . Such an ac tion wi 11 incur one step vec tor loss func tion

$r(s_{t}, a_{t})$ . Then, the decision process moves to a new state $s_{t+1}$

according to the transition probabi 1 $i$ ty measure $q$ $(\cdot|s_{t} , a_{t})$ . and

the process of the decision system is then developed from the

$st$ a $te$
$s_{t+1}$ . So, $gi$ ven an $initi$ al $distri$ bu $tion$ $p(\cdot)$ $on$ S. any

po licy $\pi$ toge ther with a transition probab ility $q$ , we define a

probab $i1i$ ty measure $P_{t}^{\pi}$ $on$ the $set$ $(SxA)t$ $=$ $S$ $x$ A $xS$ $x$ A $x$

S $x$ A up $to$ $ti$ me $t$ ( $cf$ . $Hi$ nderer [11, p. 80]), tha $t$ $is$ , $Pt$ $=$

$p\pi_{1}q\pi_{2}\cdots\cdots\pi_{t-1}q\pi_{t}$ . Whence, $if$ we us $e$ th $e$ po 1 $i$ cy $\pi$ $=$ $($

$\pi_{1}$
,

$\pi_{2}$
,

$)$ . then, at the time $t$ , the expected vector loss is given by

$E_{\pi}[r(s_{t}, a_{t})]$ $=\int$ $r(s_{t}, a_{t})dp_{t}^{\pi}(h_{t})$ (2. 2)

$(SxA)t$

$m$

( $\cdots$ , $\int r_{i}$ (
$s_{t}$

, a t $tt$
) $dp^{\pi}(h)$ , ) .

$(SxA)t$ $i=1$
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Therefore the total expected vector loss, up to the time $n$ , is

given by

$\Phi^{n}(\pi)$
$=$

$\sum^{n}$

$E_{\pi}[r(s_{t}, a_{t})]$ (2. 3)

$t=1$

$(\cdots\cdot , \sum^{n}E_{\pi}[r_{i}(s_{t}, a_{t})], \cdots )$

$m$

.
$t=1$ $i=1$

In this decision system, we wish to find a policy $\pi^{*}$ which

mi $ni$ mi zes the $set$ $of$ all cl us $t$ er po $in$ ts $of$ { $\Phi^{n}(\pi)/n$ $|$

$n$ $=$ 1, 2,

3, $f$ or $\pi$ $\in$ $\mathfrak{n}$ } $in$ $R^{m}$ wi th respec $t$ to an order cone. Th $is$

means that no other policy yields a smaller cluster point under

the ordered structure.

For a we $i$ gh $t$ ed vec $tor$ a $=$ $( d_{1}, d_{2} , , a_{m} )$ , we have

$\langle d.0^{n_{(\pi)/n}} \rangle=$
$\sum^{n}$

$\langle \delta.E_{\pi}[r(s_{t}, a_{t})]/n \rangle$

$t=1$

$\sum\hat{d}E[r(s , a)]/ni\pi itt$
$\sum^{n}$

$m$

(2. 4)
$t=1$ $i=1$

We wi 11 fi nd a $\pi^{*}$ wh $i$ ch mi nimi zes (2. 4) over $\pi$ $\in$ $\mathfrak{n}$ . For th is

purpo $se$ . we $W\dot{5}11$ $s$ how $th$ a $t$ , $for$ any $\pi$ $\in$ $\mathfrak{n}$ .
$\langle \delta.\Phi^{n}(\pi^{*})/n \rangle\leq$ $\langle d.\Phi^{n}(\pi)/n \rangle$ $forn=$ 1, 2, $\cdot$ . . , (2. 5)

Le $t$ $C(\pi)$ $\subset$
$R^{m}$ be the se $t$ $of$ all clus $t$ er po $ints$ $of$ $\{\Phi^{n}(\pi)/n$ , $n$ $=$

$1,2$ . }. We $s$ hal 1 prove tha $t$ , as $n\rightarrow\infty$ $in$ \langle 2. 5), there ex $ists$

–76–



$\pi^{*}\in$ IT $wi$ th $\Phi(\pi^{*})$
$\in$

$C(\pi^{*})$ such tha $t$

$\langle d, \Phi(\pi^{*}) \rangle\leq$ $\langle \delta, \Phi(\pi) \rangle$ $for$ al 1 $\Phi(\pi)\subset C=$ $\cup C(\pi)$ .
$\pi\epsilon \mathfrak{n}$

This policy $\pi^{*}$ is a D-optimal policy in our decision system, and

$\Phi(\pi^{*})$ is a minimal point of the set $C$ in $R^{m}$ with respect to the

cone D. To show the existence of a D-optimal policy in our

decision system, we proceed to the next section.

3. D-opt imaI poI \ddagger cy \ddagger $n$ the dec \ddagger $s$ \ddagger on system

Let c1E and intE be respectively the closure and the

interior of a subset $E$ in $R^{m}$ . For any subset $E$ in $R^{m}$ , the

positive polar cone of $E$ is given by

$E^{*}=$ { $y\epsilon R^{m}$
$|$ $\langle x, y \rangle\geq 0$

$f$ or all $x\in E$ ), (3. 1)

where $\langle x, y \rangle$ is the inner product of $x$ and $y$ in $R^{m}$ . A cone
generated by a subset $E$ in $R^{m}$ is defined by the set :

[E] $=$ { $y\in R^{m}$ $|$ $y=\lambda$ X. $x\in$ E. $\lambda\epsilon R_{+}$ }, (3. 2)

where $R_{+}$ is the set of all nonnegative real numbers.

Now, consider a subset $L\subset R^{m}$ such that

(i) $e$ $=$ $(0,0, , 0)$ $\not\in$ $L$ and $e$ $=$ $(1, 1, \cdots 1)$ $\in$ L.
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$(ii)$
$\iota^{+}=$ { $y\epsilon R^{m}$ $|$ \langle $x,$ $y$ $\rangle$ $\rangle 0$ $f$ or all $x\in L$ } $\# l$ .

(iii) LU $\{e\}$ $=$ $D$ is a convex cone with vertex at the origin 9.

Note that this $L$ is a convex cone without vertex 9 in $R^{m}$

and $D$ denotes a convex cone which determine a partial order in

$R^{m}$ . We will use the sets $L$ and $D$ throughout the paper. Further,

we introduce a set of weighted vectors by

$L$; $=$ $\{d= (d_{1}, d_{2} , , d_{m} )\epsilon L^{+} | \sum md_{i} = 1 \}$ . (3. 3)
$i=1$

Then, $L$; $\neq 9si$ nce $e\in$ L. Le $t\pi$ be any pol $i$ cy 1 $n\mathfrak{n}$ ,

$E(\pi)$ $=$ $\{ \Phi^{n}(\pi)/n, n=1,2, \cdots \}$ (3. 4)

be the set of all time average vector expected rewards up to

$n=$ 1. 2. , where

$\Phi^{n}(\pi)$
$=$

$\sum^{n}$

$E_{\pi}[r(s_{t}, a_{t})]$ ,
$t=1$

and $E_{\pi}$ [ $r$ (
$s_{t}$ . a

$t$

)] is gi ven in (2. 2). Deno te by $C(\pi)$ the se $t$ of

al 1 cluster points of the set $E(\pi)$ , that is, for each $\Phi(\pi)$ $\in$

$C(\pi)$ , there exists a subsequence $tn_{k}$ } of $\{n\}$ such that

$n_{k}$

$\Phi$

$(\pi)/n_{k}$
$\rightarrow$ $\Phi(\pi)$ as $k\rightarrow\infty$ .

The basic problem is to find an optimal policy $\pi^{*}$
$\in$ $\mathfrak{n}$ such

that $\Phi(\pi^{*})$
$\in$

$C(\pi^{*})$ minimizes $C$ $=$ $*C(\pi)$ for our decision system
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with respect to the convex cone $D$ in $R^{m}$ .

Def $initi$ on 3. 1 A po 1 $i$ cy $\pi^{*}$
$is$ $s$ a $id$ $to$ be D-op $ti$ mal po 1 $i$ cy

for time average cri terion of the decision system (2. 1) if there

is no other policy $\pi$ such that
$\Phi(\pi^{*})$

$\in\Phi(\pi)$ $+L$ for some $\Phi(\pi)$ $\in$ C. (3. 5)

Remark 3. 1 For a closed convex cone E. if $L$ $=$ intE (resp.

$L$ $=$ $E$ $-$ $\{0\}$ ). the PO 1 $i$ cy $\pi^{*}$
$in$ (3. 5) $is$ usually call ed a E-weak

(resp. E-strong) optimal policy ( see Aubin [1, p. 295]).

Note that the D-optimal pol icy $\pi^{*}$ need not be unique.

Let Ext $[C|D]$ be the set of all min \ddagger mal cluster points in $C$

for all $D$-optimal policies. This is similar to the terminology

of all D-extreme points of $C$ given by Yu ( see p. 336, Definition

4. 1 $inYu[21]$ ).

The followi ng lemma is essen tial for our later works.

Lemma 3. 1 Le $t$ $d$ $=$ $(d_{1},$ $d_{2}$ , $\cdot$ . . . , $d_{m}$ $)\in$ $L:$ . I $f\pi^{*}$
$is$ a

po 1 $i$ cy $s$ uch tha $t\Phi(\pi^{*})$ $\in C(\pi^{*})$ and

$\langle\delta, \Phi(\pi^{*}) \rangle$
$\leq$

$\langle d, \Phi(\pi) \rangle$
$f$ or all $\Phi(\pi)$ $\in$ C.

Then, $\pi^{*}$
$is$ a D-op $ti$ mal po 1 $i$ cy $of$ th $e$ dec $ision$ sys $t$ em (2. 1).

Proof. Assume to the contrary that $\pi^{*}$ is not a D-optimal

po 1 $i$ cy. Then there ex $ists$ a po 1 $i$ cy $\pi$ $wi$ th $\Phi(\pi)$ $\in$ $C(\pi)$ such that

$\Phi(\pi^{*})$
$\epsilon\Phi(\pi)$ $+$ L.

Thus, there is a $d$ $\in$ $L$ such that $\Phi(\pi^{*})$
$=$ $\Phi(\pi)$ $+$ $d$ . Then, for
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a $\in L^{+}$

1 ’

$\langle d,\Phi t\pi^{*}) \rangle=$ $\langle$ $d,$ $\Phi(\pi)$ $\rangle$ $+$ $\langle d, d \rangle$ .
Si nce $\langle a, d \rangle$ \rangle $0$ by the def ini $t$ ion of $L;$ . it fol lows tha $t$

$\langle d.\Phi(\pi^{S}) \rangle$ \rangle $\langle d,\Phi(\pi) \rangle$ .
This contradicts our hypothesis.

Observi ng $d$ $=$ $($
$a_{1}$ , $\delta_{2}$ , , $d_{m}$ ) $\epsilon$ $L$; $in$ Lemma 3. 1, we

get the existence of a D-optimal policy for the system (2. 1).

$Si$ nce

$\langle d.\Phi(\pi)/n \rangle=$ $\sum^{m}$ $\sum^{n}$

$a_{i^{E}\pi^{[r}i}(s_{t}, a_{t})$ ] $/n$

$i=1$ $t=1$

$\sum^{n}E_{\pi}$ $[ \sum^{m}d_{i}r_{i}(s_{t}, a_{t})]/n$

$t=1$ $i=1$

$\sum^{n}$

$E_{\pi}$
[ $\langle$ $d,$ $r$ (

$s_{t}$
, a t) $\rangle$ ] $/n$ . (3. 6)

$t=1$

we see that $\langle d, r (s_{t} , a_{t}) \rangle$ is essential in the vector-valued

decision system, but the numerical number $\langle d.\Phi^{n}(\pi)/n \rangle$ is

different from the usual optimization problem. Whence, we

consider a modified decision system as the following form

$( S, A, F, q, \langle a, r \rangle )$ . (3. 7)

I $n$ th is mod ifi ed dec isi on sys $t$ em, it is only $\langle a, r \rangle$ in pl ace

of $r$ in the vector decision system (2. 1). As we have known, the

real-valued Markovi an decision process with expected average

reward criterion has been developed by some authors ( cf. Ross
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[14], [15], [16] and Tiims [19] ). Employing their arguments,

we see that an optimal policy exists in the modified decision

system. Then, Lemma 3. 1 is applicable to derive the existence of

a D-op $ti$ mal po 1 $i$ cy $in$ the or $igi$ nal dec $isi$ on sys $t$ em (2. 1).

4. The ex \ddagger stence of a D-opt inal policy in the dynam ic

drcision system

Let $B(S)$ be the set of all bounded Borel measurable real

functions on $S$ . We need some addi tional assumptions on $F$ , $r$ and

$q$ in the decision system (2. 1). Let $P_{k}(A)$ be the collection of

compact subsets of the Polish space A which is an action space A

in (2. 1). We impose the following assumptions.

(A1) $F$ : $S\rightarrow P_{k}(A)$ $is$ a Borel measurabl $e$ mul $tif$unc $ti$ on.
(A2) Each component $r_{i}(s, a)$ , $i=1,2,3$ . . . , $m$ , of the vector-

valued loss function $r(s, a)$ is bounded on $GrF$ , and is

continuous in a $E$ $F(s)$ for each $s$ $\in$ S.

(A3) Fo $r$ any $u\in$ $B(S)$ , the integral functional

$(s, a)$ $\epsilon$ GrF $\rightarrow$

$\int_{s}u(x)$ dq $(x|s, a)$

$is$ 1 ower $s$ em $i$ co $nti$ nuous $(1. s. c. )$ $in$ $a\epsilon F(s)$ $f$ or each $s\in S$ .

Now, we consider the decision system (3. 7) in place of

(2. 1): $for$ any $\delta$
$\in$ $L_{1}^{+}$ ( $s$ ee (3. 3) ), us $e$ the scal ar $\langle \delta, r \rangle$

–81–



instead of the vector $r$ in (2. 1), and write the new decision

sys $t$ em as $fo1$ lows:

( S. $A$ , $F$ , $q$ . \langle $d,$ $r$ $\rangle$ ). (4. 1)

From the assumptions (A1) and (A2), the loss function $\langle a, r \rangle$ in

the system (4. 1) is bounded on $GrF$ , and is continuous in a $\epsilon$

$F(s)$ for each 8 $\epsilon$ S. Thus, for a weighted vector a $\epsilon$

$\iota^{+}$ we1 ’

define an operator $T$ on $B(S)$ by

Tu $(s)$
$=\min_{a\epsilon F(s)}$

[ $\langle$ a , $r(s$ . $a)$ $\rangle+$ $\int_{S}u(x)$ dq $(x|s,$ $a)$ ]. (4. 2)

Eviden $t$ ly, Tu $\epsilon$ $B(S)$ whenever $u\in BtS$ ). For 8lmpl $ici$ ty, we 1 $et$

$L(a)u(s)$ $=$ $\langle d, r(s, a) \rangle+\int_{s}u(x)$ dq $(x|s. a)$ . (4. 3)

Then, the Eq. \langle 4. 2) $i8$ simply rewritten as

Tu (s) $=$ mi $n$ $L(a)u(s)$ .
$a\in F(s)$

Under the above preparation, we proceed to prove the existence

theorem for the D-optimal policy of average cri terion on the

sys $t$ em (2. 1).

Theorem 4. 1 If there exists a function $u$ in $B(S)$ and a

constant $\alpha$ such that

$\alpha$ $+$ $u(s)$ $=$ Tu (s) $f$ or all $s$ $\in$ S. (4. 4)

then, there exlsts a stationary optimal policy $f$ of average
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cr it er $i$ on for the dec $isi$ on sys $t$ em (2. 1) such that $f$ or each $\Phi(f)$

$\in C(f)$ .
$\Phi(f)$ $\epsilon$ Ext $[C|D]$ .

Furthermore, $f$ is $s$ Borel mappi ng from $S$ into A such that

$\alpha+u(s)$ $=L(f(s))u(s)$ , (4. 5)

where $C(f)$ denotes the set of all cluster points of $E(f)$ ( see
(3. 4) ) $f$ or the po 1 $i$ cy $f$ and $C=\#C(\pi)$ .

Proof. From (A2) and (A3) , $L(a)u(s)$ in (4. 3) is a 1. $s$ . $c$ .
function in a $\epsilon$ $F(s)$ . the minimum in (4. 2) is attained by Borel

measurable selector $f$ for $F$ since $F$ satisfies (A1), that is

(4. 5), and so

$\alpha+u(s)$ $=L(f(s))u(s)$

$\leq L(a)u(s)$ $for$ all $(s, a)$ $\in GrF$ . (4. 6)

This fact can be proved by an argument similar to that Of

Theorem 2 in Himmelberg et al. [10]. So, using the property of a

weighted vector a $\epsilon$ $L^{+}1$ and (4. 3). the expression (4. 6) can be

rewr $it$ ten as

$\alpha+$ $\langle d, (u(s))\rangle=$
$\langle d, r(s, f(s)) \rangle$ $+$ $\int_{s}\langle\hat{d}, (u(x))\rangle dq(x|s, f(s))$

$\leq$

$\langle \hat{d}. r(s, a) \rangle$
$+$ $\int_{S}\langle d. (u(x))\rangle dq(x|s. a)$ , (4. 7)

$f$ or all $(s, a)$ $EGrF$ , where $(u(\cdot))$ $=$ $(u(\cdot), u(\cdot)$ , $\cdot$ . . . , $u(\cdot))$ $\in R^{m}$ .
Le $t$

$h_{t}=$ $(s_{1} , a_{1} , s_{2} , a_{2}\ldots\ldots.s_{t})$ deno te the $his$ tory $of$ the

decision process up to time $t$ . and let $h_{t}|=$ $(h_{t} , a_{t})$ . For any

–83–



po 1 $i$ cy $\pi$ .

$E_{\pi}$
$[ \sum_{t=1}^{n}\{\langle u(s_{t+1})) -E_{\pi}[(u(s_{t\$ 1}))|h_{t}]\}]$ $=\mathfrak{g}$ .

where $E_{\pi}[(u(\cdot))\{h_{t}]$ $=$ $(\cdots\cdot.E_{\pi}[u(\cdot)|h_{t}^{\prime}], \cdots\cdot)$
$\in R^{m}$ .

Consequently, for a $\epsilon L^{+},$ we ge t1 ’

$\langle d.E_{\pi} [ \sum^{n} \{(u(s_{t+1})) -E_{\pi}[(u(s_{t+1}))|h_{t}^{\prime}]\}] \rangle$

$t=1$

$=$
$\sum^{n}E_{\pi}[\langle d, (u(8t+1))\rangle- \langle d, E_{\pi}[(u(s_{t+1}))|h_{t}^{\prime}]\rangle]$ (4. 8)

$t=1$

$=$ $0$ .
Bu $t$ ,

$\langle d, E_{\pi}[(u(s_{t+1}))|h_{t}^{\prime}\} \rangle$

$=$ \langle $d,$ $\int_{S}(u(x))$ dq $(x|s_{t}$ , at) \rangle

$=\int_{s}\langle \hat{d}, (u(x)) \rangle dq$ ( $x|s_{t}$ , a t)

$=$ $L$ (a t) \langle $\hat{d}$ . $(u(s_{t}))$
$>$ $-$ $<$

$\hat{d}$ . $r$ (
$s_{t}$ . a t) $>$ (by us $i$ ng (4. 3))

$\geq$
$T\langle \hat{d} , (u\cdot(s_{t})) \rangle-$ \langle $\delta,$

$r(s_{t}$ . a t) \rangle (by us $i$ ng (4. 2))

$=$ $\alpha+$ $\langle d, (u(s_{t})) \rangle-$ \langle $d,$
$r(s_{t}$ . a t) \rangle (by us $i$ ng (4. 4)).

(4. 9)
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the equal $ity$ 1 $n$ (4. 9) ho 1ds $for$ $t$ he po 1 $i$ cy $f$ $si$ nce $f$ $is$

determined as the minimal action. Thus, inserting (4. 9) into

(4. 8), we ob $t$ a $in$

$\sum^{n}E_{\pi}[\langle d, (u(s_{t+1}))\rangle-\alpha- \langle d. (uts_{t}))\rangle + \langle d, r(s_{t}, a_{t})\rangle]$
$\geq 0$ ,

$t=1$

or

$\alpha\leq\langle\hat{d}, \frac{E_{\pi n+1}[(u(s))-(u(s_{1}))}{n}+]\frac{\Phi^{n}(\pi)}{n} \rangle$ (4. 10)

$f$ or all $n$ . The equal $i$ ty $in$ (4. 10) ho lds when the po 1 $i$ cy $f$ $is$

chosen. Note that

$\Phi^{n}(\pi)$
$=$ $\sum^{n}E_{\pi}[r(s_{t}, a_{t})]$ .

$t=1$

Here, the set of all cluster points of the set

$\{ \frac{E_{\pi}[(u(s_{n+1}))-(u(s_{1}))}{n} +\frac{\Phi^{n}(\pi)}{n} n=1.2.3\ldots\ldots\}$

is equal to $C(\pi)$ si nce, for any $u\in$ $B(S)$ ,

$E_{\pi}[(u(s_{n+1}))-\langle u(s_{1}))]$$lim=9$ .
$n$

$n\rightarrow\infty$

Co nsequen $t1y$ . $si$ nce $H_{+}$
$=$ $\{ z\in R^{m}| \langle d. z \rangle \geq \alpha \}$ $is$ a closed

positive half space with a support hyperplane $H$ $=$ $($ $z$ $\in$
$R^{m}$

$[$ $\langle$
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$a,$ $z$ \rangle $=\alpha$ } as $i$ ts boundary, $it$ $fo11$ ows $f$ rom (4. 10) tha $t$

$H_{+}\supset C(\pi)$
$f$ or all $\pi\in \mathfrak{n}$ . (4. 11)

Simi lary, since the equali ty in (4. 10) holds for the stationary

po 1 $i$ cy $f$ , we have

$H$ $\supset C(f)$ . (4. 12)

Therefore, (4. 11) and (4. 12) $i$ mply that, $f$ or each $\Phi(f)$ $\in$ $C(f)$ ,

$\langle d,\Phi(f) \rangle$ $\leq$ $\langle d,\Phi(\pi) \rangle$ $f$ or all $\Phi(\pi)$ $\in C$ ,

where $C$ $=\#C(\pi)$ . This shows that $f$ is an optimal policy for the

average criterion of the system (4. 1). Hence, applying Lemma

3. 1, we see that $f$ is a D-optimal policy of time average

criterion of the vector-valued decision system (2. 1).

Remark 4. 1 In Ross [14-16], he treats

1 $im$ $sup\Phi^{n}(\pi\cdot)/n$ or 1 $imi$ nf $\Phi^{n}(\pi)/n$

$n\rightarrow\infty$ $n\rightarrow\infty$

in the case of real-valued loss function. It can be considered

as an element of $C(\pi)$ in one dimensional case. Hence, Theorem

4. 1 wi th $D$ $=$ $[0, \infty$ ) $\subset$ $R$ and $d$ $=$ 1 $\epsilon$ $L$: $\subset Rg$ I ves the resul $ts$ $in$

the case of the real-valued loss function.

In order to give a converse version of Theorem 4. 1 in the

modified decision system, we introduce the cone convexi ty for a

set E.

Definition 4. 1 Let $D=$ LU $t9$ } be a conex cone. A subset $E$
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in $R^{m}$ is said to be D-convex if $E+$ $D$ is convex in $R^{m}$ .

The fol lowing theorem is a partial converse of Theorem 4. 1.

Theorem 4. 2 Let $\pi^{*}$ be a D-optimal policy of average

cri terion for the decision system (2. 1), and let $C$ ( see Section

3 ) be a D-convex set. Suppose that there is a cluster point

$\Phi(\pi^{*})$ in $C(\pi^{*})$ such that

cl $[W]\cap c1[-D]$ $=$ $t9$ }, (4. 13)

where $W$ $=$ $C$ $+$ $D$ $-$
$\Phi(\pi^{*})$ and [W] is the cone generated by W.

Then, $\pi^{*}$ is an optimal policy for the average cri terion of the

mod ified dec ision sys tem (4. 1) with a numer ical loss func tion

$\langle d, r \rangle$ on $\mathfrak{n}$ for some a $\in L^{+}$

1

Proof. From the expression (3. 6) of $\Phi^{n}(\pi)/n$ for a $\epsilon$
$L^{+}$ $it$

1 ’

is sufficient to show that there exists a $\epsilon$ $L$; such that

$\langle \hat{d}.\Phi(\pi^{*}) \rangle\leq$ $\langle d, \Phi(\pi) \rangle$ for all $\Phi(\pi)$ $\in$ C. (4. 14)

Thus we wish to have a non-zero vector a $\epsilon$

$L^{+}\cap$ $W^{*}$ , where $W^{*}$ is

the positive polar cone of W. We will prove it by contradiction.

Suppose to the contrary that $L^{+}$
$\cap$

$W^{*}$
$=$ $\phi$ . Since $L^{+}$ and $W^{*}$ are

convex and $intL^{+}$ $\neq$ $\phi$ , by the separation theorem for two disjoint

convex sets ( see for example, Bazarra & Shetty [4], or

Luenberger [13] ), we see that there exists a non-zero vector
$\overline{d}\in$ $(R^{m})^{*}=R^{m}$ such that

$inf\langle \overline{d} , y \rangle$ $\geq$

$sup_{+}$
$\langle\overline{d}, x \rangle$ .

$y\in W^{*}$
$x\in L$
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As $ 0\in$
$W^{*}$ , $\langle \overline{d} , x \rangle\leq 0$ $f$ or all $x\in$

$L^{+}$ . We have

$\overline{d}\epsilon$ $(-L^{+})^{*}=$ cl $(-D)$ . (4. 15)

Since, the continuous linear functional $\overline{d}$ acting on elements

near zero in $L^{+}$ wi 11 take values near zero, it follows that

$\sup_{+}$
$\langle \overline{d} , x \rangle\leq 0$ and $inf\langle \overline{d}, y \rangle\geq 0$ .

$x\epsilon L$
$y\in W^{*}$

Hence,

$\overline{d}\epsilon w^{**}=$ cl [W]. (4. 16)

From (4. 15) and (4. 16). we see that cl [W] $\cap$ cl $(-D)$ contains a

non-zero $\overline{d}$ which contradicts the assumption (4. 13). and it

contains only the zero vector. Therefore,

$w^{*}\cap L^{+}$
$\neq$ $\phi$ .

Le $t$
$\sim d$ be a non-zero vec tor such tha $t$ $\langle a, y \rangle\geq$ $0$ $f$ or all $y\in$ $W$ ,

that is,

$\langle a, \Phi(\pi) + d -\Phi(\pi^{*}) \rangle$ $\geq 0$ for all $\Phi(\pi)$ $\in$ C.

Here $d$ may be chosen zero in D. Hence,

$\langle a.\Phi(\pi) \rangle$
$\geq$

$\langle a.\Phi(\pi^{*}) \rangle$ $f$ or all $\Phi(\pi)$ $\in$ C. (4. 17)

Fur ther, $si$ nce ler E $L^{+}$ and $e$ $=$ $(1, 1, \cdots. 1)$ $\in$ $L$ , there exi $s$ ts $\alpha$ \rangle

$0$ such that $\alpha$ $=$ $\langle a, e \rangle$ . So, dividing both sides of (4. 17) by

the positive number $\alpha$ and letting $\hat{d}$

$=$
$a/\alpha$ , we then have $d$ $\in$

$L^{+}$

$1$

and hence

$\langle \hat{d}.\Phi(\pi) \rangle\geq<$ $d,$ $\Phi(\pi^{*})$ \rangle for al 1 $\Phi(\pi)$ $\in$ C.

This shows that $\pi^{*}$ is an optimal policy of the average criterion

$of$ the mod $ifi$ ed dec $ision$ $s$ ys $t$ em (4. 1).
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