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a Quasifree State on a Self-Dual CCR Algebra
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Abstract

In this paper, we prove the Tomi ta-Takesaki theorem for an

unbounded operator algebra given by the GNS-representation of a CCR

algebra wi th respec $t$ to a quas if ree $s$ tate $ln$ the $s$ el f-dual fo rmal $i$ sm.

1. Introduct \ddagger on

In quantum physics, the annihi lation and creation operators for

Bose particles satisfy the canonical commutation relations (CCR) and

it is important to study the CCR algebras generated by those objects

satisfying CCR. The CCR algebras have been studied by numerous

physicists and mathematicians for a long time.

In the theory of bounded operator algebras, it is well-known

that the Tomi ta-Takesaki theorem plays an important role for a study

of structures of von Neumann algebras and for a study of KMS-states

(matematical objects for equi 1 ibl ium states) on $C^{*}-dynamical$ systems.
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If we represent a CCR algebra as an operator algebra in a Hilbert

space, lt is always unbounded. To avoid the difficulty coming from

the unboundedness we usually consider a bounded operator algebra

whose generators satisfy the Weyl-Segal commutation relations, but we
can not directly observe the annihilation and creation operators in

$it$ . Thus $it$ seems meaningful to study the unbounded operator algebra

as itself and to develope the Tomita-Takesaki theory in it. A

generalizatlon of Tomita-Takesaki theorem to general unbounded

operator algebras has been studied by several authors (for example,

see [5]). But, for unbounded CCR algebras, as far as the authors

know, it has been scarcely done except [4] and [6], in which the

Tomita-Takesaki theorem was proved under a special condition. The aim

of this paper is to prove the theorem for unbounded CCR algebras

under more general si tuation by using Araki ‘
$s$ self-dual formal ism.

In section 2, a self-dual CCR algebra and a quasifree state are
defined. And several resul ts for these, which are known in [11 and

[2], are $s$ tated.

In section 3, maki ng use of the results in section 2, we prove

the Tomi ta-Takesaki theorem for an unbounded operator algebra given

by the GNS-representation of a CCR algebra with respect to a
quas ifree state in the self-dua 1 formal ism.

The second author would like to express his hearty thanks to

Professor Kichl-Suke Sai to for his constant encouragement and useful

commen $ts$ .

2. Prel iminar \ddagger es
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I $n$ $this$ $s$ ec $tion$ , we $int$ roduc $e$ $s$ everal $not$ a $t1ons$ and we 1l-kn $0$ wn

res $u1ts$ $fr$ om [1] and [2].

1) Le $t$ $K$ be a comp 1 ex 1 $i$ near space. Le $t$ $r(\cdot, )$ be a

herm itl an fo rm on $K$ $x$ $K$ and $\ulcorner$ be an an $t$ i-l $i$ near opera tor on $K$

such that

(1) $\ulcorner^{2}$

$=$ 1 and $r$ (rf, $\ulcorner g$ ) $=$ $-$ $r$ ( $g$ , f) for $f$ , $g\in$ K.

Fo $r$ thi $s$ tri pl et $(K, r, \ulcorner)$ , let $B$ be the free compl ex $*-a1$ gebra

generated by $tB(f)$ : $f$ $\in$ $K\rangle$ and an identity $\#$ , where the

$*$ -mappi ng is defi ned by $B(f)^{*}=$ $B(\ulcorner f)$ for $f\in$ K. Fu thermo re , 1 et $J$

be the two-sided ideal of 8 generated by the identity fl and

$tB(\alpha f+\beta g)$ $-$ $\alpha B(f)$ $-$ $\beta B(g)$ , $B(f)^{*}B(g)$ $-$ $B(g)B(f)^{*}-r$ ( $f$ , g) I : $\alpha$ , $\beta$ $\in C$ ,

$f$ , $g$ $\in$ $K$ }. Then $J$ $is$ $*-1$ nvar $i$ an $t$ . Th $e$ quo $ti$ en $t$ $*-a1$ gebra $\mathfrak{B}/J$ $is$

called a self-dual CCR algebra over $(K, r, \ulcorner)$ and denoted by

X $(K, r, r)$ . The self-dual CCR algebra X $(K, r, \ulcorner)$ can be considered as a

$*-algebra$ generated by $\{B(f) : f \in K\}$ such that

(2) $\left\{\begin{array}{ll}B(f)^{*}= & B(\Gamma f),\\B (\alpha f + & g) =\alpha B(f) + \beta B(g),\\B(f)^{*}B( & ) -B(g)B(f)^{*}= r( f, g) 11 for f, g\in K.\end{array}\right.$

We $set$ ReK $=$ $\{f \in K : \ulcorner f = f\}$ . Then $it$ $is$ cl ear tha $t$ $B(f)$ $is$

hermitian if and only if $f\in ReK$ .
Le $t$ $(K r ‘, \ulcorner ‘)$ be an ano ther $tri$ pl $et$ $s$ a $t1sfyi$ ng the $s$ ame

–21 –



$c\sigma$nd $ition$ $wi$ th (1). And 13 $t$ $U$ be a 1 $i$ near opera $tor$ $f$ rom $K$ $into$ $K$ ’

$s$ uch tha $t$ $\ulcorner$ $‘\cup$ $=$ ur and $r$
’ $(Uf, Ug)$ $=$ $r$ ( $f$ , g) $for$ $f$ . $g\in$ K. Then $it$

follows from the sel f-dual CCR algebras tha $t$ there ex ists a un ique

$*$ -homomorph ism $\tau_{U}$ from X $(K, r, \ulcorner)$ into X $(K , r ’ , \Gamma ‘)$ such that

(3)
$\tau_{U}(B(f))$

$=$ $B$ (Uf) for $f$ $\in$ K.

Then it is easily checked that, if $U$ is injective (resp.

surjective), then $\tau_{U}$ is also injective (resp. surjective). In

par $ti$ cul ar, $if$ $U$ $is$ a $bij$ ec $ti$ ve 1 $i$ near mapp $ing$ $of$ $K$ $s$ a $tisf$ylng

ru $=$ ur and $r$ ( $Uf$ , Ug) $=$ $r$ ( $f$ , g) $for$ $f$ , $g\in K$ , $th$ en $U$ $is$ call ed a
Bogo 1 $i$ ubov $t$ rans $fo$ rma ti on for $(K, r , \ulcorner)$ and is al so call ed a$\tau_{U}$

Bogoliubov automorphism of X $(K, r, \Gamma)$ .
A 1 $i$ near $f$ un $ction$ a1 $\varphi$ $on$ a $*-a1$ ge $br$ a $X$ $with$ an $id$ en $tity$ fi

$is$ cal 1 ed a $st$ a $te$ 1 $f$ $\varphi$ $s$ a $tisfi$ es

$\varphi(Q)$ $=$ 1 and $\varphi(A^{*}A)$ $\geq 0$ $for$ al 1 A $\epsilon$ X.

For any state $\varphi$ on X, there exist a Hilbert space
$5_{\varphi}$ , a

repres en $t$ a $tion$
$\pi_{\varphi}$

$of$ X, and a cyc 1 $ic$ ve $ctor$
$\Omega_{\varphi}$

$for$
$\pi_{\varphi}(\mathfrak{A})$

$in$

$5_{\varphi}$ such that $\pi_{\varphi}(A)$ is a closab le linear operator with the doma in

$\pi_{\varphi}(X)\Omega_{\varphi}$ , $\pi_{\varphi}(A)*\supset\pi_{\varphi}(A^{*})$ , and $\varphi(B^{*}A)$
$=$ $(\pi_{\varphi}(B)\Omega_{\varphi} , \pi_{\varphi}(A)\Omega_{\varphi})$ $for$ $A$ , $B$

$\epsilon$ X. In this paper, the triplet $(5_{\varphi} , \pi_{\varphi}, \Omega_{\varphi})$ is called a GNS

representation of X wi th respect to $\varphi$ .
Le $t$

$\varphi$ be a $st$ a $te$ $on$ a $se1$ f-dual CCR algebra X $(K, r, \Gamma)$ . I $f$

$\pi_{\varphi}(B(f))$ 1 $s$ $ess$ en $ti$ al 1 $y$ $se1f$ adj $01nt$ $for$ eve $ry$ $f$ $in$ ReK and

{ $W_{\varphi}(f)$
$=$ expt $\overline{\pi_{\varphi}(B(f))}$ : $f$ $\in$ $ReK$ } satisfies the Weyl-Segal relations,
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that is,

$W_{\varphi}(f)W_{\varphi}(g)$
$=$ $w_{\varphi}(f + g)exp\frac{1}{2}r$ ( $g$ , f) for every $f$ , $g\in$ $ReK$ ,

then $\varphi$ is said to be regul ar. Further, let $\Re_{\varphi}$ be the von Neumann

algebra gen $e$ ra $t$ ed by $tW_{\varphi}(f)$ : $f$ $\in$ $ReK$ }.

2) Let $\varphi$ be a state on a $self-dua1$
(

CCR algebra $X(K, r, \ulcorner)$ . We

$define$ a $h$ er $miti$ an $fo$ rm $s(\cdot, )$ and a $p0siti$ ve $s$ em i-de $finite$ $fo$ rm

$(\cdot, )s$ $on$ $Kx$ $K$ , $r$ espec $tive1y$ , by

(4) $s$ ( $f,$ g) $=\varphi(B(f)^{*}B(g))$ ,

( $f$ , g)
$s$

$=$ $s$ ( $f_{*}$ g) $+$
$s(\ulcorner g, \Gamma f)$ for $f$ , $ g\epsilon$ K.

Pu $t$

$Ns$
$=$ $tf$ $\in$ $K$ : ( $f$ , f)

$s$

$=$ $0$ } and 1 $et$
$Ks$ be $the$ comp 1 $eti$ on $of$

$K/Ns$ $with$ $r$ espec $t$ $to$ $the$ $in$ ne $r$ $prod$ uc $t$ $(\cdot, )_{S}$ $on$ $K/Ns$ Pu $t$
$\overline{f}$

$=$ $f$ $+$
$N_{s}$

$\in$

$Ks$ $for$ $f$ $\in$ $K$ and $\overline{K}$

$=$ $\{\overline{f} : f \in K\}$ . We can respec $ti$ ve 1 $y$

construct $r_{S}$ and $\Gamma_{s}$ from $r$ and $\Gamma$ such that the triplet

$(K_{s} , r_{s} , \Gamma_{s})$ $s$ a $tisfi$ es $t$ he $s$ ame $co$ nd $itions$ as (1) $for$ $(K, r, \ulcorner)$ .
Futhermore, the form $s$ on $Kx$ $K$ is also canonical ly extended to a

po sit ive $s$ em i-defi ni te form on $Ks$
$x$

$Ks$ We deno $te$ it by the $s$ ame

no tation $s$ . Since the two herm $i$ tian forms $r_{S}$ and $s$ on $K_{s}$
$x$

$K_{s}$

ar $e$ co $nti$ nuous $wi$ th respec $t$ to the inner produc $t$

$(\cdot, )_{s}$ on $K_{S}$
$x$

$Ks$

there exist bounded selfadjoint operators $R_{s}$ and $S$ on $K_{S}$ such

tha $t$

–23 –



(5) $\left\{\begin{array}{ll}r_{S} (\overline{f}, & \overline{g}) \simeq (\overline{f}, R\overline{g})ss ( f, g\epsilon K) ,\\s (\overline{f}, & ) = (\overline{f}, S\overline{g})s ( f, g\in K) ,\end{array}\right.$

$0\leq S\leq 1$ , $\Gamma_{s}S\Gamma_{s}$
$=$ 1 $-$ $S$ , and $lS-\Gamma_{s}S\Gamma_{s}$ $=Rs$

$Si$ nce $\pi_{\varphi}(B(f))$
$=$ $0$ $if$ and only $if$ ( $f,$ f)

$s$

$=$ $0$ $(i. e. f \in N_{S})$ by

Lemma 3. 4 of [1] , we can def $i$ ne the $*-r$ ep $r$ esen tat $i$ on $\overline{\pi}_{\varphi}$ of
X $(\overline{K}. r_{S}, \Gamma_{s})$ by

$\overline{\pi}_{\varphi}(B(\overline{f}))$

$=\pi_{\varphi}(B(f))$ for all $f\in$ K.

I $f$ we pu $t$ a $st$ a $te$ $\overline{\varphi}$

$on$ $X$ $(\overline{K}, r_{S} , \Gamma_{s})$ by $the$ $eq$ ua $t1on$

$\overline{\varphi}(A)$
$=$

$(\Omega_{\varphi}, \overline{\pi}_{\varphi}(A)\Omega_{\varphi})$ $for$ eve ry A $\epsilon$ X $(\overline{K}, r_{S} , \ulcorner s)$ ,

then we can show that $(\overline{\pi}_{\varphi}, 5_{\varphi}, \Omega_{\varphi})$ is the $GNS-representation$ of
X $(\overline{K}. r_{S}, \ulcorner s)$ for $\overline{\varphi}$ .

A state $\varphi$ on $X(K, r, \ulcorner)$ is cal 1 $ed$ a quas $i$ free $s$ tate if $\varphi$

$s$ a $tisfi$ es $t$ he $fo11$ ow $i$ ng cond $iti$ $ons$ : $for$ every $n$ $=$ 1, 2, $\cdot\cdot$ . ,

$\varphi(B(f)1 B(f))2n-1$ $=$ $0$

$\varphi(B(f_{1})\cdots B(f_{2n}))$ $=\sum \mathfrak{n}\varphi(B(f)B(f))j=\ln s(j)s(j+n)$

where the sum is over all Permutations $s$ satlsfying $s(1)$ $\langle$ $s(2)$

\langle . . . \langle $s(n)$ , $s(j)$ \langle $s(j+n)$ , $j$ $=$ 1, 2, $\cdots$ $n$ .
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I $f$ $\varphi$ $is$ a $q$ uas $ifr$ ee $st$ a $te$ $on$ X $(K, r , \ulcorner)$ , $th$ en $the$ mapp 1 ng

$(f_{1} , f)n$ $\leftrightarrow\varphi(B(f_{1})\cdots B(f_{n}))$ : $Kx$ . . . $xK\rightarrow \mathbb{C}$

$is$ co $nti$ nuo us $for$
$(\cdot, )s$ $on$ $K$ ; $t$ ha $t$ $is$ , $if$ $(f_{j}^{(m)}-$ $f_{j}(m^{\prime})$ $f_{j}-(m)$

$f_{j}(m^{\prime}))s$ co nverges $to$ $0$ as $m$ , $m$
‘ $\rightarrow$ $\infty$ ( $j$ $=$ 1, n), $th$ $en$

$\{\varphi (B(f_{1}(m)) B(fn(m)))\}_{m=1}\infty$ $is$ a Cauchy $s$ equ $e$ nce $in$ $C$ . Th us, $for$ any

$h_{j}$
$in$

$K_{s}$ ( $j$ $=$ 1, $\cdot$ , n) , $if$ each $s$ equence $\{f_{j}\}\overline{(m)}\infty m=1$ ( $f_{j}(m)$ $\in$ K)

$conve$ rges $to$
$h_{j}$

$for$ $(\cdot, )s$ , $then$ we can $def1ne$ a quas 1 $fr$ ee $st$ a $te$

$\varphi\sim$ on $\mathfrak{A}$ $(K , rss , \Gamma_{s})$ by the equation

$\varphi$$(B(h_{1})\sim . . . B(h_{n}))$ $=$ 1 $im\overline{\varphi}(B(\overline{f_{1}(m)} ) B(\overline{f_{n}(m)} ))$

$m\rightarrow\infty$

$=$ 1 $im\varphi$ $(B(f_{1}^{(m)}) B(f_{n}^{(m)}))$ .
$m\rightarrow\infty$

Let $(\pi_{\sim}, 5_{\sim}, \Omega_{\sim})$ be the GNS-representation of X $(K_{s} , r_{S}, \ulcorner s)$ with
$\varphi$ $\varphi$ $\varphi$

respect to $\varphi\sim$ . We may iden tify Since
$5_{\sim,\varphi}$

$=$
$5_{\varphi}$ ’ and

$\Omega_{\sim,\varphi}$

$=$
$\Omega_{\varphi}$ .

$\pi_{\varphi}(X(K, r, \Gamma))\Omega_{\varphi}$
$=$

$\pi\overline{\varphi}(X(\overline{K}, r_{S}, \ulcorner s))\Omega\overline{\varphi}$
$\subsetneqq$

$\pi_{\sim,\varphi}(X(K. r_{S}s , \Gamma_{s}))\Omega_{\sim,\varphi}$
, $the$ doma $in$ $of$

$\pi_{\sim,\varphi}$

$is$ $diff$ er $ent$ $fr$ om $t$ ha $t$ $of$
$\pi_{\varphi}$

and, $for$ every A $\epsilon$ X $(K, r, \ulcorner)$ , $the$

$r$ es $tr1ction$
$\pi_{\sim,\varphi}(\overline{A})|_{\pi_{\varphi}(X(K,r,\ulcorner))\Omega}$

equal $s$ $t0$
$\pi_{\varphi}(A)$ .

of $\pi$
$(\overline{A})$ to $\pi_{\varphi}(X(K, r, \Gamma))\Omega$

$\dot{\varphi}$

’

Conversely, let $\varphi\sim$ be a state on X $(K_{s}, r_{S}, \ulcorner s)$ such that

$(h_{1}, h_{2s})$ $=\varphi(B(h_{1})^{*}B(h_{2}))\sim$ $+\varphi(B(h_{2})B(h_{1})^{*})\sim$ $(h_{1}, h_{2} \in K_{S})$ ,
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and let $\alpha$ be a $*$ -homomorphism such that

$\alpha(B(f))$ $=B(f + N)s$ ( $f\in$ K).

Then $\varphi$

$=\varphi\sim$ . $\alpha$ is a state on X $(K, r. \ulcorner)$ such that

$(f_{1}, f)2s$ $=\varphi(B(f_{1})B(f_{2}))*$ $+\varphi(B(f_{2})B(f_{1})^{*})$ (
$f_{1},$ $f_{2}\epsilon$ K).

We may $i$ den ti fy
$5_{\sim,\varphi}$

$=$
$5_{\varphi}$ , and

$\Omega_{\sim,\varphi}$

$=$
$\Omega_{\varphi}$ . Bu $t$ the domai $n$ of

$\pi_{\sim,\varphi}$

is

$diff$ eren $t$ $fr$ om $th$ a $t$ $of$
$\pi_{\varphi}$ . I $f$

$\varphi\sim$

$is$ a quas $ifree$ $st$ a $te$ $on$

X $(Ks , r_{S}. \ulcorner s)$ , then $\varphi$ 1 $s$ al $so$ a quas $ifreest$ a $teon$ X $(K, r. \ulcorner)$ .
Therefore, this impl ies that every representation of X $(K, r, \ulcorner)$

wi th respect to a quasifree state $\varphi$ is almost equivalent to that of

X $(Ks , r_{S} , \ulcorner s)$ wi th respec $t$ to a quas ifree $st$ a $te$ $\varphi\sim$ .
3) Next we will summarize some main results in [11 and [2].

Theorem. Keep the notations in 1) and 2).

(i) There exists a $one-to-one$ correspondense between quasifree

$st$ a $t$ es $\varphi$ $on$ X $(K, r, r)$ and $he$ rmi $ti$ an forms $s$ $on$ $K$ $x$ $K$ by the

equal $ity$ (4).

$(ii)$ Any quas $if$ ree $st$ a $te$ $on$ X(K. $r$ . $\ulcorner$ ) $is$ regul ar.
$(iii)$ Le $t$

$\varphi$ be a quas $ifree$ $st$ a $te$ $on$ X $(K, r, \ulcorner)$ . I $f$ the

associated operator $S$ on $\kappa_{S}$ does not have an eigenvalue $0$ , then
$\Omega_{\varphi}$ is a cycl ic and $s$ epara ti ng vec tor for $\Re_{\varphi}$ .
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I $t$ $fo110$ ws $fr$ om $(iii)$ $th$ a $t$ $t$ here ex $ist$ a mo $d$ ul ar $0$ pe $r$ a $tor$ $\Delta$ and

a modular conjugation $J$ on $5_{\varphi}$ such that

(6) $J$
$\Re_{\varphi}J$

$=$
$\Re_{\varphi}^{\prime\prime\prime}$ and $\Delta$

$\Re_{\varphi}\Delta$
$=$

$\Re_{\varphi}$
$for$ a11 $t$ $\in$ $\mathbb{R}$ .it -rt

The aim of this paper is to show that $\Delta$ and $J$ co $inci$ de $wi$ th $\Delta_{u}$

and $J_{u}$ which are a modular operator and a modular conjugation

constructed by the unbounded CCR algebra $\pi_{\varphi}(X(K, r, \ulcorner))$ , respectively.

Fur ther we show that the same equal iti es for $\pi_{\varphi}(X(K, r, \ulcorner))$ as in

(6) hold. To prove those we need a few more notations which are used

in [1] and [2] for the proof of the above theorem.

Keep the notations in 1) and 2) and put $K_{s}^{\prime}$
$=$

$Ks$
$\oplus$

$K_{s}$ ,

$r_{S}$ $(f\oplus g11 , f_{2^{\oplus g}2})$
$=$

$r_{S}(f_{1}, f2)$ $-$ $r_{S}(g1 , g2)$ , $\Gamma^{\prime}s$

$=$
$\ulcorner s\oplus\ulcorner s$ , and

$(f\theta g11 f\oplus g)^{\prime}22s$
$=$ $(f1 , f)2s$ $+$ $(g1 g)2s$

$+$ $2$ (
$f_{1}$ , $s^{1}/2_{(1}$

$-$ S) $1/2_{g)}$

$+$ 2 (
$g1$ , $s^{1}/2_{(1}$

$-$ S) $1/2f$ )
$2s$

$r$ espec $ti$ vel $y$ . Then the $tri$ pl $et$ $(K_{s}^{\prime} , r_{S}^{\prime} , \ulcorner^{\prime}s)$ and the po $siti$ ve
$s$ emi $definite$ $form$ $(\cdot, )^{\prime}s$ $s$ a $tis$ fy the $s$ ame co nd $itio$ ns as (K. $r,$

$\ulcorner$ )

and $(\cdot, )s$ , res $pecti$ vely. I $n$ 2), the $tri$ pl $et$ $(K_{s} , r_{S} , \ulcorner s)$ and a
$in$ ner produc $t$

$(\cdot, )s$ $on$ $K_{s}$ are 1 nduced $f$ rom (K. $r$ , $\Gamma$ ) and a
po $siti$ ve $semi$ de $finite$ $f$ orm $(\cdot, )s$ $on$ $K$ , respec $tive1y$ . By $t$ he $s$ ame
way, we can construct a triplet $(A_{ss}\wedge r , \theta_{s})$ and a inner product

$(\cdot )^{\bigwedge_{S}}$ $on$ $A_{s}$ $f$ rom $(K_{s}| , r_{S}^{\prime} , \Gamma_{s}^{\prime})$ and $(\cdot$ , $\cdot$

$)^{\prime}$

$s$

$on$ $K_{s}^{\prime}$ , $re$ spec $ti$ vely.

Further we can define operators $A_{s}$ and $\mathfrak{n}_{S}$ and a positive

$s$ em $idefinite$ $form$ $\mathfrak{n}_{S}(\cdot )$ wh $i$ ch $s$ a $tis$ fy the $fo11$ ow $i$ ng equal $ities$
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wh $i$ ch co $rr$ es po nd $to$ (5) :

$\wedge r_{S}$ $(h_{1} , h_{2})$ $=$ $(h_{1} , A_{s2}h)^{\bigwedge_{S}}$ ,

$\mathfrak{n}_{S}$

$=$ $\frac{1}{2}$ $(1 +fi_{s})$ ,

$\mathfrak{n}_{S}$ $(h1 h_{2})$
$=$

$(h_{1},$
$s$ $2$ $s$

$\mathfrak{n}h$
$)^{\wedge}$

$0\leq \mathfrak{n}_{S}\leq 1$ , $P_{s}\mathfrak{n}_{S}P_{s}$ $=$ 1 $-$
$\mathfrak{n}_{S}$ .

For the proof of the theorem in 3) a construction of one more
$trip1et$ $(r\sim,)$ $is$ $n$ eeded. Bu $t$ 1 $t$ $is$ $not$ $ne$ eded $for$ our purpo $se$ , $so$

we $wi11$ no $t$ me $nt1on$ $furth$ er $r$ esul $ts$ $in$ [1] and [2] exc $ept$ the

$fo11owi$ ng propo $s1tion$ .

Propo si tion. Le $t$
$\varphi$ be a quas if ree $s$ tate on a sel f-dual CCR

algebra X $(K, r, \ulcorner)$ and keep the notations in 2) and 3). We denote by

$\alpha$ the canonical $*$ -homomorphism from X $(K, r, \ulcorner)$ into X $(A_{s}, \wedge r_{S} , f_{s})$

defined by (3). Then there exists a quasifree (precisely, Fock type

$(c. f. [1], [21))$ $st$ a $te$
$\hat{\varphi}$

$on$ X $(A_{s} , \wedge r_{SS}p)$ such tha $t$
$\theta$ . $\alpha$ $=$ $\varphi$ .

Furthermore, if the operator $S$ does not have an eigenvalue $0$ , then

$t$ he cycl $ic$ vec tor
$\Omega\theta$

is al so cycl ic for
$\pi\hat{\varphi}(\alpha(X(K, r, \ulcorner)))$

, whe $re$

$(\mathfrak{g}_{\wedge} , \pi_{\wedge} , \Omega_{\wedge})$ denotes the $GNS-representation$ of X $(A_{s} , \wedge r_{S} , f_{s})$ with
$\varphi$ $\varphi$ $\varphi$

respect to $\hat{\varphi}$ .

The above proposi tion impl ies that we may identify the GNS-
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$r$ ep $res$ $en$ $t$ a $tion$ $sp$ aces $(5_{\varphi}, \Omega_{\varphi})$
$of$ $\mathfrak{A}(K, r , \ulcorner)$ $with$ $r$ $espect$ $to$ $\varphi$ and

$(5_{\wedge}, \Omega_{\wedge})$ $of$ X $(.r\wedge)$ $wi$ th respe $ct$ $to$
$\hat{\varphi}$ . Bu $t$ we mus $t$ remark $t$ ha $t$

$\varphi$ $\varphi$

the domain of $\pi_{\varphi}(X(K, r, \Gamma))$

$\pi$ $(X (A_{s}, \wedge r_{S} , \theta_{s}))$ $in$ general.
$\hat{\varphi}$

is strictly included that of

3. A General \ddagger zat \ddagger on of the Tomita-Takesaki Theorem

I $n$ this sectlon, we pro ve the Tomita-Takes ak $i$ theo rem for an
unbounded operator algebra given by the $GNS-representation$ of a CCR

algebra $with$ resp $ect$ $to$ a quas $if$ ree $st$ a $te$ $in$ $t$ he $se1f$ -dual $fo$ rmal $ism$ .
Le $t$

$\varphi$ be a $q$ uas $if$ ree $st$ a $te$ $on$ X $(K, r, \ulcorner)$ . Suppo $se$ tha $t$ th $e$

associated operator $S$ on $Ks$ does not have an eigenvalue $0$ . If we
$-1$put $Hs$

$=$ log { $S$ (1-S) }, then we can uniquely construct a
$one-parameter$ group { $\tau$ (expt $tHs$ )}

$t\in \mathbb{R}$
of Bogoliubov $*$ -automorphisms

$(c. f. $(3)$ )$ and a $one-parameter$ unitary group $tT_{s}(\exp\dot{t}tH_{s})\}t\epsilon \mathbb{R}$ such
$t$ ha $t$

$\tau$ ( $e$ xp $\dot{t}tH_{s}$ ) $(B(f))$
$=B(ef)\dot{t}tH_{s}$ $(f\epsilon K_{s})$ ,

$T_{s^{(\dot{t}}s_{\varphi\varphi}}\exp tH)\pi_{\sim}(A)\Omega_{\sim}=\pi_{\sim}(\tau(\exp\dot{t}\varphi\varphi tH_{s})A)\Omega_{\sim}$
(A $\in X(K_{S},$ $r_{S},$ $\Gamma_{s})$ ),

respectively. Let 9 be an infinitesimal generator of $T_{s}(\exp itH_{s})$ .
Then we have

$e^{\dot{t}t9}=T_{s}(exp\{tH_{s})$ .
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I $f$ we $define$ a mapp $i$ ng
$\omega_{0}$

$0n$ $K^{\prime}s$ by the equation

$\omega_{0}$
(f$g) $=\Gamma_{ss}g\oplus\ulcorner f$ for every $f$ , $g\in K_{s}$ ,

then we can canonical ly construct a mappi ng $\omega$ on $A_{s}$ from $\omega_{0}$ on

$K_{s}^{\prime}$ . Le $t$ $\tau(\omega)$ be a mapp $i$ ng on $X(,r\wedge)$ def ined by

$\tau(\omega)(\sum_{i}c_{i}B(h_{1}^{i})\cdots B(h_{n_{i}}^{i}))$ $=\sum_{i}\overline{c}_{i}B(\omega h_{1}^{i})\cdots B(\omega h_{n_{i}}^{i})$ $(h^{i}i \in A_{s})$ .

Then there uniquely exists an antiunitary involution
$T_{\mathfrak{n}_{S}}(\omega)$

on
$\S\hat{\varphi}$

determined by

$T_{\mathfrak{n}_{S}}(\omega)\pi\hat{\varphi}(A)\Omega\hat{\varphi}=\pi\hat{\varphi}$

( $\tau$ (to) A)
$\Omega\hat{\varphi}$

(A $\epsilon$ X $(A_{s}$
$,$

$\wedge r_{SS}p)$ ).

For a modular operator and a modul ar conjugation constructed by

the unbounded CCR algebra $\pi_{\varphi}(X(K, r, \ulcorner))$ , we have the fol lowing resul $t$ .

Lemma 3. 1. Le $t$
$\varphi$ be a quas ifree $s$ tate on X $(K, r , \Gamma)$ . I $f$ the

associated operator $S$ on $K_{s}$ does not have an eigenvalue $0$ , then

the mapping

$s_{u}$ : $A\Omega_{\varphi}\rightarrow A^{*}\Omega_{\varphi}$ (A $\epsilon\pi_{\varphi}(X(K,$ $r,$ $\ulcorner))$ )

is closable and the polar decomposition of $\overline{s}_{u}$ is given by the

$fo11$ ow $ing$
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$\overline{s}_{u}=$
$J_{u}\Delta_{u}$

1/2

wh ere
$Ju=T_{\mathfrak{n}_{S}}$

(co), and $\Delta_{u}$
$=$

$e^{-9}$

Pro of. Fo $r$ any $f\in\emptyset(S^{-1/2})$ , we $h$ ave

$||\pi[B((\hat{\varphi}\{-(1-S)S\ulcorner f\}\oplus\Gamma_{s}f)^{\wedge})]\Omega||^{2}1/2-1/2s\hat{\varphi}$

$=\varphi$ $(B(h)^{*}B(h))$ (wh $ere$ $h$ $=$ $(\{-(1-S)1/2_{S}-1/2\Gamma_{s}f\}\oplus\ulcorner fs)^{\wedge}$ ))
$\hat{\varphi}$

$=$
$\mathfrak{n}_{S}$

( $h$ , h)

$=$ $\frac{1}{2}$ $\{(h, h)^{\wedge}s+\wedge r_{S}(h, h)\}$

$=$ $\frac{1}{2}\{||-(1-s)^{1/2_{\ulcorner f+(1-S)}1/2_{\ulcorner f||}2}sss$ $+$ $11-(1-S)S^{-1/2}\ulcorner f+S^{1/2}\Gamma f||^{2}sss$

$+$ $||-(1-s)^{1/2_{\Gamma f+(1-S)}1/2_{\Gamma f||}2}sss$ $-$ }$|-(1-S)S^{-1/2}\Gamma_{s}f+S^{1/2}\Gamma_{s}fN_{s}^{2}$ }

$=$ $0$ .

Hence we have

$\pi[B((\{-(1-S)^{1/2}S^{-1/2}\Gamma_{s}f\}\oplus\Gamma_{s}f)^{\wedge})]\Omega\hat{\varphi}\hat{\varphi}=$
$0$ .

From this equali ty, we have
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$T_{\mathfrak{n}_{S\hat{\varphi}\hat{\varphi}}^{(\omega)\pi[B((f\oplus 0)^{\wedge})]\Omega}}=\pi[B((0\oplus\ulcorner f)^{\wedge})]\Omega\hat{\varphi}^{S}\hat{\varphi}$

$=\pi[B(((1-S)^{1/2}S^{-1/2}\ulcorner f\oplus 0)^{\wedge})]\Omega\hat{\varphi}_{\hat{\varphi}}s$

$-9/2$
$=$ $e$ $\pi$ $[B((f\oplus 0)^{\wedge})]^{*}\Omega$

$\hat{\varphi}$

$\hat{\varphi}$

No $te$ $t$ ha $t$ , for $f$ , $g\in\emptyset$ $(S )$ ,$-1/2$

$B((0\oplus f)^{\wedge})B((g\oplus 0)^{\wedge})$ $=B((g\Phi 0)^{\wedge})B((0\oplus f)^{\wedge})$ $+\wedge r_{S}(\epsilon_{s^{((0\oplus f)^{\wedge})}}, (g\oplus 0)^{\wedge})$

$=B((g\oplus 0)^{\wedge})B((0\oplus f)^{\wedge})$ .

He $n$ ce we have, $for$ $f$ , $ g\in\emptyset$ $(S )$ ,$-1/2$

$T_{\mathfrak{n}_{S\hat{\varphi}\int_{\hat{\varphi}}}^{(\omega)\pi[B((f\oplus 0)^{\wedge})]\pi[B((g\oplus 0)^{\wedge})]\Omega}}$

$=T_{\mathfrak{n}_{S\hat{\varphi}\theta_{\hat{\varphi}}}^{(\omega)\pi[B((f\oplus o)^{\wedge})]T_{\mathfrak{n}_{S}}(\omega)T_{\mathfrak{n}_{S}}(\omega)\pi[B((g\oplus 0)^{\wedge})]\Omega}}$

$=T_{\mathfrak{n}_{S\varphi}}(\omega)\pi_{\wedge \mathfrak{n}_{S\hat{\varphi}\mathfrak{g}}}[B((f\oplus 0)^{\wedge})]T(\omega)\pi[B(((1-S)^{1/2_{S}-1/2_{\Gamma_{s}g\oplus 0)^{\wedge})]\Omega}}$

$=\pi[B((o\oplus\Gamma_{s_{\theta_{\hat{\varphi}}}^{f)^{\wedge})]\pi[B(((1-S)^{1/2_{S}-1/2_{\Gamma_{s}g\oplus 0)^{\wedge})]\Omega}}}}\hat{\varphi}$

$=\pi[B(((1-S)^{1/2}S^{-1/2}\ulcorner g\oplus 0)^{\wedge})]\pi[B((0\oplus\Gamma_{s}f)^{\wedge})]\Omega\hat{\varphi}_{\hat{\varphi}_{\hat{\varphi}}}^{S}$
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$=\pi[B(\hat{\varphi}((1-s)s1/2-1/2_{\Gamma_{s}g\oplus 0)^{\wedge})]\pi[B(}\hat{\varphi}((1-S)S\Gamma f\oplus 0)^{\wedge}\rangle]\Omega 1/2-1/2s\hat{\varphi}$

$-9/2$
$=$ $e$

$\pi[B ((g\$ 0)^{\wedge})]^{*}\pi[B((f\oplus 0)^{\wedge})]^{*}\Omega\hat{\varphi}_{\hat{\varphi}_{\hat{\varphi}}}$

$=$

$e-9/2(\pi[B((f\oplus 0)^{\wedge})]\pi[B(\hat{\varphi}\hat{\varphi}(g\oplus 0)^{\wedge})])^{*}\Omega\hat{\varphi}$

Pu $t$

$A0$
$=\sum_{i}c_{i_{\hat{\varphi}}^{\pi[B((f_{1}^{i}\$ 0)^{\wedge})]}}\cdots\pi[B((f^{i}\oplus 0)^{\wedge})]\hat{\varphi}^{n}i$ $(f_{J}^{i} \epsilon\emptyset(s^{-1/2}))$ .

By the same way, we have

$T_{\mathfrak{n}_{S\hat{\varphi}}^{(\omega)A_{0}\Omega}}$

$0\hat{\varphi}$

$=$
$eA^{*}\Omega-8/2$

Thus we have

$(e^{-9/2}\psi, A_{0}^{*}\Omega)\theta$
$=$

$(\psi, T_{\mathfrak{n}_{S}}(\omega)A_{o_{\hat{\varphi}}^{\Omega)}}$ $for$ all $\psi\in\emptyset(e^{-9/2})$ .

Pu $t$

$A_{1}$
$=\sum_{i}c_{i_{\hat{\varphi}}1}\pi[B((g^{i}\oplus 0)^{\wedge})]\cdots\pi[B((g^{i}\oplus 0)^{\wedge})]\Omega\hat{\varphi}n_{i\hat{\varphi}}$ $(g^{i}i \epsilon K_{S})$ .

$Since$ $\hat{\varphi}$

$is$ a quas $ifree$ $st$ a $te$ and

all $f$ $\in$

$K_{S}$ , there exist sequences

$t$ ha $t$

$((f\oplus 0)^{\wedge}, (f\oplus 0)^{\wedge})^{\bigwedge_{S}}$ $=$ ( $f,$ f)
$s$

for

$tf^{i\infty}i,$

$mm=1$
} $(f_{J,m}^{i}\in\emptyset(s^{-1/2}))$ such
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$\sum c\pi$ $[B ((f^{i} \oplus 0)^{\wedge})]\cdots\pi$ $[B((f^{i} \oplus o)^{\wedge})]\Omega$

$i$
$L\hat{\varphi}$ 1 $m$

$\hat{\varphi}$ $n_{i},$
$m$

$\hat{\varphi}$

converges to $A1$ in
$\mathfrak{g}\hat{\varphi}$

Thus we have

$(e^{-9/2}\psi, A^{*}\Omega)1_{\hat{\varphi}}$
$=$ ( $\psi,$

$T_{\mathfrak{n}_{S\hat{\varphi}}^{(\omega)A_{1}\Omega)}}$

$for$ all $\psi\epsilon\emptyset(e^{-Q/2})$ .

Th $is$ $i$ mpl 1 es tha $t$

$A^{*}\Omega$
$\epsilon$ a $(e^{-9/2})$

$1$

$\hat{\varphi}$

and so

$T_{\mathfrak{n}_{S}}(\omega)A_{1}\Omega\theta$ 1 $\int$

$=$
$e^{-9/2}A^{*}\Omega$

By replacing $A_{1}$ with $A_{1}^{*}$ , we have

$T_{\mathfrak{n}_{S}}$

(co)
$A_{1_{\hat{\varphi}}^{\Omega}}^{*}$

$=$
$e^{-9/2}A_{1_{\hat{\varphi}}^{\Omega}}$ .

Hence we have, $for$ al 1 $A2$
$\in\pi_{\sim,\varphi}$ $(X (K_{S}, r_{S} , \Gamma_{s}))$

,

$T_{\mathfrak{n}_{S}}(\omega)A_{2_{\varphi}^{\Omega_{\sim}}}^{*}=$

$e^{-9/2}$
$A_{2_{\varphi}^{\Omega_{\sim}}}$

.

From th is , it fo 11 ows tha $t$
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$T_{\mathfrak{n}_{S}}(\omega)e$ 2
$\varphi\sim$

2
$\varphi\sim$

$-9/2$
A $\Omega$ $=$

$A^{*}\Omega$

Mo reover we have, for al 1 A $\epsilon\pi_{\varphi}(X(K, r, \ulcorner))$ ,

$T_{\mathfrak{n}_{S}}(\omega)eA\Omega_{\varphi}-9/2$
$=$ $A^{*}\Omega_{\varphi}$ .

Let $S_{u,2}$ be the mappi ng on
$5_{\sim,\varphi}$

defined by

$s_{u,2}(A_{2}\Omega_{\sim,\varphi})$

$=$
$A^{*}\Omega_{\sim}2_{\varphi}$

$for$ every $A2$
$\in$

$\pi_{\sim,\varphi}(X (K , rss , \ulcorner q ))$ .

$-9/2$
Since

$S_{u,2}\subset T_{\mathfrak{n}_{S}}(\omega)e$ ’ $s_{u,2}$ is closable and

$s_{u,2}$
$=$

$T_{\mathfrak{n}_{S}}(\omega)(e-9/2|_{\emptyset(S_{u,2})})$ .

Hence we have

$\overline{s}_{u,2}$
$=$

$T_{\mathfrak{n}_{S}}(\omega)(e|-8/2\emptyset(s_{u,2}))$ .

We shall sh $ow$ $t$ ha $t$

$(e^{-9/2}|_{\emptyset(S_{u,2})})$ $is$ $se1f$ adj $oint$ . A $t$ $fi$ rs $t$ , no $te$

that $(e-8/2|_{\emptyset(s_{u,2})})$ is symmetric. Noreover the range of

$(e^{-9/2}|_{\emptyset(s_{u,2})})$
$f$ $\dot{t}1$ is dense in

$5_{\sim,\varphi}$

, because

Range $((e^{-9/2}|_{\emptyset(s_{u,2})})$ $f$ $\dot{t}1)$
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$\supset$ Hange ( $(e^{-9/2}f \dot{t}1)|_{\pi_{\sim}(X(\emptyset(s^{-1}}\varphi$ /2)
$r_{S},$ $\Gamma_{s}$

)) $\Omega_{\sim,\varphi})$

$=\pi_{\sim}(X(K_{s}, r_{S}, \Gamma_{s}))\Omega_{\sim}\varphi\varphi$

Th $is$ $i$ mpl $i$ es $t$ ha $t$

$(e^{-9/2}|_{\emptyset(S_{u,2})})$ is essen tially selfadjoint and so

$(e^{-9/2}|_{\emptyset(S_{u,2})})$ is sel fadj oint. Thus we have

$(e^{-9/2}|)\emptyset(S_{u,2})$
$=$

$e^{-9/2}$

Fur ther, $si$ nce $(e^{-9/2}|_{\emptyset(s_{u,2})})$
$=$ $(e^{-9/2}|_{\emptyset(S_{u})})$ , we have

$(e^{-9/2}|)\emptyset(S_{u})$ $=$
$e^{-9/2}$

By the uniqueness of the polar decomposition, this completes the

pro $of$ .

I $n$ the foll ow $i$ ng propos lti on, we show tha $t$
$\Delta_{u}$ and $J_{u}$

coincide with a modular operator and a modular conjugation

constructed by $R_{\varphi}$
, respectively.

Propos $iti$ on 3. 2. Le $t$
$\varphi$ be a quas $ifree$ $st$ a $te$ $on$ X $(K, r, \ulcorner)$ . I $f$

the associated operator $S$ on $K_{s}$ does not have an eigenvalue $0$ ,

then the mappi ng
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$s_{b}$ : $B\Omega_{\varphi}\rightarrow B^{*}\Omega_{\varphi}$ $(B\in R_{\varphi})$

is closable, and $\overline{S}_{b}$ $=\overline{S}_{u}$ .
Pro of. I $n$ $0$ rder to prove Propo siti on 3. 2 , it is suff icient to

show that the graph $G(\overline{S}_{b})$ of $\overline{S}_{b}$ coincldes with that of $\overline{S}_{u}$ .
Fi rs $t$ , we shall show that $G(S_{b})$

$\subset$
$G(\overline{s}_{u})$ . At firs $t$ , no te that

$G(S_{b})$
$\subset$

$\overline{G(s_{b}|_{\Re})}$ (wh er $e$ $\Re$ $is$ th $e$ $set$ $of$ al 1 po 1yn $omi$ al $s$ $of$ $e1$ emen $ts$

$of$ $\{W(f) : f\in ReK\})$ . $Since$

$w_{\varphi}(f)\Omega_{\varphi}=\sum\infty$
$(n!)\dot{t}\pi_{\varphi}-1n(B(f))^{n}\Omega_{\varphi}$ $(f\in ReK)$ ,

$n=0$

by $the$ Weyl-Sega 1 $re1$ a $tions$ , $it$ $fo11ows$ $t$ ha $t$

$G(s_{b}|_{\Re})$ $\subset G(\overline{s}_{u})$ . Thus we

$h$ ave $G(S_{b})$
$\subset$

$G(\overline{S}_{u})$ . Th $is$ $i$ mpl $i$ es $th$ a $t$
$S_{b}\dagger$

$is$ $c1os$ abl $e$ and $G(\overline{S}_{b})$

$\subset G(\overline{S}_{u})$ .
Nex $t$ , we $prove$ $th$ a $t$

$G(S_{u})$
$\subset$

$G(\overline{S}_{b})$ . To $do$ $this$ , we no $te$ tha $t$ .
$for$ $e$ a $ch$ $\xi$

$\in\pi_{\varphi}$ $(X (K, r , \ulcorner))\Omega_{\varphi}$ ,

$\xi$

$=\sum_{i}c_{i}\pi_{\varphi 1}(B(f^{i}))\cdots\pi_{\varphi}(B(f_{n_{i}}^{i}))\Omega_{\varphi}$ $(f^{i}i \epsilon ReK, c_{i}\in \mathbb{C})$ .

Mo $re$ ove $r$

$\frac{(w_{\varphi 11}(tf)- W_{\varphi}(0))\cdots(w_{\varphi}(t_{m}f_{m})- W_{\varphi}(0))\Omega_{\varphi}}{(it_{1})(it_{m})- 1\ldots- 1}$

$te$ nds $t0$
$\pi_{\varphi}(B(f1))\cdots\pi_{\varphi}(B(fm))\Omega_{\varphi}$

$in$
$\mathfrak{s}_{\varphi}$ as $ti$

$t$ ends $t0$ $0$ $in$ $R$
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$for$ each $i$ $=$ 1, , $m$ . Thus we $h$ ave $G(s_{u})$
$\subset$ $G(\overline{S}_{b})$ and $so$ $G(\overline{S}_{u})$ $\subset$

$G(\overline{S}_{b})$ . This completes the proof.

We $n$ ow $int$ roduce $t$ he commu $t$ an $t$ $of$
$\pi_{\varphi}(X(K, r, \ulcorner))$ .

De fi ni $t$ ion 3. 3. Suppose tha $t$
$\varphi$ $1s$ a $s$ tate on X $(K, r, \ulcorner)$ . The

commutant of $\pi_{\varphi}(X(K, r, \ulcorner))$ , denoted by $\pi_{\varphi}(X(K, r, \Gamma))^{\prime\prime\prime}$ , consists of all

bounded operators $C$ on $5_{\varphi}$ such that

$(\psi 1 C\pi_{\varphi 2}(A)\psi)$ $=$ ( $\pi_{\varphi}(A^{*})\psi_{1},$ $c\psi_{2}\rangle$

$for$ all $\psi_{1}$ , $\psi_{2}$ $\in\pi_{\varphi}(X(K, r, \ulcorner))\Omega_{\varphi}$ and A $\in X(K, r , \ulcorner)$ .

Lemma 3. 4. Le $t$
$\varphi$ be a quas ifree state on X $(K, r , \Gamma)$ . If the

associated operator $S$ on $K_{s}$ does not have an eigenvalue $0$ , then

$\pi_{\varphi}(X(K, r, \Gamma))^{\alpha}$ $=\Re_{\varphi}^{n}$ .
Proo $f$ . I $f$

$C\in\pi_{\varphi}$ $(X (K, r , \Gamma))^{u}$ , then we have

$(\pi_{\varphi}(B(g))\epsilon_{1}n C\zeta_{2})$ $=$ $(\epsilon_{1}, C\pi_{\varphi}(B(g))^{n}\epsilon_{2})$

$for$ al 1 $\sigma_{1}$ , $\epsilon_{2}$ $\in\pi_{\varphi}(X(K, r, \ulcorner))\Omega_{\varphi}$ and $g\in$ $ReK$ . Thus we have

$(\acute{t}n\pi_{\varphi}(B(-g))\epsilon_{1}n cg_{2})$ $=$ ( $\sigma_{1},$ Ci ,

and so

$(w_{\varphi^{(-g)\xi}1}, cg_{2})$
$=$

$(\epsilon_{1}, CW_{\varphi}(g)\zeta_{2})$ .
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Hen ce we have $W_{\varphi}(g)C=$ $CW_{\varphi}(g)$ . Th $is$ $i$ mp 1 $i$ es $t$ ha $t$

$C\in\Re_{\varphi}^{w}$ .
Let

$\Re_{\phi}$
be the von Neumann algebra generated by

$tw_{\theta}((\overline{f}\oplus 0)^{\wedge})$ :
$f$ $\in ReK$ }. Then we have

$\Re_{\varphi}^{1\mu}=$

$J_{u}\Re_{\varphi}J_{u}=T_{\mathfrak{n}_{S}}(\omega)\Re_{\varphi}T_{\mathfrak{n}_{S}}(\omega)$
$=T_{\mathfrak{n}_{S\hat{\varphi}}^{(\omega)\Re T}\mathfrak{n}_{S}}$

(co) ,

by the Tomi ta-Takesaki theorem and Proposi tion 3. 2. Now, for any $f$

$\epsilon$ $ReK$ , $g\in$ $K$ , and $\psi_{1}$ , $\psi_{2}\in\pi_{\varphi}(X(K, r, \ulcorner))\Omega_{\varphi}$ , we have

$(\pi_{\varphi}(B(g)^{*})\psi_{1}$ , $T_{\mathfrak{n}_{S}}(\omega)w_{\theta}((\overline{f}\oplus 0)^{\wedge})T_{\mathfrak{n}_{S}}(\omega)\psi_{2})$

$=$

$n\rightarrow\infty lim$
($\pi_{\varphi}(B(g))\psi_{1}*$ , $T_{\mathfrak{n}_{S}}(\omega)(\sum_{m=1}^{n}(m!)-i\pi(B((\overline{f}\oplus 0))))T_{\mathfrak{n}_{S}}(\omega)\psi_{2}$)

$\hat{\varphi}$

$\overline{\sim}$

$n\rightarrow\infty 1im$ ($\pi(B((\overline{\ulcorner g}\oplus 0)^{\wedge}))\psi_{1}\hat{\varphi}$
$(\sum_{m=1}^{n}(m!)-1(-\dot{t})m\pi(B((0\oplus\overline{f})\wedge))m)\psi_{2}$)

$\hat{\varphi}$

$=$

$n\rightarrow\infty 1im$

$(\psi_{1}$ . $(\sum_{m=1}^{n}(mt)-(-i)\pi_{8}(B((0\oplus\overline{f}))))\pi_{\theta}(B((\overline{g}\oplus 0)^{\wedge}))\psi_{2})$

$=$

$n\rightarrow\infty lim$ ($\psi_{1}$ , $T_{\mathfrak{n}_{S}}(\omega)(\sum_{m=1}^{n}(m!)-i\pi(B((\overline{f}\oplus 0))))T_{\mathfrak{n}_{s}}(\omega)\pi_{\varphi}(B(g))\psi_{2}$)
$\hat{\varphi}$

$=$ ($\psi 1$
$T_{\mathfrak{n}_{S}}(\omega)W((\overline{f}\oplus 0)^{\wedge})T_{\mathfrak{n}_{S}}(\omega)\pi_{\varphi}(B(g))\psi_{2}$).

By the same process, we have, for any A $\epsilon$ X $(K, r , \Gamma)$ ,
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( $\pi_{\varphi}(A^{*})\psi_{1}$ ,
$T_{\mathfrak{n}_{S}}$

(co) PT
$\mathfrak{n}_{S}(\omega)\psi_{2}$

) $=$
$(\psi_{1} , T_{\mathfrak{n}_{S}}(\omega)$ PT

$\mathfrak{n}_{S}(\omega)\pi_{\varphi}(A)\psi_{2})$
,

where $P$ is any polynomial generated by
$tW\hat{\varphi}((\overline{f}\oplus 0)^{\wedge})$ : $f$ $\in$ $ReK1$ .

He $n$ ce, we $h$ ave, $for$ any $W^{\alpha}$

$\in\Re_{\varphi}^{\prime\nu}$ and A $\in X$ (K. $r$ , $\ulcorner$ ),.
$(\pi_{\varphi^{(A^{*})\psi}1}, W^{w}\psi)2$ $=$ $(\psi 1 W^{m}\pi_{\varphi}(A)\psi_{2})$ .

Th $is$ $i$ mpl 1 es $t$ ha $t$

$\pi_{\varphi}$ $(\mathfrak{A} (K, r , \ulcorner))^{w}$ $\supset\Re_{\varphi}^{w}$ . Th $is$ compl $et$ es the $proof$ .

Final ly, we prove the Tomi ta-Takesaki theorem for an unbounded
operator algebra given by the $GNS-representatlon$ of a CCR algebra

$with$ $res$ pec $t$ $to$ a $q$ uas $ifree$ $st$ a $te$ $in$ $the$ $se1f$ -dua1 $fo$ rmal $ism$ .
’

Theo $r$ em 3. 5. Le $t$
$\varphi$ be a quas $ifree$ $st$ a $te$ $on$ $X(K, r, \ulcorner)$ . I $f$ $the$

associated operator $S$ on $K_{S}$ does not have an eigenvalue $0$ , then

$\overline{S}_{u}=\overline{s}_{b}$ , and $Ju(\pi_{\varphi}(\mathfrak{A}(K, r, \ulcorner))^{l\parallel})^{u}Ju=\pi_{\varphi}(X(K, r. \ulcorner))^{u}$

$itH_{s}$

Moreover, if $e$ maps IR onto $\overline{K}$ , then

$\dot{t}t$ $-it$
$\Delta u\pi_{\varphi}(X(K, r, \ulcorner))\Delta_{u}$ $=\pi_{\varphi}(X(K, r, \ulcorner))$ $for$ al 1 $ t\in$ R.

Proof. The last equal $i$ ty fol lows from the fact that the mappi ng
A $\rightarrow\Delta_{u}^{it}$ A $is$ a Bogo 1 $i$ ubov $*-automo$ rph $i$ sm $on$ $\pi_{\varphi}(X(K, r, \Gamma))$ .

Remark. Le $t$ $K$ be the set of al 1 rap idly decreas ing functions
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$on$ $R$ as $in$ [51. I $n$ $this$ $c$ as $e$ , $th$ ey $pro$ ved $the$ gen era1 $ized$ Tom $ita-$

Takesaki theorem for $H_{s}$ wi th a trace class operator $e^{-9}$ Thus our
$resu1t$ $is$ a ge $ner$ al $i$ za $tion$ $of$ [51.
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