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1. Introduction

Let P(m,n) be Dold’s manifold of type (m,n) (See [5]). The purpose of this
paper is to prove the non-embeddability theorem of P(m,n) in the euclidean space
Rk, ‘

Let w,w and w; be the total, dual total and dual i-dimensional Stiefel-Whitney
class of P(m, n), respectively. By Dold [2] we know that:

(1) H*(P(m,n)), the cohomology ring of the coefficient Z, of P(m, n), is generated
by ccH(P(m,n)) and d=H2(P(m,n) ) such that ¢m+1 =0, d»+1=0 and S¢ld=cd.
@2 w=04+c)(A+c+d)n+t

We consider all pairs of two non-negative integers (except for (m, n)=(0, 0)).
From (1), (2) and ww=1, we obtain '
) w=A+c)~m+D for (m, n)=0m, 0) (m>0)
and :

@) w=A4+)"m(1+c+d)~&+r+D for (m, n)=(m, 2t+r) (m=0, 0=r<2t, t=0).

By the expansion of (3), (4) we will obtain Theorem A in §2. The easy calcula-
tions of w in the proof of Theorem A was suggested to the author by the method
which has used in Ucci [4].

In §3, we will prove Theorem B which improve slightly the results of Theorem
A with a few exceptions. In the proof of Theorem B, we will use the same method
with it in Massey [3], Andd [1]1, and Yoshioka [5]. This theorem is a generaliza-
tion of Theorem in [5] p4.

The author wishes to express his thanks to Prof. K. Aoki, Prof. T. Kaneko
and T. Watabe for their kind encouragements.

2. Theorem A and its proof
We will denote by M the maximal number of integers i such that w;==0. We

have the well-known theorem :
“If an nm-dimensional differentiable manifold M” is embeddable in R*+%, then
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wi(M™)=0 for i=k.”

Hence, it follows that to know the value of M means to get the best result
which is obtainable by this theorem. We will know the value of M by the expan-
sion of (3), (4).

In the calculation of binomial coefficients, we use frequently the following fact:

“If a=i2, b=b:2¢ (0<ai, bi<2), then '

(%)= I‘Z(%:) (mod 2).”

THEOREM A.
Q) If (mn)=0m,0),then M=m—2q—1; where m=2s+q (0=¢<2s, s=0).
2 If (myn)=0m,2t+r) (m=0,0=r<2¢, t=0), then M=m+2n—2q9—4r—2; where q is
the integer which is defined uniquely as follows:
1) when m=0, g=0,
i) when 0<m<2t+1, m=2s4+q (0=q<2s,0<s<p),
i) when m=2t+1, let m=3%,2t+i+q (=1, 0=<g' <2t +k+1),

a) if ¢'=0, g=3},2t+i"1(=m/2),
b) if 0<g'<<2H, g'=2s4q (0=¢<2s, 0<=s=D),
c) if ¢=2¢%1, ¢'=2t4q.
Hence,
3 P(m, 0T (cannot be embedded) R?m—2¢-1 for m in (1).
(4 P(m,n)CRem+2md-2¢—4r=2 for (m,n) in (2).
Proor.
(1) From §1. (3),

W=(140)~F+a+D=(14+)2-@+D (Because (1+6)* =1)
=A+c)m2a"1=1+4-...... 4cm—2q¢-1,
(2) i) From §l1. (4), similarly to (1),
W=+~ +D=1...... 4 gn-2r-1,
ii) Since (14+¢)~#"'=1, from §1. (4),
w=14¢)"m(L+c+d)F-r+D=e, sem—ad?'~(r+1-p

where

— 23 m—D+(m—a—7) Q=+ —0or1
o f= 0<r<min(m—a, ﬁ)( m—a—T B—T1RI—G+Dh—=py1 — "V °f

and the sum 3} is taken for the integers «, 8 such that 0<a<m, 0<p<2¢t—(r+1).
If e 3=1 (B>0), then there exists at least one 7 such that
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((m 1721—%%771 a— TD) 1 O=r<min(m—a, 8)).

But, for this 7,

_((m—1)+m—(a+7)
Catr, 0= ( m—(a+7) )
and dim (¢m—ad? - +D-p) L dim(cm—e—1d% - (r+1) (Because 0< 28—7). Thus, to obtain
the value of M, it suffices to consider e« only. We set zq4,0=¢q, and look for the
minimal number of integers a such that e.=1.

Now,

(m—D+0m—2¢)\_ (2st1—1) _
( m—2q 25—q )—1

and

cam (ML E—e0) _ (2420~ 1) (ozacag),

Since 0<L2g—a—1<2s+1 and 2s4+g—a<2st1, if e« = 1, then 2¢g—a—1=2s4+g—a. But,
q<2s+1. Hence, e.=0. Therefore, we have M=m—2q+2(n—2r—1).
iii) From §1. (4),

w=(1+0) =@ +m(Lf e+ =+ =Tl gom—ad? ~r+D=p

where

2641 m—1 —a—T 2t —(r+1)!
eaﬁ=0§_7’§mi§(m—a,.3)< L >) B—MTI =G +D— B!

=0or1l

and the sum 3" is taken for the integers a, 8 such that 0sa<m, 0=B8=2!—(r+1).
Similarly to ii), to obtain the value of M, it suffices to consider

20112 —a—1
m—a

a) Since 2g=m,

only.

€a=E€a,0=—

€2¢= (2t+1_5m—1) =1,

And,

k+lot+i g1 2t +k+1 o+i—q—1
ea:(}; 1 >:< 3 ) OZas20.

S 2t Sk_2t+iq
Since 0<% | 2t+i—q—1<2t+k+ and 1% 2t+i @< 2t+k+L if ¢,=1, then 3% 2t+i—a

—1_2_2?_12t+i——a. But, it is impossible. Hence, ¢.=0. Therefore, we have M=2(n
—2r—1).
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b) Since
(z,‘f:} 2+i 4251 4 29 —a—1
Tz 2t 2stg—a )
similarly to ii), we have ezo=1, ea=0 for 0=a<2q. Thus, M=m—2q+2(n—2r—1).

¢) Let g=31t_,2t+i-14 g (0<q"'<2t+h, 1<h=k). Then m=3%,2t+i 4 2t+ht g’
Now,

2+l 2?_ L 2tHiFL L QbR S ?_1 o+i_1 o+kt2_1 .
27\ 5 k_ ot+i g 2e+h SN ki gn A\t oriogr )

and

o2ty 2?_12t+i+l+2t+h+1+2qﬂ_ a—1
Ea=

2e+k+24 3 ?_12t+i+ 2¢" —a—1
( 0=a<29).
Ef_12t+i+2:+h+q~_a

Since 031" ,2t+i 4+ 2¢"' —a—1<2t+k*2 and K 2044 2t+h g/ —q20HKF2, if eq = 1,

then 1% 20+ 2" —a—1=>31%  2t+i42tvhy g —a. But, ¢"<<33F_,2t+i41. Hence,
ea=0, Therefore, we have M =m—2¢+2(n—2r—1). (q.ed.)

3. Theorem B and its proof

In this section, we will show that we can improve only “1” the results of
Theorem A for (m,n) as follows:

M) (2s+4¢,0) 0<g<25—1, s=2),
@ O,2+r) O<r2t-1,1=22),
(3) (2s+¢, 2t+7) or (i 20+ 4+254¢, 20+7) (0=¢< 25, 0<r<2, k=1),
i) =0, =1, i) §=0,¢=2,r=0 or 3 (mod 4); m=1, r=1 or 2 (mod 4),
iii) s=t=1, iv) s=1,t=2, V) 2=s<t,
@ (Dha2t, 204 (0<r<2t—1, =2, k=1),
(B) (DEo2ttitg, 2t +7) (2t=q<2ttht..enn. 2041 28 0<r<(26)
i t=1, i) =2
Expanding §1. (3), (4) for those cases, we obtain the following table.
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Table of the coefficients in wi (i=1,2,3) and wps.

(1) | (2) | ®D |@G i) (r:mod 4)|(3) ii) 3 iv) (r:mod 2)
q even odd|{m=g=0 0 0 0 1 0 0
r |m=r=0leven oad, _,L il o ™3 ") 1 jo 12380 1 2 3
wilec |10 [0 0]1 1/010 1/01/0 1{1 0100 1 0 1
. 0 010 1/{0 00 o0}11|1 0/0 0 1 10 1 1 O
“la 1 0|0 0/1 010100 0|1 0 1 0|1 0 1 O
] 0 1/0 0 0 0/]01|0 00 O 0/0 1 0 O
% 0 0/1010/10/0 0/0 0 O0O0O|1 0 1 O
wy | cm2a-1| gn-2r-1 cm cmdn—2r-1 cmem~2 cmdn=2rTl c.ré_/j;i':;:—rz_rl-z
@ v, @, B)i) (gr:mod 4) (5) i) (¢: mod 4)
q 0 1 2 3 0 1 2 3
r 0 1 2 3/0 1 2 3/0 1 2 3]0 2 3 1
w; ¢ |1 0 1 0,0 1 0 1|1 0 1 0/0 1 0 1|0 1 0 1
| ¢ |1 1 0 0|1 0 0 1{0 0 1 1/0 1 1 0|1 0 0 1
wz d {1 0 1 0|1 0 1 01 0 1 0|1 0 1T 0[O0 O 0 O
— ¢ |1 0 0 0|0 0 0 0 0 1 0/0 1 0 0|0 0 0 1
R ¥ 0 0 0 0|1 0 1 0[O0 0 0 0|1 0 1 0|0 O0 0 O
“war cm=2aqn-2r=11 3,y of ,om~2q+2an-2r—1-a : ) cm—24q

Using this table, we will prove by the method of Massey [3] the folliowing
theorem. See [5] for the calculaions relating to Sg-operation.

TueorREM B.
(D Pm,n)TR2m—2a for (m,n) of case (1).
(@) P(m,n)CR2m+2m—-2¢~4-1 for (m,n) of cases (2), (3), (4) and (5).

Proor. '

In this proof, the coefficients of cid/ f, g, u, v etc. are equal to 0 or 1.
(1) Suppose P(m, 0)CR?m21, Let (E, p, P(m, 0), Sm2¢-1) be the normal sphere
bundle associated with this embedding. Then, by Massey [3], we have the follow-
ing results.

There exist a subring A*=314¢ of the cohomology_ring H*(E) and an element
a of Am—2¢-1 such that
1) A¥* is closed under any cohomology operation,
2) Hi(E)=p*(Hi(P(m,0)))+Ai (direct sum, 0<i<2m—2g—1),
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3 Am2¢71=(),
4) any element y=H*(E) can be expressed uniquely in the form y=p*(y) +ap*(y2)
where y;c H*(P(m, 0)),
5) if y=Sgi(@) in 4), then y,=w:.
From (5) and Table,

0 (m>4q+2)
al= ap* (Cm—zq—l) +
P (uctm—1a—2) (m=<dq+2).

p*(fem20)t+-ap*(c) (q:even)
Sql(a) = {
0 (g : odd).

Now, we consider an element x of A7¢71 such that x=p*(vcm=a1)+ap*(cD).
Then

*(fema) +ap*(catt .
Sql(x) = p*(oem- ")+{p (fem—a) +ap*(cr*t) (g : even)

ap*(ctt) (g : odd).
Hence,
0= A?m~20-13x5¢'(x) = {f“p*(cm)} +a%p*(c2atl) = {(1 +ap*(cm)  (q: even)
0 ap*(c™) (g : odd).

Here, note that m<2m—2g—1. On the other hand, when ¢ is even, from
0 = Sq'Sg*(a) =p*(fem—2at1),

we have f=0. Thus, xS¢!(x) =ap*(cm)=0. But, it is a contradiction. Therefore,

we obtain P(m, 0) R2m—2q, '

(2) Suppose P (m, n) C R2m+2n)—2¢—4r-1,  Let (E, p, P(m, n), Sm+2n2-4-2) be the

normal sphere bundle assosciated with this embedding. Similarly to (1), we have

the following results.
There exist a subring A* = 3'A¢ of H*(E) and an element @ of Am+t2n—2¢—4r—2
such that 1), 4), 5) are the same as (1),
2) Hi(E) = p*(Hi(P(m,n) ) )+Ai (direct sum, 0<i<2(m+2n)—2q—4r—2),
3) Amt2n-2¢—4r-2 = (),

From (5),
Sq'(@) = p*(-+- -+ fom2a1gn=2r 4 from=2a-3gn=2r+1 | ..o L ap*(wy)
Sq2(@) = p*(-+--+- 4 gem2adn~2r 4 gl cm2a-2dn—2r1 L. Dap*(wy)
Sg3(@) = p*(--eeer Fucm—2a-1gn—2r+1 4 ...... )+ ap*(ﬁ;.,)
@® = aq*(cm2adn2r"1 - 35 ge o’ cm2at 2agdn—2r—1-a) L p*¥(3Y; iy; jcid?),

where if the power number of ¢ or d is negative, then the coefficient of its term
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is equal to zero (Henceforth, the same notice is omitted.), and i+2j=2(m+2n)—4q
—8r—4.
We consider an element x of Amt2n—¢—2r-2 such that

x=p*C--- +pem—adn—r—14y/cm—a—2gn—r | ...... Y +ap*(cedr).
Then,
Sq2(x) = p*C---+ -+ (v )em—adgnr4--.-n)
+5¢2(@)p*(cedr) +Sq (@)p* (Sq'(cdr) ) +ap* (Sg?(cedr) )

where »"=0 for (m,n) of cases (3) i) m>1 and (3) iv).
Noticing that

p*( ...... +oem—agn—r—-1_L o/ cm—q—2dn—r | ...... D) .p*( ...... +(Z) +v'>cm—qdn—r+ o ) etc.=0,
a2p* (62q+2d2r) — 0’
a?p*(c2ad?+1) = gp*(cmdn) (Because m+2n<2(m-+2n)—2q—4r—2.)

we obtain
25q2(x) = ap*( (v +v' +g)cmdn +wy(vemd”—14-v cm—2qn)
+ (fem=a 1+ v'wiem—a2)d"7Sqt(cdr)
+ (wem—agn—r"14-p'cm—a~2d"-r)Sq?(cidr) )
+ a2p*(woc4d? +cadaSq?(cad) ).
Since
catlidr (g+r : odd)
Sq'(cedr)= {
0 (g+r : even),
0 (g=0 or 1, r=0; ¢g=2 or 3, r=2 (mod 4))
cadrtl (¢=0 or 3, r=1; g=1 or 2, r=3 (mod 4))
Sq?(cidr) =
caregr (¢=0or 1, r=2; g=2 or 3, r=0 (mod 4))
cat2dr +cadr+l (¢g=0 or 3, r=3; g=1 or 2, r=1 (mod 4)),
it follows
Co+v +o 0 (g=0, r=0; ¢=2, r=2)
A +v+rf+2) v (¢=0, r=1; ¢=2, r=3)
(v +2 0 (g=0, r=2; ¢=2, r=0)
a +f+2) v’ _ (¢=0, r=3; ¢=2, r=1)
xSq2(x) = ap*(emd™)+{ lap*(wicm~1d™) (mod)
1( v+v’+f+g)( 10’ (g=1, r=0; ¢=3, r=2)
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a +2) 0 (g=1, r=1; ¢=3, r=3)
Cot+ f+2 v (g=1, r=2; ¢=3, r=0)
A +v +2 0 (g=1, r=3; ¢=3, r=1)

+ap* (wy(vemd? =140 cm=2d7) ) +a2p* (wac?d2r).

Next, using Table, again it follows

A+
A+f+2
Since xSq?2(x)E A2(mt2m—2¢—4—2=0, if g=0 or f+4g=0, then we have a contradiction.
Therefore, P(m, n) C R&(m+2m)—2¢—4r—1

Henceforth, we set C=14g or 1+f+g, and will show that C=1 for each (m, n)
of cases (2), (3), (4) and (5).

Case (2). When r is even, C=1+g. Then,

0=15¢35¢'(a) =S¢?Sq*(a) =p*(gd"?r*1)

(g+r : even)

Sq2(x) =
D { (g+r : 0dd).

}ap*(c"'d")

implies g=0.
~ when 7 is odd, C=1 since w;=w,=0.
Case (3) i). When m=1, C=147f since w,=0. Then,

Sq*Sq*(a)=p*(fa® = 0.
When m>1, C=1+4+f+g. Then from
Sq3(a) =Sq'Sq?(@)=p*((f +&" ) 1d?+---) +ap*(c?)
Sa®Sq* (@) =p*((f+f +gdem1d?+--)=0
f+u#=0. And, from
Sq?Sq*(a) =p*((g+g& dcmd?+-----+)
Sq3Sq (@) =p*((g’ +u)cmd?+-----+)

and Sq¢25¢2=S¢3Sq!, g=u. Hence, f+g=0.
Case (3) ii). When r=0 (mod 4); m=1, r=2 (mod 4), C=1+g. Then,

0=5¢35¢'(a) =S¢?Sq* (@) =p*( (g+g"dcmd* 2+l 4 ......)
Sq*(@)Sq'Sg* (@) =p*(-+--+-) +ap*(cd)
Sq2Sq3(a) =p*( (g’ +u)cm1grn—2rt2f...... =0

imply g+g’=u=g'4+u=0 (where if m=1, then g’=0). Hence, g=0.
When =3 (mod 4); m=1, r=1 (mod 4), C=1+f+g. Then,

Sq¥(@) =Sq'Sg?(@) =p*((f' +g" dem™1d"2rt1+ - ) +ap*(c®)
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Sg2Sq () =p*( (f+f +g)em 1gr2rtl4...... =0
Sq25¢2(a@) =p*((g+g" demdn2rtlf...... D
Sq3Sq1(a) =p*<(gl +u>cmdn——2r+1+ ...... )

imply f'+g’ =u, f+f +g =0, g+g’ = g’+u (where if m =1, then ff=g=g"=u=0).
Hence, f+¢=0.

Case (3) iii). When ¢=0, C=1+g since w;=0. Then,
0=5¢%Sq'(a) =S¢?Sq*(a) =p*(gemd?®+--- ).

When ¢g=1, C=1 since w,=0.
Case (3) iv). When ¢=0, r=0 or 2 (mod 4), C=1+g. Then,

S@?Sq2(@) =p*( (f+emdr-2r+4---) +ap*(cd)
qusql (a) — p*( ( g’ —I—u)c"‘d”“'z’“ PR ) + ap*(czd)
Sq3(a) =Sq*Sq*(a) =p*((f+g" dem1d"2rtl4--...- ) +ap*(c®)

imply f+g=g’+u, f+g’'=u (where if r=0, then #=0). Hence, g=0.
When ¢=0, r=1 (mod 4); ¢g=1, r=3 (mod 4), C=1 since w;=0 or w,;=0.
When ¢=0, r=3 (mod 4); ¢g=1, »=0 or 1 or 2 (mod 4), C=1+g since w; =0
(except for r=1).
Then,

Sq?Sq%(@) = p*(gcm—2adn—2r+l4...... ) =0,

Case (3) v), (4), (6). When g=r=0 or 2 (mod 4), C=1+g. Then,
Sq2Sa2(@) =p*(-+--- +(f+g)cm2agn—2r+l4...... Y +ap*(c2d)
Sg3Sqr (@) =p* (- + (g +udem=2adn=2r1 ...y L ap*(c2d)
Sg3(@)=Sq"SqP(@) =p*(--+ - +(f+Sf +g dem 2ad" 214 - S t-ap*(c®)
0=S5¢'Sg (@) =p*(-+--- Ffrem2a-2gn-2rtl ... ... )

imply f+g=g'+u, f+f +g=u, f/=0. Hence, g=0.
When ¢=0, r=1 (mod 4); ¢=2, r=3 (mod 4), C=1+g since w;=0. Then,

0=S543(a) =Sq!Sq?(a) =p*(-++-- +gem—2atign—2r 4 ...... .
When ¢=0, r=2 (mod 4) or vice versa, C=1+g. Then,
S¢*5¢* (@) =p* (- +(F+glem2adm—2r+1+ ) +ap*(c2d)
Sg3Sqi(@) =p*(-++--- +g/cm2agn2r+1 | ...... Y +ap*(c2d)
. 0=S¢3(a) =Sq'Sq2(a) =p*(--++-- +(fHg)em2a-1gn-2rtl 4 ...... )
imply f4+g=g’, f+g'=0. Hence, g=0.
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When ¢=0, r=3 (mod 4); g=r=1 or 3 (mod 4); ¢=2, r=1 (mod 4), C=1 since

EIZO or E-‘,:O,

W

A

When g=1 or 3, =0 or 2 (mod 4), C=1+g since w;=0, Then,
0=5¢35¢'(a) = Sq2Sq?(@) = p*(-++-+- 4 gem=2adn—2r+l p ......),

When ¢g=1, r=3 (mod 4) or vice versa, C=1+g. Then,
Sq?Sq(a) =p*(:--gem~2ad"~2r+14...5 =0, (q. e. d)
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