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1. Introduction and Summary

Let $F(x)$ be a probability distribution function on the real line. It is well known
that assuming that the singular part is identically zero, $F(x)$ can be uniquely decomposed
into

(1. 1) $F(x)=F_{1}(x)+F_{2}(x)$ ,

where $F_{1}(x)$ is an absolutely continuous function and $F_{2}(x)$ is a pure step function with
steps of magnitude, say, $Si$ at the points $x=x;,$ $i=0,$ $\pm 1,$ $\pm 2,$ $\cdots\cdots$ and finally both $F_{1}(x)$

and $F_{2}(x)$ are non-decreasing. If the singular part is identically zero as has been assumed
here, $F_{1}(x)$ has a density function $f(x)$ almost everywhere, namely,

(1.2) $dF_{1}(x)/dx=f(x)$ a.e.x.

At a point of continuity $x_{0}^{\prime}$ of $F(x)$ its density is clearly $f(x_{0^{\prime}})$ .
Let $X_{1},$ $X_{2},$ $X_{3},$ $\cdots\cdots$ be a sequence of independent identically distributed random

variables with the common distribution function $F(x)$. We shall consider the problem of
estimating the density $f(x)$ at all points of continuity of $F(x)$ and also of $f(x)$ as has been
seen in (1. 2) from $X_{1},$ $X_{2},$ $X_{3},$ $\cdots\cdots$ . The kernel estimate of $f$ from $X_{1},$ $X_{2},$ $X_{3}$ $X_{n}$ is
given by

(1. 3) $f_{n}(x)=(B_{n}/n)\sum_{j-1}^{n}K(B_{n}(Xj-x))$,

where $K$, the kernel, is an arbitrary bounded probability density on the real line and $\{B_{n}\}$

is a sequence of positive numbers. For some conditions on $K$ and $\{B_{n}\}$ , MURTHY [1]

proved that $f_{n}(x_{0^{\prime}})$ is a consistent estimate of $f(x_{0}^{\prime})$ at a point of continuity $x_{0^{\prime}}$ of the dis-
tribution $F(x)$ and also of the density $f(x)$ under the condition

(1.4) $\sum_{i}S_{i}/|x_{0^{\prime}}-x;|<\infty$ .
(That is $f_{n}(x_{0^{\prime}})\rightarrow f(x_{0}^{\prime})$ in prob. as $ n\rightarrow\infty$ ).
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In this paper we shall give a class of sequential estimators $\{f_{n}\}$ such that $f_{n}(x_{0}^{\prime})$ is a
strong consistent estimate of $f(x_{0}^{\prime})$ at a point of continuity $x_{0^{\prime}}$ of the distribution $F(x)$ and
also of the density $f(x)$ under the condition (1. 4) in the sence that

(1. 5) $f_{n}(x_{0^{\prime}})\rightarrow f(x_{0^{\prime}})$ with probability one as $ n\rightarrow\infty$ .
In section 2, we shall give some lemmas to be used throughout the paper. In section

3, we shall construct sequential estimators $\{f_{n}\}_{n-1}^{\infty}$ and prove the strong consistency of $f_{n}$

and also give the rate of variance of $f_{n}$ .

2. Auxiliary Results

The following two lemmas are necessary for proving Theorem 1 and 2. Lemma 2. 1
and Lemma 2. 2 can be found in WATANABE [3] and [4], respectively.

LEMMA 2. 1. Let $\{A_{n}\}_{n-1}^{\infty}$ be a sequence of non-negative numbers. Suppose that
there exist three sequences of non-negative numbers $\{a_{n}\}_{n-1}^{\infty}$ , $\{b_{n}\}_{n-1}^{\infty},$ $\{L_{n}\}_{n-1}^{\infty}$ and a
positive constant $L$ such that

(2. 1) $A_{n+1}\leq(1-a_{n+1})A_{n}+L\cdot a_{n+1}\cdot b_{n+1}+L_{n+1}$ for all $n\geq 1$ ,

(2. 2) $1\geq a_{n}\geq\alpha n=1,2,$ 3, ), $\sum_{n-1}^{\infty}a_{n}=\infty$ and $\lim_{n\rightarrow\infty}a_{n}=0$,

(2. 3) $\lim_{n\rightarrow\infty}b_{n}=0$,

(2. 4) $\sum_{n-1}^{\infty}L_{n}<\infty$ .
Then, it holds that $\lim_{n\rightarrow\infty}A_{n}=0$.

Furthermore, if $L_{n}=0$ for all $n\geq 1$ in (2. 1) and there exists a constant $a_{0}>0$ such that

(2. 5) $(1-a_{n+1})b_{n}/b_{n+1}\leq 1-a_{0}a_{n+1}$ for all $ n\geq$ some $n_{0}$,

where $\{b_{n}\}_{n-1}^{\infty}$ need not satisfy the condition (2. 3),

then there exists a constant $C>0$ such that

(2. 6) $A_{n}\leq C\cdot b_{n}$ for all $n\geq 1$ .
LEMMA 2. 2. Let $\{U_{n}\}_{n-1}^{\infty}$ and $\{V_{n}\}_{n-1}^{\infty}$ be two sequences of random variables on a

probability space $(\Omega, F, P)$. Let $\{F_{n}\}_{n-1}^{\infty}$ be a sequence of $\sigma\cdot fields,$ $F_{n}\subset F_{n+1}\subset F$, where
$U_{n}$ and $V_{n}$ are measurable with respect to $F_{n}$ for each $n$ . Furthermore, let $\{a_{n}\}_{n-1}^{\infty}$ be a
sequence of real numbers satisfying (2. 2). Suppose that the following conditions are
satisfied:

(2. 7) $U_{n}\geq 0$ a.s. for all $n\geq 1$ ,

(2. 8) $ E[U_{1}]<\infty$ ,

(2. 9) $E[U_{n+1}/F_{n}]\leq(1-a_{n+1})U_{n}+V_{n}$ a.s. for all $n\geq 1$ ,

(2. 10) $\sum_{n-1}^{\infty}E[|V_{n}|1<\infty\cdot$
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Then, it holds that $\lim_{n\rightarrow\infty}U_{n}=0$ a.s. and $\lim_{n\rightarrow\infty}E[U_{n}]=0$.

3. Strong Consistency

In this section, we shall prove two theorems.
Let $K(y)$ be a real-valued Borel measurable function on the real line satisfying

(K1) $K(y)\geq 0$ for all $y\in(-\infty, \infty)$,

(K2) $\int_{-\infty}^{\infty}K(y)dy=1$ ,

(K3) $-\infty\infty\sup_{<y<}K(y)=K_{0}<\infty$ ,

(K4)
$\lim_{|y|\rightarrow\infty}|y|K(y)=0$ .

Also, let $\{h_{n}\}_{n-1}^{\infty}$ be a sequence of real numbers satisfying

(H1) $h_{n}>0$ for all $n\geq 1$ ,

(H2) $\lim_{n\rightarrow\infty}h_{n}=0$.
Then, we can define the sequence $\{K_{n}(x, y)\}_{n-1}^{\infty}$ for $x,$ $y\in(-\infty, \infty)$,

(3. 1) $K_{n}(x, y)=h_{n}^{-1}K(h_{n}^{-1}(x-y))$ for $n=1,2,$ $\cdots\cdots$ .
The following lemma can be found in PARZEN [2].

LEMMA 3. 1. Suppose that $K(y)$ is a real-valued Borel function on the real line satis-
fying (K1), (K3), (K4) and

(K5) $\int_{-}^{\infty}$. $ K(y)dy<\infty$ .

Let $g(y)$ satisfy

(3.2) $\int_{-\infty}^{\infty}|g(y)|dy<\infty$ .

Let $\{K_{n}(x, y)\}_{n-1}^{\infty}$ be defined by (3. 1) where $\{h_{n}\}_{n-1}^{\infty}$ is a sequence of real numbers satis-

fying (H1) and (H2). Define

(3.3) $g_{n}(x)=\int_{-\infty}^{\infty}K_{n}(x, y)g(y)dy$.

Then, at every point $x$ of continuity of $g(\cdot)$ ,

(3. 4) $\lim_{n\rightarrow\infty}|g_{n}(x)-g(x)\int_{-\infty}^{\infty}K(y)dy|=0$.

We need the following lemma in proving Theorem 1, which is essentially the same
as Lemma in MURTHY [1].

LEMMA 3. 2. Let $\{K_{n}(x, y)\}_{n-1}^{\infty}$ be defined by (3. 1). Let $x;(i=0, \pm 1, \pm 2, \cdots\cdots)$ be the
points of discontinuity of the distribution $F(x)$ and Si the saltus of $F(x)$ at $Xi$ and $x$ a point
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of continuity of $F(x)$ and also of $f(x)$ the derivative of the absolutely continuous part of
$F(x)$. Then, under the condition

(3.5) $\sum_{i}S_{i}/|x;-x|<\infty$ ,

we have $\lim_{n\rightarrow\infty}|E[K_{n}(x, X_{n})]-f(x)|=0$.
Now, we shall construct sequential estimators $\{f_{n}\}_{n-1}^{\infty}$ of $f$. The following algorithm

is found in WATANABE [41.

Algorithm. Let $\{a_{n}\}_{n-1}^{\infty}$ be a sequence of real numbers satisfying

(A1) $1\geq a_{n}>0$ $(n=1,2, \cdots\cdots)$ and $\sum_{n-1}^{\infty}a_{n}=\infty$ ,

(A2) $\lim_{\alpha\rightarrow\infty}a_{n}=0$ .
Then, $f_{n}(x)$ is given by the recurrence relation as follows:

$f_{0}(x)=K(x)$ for all $x\in(-\infty, \infty)$

(A)

$f_{n+1}(x)=f_{n}(x)+a_{n+1}\{K_{n+1}(x, X_{n+1})-f_{n}(x)\}$

for all $n\geq 1$ and all $x\in(-\infty, \infty)$ .
THEOREM 1. Let $x$ be an arbitrary point of continuity of $F(x)$ and also of $f(x)$ and sat $\cdot$

isfy the condition (3. 5).

(i) If $\lim_{n\rightarrow\infty}a_{n}h_{n}^{-1}=0$, then

(3. 6) $\lim_{n\rightarrow\infty}E[(f_{n}(x)-f(x))^{2}]=0$.

(ii) If $\sum_{n-1}^{\infty}a_{n}^{2}h_{\hslash}^{-1}<\infty$ , then

(3. 7) $\lim_{n\rightarrow\infty}f_{n}(x)=f(x)$ with probability one

and (3. 6) holds.
PROOF. From the algorithm (A), we have

$E[f_{n+1}(x)]-f(x)$

$=(1-a_{n+1})\{E[f_{n}(x)]-f(x)\}$

$+a_{n+1}\{E[K_{n+1}(x, X_{n+1})]-f(x)\}$ .
Thus, we obtain

(3. 8) $|E[f_{n+1}(x)]-f(x)|$

$\leq(1-a_{n+1})|E[f_{\hslash}(x)]-f(x)|$

$+a_{n+1}|E[K_{n+1}(x, X_{n+1})]-f(x)|$ .
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Let us write that

(3. 9) $A_{n+1}=|E[f_{n+1}(x)]-f(x)|$

and

$b_{n+1}=|E[K_{n+1}(x, X_{n+1})]-f(x)|$ .
From (3. 8), we have

(3. 10) $A_{n+1}\leq(1-a_{n+1})A_{n}+a_{n+1}b_{n+1}$ .
By Lemma 3. 2, we get

(3. 11) $\lim_{n\rightarrow\infty}b_{n}=0$ .

In view of (3. 9), (3. 10), (3. 11), (A1) and (A2), the conditions of Lemma 2. 1 can be easily
checked. Therefore, we obtain $\lim_{n\rightarrow\infty}A_{n}=0$, that is,

(3. 12) $\lim_{n\rightarrow\infty}|E[f_{n}(x)]-f(x)|=0$.
Now, from the algorithm (A), we have

$f_{n+1}(x)-E[f_{n+1}(x)]$

$=(1-a_{n+1})\{f_{n}(x)-E[f_{n}(x)]\}$

$+a_{n+1}\{K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})]\}$ .
Hence, we get

(3. 13) $|f_{n+1}(x)-E[f_{n+1}(x)]|^{2}$

$=(1-a_{n+1})^{2}|f_{n}(x)-E[f_{n}(x)]|^{2}$

$+a_{n+1}^{2}|K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})]|^{2}$

$+2(1-a_{n+1})a_{n+1}\cdot\{f_{n}(x)-E[f_{n}(x)]\}$

$\times\{K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})]\}$ .
By using the independence of $\{X_{n}\}_{n-1}^{\infty}$ , we have

(3. 14) $E[\{f_{n}(x)-E[f_{n}(x)]\}\{K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})]\}$

$/X_{1},$ $X_{2’}$ $X_{n}$]

$=\{f_{n}(x)-E[f_{n}(x)]\}E[K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})]]$

$=0$.
From (A1), we have

(3. 15) $(1-a_{n+1})^{2}\leq 1-a_{n+1}$ .
Combining (3. 13), (3. 14) and (3. 15), we get
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(3. 16) $E[(f_{n+1}(x)-E[f_{n+1}(x)])^{2}/X_{1}, X_{2}, X_{n}]$

$\leq(1-a_{n+1})\cdot(f_{n}(x)-E[f_{n}(x)])^{2}$

$+a_{n+1}^{2}E[(K_{n+1}(x, X_{n+1})-E[K_{n+1}(x, X_{n+1})])^{2}]$

$=(1-a_{n+1})\cdot(f_{n}(x)-E[f_{n}(x)])^{2}$

$+a_{n+1}^{2}$ Var $[K_{n+1}(x, X_{n+1})1\cdot$

We shall evaluate Var $[K_{n+1}(x. X_{n+1})]$ .
(3. 17) Var $[K_{n+1}(x, X_{n+1})]$

$\leq E[K_{n+1}^{2}(x, X_{n+1})]$

$=\int_{-\infty}^{\infty}K_{n+1}^{2}(x, y)d(F_{1}(y)+F_{2}(y))$

$=\int_{-\infty}^{\infty}K_{n+1}^{2}(x, y)f(y)dy+\sum_{\dot{l}}K_{n+1}^{2}(x, x;)S;$ .

In view of (K1), (K2), (K3), (K4) and Lemma 3. 1, we have

(3. 18) $\lim_{n\rightarrow\infty}\int_{-\infty}^{\infty}h_{\overline{n}+1}^{1}K^{2}(h_{\overline{n}+1}^{1}(x-y))f(y)dy$

$=f(x)\int_{-\infty}^{\infty}K^{2}(y)dy$.

Therefore, there exists a constant $C_{1}(x)>0$ such that

$\int_{-\infty}^{\infty}h_{\overline{n}+1}^{1}K^{2}(h_{\overline{n}+1}^{1}(x-y))f(y)dy\leq C_{1}(x)$ for all $n\geq 1$ .
Thus, we obtain

(3. 19) $\int_{-\infty}^{\infty}K_{n+1}^{2}(x, y)f(y)dy\leq C_{1}(x)\cdot h_{\overline{n}+1}^{1}$ for all $n\geq 1$ .

The second term of the last equation in (3. 17) is evaluated as follows.

$\sum_{i}K_{n+1}^{2}(x, x;)Si$

$=\sum_{i}h_{\overline{n}+1}^{2}\cdot K^{2}(h_{\overline{n}+1}^{1}(x-x;))S$
;

$\leq\sup_{<y<}K(y)\cdot h_{\overline{n}+1}^{1}-\infty\infty$

$\times\sum_{i}h_{\overline{n}+1}^{1}|x-x;|K(h_{\overline{n}+1}^{1}(x-x;))Si/|$ x–xi $|$ ,

where since $x$ and $Xi(i=0, \pm 1, \pm 2, )$ are points of continuity and discontinuity of the
distribution $F(x)$, respectively, $|x-x;|\neq 0$ for all $i$. Since $|y|K(y)\rightarrow 0$ as $|y|\rightarrow\infty$ , it
follows that $|y|K(y)$ is bounded. Hence, $|y|K(y)\leq M(<\infty)$ for all $y$. Therefore,

$h_{\overline{n}+1}^{1}|x-x;|K$( $h_{\overline{n}+1}^{1}$ (x-xi)) $\leq M$ for all $n\geq 1$ and all $i$. Thus, we obtain
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(3. 20) $\sum_{i}K_{n+1}^{2}(x, x;)S$;

$\leq K_{0}\cdot M$ . (
$\sum_{\dot{i}}S;/|$ x–xi $|$ ) $\cdot h_{\overline{n}+1}^{1}$ .

Let us write $C_{2}(x)=C_{1}(x)+K_{0}\cdot M\sum_{i}S;/|x-x;|$ .

From (3. 5), it is easy to see that $ 0<C_{2}(x)<\infty$ . Combining (3. 17), (3. 19) and (3. 20), we
get

(3.21) Var $[K_{n+1}(x, X_{n+1})]\leq C_{2}(x)\cdot h_{\overline{n}+1}^{1}$ .
In view of (3. 16) and (3. 21), we obtain

$E[(f_{n+1}(x)-E[f_{n+1}(x)])^{2}/X_{1}, \cdots\cdots, X_{n}]$

$\leq(1-a_{n+1})(f_{n}(x)-E[f_{n}(x)])^{2}+C_{2}(x)\cdot a_{n+1}^{2}\cdot h_{\overline{n}+1}^{1}$

for all $n\geq 1$ . Putting $U_{n}(x)=(f_{n}(x)-E[f_{n}(x)])^{2}$ and $V_{n}(x)=C_{2}(x)\cdot a_{n+1}^{2}\cdot h_{\overline{n}+1}^{1}$ , we have

(3.22) $E[U_{n+1}(x)/X_{1}, \cdots\cdots, X_{n}]$

$\leq(1-a_{n+1})U_{n}(x)+V_{n}(x)$ a.s. for all $n\geq 1$ .

If $\sum_{n-1}^{\infty}a_{n}^{2}\cdot h_{n}^{-1}<\infty$ , then it holds that

(3. 23) $\sum_{n-1}^{\infty}E[|V_{n}(x)|]<\infty$ .

In Lemma 2. 2, let $F_{n}$ be a $\sigma- field$ generated by $X_{1},$ $\cdots\cdots,$ $X_{n}$ for each $n$ . Combining (3. 22)

and (3. 23) and using Lemma 2. 2, we have $\lim_{n\rightarrow\infty}U_{n}(x)=0$ with probability one and $\lim_{n\rightarrow\infty}$

$E[U_{n}(x)]=0$, that is,

(3. 24) $\lim_{n\rightarrow\infty}|f_{n}(x)-E[f_{n}(x)]|=0withprobabilityoneand$

(3.25) $\lim_{n\rightarrow\infty}E[(f_{n}(x)-E[f_{n}(x)])^{2}]=0$ ,

provided $\sum_{n-1}^{\infty}a_{n}^{2}\cdot h_{n}^{-1}<\infty$ .

Taking expectations on both sides of (3. 22), we obtain

$E[U_{n+1}(x)]$

$\leq(1-a_{n+1})\cdot E[U_{n}(x)]+C_{2}(x)a_{n+1}\cdot a_{n+1}h_{\overline{n}+1}^{1}$

for all $n\geq 1$ . By using Lemma 2. 1, we get

(3.26) $\lim_{n\rightarrow\infty}E[(f_{n}(x)-E[f_{n}(x)])^{2}]=0$,

provided $\lim_{n\rightarrow\infty}a_{n}h_{n}^{-1}=0$.
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It is easy to see that

(3. 27) $|f_{n}(x)-f(x)|\leq|f_{n}(x)-E[f_{n}(x)]|+|E[f_{n}(x)]-f(x)|$ .
From (3. 12), we get

(3.28) $\lim_{n\rightarrow\infty}(E[f_{n}(x)]-f(x))^{2}=0$.

By (3. 27) and the inequality $(a+b)^{2}\leq 2\langle a^{2}+b^{2}$), we obtain

(3.29) $E[(f_{n}(x)-f(x))^{2}]$

$\leq 2\{E[(f_{n}(x)-E[f_{n}(x)])^{2}]+(E[f_{n}(x)]-f(x))^{2}\}$ .
Combining (3. 26), (3. 28) and (3. 29), we have

$\lim_{n\rightarrow\infty}E[(f_{n}(x)-f(x))^{2}]=0$,

provided $\lim_{n\rightarrow\infty}a_{n}h_{n}^{-1}=0$.
Thus, the first statement of the theorem is proved.

Now, we suppose that $\sum_{n-1}^{\infty}a_{n}^{2}\cdot h_{n}^{-1}<\infty$ . From (3. 12), (3. 24) and (3. 27), we have

$\lim_{n\rightarrow\infty}|f_{n}(x)-f(x)|=0$ with probability one.

Combining (3. 25), (3. 28) and (3. 29), we get

$\lim_{n\rightarrow\infty}E[(f_{n}(x)-f(x))^{2}]=0$.

Thus, the second statement of the theorem is proved. Therefore, the proof of the theo-
rem is completed.

The following theorem presents the rate of variance of $f_{n}(x)$.
THEOREM 2. Let $x$ be an arbitrary point of continuity of $F(x)$ and also of $f(x)$ . Sup-

pose that the condition (3. 5) holds. If there exists a constant $a_{0}>0$ such that

(3. 30) $(1-a_{n+1})\cdot a_{n}h_{n}^{-l}/a_{n+1}h_{\overline{n}+1}^{1}\leq 1-a_{0}a_{n+1}$ for all $ n\geq$ some $n_{0}$ ,

then there exists a constant $C(x)>0$ such that

Var $[f_{n}(x)]\leq C(x)\cdot a_{n}h_{n}^{-1}$ for all $n\geq 1$ .
PROOF. Proceeding in the same way as in the proof of Theorem 1, we have

(3. 31) $E[(f_{n+1}(x)-E[f_{n+1}(x)])^{2}]$

$\leq(1-a_{n+1})E[(f_{n}(x)-E[f_{n}(x)])^{2}]$

$+C_{1}(x)\cdot a_{n+1}\cdot a_{n+1}h_{n+1}^{-1}$ for all $n\geq 1$ ,

where $C_{1}(x)$ is some positive constant depending on $x$. In view of (3. 30), (3.31) and
Lemma 2. 1, we obtain that there exists a constant $C(x)>0$ such that
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$E[(f_{n}(x)-E[f_{n}(x)])^{2}]\leq C(x)\cdot a_{n}h_{n}^{-1}$ for all $n\geq 1$ .
Thus, the proof of the theorem is completed.
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