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SEMI-CLASSICAL ANALYSIS OF A CONJOINT CROSSING OF
THREE SYMMETRIC MODES*

CLOTILDE FERMANIAN KAMMERER!' AND VIDIAN ROUSSE?

Abstract. In this article we focus on a semiclassical Schrodinger equation with matrix-valued
potential presenting a symmetric conjoint crossing of three eigenvalues. The potential we consider
is well-known in the chemical literature as a pseudo Jahn-Teller potential. We analyze the energy
transfers which occur between the three modes in terms of Wigner measures.
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1. Introduction. We consider the following Schrodinger equation

1 { i20° (q,) = (-%Aq + V(q)) *(q.t), (¢,t) ERZxR
¥°(q,0) = ¥5(q) € L*(R?, C?),

where € > 0 is the semi-classical parameter and where the matrix-valued potential
V(g) = Vpyr(q) is

7% 0 g2/V?2
(2) Vg e R?, Vpyr(q) = 0 - @/V?2
©/V2 @/V2 0

Therefore, the potential V' is subquadratic and the operator —%Aq + V(q) is es-
sentially self-adjoint on the Schwartz space. Such systems naturally arise in quan-
tum chemistry when studying the dynamics of large molecules in the frame of Born-
Oppenheimer approximation. The parameter ¢ is small because it takes into account
the ratio of the mass of one electron and of the averaged mass of the nuclei (see [1] or
[19] for the derivation of such equations). The solution 1 (¢) does not have any direct
physical interpretation but only quadratic functions of it: for example, the quan-
tity [1)°(q,t)|> — which is the norm in C3 of the vector 1°(g,t) — is called the position
density and gives the probability of finding the nuclei in the configuration ¢ € R? at
time ¢. One is interested in the asymptotic description for the time evolution of the
matrix-valued Wigner function of 1°(q,t),

_ € v

WeO)ap) = 2r) [ 0= 5ot 9T (g + fort) € o
R

which plays the role of a generalized probability density on phase space. Indeed,

the action of the Wigner function against compactly supported smooth test functions

a € C°(R*, C3*3) is simply expressed in terms of the semi-classical pseudodifferential
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138 C. FERMANIAN KAMMERER AND V. ROUSSE

operator with symbol a, which is defined for 1 € L?(R?, C?) by

op. (@)i(q) = (2re) /

a (W,p> P (@) () du dp.
R4

2

We then have tr We(¥)(q,p)alq, p) dgdp = (op, (a)¥, ¥) 2Rz sy - For example,
R4

one recovers the position density by [¢(¢)[* = tr/ We(¥)(q, p) dp. We are concerned
2

here with the description of the weak limits of thpé Wigner transform, these distribu-
tions are matrix-valued measures called Wigner measures or semi-classical measures
(see [25], [17] or [18]). Besides, these matrix-valued measures u = (j; ;) are positive
in the sense that their diagonal elements pi; ; are positive Radon measures and their
off-diagonal elements p; ; for i # j are absolutely continuous with respect to p;; and

M5

The potential Vpyr(g) arises in models of quantum chemistry: it is the sim-
plest pseudo Jahn-Teller Hamiltonian as introduced in [8] Chapter 10 (see also [30] or

[10] for example). Its main feature is that its eigenvalues are \/¢? + q3, —1/q? + ¢3
and 0. They are symmetric: the eigenvalue 0 is exactly the half sum of the two other
eigenvalues. Besides, they are of multiplicity 1 as long as (g1, ¢2) # (0,0) and they si-
multaneously cross on the point {q; = g2 = 0}. We will say that V presents a conjoint
symmetric crossing in ¢ = (0,0) = 0. The appellation of pseudo Jahn-Teller potential
is a reference to what is called Jahn-Teller potential in quantum chemistry, namely
a g2
2 —q
have been devoted. Then, another simple realization of a symmetric conjoint crossing
is the matrix

the 2 by 2 potential of the form ( ) to which numerous mathematical works

g g O
Vir(qi,¢2) = @2 —q O
0 0 0

Both matrices V1 and Vp ;1 (defined in (2)) have the same symmetric eigenvalues and
the behavior of solutions to (1) with the Jahn-Teller potential Vjr is well understood.
Indeed, in that situation, the third mode evolves at leading order independently from
the two other ones which interact following the well-known process of conical inter-
sections (see [22], [31], [19], [20], [14] for example). However, the situation is different
for the pseudo Jahn-Teller potential Vp r(q), we will see that the three modes will
interact altogether; note also that for this potential, the three spectral projectors are
singular on {¢1 = g2 = 0} while V7 (¢) has a smooth eigenprojector (for the mode 0).
While an important literature has been devoted to two by two crossings, there are
very few results on conjoint crossing of three eigenvalues. The aim of this work is to
analyze on a simple model the mechanism of a symmetric crossing of three eigenvalues.

We shall describe how the three modes interact together for the pseudo Jahn-Teller
potential Vpjr(g) by studying the branching of Wigner measures on the crossing set
{1 = g2 = 0}. We explain our result in the following section. The main ingredients
of the proof are a normal form result given in Section 3 and a scattering theorem in
Section 4. The normal form reduces the analysis of the crossing to the study of a
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system very close to the system of three ordinary differential equations

s 0 z/V?2
(3) ie0su + 0 —s  z/V/2 | =0.

The behavior of solutions of this system as € goes to 0 is analyzed in Section 4. This
system has been already studied by physicists ([2] and [3]); with their arguments,
one can find the same result than ours, however, we give here a different and slightly
shorter proof (see Remark 7). These two results allow to understand the evolution of
Wigner measures of families of solutions to (1) in Section 5.

This paper is the first step in the understanding of symmetric conjoint crossings.
For applications in quantum chemistry, it would be interesting to be able to treat
general potential V(q) presenting a conjoint crossing of symmetric eigenvalues on a
codimension 2 submanifold. Then, it is likely that the potentials Vjr and Vp r will
play a crucial role as toys model. This motivates the work performed in this paper.
However, for the moment, we are not able to treat potentials more generals than
Vp 1 even in simple situations. For example, if one simply adds a scalar potential to
Veyr by chosing V(q) = Vpyr(q) + v(g)Id, the second step of the normal form (see
the gauge transform, Section 3.1 below) generates perturbative terms that we are not
able to treat for the moment.

Finally, let us mention that the application to quantum chemistry we have in mind
concerns the elaboration of algorithms modelizing the evolution of the Wigner trans-
form of families of solutions of Schréodinger equation (1). These algorithms have been
extensively developed since the 70’s and the pioneer work of Tully and Preston (see
[29]). The algorithms of [24] and [15] which are the first one presenting a mathemati-
cal proof rely on normal forms results of [4], [5] and [12] and on the precise analysis of
the propagation of Wigner measures through the crossing performed in [14] and [11].
Therefore, the result of this article concerning the branching of Wigner measures has
important consequences for numerics in quantum chemistry: one can construct an
algorithm for the potential Vp ;7 (q) exactly as in [24] and its convergence is guaran-
teed by the Theorem 1 in the same manner than the algorithm of [24] relies on the
branching theorem of [13]. The diagrams illustrating the statement of the main result
in the next section are obtained that way.

2. Main result. Let us begin with some notations. For ¢ € {0,41,—1}, we
denote by II*(¢) the eigenprojector associated with £ | ¢ | and we set

¢ _ |P|2
A (Q7pa7) =7+ 7 +€‘Q|

The indices ¢ € {0, +1, —1} will be sometimes shortened into + whenever £ = +1. We
consider the Hamiltonian vector fields

Hy =0, +p-Vy—t-L

lq]

and their integral curves p’ which are called classical trajectories. They are of the
form

-Vp, £€{0,+1,-1}

4
L . q

pt = (g5, s +to,pl,70) with ¢ =p, pi=¢ |q2| and p, = (qo, to, o, 70)-
S
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Because of the singularity in ¢ = 0, something has to be said for the + mode: it is
proved in [13] that under the assumption

(4) Po 7é Oa

there exists a unique curve (¢, pT) solution of the system of ordinary equations
above and such that qoi = qo and p(jf = pg. Moreover, if g9 = 0, the + trajectory
(resp. — trajectory) issued from (go,pg) smoothly continues the — trajectory (resp.
+ trajectory) arriving at (go,po). Finally, we emphasize a specific feature of these
trajectories: there exists an hypersurface containing all the curves which pass through
the crossing set, namely the singular hypersurface

I={qnp=0}

where for two vectors z = (21,22) and 2’ = (2}, 25) of R?, 2z A 2’ denotes their wedge
product:

/ / /
ZNZ = 2129 — 2221

Observe that I is a smooth hypersurface close to points pg = (qo, %o, po, 7o) such
that py # 0. Note also that this assumption implies that the classical trajectories
are transverse to the crossing set. It is under this assumption that most results on
crossings are obtained (for example in [19], [20], [13] or [14]; for a result in case of
tangency see [9]).

We work in space-time variables and call crossing set the points of the phase space
where there is an eigenvalue crossing namely the set

_ p* N
where ¥ denotes the characteristic set:
Y=%tux-ux® with ¢={\(q,p,7) =0}

being the energy surface for the mode ¢. The Wigner measures of families (1¢) are
supported on the energy surfaces. More precisely, it is proved in [18] that outside the
crossing set, one has

p=pt IO 4+ T+ pO 110

where for £ € {0,+1, -1}, the measures u’ are scalar positive Radon measure such
that for all a € C°(RS, C),

(op. (aﬂe)wa,%bs)p(m’cs) ) a(g, t,p,7)dp‘(g,t,p, 7).

Besides, the measures pf are supported on ¢ and invariant through the Hamiltonian
flow associated with Hy. for all £ € {0,—1,+1}.

It is well known that the transitions between two modes cannot be described only in
terms of Wigner measures (see [13]). The phenomenon of the transitions is more intri-
cate and requires a second level of observation. Indeed, the transitions are determined
by the way the families (1°(¢)) concentrate on the trajectories arriving at the crossing
with respect to the scale \/e. For this reason, one uses two-scale Wigner measures
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associated with the hypersurface I because all the trajectories passing through S are
contained in [.

Following [26] and [13], we consider observables a = a(q,t,p,7,n) € C°(R",C33)
which are compactly supported outside {p = 0} in the variables (g, ¢, p, 7), uniformly
with respect to the variable n and coincide for || > Ry for some Ry > 0 with a
function homogeneous of degree 0 in the variable . We will denote by A the vector
space of such functions. Then, once given the hypersurface I, one associates with a
the pseudodifferential operator

Y
op.’ (a) =op, (a (q,t,p, = ))

Consider the scaling operator T defined by

Vf e L*(R?), T.f(q) = Vef(ave),

then

T. op.’ (a) T; =op; (a(gve,t,pVe,me,V/Eq A D))

and Calderén-Vaillancourt’s Theorem shows that the family of operators op.! (a)
is uniformly bounded with respect to € on L? (R?). A two-scale Wigner measure
associated with the concentration of the family (1) on I is a positive Radon measure

on the compactified normal bundle to I such that

(Opal (a>'¢}€7w6)L2(Rs_’03) -

e—0

qgnN
/7 a(q7tap7T7U)dy(Q7t7pa7—377)+/‘a(q7tap77-7|

P
oo | du(q, t,p, 7).
N(I) q A pl >

We recall that the fibre of the normal bundle to I is obtained above a point p of I by
taking the quotient the vector space Tp(T*R?’) by the tangent to I, T,,I. The fibre
above I is a dimension 1 vector space N,(I) and one gets the fibre of the compactified
bundle to I by adding two points at infinity; then, this fibre is isomorphic to R. The
function a being homogeneous in the variable 7, it defines a function on N ,(I). We
point out that p above I is the projection of v on I:

ﬂ(qatapa’r)]-[:/ V(qvtapaTadn)'
R

Since p is determined outside I by the Wigner measure of the data (because of the
invariance of ¢ through Hy¢ outside S), we focus on what happens above I and thus
on the measure v.

Similarly to Wigner measures, the two-scale Wigner measures satisfy localization and
propagation properties: it is proved in [13] that outside S,

v=2 0110 + vt I+ + v~ 11

where for any ¢ € {0,41, —1}, the scalar positive Radon measures v’ are supported
on ©¥ and propagate along the linearized Hamiltonian flow induced on N(I) by the
Hamiltonian vector fields Hy.. We are now able to describe the branching of two
scale Wigner measures close to a point pg = (qo, to, Po, 7o) such that py # 0. Indeed,
since po # 0, the classical trajectories are transverse to the crossing set S and for any
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¢ € {0,+1, -1}, the measures v have traces on S. Let us denote by v/, (resp. v’,;)
the traces of v* on the in-going (resp. out-going) side of S. For expressing the link
between the traces, we need to choose coordinates on N(I): for p = (¢,t,p,7) € I,
we characterize the class in N,(I) of the vector dp = (dg, 6t,d0p,07) of T,I by the

coordinate

1N =9q A p.

One is able to link these traces if they are mutually singular in the sense that one has
vi L vl forany €,0' € {0,+1, -1}, £ # ¢

THEOREM 1. Above py = (qo,to, Po,T0) € S with pg # 0 and under the condition
that v, v and v;, are mutually singular on {|n| < +oco}, one has

wm’ m
v, (1—-1T)? T2 2T(1—1T) v
(5) vor | = T2 1-7)* 27(1-T v,
O, 2T(1—-T) 2T(1-T) (1—2T)? v
where
(©) (o) = exp ( 7”’2)
,M) =exp| — .
! 2|p|?

The coeflicient T'(p, n) is very close to the Landau-Zener coefficient exp (—%) which

appears for crossings of two modes (see [22], [31], [20] and [13]).

We could also have expressed the transitions through the crossing set by considering
the two-scale Wigner measures associated with the concentration of (¢°) on the sets
JE (vesp. JY,,) consisting of all the trajectories for the mode £ arriving to (resp. going
out of) the crossing set for £ € {0,+1,—1}. These measures have traces on S that
can be identified to the measures an Jout* The link is then given by (5). This point of
view (developed in [13]) is more intrinsic and applies in situations where there is no
trivial sets containing all the trajectories passing through the crossing. This is a real
issue for general symmetric conjoint crossing.

We have reduced the dimension space to 2 but we could have assumed the dimension
to be greater than 2 with a d-dimensionnal Laplacian and a potential Vp (g1, ¢2)
depending only on ¢; and go. Our result extends to this situation replacing I by
{(p1,p2) A (q1,92) = 0} and p by (p1,p2) in the non-degeneracy condition (4) and in
the transition coefficient (6). It also extends to the situation where the Laplacian is
replaced by a Fourier multiplier A(D). One then need to turn p into VA(p) in (4)
and (6). In that situation, the existence of a submanifold satisfying similar properties
than I is non trivial.

The proof of this theorem relies on a normal form result which is the subject of
Section 3. One reduces the analysis of the crossing to a scattering problem which is
studied in Section 4. As mentioned before, this scattering problem has been already
studied in [2] and [3]: we use a very slightly different method (see Remark 7 below).
Provided these two results, the proof of Theorem 1 is performed in the last section
following the method introduced in [13] (slightly modified to take into account the
difficulties induced by the presence of the third mode).
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Before passing to the proof of the Theorem, we illustrate our result by some numerics.
We choose a Gaussian initial data supported on the + level of the form

¥§(q) = (em) ™ exp(—5lg — g51* + L po - (q— 4§)) e+(q)

where

1
eJr(Q) S RanH+(q)v £ = 10727 Po = (_170)7 QS = \E (57 2) .

The time evolves between ¢t = 0 and ¢ = 7 and we calculate an approximate value of

the population on each mode:
n’(t) = / ()7 0)Pda, €€ {~1,0,+1).
R

Following [24] and [15], we perform a surface hopping algorithm:
e we sample the Wigner function,
e we propagate weighted points (¢, pt, w) along the classical trajectory until
the distance to the gap {g = 0} is minimal,
e at that point (q:*, pj* ,w) one generates new trajectories for each mode trans-

porting part of the weight w:
(qzr,pja (1 - T*)2w)a (q;,p;,T*Qw), (qg7p272T*(1 - T*)w), 5> 8"

where the result of Theorem 1 motivates the choice of the transition coefficient

7lg9- A p-|?
2¢e[pl |3 )

T = exp (—

Arguing as in [24], one can prove the convergence of the algorithm. No estimation on
the rate is available for the moment since it requires an improvement of the normal
form result which is out of reach for the moment. In order to illustrate numerically
the validity of the algorithm, we calculate a reference solution based on a grid dis-
cretization and a Strang splitting scheme. This scheme is known to have a very fast
rate of convergence (see [23], [15] and [16]). Then, we compare the two outputs in the
figure below: the initial population which was on the + level splits after passing once
through the crossing.

3. Normal forms. In this section, we first prove a microlocal normal form which
holds in the phase space close to a point of the crossing set. Then, in the second sub-
section, we write a two-microlocal normal form which is only valid in neighborhoods
of size 1/ of the hypersurface I.

3.1. The microlocal normal form. The phase space R® has the structure of
the cotangent space T*R3. It is endowed with a symplectic structure given by the
2-form

w=dy=dpAdg+dr Adt

where 7y is the Liouville 1-form v = pdg+7dt. A local change of sympletic coordinates
k is called canonical transform and one can associate with it a unitary bounded
operator of L?(R?) compatible with the change of coordinates. Such an operator K
is called Fourier integral operator associated with k. It satisfies Egorov’s Theorem

(7) Ya € C5°(R®), K* op, (a) K =op, (aok)+ O(e?) in L(L*(R?)).
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Level plus Level zero Level minus

Fia. 1. Ewvolution of the population on each level for surface hopping algorithm (full line) and
for Strang splitting scheme (dotted line).

We point out that the remainder is better than expected because we have chosen to
use Weyl quantization. The reader will find a proof of this statement in [13], Section
2.2.

We consider 2 a neighborhood of pg = (go, to, o, 70) € S with pg # 0 and we suppose
Q small enough so that p # 0 in Q. Then, for £ € {0, +1, —1}, we denote by J, (resp.
Jt..) the sets consisting on all the classical trajectories for the mode ¢ entering in
(resp. ougoing of) S N Q. We point out that by the property of continuation of the
trajectories, the sets (Ji U JJ,:) N€2 are submanifolds of T*R? just as (J9, U J2,,) NQ
does. Our result is the following

THEOREM 2. Let po = (qo,to,Po, 7o) € S be such that pg # 0. Then, there erist
a local canonical transform k from a neighborhood of py into some neighborhood Q of
0,

Az <Q7t7pa T) = (8,270, C)a “(PO) =0,
a Fourier integral operator K associated with k and an invertible matriz-valued func-
tion A such that if ¢° is a family of solutions to (1) for some initial data 1§ uniformly
bounded in L*(R?), then
v® = K" op, (A)y*°

satisfies for all ¢ € CS°(Q),

(8) op. (9) op. (o + Vesr(s,a((,0)21) ) v* = Ofe)
in L2(R3) where a is smooth and does not vanish in Q.

Moreover,

(9) (1) = {z1 = 0},

(10) K(JE)={o+s5=0, 21 =0, s<0},

(11) k(JE)={0cFs=0, 21=0, 5s>0}.
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Proof. The proof of this Theorem proceeds in two steps. First, we find the
canonical transform k. Then, we use the properties of the matrix Vp r to construct
A such that

2
[A ((T + 192|> Id + VPJT((]1, q2)) A*] ok '=—¢lId + VPJT(S,Z).
Then, we obtain (8) by the Egorof’s Theorem (7).
First step: the canonical transform. This first step relies on the analysis of the

geometry of the crossing. We crucially use Proposition 6, p.148 in [13].

PROPOSITION 3. There exist a local canonical transform

K (qatapv T) = (S,Z,O', C)

and non-vanishing smooth functions \ and p such that

o= Ap,7) (T+ @) :
z1 = Ap, T)u(p,T)l%l Aq.

Besides, one can choose ¢ = ((p,T) such that (p,7) — ({,0) is a diffeomorphism and
(13) Ap,m)js = 2.

Let us shortly describe the proof of Proposition 6 in [13]. Observing that

* p }
T4 = Do,
{ 2 7 pl P!

we obtain the existence of A such that s and o satisfy the bracket condition {0, s} = 1.
Therefore we necessarily have (13). Besides, for any function p = u(p, 7), one has

{A(p, 7) (r + “’;) A, T, 7)“% A q} = 0.

Thus, it is enough to find p such that

{A(p’ T)% q, )‘(p7 T):u(pv T);%' A Q} - O

Once p is built, one completes the symplectic system (o, s, z1) by Darboux Theorem.

By the definition of S and I, one has x(S) = {0 = s = 2z =0} and k(I) = {z = 0}.
Moreover, since A # 0 (since p # 0 in ), we have k(X) = {o(0? — s? — 22) = 0}. In

order to find the precise equations of x(J:X) and x(JZ,), we observe that

(14) k(JE

in/out

)y C{o?=5% 2z =0}
and we consider the Hamiltonian vector fields Hy+. We have outside S

Hye =0, +p Vg F %-vp.
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Observing that if the trajectory (¢F,p¥) passes through S at s = 0 we have
45 = spo+o(s)
we deduce
Po

Hys(py) =0 +p -V, F Sgn(s)w -V +0o(1).

By the definition of o and s, we have

Hyso=A|0i+p Vot 2 -V]| on 8.

Ip|
Therefore, we obtain
H)\+ (p:) —07 Oy + po - Vq + |];70| . Vq = )\71Hg+s.
s—U— O

This equation implies that x(J;") C {0 + s = 0}, whence the equation of x(J;") by

(14) and dimension considerations. One argues similarly for J},, J;~ and J,_,.

Second step: the gauge transform. We now transform the symbol (7’ + @) Id+

V(q) in order to see the coordinates (s, z, 0, () in the symbol. We first use the matrix

and observe that M = M* = M~ and MV (q)M = W (q) with

0 @1 @
W@=| a 0 0
@2 0 0

The matrix M allows to transform a system with a matrix-valued potential V into a
system with the potential W which is easier to manipulate since most of its coefficients
are zero. We then use the following lemma which comes from a straightforward
computation.

1 Il 0 0
LEMMA 4. Consider the matriz R(p) = 7l 0 p1 —p2 | then R(p) is in-
P\ o
b2 P1

vertible for p # 0 and we have

R(p)W(q)R(p)" =W <|Z “q, I%I A q) -

Note that R is a matrix of rotation. We can now conclude the proof of Theorem 2.
Set

P(q,p,7) = <7’ + |p22> Id = V(q) and R(p) = MR(p)M.
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We have

R(p)P(q,p,7)R(p)* = (T + |192|2) Id—V (f; g, f;%' A q> :

Therefore, using the canonical transform of Proposition 3, we have
Ap. DV R(P)P(a.p.7)R() | 0 17 (s,2,0,0) = o 1d = V(s,a(p, 7)21):
Let us consider now a Fourier integral operator U associated with x and set
Alp,7) = Mp,m)"* R(p).
We have
U op, (A) op. (P) op. (A")U" =op, (¢1d =V (s,a(0,()z1)) + O(e)
in £ (L2(R3)). d

3.2. The 2-microlocal normal form. In this section, we want to ameliorate
the normal form in open sets localized at a distance of order /e of the hypersurface
1. For simplicity, we set

1 0 0 L (001
(15) J=[o0o -1 0|, L=—1|0 0 1
0 0 0 vV2l1 10

We shall take advantage of the fact that if a € C°(R"),

op." (a) op, (=old + Vpyr(s,a(0,¢)=1)) =op,.” (a) op." (—old + Veyr (s, alo, ()ven)) -

We set
(16) Q = —old + 57 +vEalo, OnL,
(17) Qo = —old + sJ + Ve a(0,()nL.

We prove the following result.

PROPOSITION 5. For every ball B of Ry, there exist smooth matriz-valued func-
tions C' and C such that for all a € C*(R® x B),

Jov-" (@) [op." (14 VEC) 0. (@)= op. Qo) op.” (104 VEO)]| = 0)

Proof. We want to realize

op.! (Id 4 v C) op. (Q) =op, (Qo) op.” (Id+ e C) + O(e).

For this, we successively consider the terms of order 1 and /¢ in the development of
the preceeding equality by symbolic calculus. The terms of order 0 are equal and the
equality for the terms of order /¢ reads

alo,O)nL —a(0,0)nL +o(C —C)+s(CJ—JC)=0.
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We choose C' = —'C' with
0 01
C=f 0 01
0 0 O
so that the second equation writes in view of C.J = 0 and JC' = —*(C.J) = 0

n(a(o,¢) — a(0,¢)) = V2o f| L =0.

Hence

i 04(0’7 C) — 01(07 C)
V2 o

This closes the proof of the Proposition. O

f(072777) =

4. Scattering matrix for the pseudo Jahn-Teller model. In this section,
we analyze the differential system

vy s 0 z/V2 vy vy
(18) —ids | v- | = 0 -5 Z/V2 v_ | =Veyr(s,2) | v
Vo Z/V2 z/V2 0 Vo Vo

where z is a non-zero complex parameter. In the following, we will only use the case
of real-valued parameters z, however, it is interesting to see that the complex-valued
situation can be treated. We prove the following scattering result.

THEOREM 6. There ezist (o™, a™,a’) and (w™,w™,w’) such that

NEa ¢
ve(s) = exp |£i 5 + 71n|s| a"+o(l) as s — —o0,
(5% P ¢
ve(s) =exp |Li 5 + 7111\5\ w4 o(l) as s — +o0.
Besides
wt at
w™ | =8(z)| a”
WO a?
with
e=l=%/2 iQ(2)2[1 — e~™127/2] /26740 (2)6(2)
S(z) = —iQ(z)2[1 — e l=*/2) e=lzl*/2 —V2e77/4Q0)(2)0(2)
—V/2e77/4Q0)(2)0(2) V2740 (2)0(2) 2e=l2/2 _ 1
and

r(1-iz
Q(2) U 42 6(2) = V1= e /2e~m= /1,

BEINCEI

Y
Note that the indices +, — and 0 are not directly connected with the modes \¢.
However their connection will be clarified in Section 5.2.
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4.1. Providing two independent solutions with contour integrals. Clas-
sical theorems give that the solutions form a tridimensional linear space of analytic
functions. The parity block decomposition of Vp s (s, z) induces that the space of so-
lutions splits into two subspaces: a bidimensional one with v4 even and vy odd, and a
unidimensional one with vy odd and vy even. For an even (respectively odd) analytic
function v, there exists an analytic function f such that v(s) = f(s2/2) (respectively
v(s) = sf(s?/2)). Hence the system, in the case of the bidimensional subspace,

8 0 0 fi I+
(19) —1 0 0,5 0 f, = VPJT(L Z) f,
0 0 1+2t, fo fo

To solve (19), we will use the method of contour integral (see for instance [6] Chap.
XV): we look for solutions of the form

(20) f=(®) F_(r) |dr
fo(t) Fo(T)

where A is an oriented path of C and the F)’s are functions holomorphic in a neigh-
bourhood of A. Injecting (20) into (19) we get

S+ () ) Fi(7)
- /A i

. it 0 0 F, (1) 4 Fy(1)
—/ il 0 ar 0 F_(r) |dr= / e Vpsr(L,2) | F_(r) |dr
A 0 0 1+42itr Fy(7) A Fy(7)
and after integrating by parts
0 0
ezt‘r 0 + / eth 0 dT
—2iTFy(T) A A 2[TF{(T) + Fo(7)]
_ —T+1 0 % Fi(7)
- / S I T [ Qe O
A = = i Fo(T)
Hence, it is enough to choose the F’s such that
0 —7+1 0 % F (1)
. 0/ = 0 -7—1 % F_(1)
2iTFj(7) % % —i Fo(T)
and A such that
(21) [T Fy(7)], = 0.
The system is exactly solvable and gives, up to a global constant,
|z]2
i [In(r+1)—In(r—1)] £ ( ) 5 I ( )
e 4 z olT z olT
Fi = F = — F (r)=— .
O(T) ’ -‘r(T \/57'—17 (T) \/§T+1

\/;

Now F.(7) has three singularities, namely +1, 0 and F,(7) is multivalued. More
explicitly, considering a closed contour, the value of F,(7) is changed according to the
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following rule: if the contour goes ny times anticlockwise around +1 then In(r F 1)
is changed into In(7 F 1) + i27ny and if it goes mo times anticlockwise around 0
then /7 is changed into (—1)™° /7. If we choose a closed contour A that avoids the
singularities of F, and solves (21), the corresponding function (20) is then well defined
and is a solution of (19), the only thing that one has to check is that it does provide
a non trivial solution. We will focus on the following contours: they enclose only
the singularities £1 and go once around each of them. There are exacly two of them
depending on whether we stay below or above the singularity 0 (in the first case the
contour has the shape of a U and the second of a N). The idea is now to use residue
arguments to get explicit formulas for the contribution of the different singularities.
Multiplying by —v/2/|z|, we define our two solutions to be

z _1
'U+(S) .2 <\z|2 E: dT
(22) U_(S) :/61‘7761 o [In(7+1)~In(7—1)] m%—i—l i
vo(s) A V2 VT

where the AY and A" contours are decomposed according to Figure 2 and the deter-
mination of the two logarithms and the square root is such that it coincides with the
usual definition (for positive real numbers) at the point M.

A
A

FIG. 2. decomposition of the A¥Y and A™ contours

p O

o

For the sake of clarity, the points A, B, C' and D (respectively A’ and B’) have been
split but they have to be thought of as the same geometric point.

REMARK 7. It is in the choice of these contours that our proof differ of the proof
of [2] and [3].
To study separately the different pieces, we will first show the following residue results.

LEMMA 8. Let 8 be a non zero real number, w(t) an holomorphic function of T
in a convex open neighborhood Q2 of a point o of the real axis and A an oriented path
of Q with both ends in the upper half plane. Then, in the limit |s| — +o0

1. if A does not surround «,

.62 . 2 .52 dT 52
157 B In(T—a) dr = 0O -0 / 15T -0 —50
/Ae e w(r)dr (e ), Ae w(T)m (e )

where § is the minimum of the imaginary part of the two endpoints ;
2. if A does surround o once and anticlockwise,

(23) / 5T (=) (7)dr = —4ie’®™2e™/2 sinh (7 B)T(1 + i8)w(a)
A

i[§a72ﬁln|s|]
140 ()]
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0\}\//”

F1G. 3. non-surrounding and surrounding contours

(24) /AeiszUJ(T)\/% :2meiﬂ/4w(a)ei|ja [1+O <812)]

where the determination of the logarithm and of the square root is such that
it coincides with the usual definition for positive real numbers. Furthermore
(23) is locally uniform in (.

Proof.

1. It follows from a crude estimate of the term eiﬁT for the straight line path.

2. We deform the contour into the one presented in Figure 4 where the two verti-
cal lines have been split for a better understanding i.e. B and E (respectively
C and D) are in fact the same geometric point. The radius of the small circle
is chosen to be A(s)/s? where A(s) — 0 as |s| — +oo.

A
N\/F\F
B|| E
c||p

Fia. 4. deformation of the surrounding contour

The pieces AB and E'F are exponentially small by the first point. The piece
BC is —e*™” times (respectively equal to) the piece DE for the logarithm
(respectively the square root). Let us compute the piece C'D parameterizing
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the circle by o + %ew for —37/2 <0 < m/2:

D .52 .
/ ez%‘rezﬂln(‘r—a)w(T)dT
(o]

/2 )
_ A(g) i@ —2ifIn]s| ,ifIn /\(s)/ G2 e? —60,, (a I A(s) ew) %ido
—37/2 S

D 62 d N\ 62 /2 XN(s) i A . )
/ 6177-’11}(7') T _ (8) eiT e ezkg )e ew a4 (S) 619 €Z9/2id9
c VT -« |s] —37/2 s?

(452

Finally, we compute the contribution of the piece DE parameterizing the
vertical segment by a + 25 u for A(s)/2 <u < 526/2:

E 2
/ ei%feiﬁln(r—a)w(T)dT
D

.2 . 2
ez%a672zﬁln|s\ ) s°6/2 ) .
= elmnzef’rﬁﬂ%/ e Yy (oz + 2Z2u) du
s A(s)/2 s
2
ei%aef2iﬁln|s\ ) +oo 1
= —261B1n267ﬂ'5/22i w(a) / e “uPdu+ O <)\(s) + =
S 0 S
ei§a€72iﬁln|s\ )\(S) 1

= ePM2e=mB/29i0 (1 + if)w(a) + O <s2 + 54) :

E 52 dr
17’7'
/D e TTw(T) =

eiﬁa ) 525/2 i
\/56”/4/ e Uy 2y (a + 2u> du
A

| (s)/2 52

5
|s

i%a ) +oo
= 6|s| V2e' /4 {w(a)/ e“ul/zdu+0(\/)\(s)+812)]
0
cie , 1 A(s) 1
= 2" 4 w(a)T | = — .
Y2 @) <2>+0< o +|s|3>

The result then follows from the choice A(s) = 1/s% (respectively A(s) = 1/s%)
for the logarithm (respectively the square root) and the fact that I'(1/2) =
V.

|

Let us now give explicitly the contributions in the case of the A" contour pro-
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ceeding with integration by parts and several applications of formula (23).

inh 2/4 2\ |24z 1
(25) of(s) = i 7 orlotssinb (T2 /4) (1 - |Z4|> e [+ ] +0 (2)
S

|| |212/4
1.2 /g Sinh (|22 /4 1212\ =il 2 s 1
(26) vQ()—2m |/8|£«|2/4)F(1+’|4>6 [2 4 ]+O(s2)

27) W(s) =0 <|i|> .

The asymptotics for the AY contour can be mostly deduce from the following
considerations (up to exponentially small errors):

e the contribution of the piece C'D is the same as B’ A’ whereas the contribution
of AB is the opposite of A’B’ (as we have looped once around the origin, the
square root is changed into its opposite),

e the contribution of DA is —e™#I*/2 times the contribution of BC (as we have
looped once around 1, In(r — 1) is translated by 2im and the orientation of
the path is reversed),

e in the case of v (s), the contribution of BC' is O(1/|s|) whereas in the case
of vp(s) it is O(1) and given by (24).

U - sinh (7|z]?/4) 122\ i E A+ s 1
(28) vY(s) = —2z|2‘ |=|? BWP (1— 4) e [ e ] +0 <S>

Z ;2 esinh (m]2]2/4) Bk ﬂgwj 1n\s|] 1
(29) vZ(s) =2"e mlelt B L LI (1465 ) e +0|—
B 24 i 5
1
Zﬂ/4\/77’81ﬂh< Gkl > ()
|| Is|
For later use, we introduce the functions

4
_ g2 gmrleprys S (TP) (PN 8 ey (P
o) =2 T (1) e = e (7).

(30) () = sn(s)

2 2
o5, =2+
Using that for a real number u we have I'(1 +4u) = I'(1 — iu) and |U(1 + iu)|?> =

Smh(may We get the useful relations

(31) b2 = (27112 —2)jal?,  \/2[al? + B = V2e™H/Ya].

4.2. The third solution. As an application of Theorem 12 of the Appendix,
let VV(s) and V"(s) denote the two independent solutions built in the preceding
section through formula (22) and the corresponding A and A" contours represented
in Figure 2. We set

Vis)  V(s)
Vo " Vo)l

(32) VI (s) =
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and it follows from the preceding result that VV7(s) is a solution of (18). Using (44),
the asymptotics of our three (orthonormal!) solutions are

V(s) _ VaethRs [ —iees +0 ( : )
= ae — |,
Vo)l 2lal san(s)b s

——— = ae™¥
Vo)l 2lal 0
o—rl=l/4 —sgn(s)a@eif 1
VO(s) = ———— | —sgn(s)iabe ™ | +O(— |.
2|al? a2 |s|
2ilal

4.3. Scattering matrix. To summarize, we have

2 2
i[—g +125 1n|s|]
e

0 0
. T 212 VY (s) V7(s) un —
i 0 e‘l[;“ﬁ '“‘S‘] 0 ( wvoer  woer V() )—Mi
0 0 1
where
_jV2 a —7|z|?/4 V2 a V2 a b /[T o—nlz[7]2
P e g FiP g VL e
— V2 a —n|z|?/4 2 a V2 @ b V1= e-ml2P2
My = 7%6 |27/ 7% :F,LT%W 1 — e—7lz?/

m|z|? /4

i%\/ — e~ mlz[?/2 0 ie

and the scattering matrix is given by S = M, M~"! which closes the proof of Theo-
rem 6.

5. Two-scale Wigner measure and Pseudo Jahn-Teller Hamiltonians.
In this section, we shall prove Theorem 1. We proceed in two steps: we first prove
the propagation of the two-scale Wigner measure at infinity, then we calculate the
transfer’s rates at finite distance thanks to the scattering result of the preceding
section. We shall work in the coordinates (s, z, 0, ¢) introduced in Section 3 and then
translate the result in the original coordinates (g,t,p, 7). For this reason, we consider
the family (v®) of Theorem 2. It satisfies microlocally in Q,

op. (Q)v° = ef*,

where for any y € CSO(Q), op. (x)f¢ is uniformly bounded in L?(R?) and where Q
is given in (16). For £ € {0,+1,—1}, we denote by II* the eigenprojectors associated
with the eigenvalues

X(s,2,0,0) = 0 — £\/2 + (a(C, 0))22

of Q. The choice of the labelling is made so that JX UJE, ¢ {\* = 0}. On I, one

U
has z; = 0, therefore if (eq, ez, e3) is the canonical basis of C?,

(33) ﬁ0:e3®€3, 1:[_:{62(g>621f5>07 and ﬁ+:{el®611f$>0’

e1 ®eqpif s <0, e ®eqif s < 0.
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Let us now investigate the implications of the change of coordinates on the two-scale
Wigner measures.

Let v be the two-scale Wigner measure associated with the concentration at the scale
Ve of (¢%) on I = {g A p =0} with the choice of coordinates on N(I) of Theorem 1.
We recall that these coordinates (g, t,p, T,n) are such that for p = (¢,t,p,7) € I, the
class on N, (I) of the vector dp = (dg, 6t,0p, d7) is characterized by the function

1N =09q A Dp.

Let us denote by N(k) the change of coordinates induced on N(I) by k. By the
geometric properties of two-scale Wigner measures and Egorov Theorem (see [13]),
the measure U = v o N (k) is the two scale Wigner measure of (v®) for I affected with
the equation

Ip|

34 $,2,0,()z1 =0 where gor '(q,t,p,7) = ——— .
(34) g Sk g ( ) A(p, 7)u(p, 7)

Besides, 7 decomposes as
(35) p=0"T° + ot T + 5~ 1T~

and we are concerned with the link of the traces 7, of #* on S for s > 0 with the
traces 7f, of 7* on S for s < 0.

Finally, let us point out that it is not clear that the system (8) is well posed in s
(indeed, the function v depends on the variable o). We address this point in the first
subsection, then we successively analyze the two scale Wigner measure above |n| < oo
and |n| = oo in the two following subsections.

5.1. An hyperbolic estimate.

PROPOSITION 9. Let (v°) be a bounded family of L?(Rs x R2, C3) satisfying (8),
then if ¢ € C§°(R) with ¢ =1 close to 0, there exists 5o > 0 and g9 > 0 such that the
family ((ﬁ(g—é)ve)KEO is bounded in L (Rs, L*(R2)).

This proposition is proved in the same manner as Proposition 7 in [13] and implies as
in [13] that one can evaluate the action of pseudodifferential operators on functions
(v) as follows.

LEMMA 10. There exists a neighborhood Q1 C Q of 0 such that for all y €
CeP (1), the family v° =op, (x)v° satisfies:
for € small enough and for all compact K C RS, there exists N € N such that for all
a € Cg (K, C*9),

<0p6( e | v® <C’/ sup sup |8§8€a(s,z,a,(j)| ds.

oo k+|B|<N(z,0,()ER®

We refer to [13] for the proofs. For the proof of the Proposition, one just need to
replace the matrix L of [13] by the new definition (15) and for the proof of the
Lemma, one has to exchange the role of z and (.
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REMARK 11. Note that if the symbol of Lemma 10 is of the form a(s,z,0,() =
ao(z,0,()¢ (£) withr >0, ¢ € C°(R) and ag € C5°(RP), then

<o Tlo()w 0

Therefore, if i is a Wigner measure of (v°), we have i ({s =0}) = 0.

(o2 (@ | o)

5.2. Analysis at finite distance. We aim at proving Theorem 1 in {|n| <
+oo}, ie. in {|n| < R} for any R > 0. Let us fix R > 0, we use the two-microlocal
normal form of Section 3.2: we localize 7 in the ball B = {|n| < R} of R applying a
cutoff function, ¢(%) for R > 0 and ¢ € C§°(R). Then, applying Proposition 5 (of

which we keep the nytations) and setting V¢ =op_! ((Id +20)¢ (%)) v°, we obtain

(36) Va € C(‘)’O(R6 x B), op.! (a) op. (Qo)VE = eF*(s,2)

where Qo is defined in equation (17) and (F*¢) is uniformly bounded in L?(R2 ).
Obviously, the two-scale Wigner measures of (V¢) and (v) are the same in B and
we aim to describe the traces on s = 07 in terms of the traces on s = 0% of the
two-scale semiclassical measures o of (V¢). The function (F'¢) does not contribute to
this description. Indeed, denote by S.(s,s’) the evolution operator associated with
the free system (37) and let (U¢) be a solution of this system defined more precisely
by,

(37) op. (Qo)U° =0, Uf—o = V=0

then we have
Ve(s) =U*(s) + z/ S (0, ) Fe(t)dt.
0

Since the family (F¢) is uniformly bounded in L?*(R3 ), we deduce from Holder
inequality,

Ve(s) =U(s) +O(y/| s|) in L*(RY).

Therefore, the traces of the two-scale Wigner measures of (U¢) and (V¢) on s = 0F
are the same. In the following, we focus on system (37), which allows to calculate the
transfer coefficient in the variables (s, z,0,¢) and then, in the variables (¢, ¢, p, 7).

Let us denote as before by U the two-scale Wigner measure of the family (v°) (and
thus of (U®) on I x B) for the hypersurface I = {g(s, z, 0, ()21 = 0} where g is defined
in (34). Because of (33) and (35), one can identify the measures 7°, 7+ and 7~ with
the two-scale Wigner measures of the components of U¢. Set U¢ = (U§, U5, US), then
7Y is the two-scale Wigner measure of (US), 7T of (Uf) if s > 0 and of (Us) if s < 0
and finally, 7~ the measure of (U5) if s > 0 and of (Uf) if s < 0.

The crucial observation is that if one performs a symplectic change of variables
(2,¢) — (2,¢) such that Z; = «(0,({)z; and if one sets

Us(s,2) = KU*(Ves, Ve 2)
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where K is a (scalar) Fourier integral operator associated with the symplectic change
of coordinates, then U¢ = (V4,V_,Vp) satisfies the system (18) with z = Z;. Then,
the measure 7" in {s > 0} is the two scale Wigner measure of (V). By the scattering
Theorem 6 and the relation between w, in one side and o, a4 and a_ on the other
side, we obtain

A - 677”72/2)2 v+ e~ v, +2(1— e*“ﬁ2/2) —mi’/2 v

provided that v9 , v Al * and v, are mutually singular and where the variable 7 char-

acterize the class of the vector 0p in N,(I) according to
N =0Z.
Therefore,
0,()) ——=
ROl

In view of (34), |A| = |p|~/2, a(0,¢) = u(o,¢)~" and of the fact that ¢ = 0 on I, we
obtain

n=mnlp|"2

Studying similarly v, and v9,,, we obtain Theorem 1 in || < +oo.

out’

5.3. Analysis at infinity. It remains to prove Theorem 1 in {|n| = oo}, i.e.
that

1|7I| Dfn]'l?ﬂ:oo vl e {0,+1,—1}

out

Let us argue for the + mode. We follow the strategy of [13] in Section 7.2 and detail the
arguments because the fact that we have three modes implies a few complications.
Remark 11 shows that 77 ({s = 0}) = 0. We consider r > 0, ag = ag(z,0,() €
C(RP), ¢ € C°(R), ¢ = 1 in a neighborhood of 0, § < & (where & is given by
Proposition 9), R > 0. We suppose r small enough and supp(ap) conveniently chosen
so that a(-,n) is compactly supported in Q; for all n € R, where Q, is the open set
of Lemma 10. Then, we have

(@0, TurLinimoo = Zin Lipi=oc) = lim (a6 (2) © 057 Lpcyo) -
We set
als, .2 Cm) = ao(z. 0,00 () 6 (3) 1= 0) (£

The function a is a symbol of A and on the support of a(s, o, z,(, zl/\f) one has
|z1] > R+/€ so that the function aII* is smooth, thus the operator op_! (aIl™) is well
defined. Besides,

<ao¢ (;) ; 3SD+1\n\:+oo> = lim lim lim (opEI (9,allt)v® | UE).

R—+00 6—0 e—0

Therefore, we set

L. = (opgl (D5all )" | UE)
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and we shall study L. as first ¢ — 0, then 6 — 0, R — 400 and finally » — 0.

We remark that

op.! (9sall™) =

te I (T — o ! 7+
E [z 0s , op," (all )} op.’ (adsII™).

Therefore, using the equation, we can write L. = L! + L2 + L3 with
Ll=—i (opal (alz["')ve,fe) +1 (opEI (alz["')fs,ve)
i .
& g (|:Opa (VPJT(Saa(U7 C)Zl)) ) Opal (aH+):| ’UE7’UE)

L2 = (opal (a(?sl:ﬁ)vs,ve) :

~
N
I

We now prove successively that these three terms go to 0 in the prescribed limit.
We will use symbolic calculus and for that, we introduce some notations. If ¢ =
q(S’ Z? U? <7 "7)7 We Set

21

q8(87270a C) =q (87Z7Ua<7 \/g) and QB-(&Z’O', C) =q (S,Z,ch', ECa \Z/lg>
so that we have

op.” (q) = op, (=) = op; (gf).

We observe that IIT is homogeneous in the variables (s, (o, ()z;), thus for ¢ = aIlT,
we have

7]
1
e e )
where we have used that

(38) 0(s,21,0,C) == /8% + a(0,()%2? > R\/e

on the support of ¢. and where we implicitely assume Ry/e < 1. In terms of Weyl-
Hormander metric (ses sections 18.4, 18.5, 18.6 of [21]), one has ¢f € S(1,g.), where
ge is the metric

ds? + dz?

2 2 2
e T° (do* 4 d¢*).

ge = dZ% +

Then

so that the gain of the symbolic calculus is of order %
e Analysis of L!: Since the function f¢ is locally bounded in L?, we consider

X € Cg°(€21) such that x = 1 on the support of a (as before the open set ; is the one
of Lemma 10). Then the symbolic calculus Theorem 18.5.4 of [21] gives

N
op.” (all*) =op.’ (alI*x) € opl(all™) op, (x)+ op; <S ((}f) ,95>>
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for all N € N. Then, the L? continuity Theorem 18.6.3 of [21] implies as ¢ — 0,
(op.t (all*)fe | v¥) = (op. (all*) op, (X)f° | v°) + o(1).
Lemma 10 and the boundedness in L? of op,. (x)f¢ give the existence of C' > 0 such

that
<o [Tlo(2)|as 0

oo

(op.” (all*) op. (x)f° | v%)

One argues similarly with the other term.

e Analysis of L2: We first observe that (Vpr(s, a(o, ()zl))ﬁ € S(6%, g.) where
0 is defined in (38) and that ¢f € S((62)~",g.) for all N € N because a is supported

in a fixed compact set. Therefore, using that Vpsr(s,a(o,¢)z;) and IIT commute,
we obtain by symbolic calculus

= Jops ((Vesr(s.a0,0)21))%) . opy (62)] € o, (21 {Vesr(s,a(0,020))E , (all")E}

,i {(aﬁ*)g , (Vear(s,a(o, C)zl))g}) + é op, (S ((\I/{E>2 »gs)) .

It is at this very place that the proof differs from the one of [13] because of the presence
of the three modes which induces the presence of additional terms. We observe that

HWrsr(s,a@, Q) (@)}

o b
R

- P -\
= ({vera.m) . @i} ) 4 (B Vesr0.0qa(.on ).

- <{VPJT(s,a(0, O)z1) s (aﬁ+)}s’z’a,c) (8nanJT(0,8§1a(J,,()zl)ffr)

g

g
Similarly,

L (@it (Vesr(s.a(0.02))t )

€

f f

1 ~
+ 5 (&7(1 11" Ve 1 (0,9, oo, C)n)) :

g

_ ({(afﬁ) , Vear(s, a(o, C)Zl)}s,z,m‘)

€

Therefore L2 = (op.! (B)v®, v¥) + O(R™2) with

B = {VPJT(s,a(U, ¢)z1), aﬁ+} - {afﬁ , Vear(s, oo, C)Zl)}

8,2,0, 8,2,0,¢

1 - ~
—&-E@na (H+ VPJT(O, 8¢1a(0, C)n) + VPJT(O7 (9(104(0', C)n) H+> .
We write B = B; + By + Bg with
By = {Vpyr,a}II* —II™{a,Vp,;r} and Bo =a ({VPJTaﬁJr} — {11, VPJT}) .

The matrix By + Bj is such that by Lemma 10, we have

|(op.” (By + Ba)v,0°)| < C/:" (f s (2)

+o (j)) ds.



160 C. FERMANIAN KAMMERER AND V. ROUSSE

The term in By is more complicated and we cut it into two parts. Indeed, using
Vpsr(s,ao,¢)z) =0 (TIT —117)
we write
By = af ({ﬁ+ ST - (I T - ﬁ*})
ta (T = T7) {6, 1T} — {1, 01(T" —117))
—af ({01, 07} = {117, 114} + o (0 = T ) {0,114} + {0,011~ 117)).

We shall prove that B is off-diagonal where we say that the matrix D is off-diagonal
if HEDHNZ = 0 for any ¢ € {0,+1,—1}. We will study those terms together with L3
since 9,117 is also off-diagonal.

Set By = By + By with
Bag = af ({017,117} = {I7,11}) .

We remark that the fact that IT¢II¢ = 00T for all £,0" € {0,+1, —1} yields

(39) Ve € {0,4+1, -1}, Yh € C®(RS), I{h, I} = 0.

Therefore, applying (39) to h = 6, the matrix By is of the form By = aD with D
off-diagonal.

Let us now consider By 2. Using the general fact A{B,C} — {4, B}C = {AB,C} —
{A, BC}, we observe that for £ # k, £,k € {0,+1,—1}

(10) {1 Ty = (012, T1°) = {1 T — {1 7,
IR T} = {1, (1)) = T T} — {1, T,

yielding TIO{IT*, IT~ }I1° = —II°{11~, 1" }II° = 0 and
A= {1+, [}~ = [~ {{i* T} and 0% {00+, 04T = — i (-, -},
fl= (1=, T}~ = — [~ {1+ T} - and {7, 04T = — 0, -}
We obtain 1:[£B2721:[Z =0 for all ¢ € {0,+1,—1} and B, 5 also is off-diagonal.

e Analysis of L2: Equation (39) for h = ¢ implies that d,II* is off-diagonal.
We now consider terms of the form

L? = (op." (aD)v® | v%)

for some matrix D homogeneous of degree —1 in the variables (s, a(o,)z1) and such
that II*DIIY = 0 for all £ € {0,+1,—1}. Without loss of generality we can suppose
that D = II*DIIY for some ¢, ¢ € {0,41, —1} with £ # ¢/. Then there exists a real
number cg ¢ (¢ € {£1,£2}) such that

[D,Vpyr] = cew0D.



SEMI-CLASSICAL ANALYSIS OF A CROSSING OF 3 MODES 161

We use this relation to write

aD
D= |-
@ {6575/9

aD
657419 ’

, VPJT] = { —old + VPJT} )

which allows to reuse the equation. Again by Weyl-Hormander calculus with the
metric g., we obtain (Vp7)t € S(0%, g.) and

( aD )ﬁ 1
€S| ——,9
ceerd ) . VERGE

(again because of % > C'\/eR on the support of a?). Therefore, we have

aD aD
op.! (aD) € op. (—o + Vpyr) op.! ( ) —op.! < ) op, (=0 + Vpyr)
cot ceet

£ oot (o, (22 1
oo (0:(555)) +ov (5 (7))

whence, using the equation for v¢,
. 1 aD aD
3 _ I 5 5 I 5 5
=0 (ga) v (on! (50) 1) == (o0 (355) 1)
E I aD £ €
+i (opE (85 (cM/9>> ¢ | v ) .

Arguing as before, one gets as € goes to 0 then R to +oo,

3 __ i E I aD 5 5
L60(1)+O(R2 +Z_ op.” | Os ool ve | v ).

Observing that

3 aD < C@
aa,( as (0575/0)8‘ = (82 +5R2)3/2

we obtain by Lemma 10

|L3| <o(1)+ O 1 +C€/+OOdS<0(1)+O 1
o R? oo (s24eR2)3/2 ~ R%)

which finishes the proof.

Appendix A. Complex wedge product and solutions of ODEs. We con-
sider (M, (:|-)) an Hilbert space of dimension 3 over C and A(s) a continuous family
of selfadjoint endomorphisms on H. We consider the Schrodinger system

(41) —i0,V = A(s)V.
Let [, -,] denote a non trivial alternating trilinear form on H and let u; and us be
two vectors of H. We define the wedge product of u; and uy with respect to [, -, -] to

be the unique vector u; A us (through Riesz representation theorem) such that
(42) Yw € H, [u1, ug, w] = (u1 A uz|w).

Then, we have the two following points:
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1. If A is an endomorphism of H, we have
(43) [Auy, ug, usg] + [u1, Aug, us) + [ur, ue, Aus] = (TrA)[u, us, us).

2. If u (respectively v) has coordinates (u1,uz,us) (respectively (vy,vq,v3)) in
some orthonormal basis (e1, ez, e3) of C? then the coordinates of u A v are

(44) [e1, €2, e3](uav3 — Uz, UgVT — U V3, U V2 — UgV1).

THEOREM 12. Let Vi(s) and Va(s) be two solutions of the system (41). Then
(45) e Jao TAGDAS 17 6y A Vi (s)

is also a solution of (41). In particular, if Vi and Va are linearly independent, we
have a basis of solutions.

Note that this is in fact a corollary of Liouville theorem on Wronskian combined with
the fact that the equation is norm preserving.

Proof. If V7 and V5 are linearly dependent, the wedge product is zero and is
certainly a solution. Thus, we can assume that V; and V5 are linearly independent so
that (Vi(s), Va(s), Vi(s) A Va(s)) is an instantaneous basis of H. Removing the phase,
it is enough to show that W(s) = Vi(s) A Va(s) is a solution of

—i0,W = [A(s) — TrA(s)Id]W
which we will show to hold in the preceding instantaneous basis. We first have
(Vi(s)[(=i0sW)(s)) = (=10: V3|W) = (AV;|W) = (V;|AW) = (V;(s)|[A(s) — TrA(s)Id]W (s))

where we have used that V; and W are orthogonal, the equation and the self-
adjointness of A(s). Similarly, using (42) and (43) we obtain

(W(s)|(—i0sW)(s)) = —(W|(—i0sV1) A Vo) — (W|VL A (—idsVa))
= —(W[AVI A Vo) — (W[Vi A AVy)

= —[AV4, Vo, W] — [V1, AV, W]

= [V1, Vo, AW] — (TrA)[V4, Vo, W]

([A = TrAId|W|V; A Va)

— (W(s)[[A(s) — TrA(s)Id]W (s).

d
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