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ELLIPTIC AND PARABOLIC EQUATIONS WITH MEASURABLE
COEFFICIENTS IN Lp-SPACES WITH MIXED NORMS*

DOYOON KIMT

Abstract. The unique solvability results for second order parabolic and elliptic equations in
Sobolev spaces with mixed norms are presented. The second order coefficients are measurable in one
spatial variable and VMO (vanishing mean oscillation) in the other spatial variables. In the parabolic
case, the coefficients (except a'l) are further allowed to be only measurable in time. We first prove
the solvability results for equations in the whole Euclidean space. Then, using these results as well
as some extension techniques, we prove the solvability results for equations on a half space without
any boundary estimates. The mixed norms we present here are more general than the usual mixed
norm L4 LT
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1. Introduction. In this paper we study elliptic and parabolic equations of non-
divergence type in Sobolev spaces with mixed norms. The differential equations we
consider are (elliptic and parabolic, respectively)

aij(x)uwimj + bz(x)uwl + C(,T)’U, =/ (1)

wg + a% (t, 2)ugi g + 0 (8, x)ug + ct, x)u = f. (2)

The equations are assumed to be uniformly non-degenerate with bounded coefficients.
The regularity assumptions on the coefficients a* (no regularity assumptions are
needed for coefficients b’ and c) are, roughly speaking, that they are merely measurable
(i.e., no regularity assumptions) in one spatial direction, and belong to the space of
VMO (mean vanishing oscillation) as functions of the other variables. In the parabolic
case, they (except a'l) are measurable in two variables including the time variable
and in the space of VMO as functions of the remaining variables. The coefficient a'!
is measurable in one spatial variable and VMO in the other variables.

There has been, in fact, considerable study of parabolic equations in mixed norm
spaces in the literature (see, e.g., [4, 18, 11, 10, 12, 21, 3, 6, 20, 14] and references
therein). The usual mixed norms are of the form L,((0,T), L,), that is, ¢ summability
in the time variable and p summability in the spatial variables. For example, in [12,
21, 20, 14] parabolic equations as in (2) (quasi-linear equations in [20]) are investigated
in Sobolev spaces with the mixed norm L,((0,T), L,(f2)), where Q C R?. In [3] one
sees parabolic systems in L,((0,7), X), where X is an L, space with a Muckenhoupt
weight. In this paper, however, by mixed norms we mean, not the usual mixed norms,
but more general ones defined as follows.

First we explain some notations. By R? we mean a d-dimensional Euclidean space
and a point in R? is denoted by z. In the parabolic case we consider R4, where
a point in R?*! is denoted by (¢, z). Throughout the paper, we fix two nonnegative
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integers dy and dy such that d; +ds = d. We also fix all different integers i1, 42, - - , @4,
and 71,2, - ,jd, from {1,2,---,d}. Then for x = (z',2%,--- ,2%) € R, we denote

x; = (2, 2%, plh) e RT, xp = (291, 292, ... 2de2) € R%, (3)

Note that, as one can see, for example, x; consists of d; coordinates, but x; is not
necessarily the first d; coordinates of 2 € R?. Likewise, R% above is a subspace of
R?, but not necessarily consists of the first d; coordinates of points in R?. If D is a
subset in R4t we define

q/p 1/a
||u||Lt’x1 L3 (D) = / / |u(t7 x)|pID(t7 JJ) dxs dxy di )
@Tr RxR91 Rd2

where Ip is the indicator function. Similarly,

a/p a
||u||Lx1Lt,XQ(D):( / ( / |u(t,x)|pfp(t,x)d;<2dt) dx1> .
aTr R1 R xRd2

For elliptic equations, we define

a/p /q
[Jull L2 22 0y = / (/ |U(£C)|pIQ(CL')dX2> X ,
R41 Rd2

where € is a subset in R?. Finally we set

L,,(D):= LZ’XIL;?(D) or L;‘IL;”Q(D), (4)

Lqp(Q) == L7 L3? ().

Note that, in case p = ¢, L,(D) = Ly, (D) = L L3*(D) = L3 L**(D) and L,(Q) =
Ly p(€2).

Apparently our mixed norms are more general than the usual mixed norms such
as Ly((0,T), L,(R?)). According to the notation above, L,((0,T), L,(R%)) is denoted
by LZL;((O,T) x R9). In our case we have ¢ summability in any given variables,
which may or may not include the time variable, and p summability in the remaining
variables.

With the above mixed norms in hand, we prove that, for a given f € L, ,((0,T") x
R?), ¢ > p > 2, there exists a unique solution v € W,.2((0,T) x R?) to the parabolic
equation (2) with an appropriate initial condition, where u € W} 2((0, T) x R?) means
that u, wg, Ugi, Uyizs € Lgp((0,T) x RY). We also prove the unique solvability of
the elliptic equation (1) in Sobolev spaces with mixzed norms, which are somewhat
more general than the usual homogenous Sobolev spaces (no mixed norms) for elliptic
equations as in [5, 13, 8]. Considering elliptic equations in mixed norm spaces as
ours must be another expansion of L,-theory for elliptic equations. The proof for the
elliptic case is rather simple and uses the solvability result for parabolic equations.

As explained in [14], the necessity of mixed norms for differential equations arises
when one has to improve the regularity of a solution in some directions. For example,
if the derivatives of a solution are in Lf LZ((0,T) xR?) and ¢ is large enough, then using
embedding theorems we might be able to increase the regularity of the solution in the
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time direction. Indeed, in [7] the solvability of parabolic equations in Sobolev space
with mixed norms is used when proving results for equations in Sobolev spaces without
mized norms (for instance, the Holder continuity of solutions to parabolic equations
in Sobolev spaces without mixed norms). Moreover, by having mixed norms as ours
we are able to have better regularity of solutions as functions of some given variables
(not as functions of only time or only the whole spatial variables). An example of this
argument is presented in the proof of Lemma 5.5 of this paper.

We also prove the existence and uniqueness of solutions to equations defined on
a half space RL = {z = (2', -+ ,24) € R, 2! > 0}. Traditionally, in order to
solve equations on a half space or on a bounded domain, one has to have boundary
estimates. However, we do not need any boundary estimates but the results for
equations in the whole space. As is seen in the proof of Theorem 2.5, this is made
possible by our assumption that a” are measurable in one spatial direction. This
shows that the class of coefficients a* in this paper is very useful. Certainly, our
results for equations on a half space can be used, via a partition of unity and the
usual flattening argument, when dealing with equations on a bounded domain if the
leading coefficients are, for instance, in the class of VMO as functions of (¢, x).

The same (or similar) class of coefficients is presented in [8, 9, 7], where homoge-
neous Sobolev spaces are considered. Before the current class of coefficients a* was
introduced, one considerably general assumption on a* had been that they are in
the space of VMO, which were first investigated in [2, 1]. Then recently a new class
of coefficients (called VMO, coefficients) was suggested by N. Krylov in [13]. The
VMO, coeflicients are characterized as being measurable in the time variable and
VMO in the spatial variables. For more information about general elliptic and par-
abolic equations in Sobolev spaces, see [5, 17, 19, 15] and references therein. On the
other hand, for example, in [6, 12, 14] one can see VMO or measurable coefficients
for parabolic equations in mized norm spaces. The coefficients in [6] are VMO in
x € R?, but independent of ¢t € R, whereas the coefficients a® in [12] are measurable
functions of only ¢, and the coefficients @ in [14] are VMO, coefficients, the same
class as in [13]. Since in our case (in the parabolic case) the coefficients a® (¢, ) (ex-
cept a'l) are measurable as functions of (¢,2') and VMO as functions of z’, where
o = (2%, ,2%) € R¥! (a!! is measurable in z' and VMO in (¢,2')), as far as
coefficients a™, i # 1 or j # 1, are concerned, the class of coefficients in this paper is
bigger than those in [6, 12, 14].

Our approach to dealing with mixed norms is based on the method presented
in [14]. In order to have, for example, an L5* LX2(R%*!)-estimate, we first prove
pointwise estimates of the sharp functions of |Juyi,s (t, x1,°)|| 1, (ra2) as functions of
(t,x1) € R x R%. Then we obtain the desired mixed norm estimate using the Hardy-
Littlewood theorem and Fefferman-Stein theorem. This approach is quite different
from ones used in many papers about equations in Sobolev spaces with or without
mixed norms. Especially, semigroup or singular integral based methods seem not to
be applicable in our situation.

This paper consist of two parts. In the first part we solve the equation (2) in
Sobolev spaces with mixed norms when the coefficients a”/ are measurable in 2! € R
and VMO in (t,2') € R x R%~1. This result serves as one of main steps in [7]. Then
using the results in [7] as well as in the first part of this paper, we prove the main
results of this paper. The first part consists of section 3 and 4; the second part consists
of section 5 and 6. In section 2 we states the assumptions and the main results.

A few more words about notation: We denote 2’ the last d — 1 coordinates of z,
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that is, 2/ = (22, ,2%) € R, so that = (2!,2"). By u, we mean, depending
on the context, one of u,s, i = 2,--- ,d, or the whole collection {2, ,uza}. As
usual, u, represents one of u,i, i = 1,--- ,d, or the whole collection of {uz1,- -, uza}.
Thus g, is one of uyiyi, where i € {1,--- ,d} and j € {2,---,d}, or the collection of

them. For a function g defined on R™ (or on a subset in R™), m < d+ 1, the average
of g over an open set 2 C R™ is denoted by (u), i.e.,

1
(@)a =17 | ote) e = ]{zgu) dr,

where |Q] is the m-dimensional volume of €. Finally, various constants are denoted
by N, their values may vary from one occurrence to another. We write N(d,d,...) if
N depends only on d, ¢, ....

2. Main results. We consider the elliptic (1) and parabolic equation (2) with
coefficients ™, b’, and c satisfying the following assumptions. If the elliptic equation
is considered, we assume that all coefficients are independent of ¢ € R.

ASSUMPTION 2.1. The coefficients a¥, b*, and ¢ are measurable functions defined
on R4t g% = 7%, There exist constants § € (0,1) and K > 0 such that

V't @) < K, e(t,z)| < K,

d
SIP < ) af (b a)tyd < 5o

ij=1
for any (t,z) € R¥*! and ¥ € R%.

Another assumption on the coefficients a'/ (¢, ) is that they are, in case p € (2, 00),
measurable in (¢,2') € R? and VMO in 2’ = (22,---,2%) € R?! (the coefficient
a'l(t,r) is measurable in ! € R and VMO in (t,2’) € R%). In case p = 2, the
coefficients a'(t,x) are measurable functions of only (¢,z') € R?, but a'l(t,2') is
VMO in t € R. If a¥/ are independent of ¢ (i.e., the elliptic case), they are measurable
in ' and VMO in 2/ € R%1. To state this assumption precisely, we introduce the
following notations. Let

Boz)={yeR¥: |z —y|<r}, B.(z))={y eR":|2' —y| <r},
FT(x) = (Il - Taxl +T) X B;(I/)a

Q.(t,x) = (t,t +72) x Bp(x), A.(t,z) = (t,t +7r%) x T.(2).

Set B, = B,(0), B. = B.(0), @, = Q,(0) and so on. By |B/| we mean the d — 1-
dimensional volume of B/.(0). Denote

B t+7‘2 ml—i-r .
oscy (@, Ar(t,z)) = r*3|B,ﬁ|72/ / A (s,7)dr ds,
t zl—r

1
. roAr
0s¢(t,27) (a7, Ar(t, ) = r75|B;|72/ Al o (T) dr,

T—p
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where

Aij;(s, T) = / la™ (s, 7,9y") —a"(s,1,2")| dy’ d',
y',z'€Bl(x")

Azé m/)(T) = / / la (o, 7,9') — a" (o, T,2")| dy’ d2’ do do.
’ o,0€(t,t+r?) Jy' 2z’ €B/(t,x’)

Also denote
Ok (aij) = Sup  sup OSCy (aij, Ar(tvx)) )
(t,0)ERITL r<R
Og’w/)(aij) = Sup Sup 0SC; ) (aij,Ar(t,x)) )

(t,0)ERITL r<R

Finally set
aﬁ = Og’m )(all) + Z OF (a).
i#lorj#1

If elliptic equations are considered, we set

zlJrr
oser (a1, (o) =i 0¥ (r,4/) — a (. 2| dy’ &' dr
zt—r Jy',z’€Bl(z’)
and

aﬁ = sup sup osc, (¢, T (z)) .
zeRI <R

ASSUMPTION 2.2. There is a continuous function w(r) defined on [0, 00) such
that w(0) = 0 and a?, < w(R) for all R € [0,00).

By W}2(D), where D is an open set in R*™', we mean the collection of all
functions defined on D such that

lullyr2py = lullz,,@) + [tallL,, @) + [teallL, @) + lutllL,, @) < oo,

where Lg (D) is defined in (4). For elliptic equations, we say u € W7 (Q) if u, u,,
Ugz € Lqp(Q), where 2 is an open set in R?. Again note that W,:2(D) = W,-2(D)
and W72 (€2) = W2(Q). We denote the parabolic and elliptic differential operators by
L and F, respectively, that is,

ij i
Lu = us + aY ugigs + b'ug: + cu,

Eu = a"ugii + b'ug: + cu.

The following are our main results. First we state our result about parabolic
equations in the whole space.

THEOREM 2.3. Let q > p > 2,0 < T < oo, and the coefficients of L satisfy
Assumption 2.1 and 2.2. In addition, we assume that, in case p = 2, a¥ are inde-
pendent of ¥’ € RL. Then for any f € Ly,((0,T) x RY), there exists a unique
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uwe Wa2((0,T) x RY) such that u(T,z) = 0 and Lu = f in (0,T) x R%. Furthermore,
there is a constant N, depending only on di, d2, §, K, p, q, T, and the function w,
such that

lullwz2(0.0)xray < NlLullz, ,0)xre)

1,2 d o _
for any v € W7 ((0,T) x R?) satisfying u(T,z) = 0.
We have the following result for elliptic equations in the whole space.

THEOREM 2.4. Let ¢ > p > 2 and the coefficients of E satisfy Assumption 2.1
and 2.2. In addition, we assume that, in case p = 2, a” are independent of ' € RI~1.
Then there exist constants A\g > 0 and N, depending only on di, ds, 6, K, p, q, and
the function w, such that

Az, @y + VMuallz, , @y + ez,  @ey < N Eu—Mulr, @ (5)

for any u € W(ip(Rd) and X > Xg. Moreover, for any X > \g and f € L, ,(R?), there
exists a unique u € W7 (R?) such that Bu — Xu = f in R%,

We present results about equations on a half space. Recall the definition of Ri
given in the introduction. The proofs of the following two theorems show how useful
is the assumption that a”/ are allowed to be only measurable in one spatial direction.
Since their proofs are almost the same, we here give only a proof of Theorem 2.5.
Also see Theorem 2.7 in [9] and Theorem 2.7 in [8].

THEOREM 2.5. Let ¢ > p > 2,0 < T < oo, and the coefficients of L satisfy
Assumption 2.1 and 2.2. In addition, we assume that, in case p = 2, a¥ are inde-
pendent of ¥’ € R¥1. Then for any f € Lg,((0,T) x RL), there exists a unique
uwe Wl2((0,T) x RY) such that u(T,z) = u(t,0,2') = 0 and Lu = f in (0,T) x RY.

Proof. Define a new operator L by

. T )
_ =z ~1j i ~
L= g1+ 500 TV 76

where a%, b', and ¢ are either even or odd extensions of a/, b*, and c. Specifically,
fori=j=1ori,5€ {2, ---,d}, the coefficients a* are even extensions of a':

dij(t, xt, ') = a¥ (t, zt, I/)Imle + aij(t, —zt, ') -
For j =2,---,d, the coefficients @'/ are odd extensions of a'7:
dlj (tu :El ) :EI) = alj (t7 xla Uﬁl)lxlzo - alj (tu _wlu :EI)IJ:1<O'

Similarly, b! is the odd extension of b, and Ei, j=2,---d, as well as ¢ are the even
extensions of &' and c. We see that the coefficients a7, b%, and ¢ satisfy Assumption
2.1. In addition, the coefficients 4/ satisfy Assumption 2.2 with 2w. Let f be the odd
extension of f. By Theorem 2.3 there exists a unique u € W}2((0,7) x R?) such that
Lu = f and u(T,z) = 0. It is easy to check that —u(t, —z',2’) € WE2((0,T) x RY)
also satisfies the same equation, so by uniqueness we have u(t, zt, z') = —u(t, —xt, 2’).
From this it follows that u(¢,0,2") = 0 for (¢,2') € (0,T) x R¢~1. This together with
the fact that u(7,0) = 0 shows that that u, as a function defined on (0,T) x R4,
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is a solution to Lu = f satisfying u(T,x) = wu(t,0,2) = 0. Uniqueness follows from
the fact that the odd extension of a solution belongs to W}2((0,7) x R?) and the
uniqueness of solutions to equations on (0,7") x R¢. 00

THEOREM 2.6. Let ¢ > p > 2 and the coefficients of E satisfy Assumption 2.1
and 2.2. In addition, we assume that, in case p = 2, a” are independent of ' € R¥~1,
Then there exist constants A\g > 0 and N, depending only on di, do, 6, K, p, q, and
the function w, such that, for any A\ > Ao and f € Lq,p(R‘i), there ezists a unique
ue W2, (RY) satisfying u(0,2') =0 and Eu — Au = f in RY.

REMARK 2.7. The above four theorems for the case ¢ = p > 2 follow from the
results in [8, 9, 7. If ¢ = p = 2, all of the coefficients a(¢,z) for the parabolic
operator L are further allowed to be measurable in (t,2!) (see [9]) as long as they are
functions of only (¢, 2!). In the above theorems, the condition that a* are independent
of 2 € R4~ can be obviously replaced by the uniform continuity of a¥/ as functions
of 2/ € R4~! uniformly in (¢,2'). Regarding Theorem 2.5 and 2.6, appropriate Ly ,-
estimates can be stated. Moreover, it is possible to replace the Dirichlet boundary
condition by the Neumann boundary condition. That is, in Theorem 2.5 the condition
u(t,0,2) = 0 can be replaced by ug1(t,0,2) = 0. In Theorem 2.6 u,1(0,2) = 0 in
place of u(0,2z) = 0. The proofs are the same, but instead of the odd extension of f,
one has to use its even extension. For details, see Theorem 2.8 in [8] or Theorem 2.8
in [9].

3. Parabolic equations with ¢/ measurable in 2! € R and VMO in
(t,2") € R9. To move toward the proofs of the main results above, we first need to
deal with the parabolic operator L when the coefficients a™ (¢, z!, ") are measurable
in 2! € R and VMO in (¢,2') € R% Note that in Theorem 2.3 and 2.5 all coefficients
a¥(t,x', x') except a'l are assumed to be measurable in (¢, ') and VMO in 2/, so the
class of coefficients we consider in this section is less general than those in Theorem
2.3 and 2.5. To state this assumption on the coefficients a*/ precisely, set

A0 = 3 0 ).

ij=1

AsSsSUMPTION 3.1. There is a continuous function w(r) defined on [0, 00) such
that w(0) = 0 and aﬁ(t’x ) < w(R) for all R € [0, c0).

The following is the main result of this section.

THEOREM 3.2. Letq > p > 2,0 < T < o0, and the coefficients of L satisfy
Assumption 2.1 and 8.1. In addition, we assume that, in case p = 2, a¥ are inde-
pendent of ¥’ € RYL. Then for any f € Ly,((0,T) x RY), there exists a unique
uwe Wa2((0,T) x RY) such that u(T,z) = 0 and Lu = f in (0,T) x R%. Furthermore,
there is a constant N, depending only on di, d2, §, K, p, q, T, and the function w,
such that

HUHW;;,?((O,T)de) < N[ Lullz, ,(0m)xr)

, d . . o
Jor any uw e Wi2((0,T) x RY) satisfying u(T, x) = 0.

This theorem is proved in the next section after presenting some preliminary
results. Throughout this section, we set

Lau = us 4+ a (2" )ugiy — M,
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where A > 0 and a are measurable functions of only z! € R satisfying Assumption
2.1. We start with a theorem which can be derived from results in [9].

THEOREM 3.3. Letp > 2 and T € [—00,00). For any A > 0 and f € L,((T, 00) x
R?), there exists a unique solution u € W}2((T,00) x R?) to the equation Lyu = f.
Furthermore, there is a constant N = N(d,p,d) such that, for any A > 0 and u €
W,y 2((T, 00) x R%), we have

el 1, (7 ,00) xm) T gzl n, ((Tr00) xRy + VAUl 1, (7,00 xR4)

AUl L, ((7,00) xR < NILAU| L, ((7,00) xRA) -

If T = —oo, this theorem is obtained from Theorem 3.2 in [9] for p = 2 and
Lemma 5.3* in [9] for p > 2. For the case T' € (—o00, ), we use the case T = —o0
and the argument following Corollary 5.14 in [14].

The following three lemmas are Ly-versions of Lemma 4.2, 4.3, and 4.4 in [9].
Since the estimate in Theorem 3.3 is available, their proofs can be done by repeating
the proofs of Lemma 4.2, 4.3, and 4.4 in [9] with p in place of 2.

LEMMA 3.4. Letp € [2,00). For any u € Wpl’foc(Rd*l), we have

||ut||Lp(Qr) + ||umx||Lp(Qr) + ||um||Lp(Qr) S N (”‘COUHLP(QR) + ”u”Lp(QR)) 9
where 0 <r < R < oo and N = N(d,p,d,7, R).
LEMMA 3.5. Letp € [2,00),0 <7 < R < 00, and v = (y,--- ,7%) be a multi-

index such that v* = 0,1,2. If v € CS (R is a function such that Lov = 0 in QRg,
then

/ |D*D)v|Pdedt < N [v|P dx dt,
Qv‘ QR
where m is a nonnegative integer and N = N(d, p,d,v,m,r, R).

LEMMA 3.6. Let p > 2 and v € C;2(RYY) be a function such that Lov = 0 in
Q4. Then

sup |vgt| + Sup [Vge| + SUP [Vigar | + U [Vpgar| < NHU||LP(Q4)7

Q1 Q1 Q1 Q1
where N = N(d,p,?).

The proofs of the lemmas and theorem below follow the ideas in [14], specifically,
those in the proofs of Lemma 5.9, Theorem 5.10, and Theorem 5.1 in [14].

LEMMA 3.7. Let p > 2 and A > 0. For every v € C'fooc(RdH) such that Lyv =10
mn Qq, we have

sup |Utt| + sup |Ut:E| + sup |Utmm’| + sup |Umm;ﬂ’|
Q1 Q1 Q1 Q1

< N(d,p,9) (llvaLp(Q4> + vl 2, (Qa) + \/XllvzHLp(Qo) :

*In fact, Lemma 5.3 in [9] says that the estimate in Theorem 3.3 holds for all A > A\g > 0, where
Ao is not necessarily 0. However, since the coefficients a*? of L) are measurable functions of only
z' € R and b¥ = ¢ = 0, it can be proved, using a dilation argument, that Ao = 0 in our case.
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Proof. We first note that, in case A = 0, by Lemma 3.6

I := sup [vge| +sup [vge | + Up [Vigar | 4 SUP [Veaar| < Nv[L, (@)

Q1 Q1 Q1 Q1

The function u := v — (v)g, — xt (vz1)g, can replace v in the above inequality since
Lou = 0 in (4. This together with the fact that D;*DJv = D;"DJu for m > 1 or
|v| > 2 gives

I < Nlv=(v)g, =2 (va)g, L0

This and Lemma 5.4 in [14] prove the inequality in the lemma for A = 0.
In case A > 0, we extend v(,z) to a function defined on R¥+2. Specifically, set

v(t,z,&) = v(t, z) cos(VAE),
where ¢ € R and (¢,z,£) € R4*2. Notice that

Lov+vee=0 in Qqu,
Dy DYo(t,x) = D Dv(t,2,0), sup | D DYv| < sup | DY DIv],
Q1 Qi1

where Q. = (0,72) x {(z,£) € R . |z|?> + ¢2 < r2}. Thus by the argument above
for the case A = 0 we have
I <N (IVaallpy@a) + Vel ny@u + IVeell Lo + IVellz,@u) - (6)

Note that, for example,
Vaa = Uzp 0S(VAE),  Vae = —V A, sin(VAE),  vee = —Avcos(VAE).

Therefore, the right-hand side of the inequality (6) is not greater than a constant
times

[V2e L, (@0) + I0ellz,@0) + VA2l @0 + AVl L, @u)-

This is bounded by the right-hand side of the inequality in the lemma (note that
A = Lov in Q4). The lemma is proved. O

LEMMA 3.8. Letp > 2, A >0,k >4, andr € (0,00). Let v € C52 (R be
such that Lyxv =0 in Qu-. Then there is a constant N, depending only on d, p, and
0, such that

][ e (t, z) — (ve) g, P dadt + ][ [Vzar (8, 2) — (Vaar) g, P da dt

s r

< NP (el o+ 02 ) (D)

KT

Proof. Due to a dilation argument (see the proof of Theorem 5.10 in [14]), it is
enough to prove the inequality (7) when r = 1.
For v € C° (R¥*1) such that £ v =0 in Q,, £ > 4, set

5t x) = v ((Z)Qf gx> A (zh) = a¥ (kat /4).
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Then

< B 9 2 KA 2 3
E(%)zA’U(t,x) = (& + a](xl)axiaxj — (Z) )\> 0(t, x)

_ (g)z(,cw) ((g)zt, %;) —0 in Q.

Thus by Lemma 3.7, it follows that

~ - . K .
TN (I2sallz,@u + 15el,00 + FVAIT Ly @0 ) (8)
where
j ‘= sup |’Dtt| + sup |T]t1'| =+ sup |’thz’| + sup |’Dmmx/ |
1 Q1 Q1 Q1
Note that

(4/“)3j = (k/4) | sup |vi| + sup |vigar| | + SUP [viz| + SUP |Vizar|.
Qn/él Qn/él Qn/él Qn/él

Using this, the inequality (8), and the fact that x > 4, we have

][ [ve(t, ) — (Vi) g, [P dxdt + ][ Vg2 (t, @) = (Vaar) g, [P du dl

1 1

p
< N <Sup |Utt| + sup |Utw| + sup |Utww’| + sup |Ummm’|> < NH_Spjp

w/4 Kk/4 QK/4 K/4
< Nk™P (||@m||ip<c24> + 107, gu) + "pApm”ﬂI”ip(QO)

= N (Joaal? + [oel? + X720, ]?) .
Lp(Qx)

This finishes the proof. O

THEOREM 3.9. Let p > 2. Then there is a constant N, depending only on d, p,
and 0, such that, for any u € W;’Q(Rd+1), r € (0,00), and k > 8,

][ |uge(t, z) — (ut)Qr [P dx dt + ]l [tgar (t, ) — (UM/)QT |P da dt

T ™

< Ngt2 (|L'0u|p)Qm + Ng™P (|um|p)Qw .

Proof. Since C§°(R*™) is dense in W -2(R*™), it is enough to have u €
C§°(R4H1). In addition, we can assume that a® (z') are infinitely differentiable. Take

a A >0 and, for u € C§°(R4TL), let

f = f>\ = [,)\u.



EQUATIONS IN L,-SPACES WITH MIXED NORMS 447

We see f € C§°(RIH1). For given r > 0 and & > 8, let n € C§°(R¥H1) be a function
such that 7 =1 on Q,, /2 and n = 0 outside (—(xr)?, (kr)?) X Byy. Also let
g=[n h:=f1-n).

Then by Theorem 3.3 there exists a unique solution v € Wpl’Q(RdH) (note that
A > 0) to the equation L v = h. From the classical theory we see that the function
v is infinitely differentiable. Moreover, since Lyv = h = 0 in Q.2 and k/2 > 4, by
Lemma 3.8, we have

][ e (t, @) — (ve) g, |V dadt + ][ [z (8, 2) = (Vaar) g, [P da dt

r r

< NR (fosel” + fol? £ X0 % 0r?) < NRTP (Joal? + ol + sl

Kr/2 is

Set w:=u—ve€ W]DL2 (R4*1). Then from the above inequality it follows that

f |U’Im/ (t; I) - (umm/)QT |p d(r dt

™

< 2P ][ (W (8, @) — (Waar) g, [P dzdt + 2P ][ [z (8, @) — (Vaar) g, [P d dl

r T

SN (") g, + N (Jusal” +[ual” + 3|l

KT

Similar inequalities are possible with wu; in place of u,, . Thus we have

][ |ue(t, z) — (ut)Qr [P dx dt + ][ [tgar (t, ) — (UM/)QT |P dx dt

s r

<N (jul” + hwesl?)g, + Nw~2 (Josal? +[o? + 3 2hul?) . (9)

KT

Now we observe that
Lyw=Lyx(u—v)=f—h=g

and, by Theorem 3.3,

/ |wt|pd:vdt+/ | Wy |P da dt

" Qr
< 0l 0,00y ey F 102 17, (0,00 ity + XNz 1, (0,00
< N9l 0y =N [ ol dmat < [ jppavar

From this we see that

([wel)g, + (Iweal’)g, < N&™2(fP)q,, -
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(lwsel” + el + X ue?) <N (IfP)g,,
Now we use the these inequalities as well as the inequality (9). We also use the
fact u = w + v and k > 8. Then we obtain

][ lue(t, ©) — (wi) g, |V do dt + ][ Uz (8, 2) — (Uaar ), |V dz dt

s r

< N d+2 (|f|p)Qm + Ng™P (|wm|p + |wt|p + )\p/2|ww|p>Q

KT

NP (fual? el 40 l?)

KT

< N pd+2 (|f|p)Qw + Ng™P (|um|p + |ut|p + )\p/2|um|p>Q

KT

To complete the proof, we use the fact that u; = f + A\ — a”u,i,s, and then let
AN 0. O

4. Proof of Theorem 3.2. Set
Lot = us 4+ a" (t, 2)Uyiqs,

where coefficients a%/ satisfies Assumption 2.1 and 3.1.

LEMMA 4.1. Letp > q > 2, and v € (0,1]. Assume that v € Wpl’lzoc(RdJrl)
satisfies Lov = 0 in Qg,.. Then

1 1/2 1
([vaal”)gg? < N (Jvaal) g, < N (JvaalDepl

where N depends only on d, p, §, and the function w.

Proof. This lemma is almost the same as Corollary 6.4 in [14] if Ly is replaced by
the operator used there. In our case, we can repeat the argument in Corollary 6.4 of
[14] if we have the estimate
g

el @) < N (LoullLy@u) + 7 uallz, @u) + 7 2lullz, @)

for p € (2,00) and u € W;ic(Rd‘H), where r € (0,1], k € (1,00), and N depends
only on d, p, 0, k, and the function w. This is obtained using Theorem 2.5 in [9] and
the argument in the proof of Lemma 6.3 in [14]. O

The following theorem is proved in the same way as Lemma 3.1 in [14]. However,
because of the different conditions on a* between our operator Ly and the operator

defined in [14], we give a complete proof here.

THEOREM 4.2. Let p > 2. In case p = 2, the coefficients a”’ of Lo are assumed
to be independent of ' € R4, Then there exists a constant N, depending on d, p,
§, and the function w, such that, for any u € C§°(R*1), k > 16, and r € (0,1/k], we
have

][ |ug(t, z) — (ut)QT [P dx dt + ]l [tgar (t, ) — (u“')Qr |P da dt

s r
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< Nyt (|LoulP), + N (pr T Kd+2&1/2) (Jusal) g,

where 4 = afr(t"z ).

Proof. For given u € C§°(R4TY), k > 16, and r € (0,1/x], find a unique function
w € W}E2((—3,4) x R?) satisfying w(4,z) = 0 and

Low = flg,,,

where f := Lou. This is possible by Theorem 2.2 and 2.5 in [9]. Moreover, w €
Wh2((—3,4) x R?) for all g € (2,00) because flg,, € Lq((—3,4) x R?) for all ¢ > 2.
Let

w(t, x) = n(t)w(t, ),
where 7(t) is an infinitely differentiable function defined on R such that
nt)y=1, —-1<t<2 glt)=0, t<-2 or t>3.
We see that w € W2(R?) and, in addition, w € W2(R*!) for all ¢ € (2,00).

From the estimates from Theorem 2.2 and 2.5 in [9] we have

/ (Jws]? + [1pa?) d:cdtg/ (Gu[P + |nal?) dzdt < N [ [f]P dwdt,
Q»ﬁ' (7374)XRd Q»ﬁ'

where N depends only on d, §, p, and the function w (it also depends on the time
interval, but the time interval here is fixed as (—3,4)). Thus

(lwel? + |weal?) g, < N (1fP)q,, » (10)

([l + |wea ) g, < N&2(IfP)q,, - (11)

where N = N(d, 4, p,w).
Now we set v = u —w. Then v € W}2A(R*™), v € WH2(R!) for all ¢ € (2,00),
and

Lov =0 in Q.
Let

82
5i9I’

Y
Lo 8t+a (x7)

where
- (kr/2)? B
a’(zt) = ][ ][ a(s,zt,y') dy' ds.
0 r/2

Since v € W ?(R!) and /2 > 8, by Theorem 3.9 applied to the operator Lo, we
have

][ |ve(t, ) — (vt)QT [P dx dt + ][ [vgar (¢, ) — (v“')QT |P dx dt

r r
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< N (Lool) g, + N6 (fosalg,

Using the fact that Lov = 0 in Q,, we have

(|E0U|p)Q~T/2 - ][Q | (aij (Il) - a’ij (ta I)) Ugigi |p dx di
Kkr/2

1/2 1/2
< <][ | (z1) — a' (t, z)[? dgcdt> <][ 005 |2 dxdt> ,
QNT/Q QN‘T‘/2

where we see

][ @ (z1) — a¥ (t,2)|* dudt < N |a¥ (2") — a¥ (t, 2)| da dt < Nafr(;’;/).
QNT/Q QNT/Q

From Lemma 4.1 we also see

1/2
<][ |Vgigs |2 da dt) < N(d,p,0,w) <][ Vg | dz dt) .
QNT/Q KT
Hence
][ for (1) — (v0)g, [P dz dt + ][ s (1, 2) — (vg) g, P et
<N (,{—P + Iid+2dl/2> (|vmm|P)Qm .
Note that

(|vzz|p)Qw <N (|umr|p)Q . T N (|wrm|p)Qw < N(|urr|p)Qm +N (|f|p)Qm )

3

where the second inequality is due to (10). Also note that, using the inequality (11),

][ |Wewr (8, 2) = (Woar)g, [P drdt < N (lwsw|P)g, < N&T2(IfP)q,

s

]1 wn(t,) — (wi)g, P dzdt < N (jurlP)g, < Na™2 (|fP)g_ .

™

Therefore,

][ [t (t,2) — (Uoar) g, [P dz dt

r

<N [Vaar (8, ) = (Vaar) g, [P dxdt + N [Waar (8, 2) — (Waar) g, P da dt
QT QT

<N (5774 182012 (Juge | + |f1P)g,, + N&T2 (f17)q,, -
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Similarly, we have

][ |ut(ta I) - (ut)QT |;D dx dt

r

AN (fP)g,, -

K

<N (,(p I Kd+2&1/2) (e l? + 7)o

The theorem is proved. O
Here we introduce some notations we use below. Let

Bgl(X1> = {|X1 _-V1| <r:y; € Rdl}v Qfl(tvxl) = (t7t+T2) X Bgl(xl)a

B2 (x2) = {|x2 — yo| <7:yy €R®}, QP (t,x2) = (1 +77) X By (xa).

Recall that x; and xp are those defined in (3). As before, we set, for example,
B% = B%(0) and Q% = Q91(0,0). For a function f defined on R?*!, denote

1/p
17t %1l pamy = < / § If(t,x)|pdx2> |

Note that || f(t,x1,-)|lp,) is a function of (¢,x;). To define the above norm more
precisely as well as explain some notations below, we add the following remark.

REMARK 4.3. As indicated in the introduction, we have fixed two nonnegative
integers d; and dy (dy +do = d) and all different integers i1,42, -+ , iy, j1,72, " s jds
from {1,2,---,d}. For z = (2%, 22, ,2%) € R?, we have denoted

o . 4 o . 4
xp = ("2, ath) e RM xp = (2 2?2 2dd2) € R,

Let II; be a projection from RY onto R% such that II;(z) = x;. Likewise, let Il
be a projection from R? onto R9? such that ITy(z) = x2. Define II to be a function
from R? onto R% x R? such that II(z) = (II; (z), a(z)) = (x1,X2). We see that the
inverse IT™! of II exists. Then by || f(t, x1,)||,(,) we mean

(/R 1 (6T (1, x2) P dx2>1/p'

In the following we use, for example, u(t,x1,X2), the precise notation for which is
therefore u(t,I1-1(x1, x2)).

LEMMA 4.4. Let p > 2. In case p = 2, we assume that the coefficients a¥ of

Lo are independent of ' € R~1. Then there exists a constant N = N(dy,ds,p,d,w)
such that

P o 51, o = 31, o ” i ey s

o Mt 0l — a5, 31. | dxy dedy s
Q"‘l Q"'l
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- d+2:1/2 AP
S )][ a0, I[P g dx dt

KT

N R ][le | Eou(t,x1, )2, dx d.

KT

for any u € Cgo(Rd“), r>0, and k > 1612 satisfying kr < 1, where a = aﬁ(t’x,).

Proof. Let us denote by I the left-hand side of the inequality in the lemma. Note
that

e (8 %1, Mlpany = lluwe(s, 715 Mipean |” < Nluet, x1,-) = wels, y1, Wiz

A similar inequality holds for the integrand of the second integral of I. Thus

I< ][le ][le llue(t, x1, ) — (s, yq, -)||§(d2)dxl dtdy, ds

P —
+ J[Qﬁl ][Qfl taer (£, X1, ) = Usar (5, 371, .)||p(d2)dxl dtdy, ds:=1 + Is.
Note that

Hut(tvxlv ) - ut(sv.VIa )||Z(d2)

- ][ do /d |Ut(t,X1,Z2 + W2) - ut(s7y1az2 + W2)|p dZ2 dW2
B, Rd2

= / ][ |ut(t,X1, W2) - ut(su.YD W2)|p dws dzs.
Ri2 J B2 (z,)

Hence

I = / ]l ][ ]l [ui(t, x1, wa) — us(s, yq, wo)|¥ dwa dxy dt dy, ds dzs.
Ri2J QT J QY J B2 (2)

Also note that
[ug(t, x1, Wa) — ui(s, yq, wo)l”

p

p
< 2P |ug(t, x1, wa) — (uy) 4 2P

Q 5, (0,22) (s, y1, w2) = (U g, (0.22)

and
QP x B (23) C Q s5,.(0, z2),

where, and throughout the proof, (0,2z2) = (0,117%(0, z2)) (see Remark 4.3). Thus

p
I, < N(d,p) ][ ’Ut(t,xh wa) — (u) | dwadxy dt dzs.
R?2 ./ Q 3,(0,22) Q.32,.(0,22)
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Then by Theorem 4.2 (with an appropriate translation) we have

I, < Nk2 /Rd2 (1) Qv (0,2) 422

N 1/2
+N (k7P 4 82 (o702 (luwa "), (0,2) 4225
R42 ( )

where f = Lou, k > 161/2, and sr < 1. Observe that

/ (|f|p)Qnr(01Z2) d22 = / f |f(t7xluz2 + W2)|p dW2 Xm dt ng
Rd2 Rd2 o
< N(d)/ ][ ][ |f(t,X1,Z2 + W2)|p dws dx dt dzo
riz J Qi J B2

= N(d) |f(t,X1,Z2)|p dZQ Xm dt = N(d) ||f(t,X1,')||p Xm dt.
a1 Jpdy ol p(d2)

Similarly,
P
/Rd2 (luzwlp)Qm(o,@) dZ2 < N(d) ][QE ||umm(t, X1, ')||p(d2) Xm dt.
Therefore,

Il S ]\“idJr2 ][le ||f(t, X1, )||;;Z(d2) Xm dt

KT

N 1/2
+N (,{P + g2 (aH#T(t.,z )) > ][le g (t, x1, -)||g(d2) dx; dt.

KT

By following the same argument above, we arrive at the above inequality with I in
place of I;. This finishes the proof. O
Set

O(t, x1) = [lue(t, X1, ) lp(a), £t X1) = lluwar (8 X1, ) I p(aa).

C(t,x1) = [Jtaa(t, X1, )p(ds), Yt x1) = [|Lou(t, x1, )| p(ds)-

Then they are functions of (¢, x1) € RxR%. Let Q% be the collection of all Q% (¢, x;),
(t,x1) € R x R 7 € (0,00). The maximal and sharp function of g(t,x1), (t,x1) €
R x R% | are defined by

Mg(t,x;) = sup ][ l9(s,¥1)| dy, ds,
(t,x1)€Qd1 le

g (t,x1) = sup ][ l9(s,51) — (9)ga | dy ds,
(t,x1)€Qd1 le
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where the supremums are taken over all Q% € Q% containing (¢, x;).

LEMMA 4.5. Let p > 2. In case p = 2, we assume that the coefficients a” of Ly
are independent of z' € R¥"L. Let R € (0,1] and u be a function in C§°(R*1) such
that

u(t,r) = u(t,x1,x2) =0 if (t,x1) ¢ (0, R*) x B;lg.
Then

O* (t,x1) + o7 (t, x1) < N&@FD/P (MyP(1, %)) /7 + N(kR)>™2/P (M@ (t, x1)) "

4N ((HR)(d1+2)(1*1/P) + 4 g@2)/p (w(R))l/(2p)) (Mcp(t,xl))l/p
for all k > 16v/2 and (t,x;) € R x R4, where N = N(dy,da, p,d,w).
Proof. Take a k such that k > 16V/2. If r < R/k, then
kr < R<1, afr(t’w/) < aﬁ(t’m,) < w(R).

Thus by Lemma 4.4,

][ Qn

P
dy, ds

P
6.3 = @[ drids+ ot 31~ (g

< NRHE(P) gy + N (577 4 62 (@(R)) () g

From this and an appropriate translation we obtain, for (£, x;) € R x R%,

][ QM (1.x1)

p
¢(57Y1) - (‘P)Qfl (£,%1) d.VI ds

P
9(s,31) - (d))Qfl(t’»il)} Ay ds + ][le (%)

< NRE200) gy + N (577 4512 @RDY) (g 1.,

if < R/k. Then using the Holder’s inequality it follows that, for r < R/k,

8(5,31) = (D)t | 105+ |
fQﬁl ({)il) ‘ 1 er (t7x1) 1 Qﬁl (5,5(1)

<P(57.Y1) - (‘P)Qfl (£,%1) d.YI ds

< N,i(d'f'?)/P(de)l/f

Qur(t,%1)

On the other hand, if r > R/k,

][le (F.x0) WS’ Y1) = @)gt )

)

1-1/p 1/p
<2 ][ Iy dyy ds ][ lo(s, y)I” dyy ds
(7 %,) R2 P(Ex)

N (K_l 1 pld+2)/p (w(R))l/(2p)> (Cp);/iplr(f,il)'

dy, ds
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< N(dy) (B /r) T2 @nyn

< N(dh) (sR) O gr) o7
r X1

By the same reasoning, if r > R/k, we have

- (@ +2)(1-1/p) (o) 1/p
][le Ex) #0532 = (£ x| A1 5 < N (5R) () gm 00y

Therefore,

][le(txl) ‘(b(s’h) B (¢)Qf1 (t,%1)

S NREDIR)E oy N (57 D RV ()

Quk(T,x1) o (£,%1)

(d1+2)(1-1/p) p\1/p 1/p
+ N (KJR) (((b )Qfl (f,il) + (SD )Qfl (f,iﬁ) (12)

dy, ds

dyydst § Jols.5) = (@lgs s
' QM (Ex1) ' @tx

for all » > 0.
Now we observe that, for any (¢, x1) € Q. (¢, x1),

(1/}p)Qi£(f,i(1) < M/l/}p(t’xl)’ (Cp)Qi}‘ £,%1) < Mcp(taxl)a

(¢p)le(t %) = < M¢P(t,x1), (Sﬁp)Qi}”(gﬁ,—q) < M¢P(t, x1).

The last two inequalities also hold true if xr is replaced by r. From these inequalities
as well as (12) it follows that, for any Q% € Q% such that Q% > (¢, x1),

][ 16(5, 1) — (S | dy ds + ][ o5, 31) — (9 | dy: ds
Qn Qn

< NE@DP (Mg, x0)) 7 + N (sR) DO (g2 (1, 30))

+N ((HR)(dHrQ)(lfl/p) + k1 + H(d+2)/p (w(R))l/(2p)) (Mcp(t,Xl))l/p '

Taking the supremum of the left-hand side of the above inequality over all Q% € Q%

such that Q% > (¢,x;), we obtain the inequality in the lemma. The lemma is proved.
a

Now we set
lullz,, = llull tx pxo @ygay-

COROLLARY 4.6. Letq > p > 2. In case p = 2, we assume that the coefficients a*
of Ly are independent of ' € R4~ Then there exist constants R and N, depending
only on dy,da, p,q, 0, and the function w, such that

||ut||Lq,p + ||uww||Lq,p S N”LOuHLq,p (13)
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for any u € C§°(RIHL) satisfying
u(t,r) = u(t,x1,x2) =0 if (t,x1) ¢ (0, R*) x B;l%lg.

Proof. Let u € C§°(R*1) be a function such that

u(t,z) = u(t,x1,x2) =0 if (t,2) ¢ (0, R*) x B,

where R € (0,1] will be specified below. Using the inequality in Lemma 4.5 as well
as the Hardy-Littlewood theorem and Fefferman-Stein theorem (note that ¢/p > 1),
we have

el + luserll,,, < N&@2P) Lou|r, , + N(&R)? /P,

P —

+N ((KR)(d1+2)(1—1/p) 4Ly (d+2)/p (w(R))l/(2p)) Hum”qup'

for all kK > 16y/2. The left-hand side of the above inequality can be replaced by
HUtHLq,p + ||“mHLq,p because

1 .
Uplpl = 1 Lo’u, — Ut — E a”umle
a

i#1 or j#1

Now we choose a large x and then a small R so that
N ((KR)(d1+2)(1—l/p) Lol g gld+2)/p (w(R))l/(zp)) <1/2
and
N(kR)*2/P < 1)2.
It then follows that
luellz,, + ez, < 2N&D/P)|Loul, .

This finishes the proof. 0O

REMARK 4.7. In the above corollary the estimate is prove when L., =
Ly Lx2(R x R?). However, by making appropriates changes in Lemma 4.4 and
Lemma 4.5, we prove the same estimate when Ly, = L¥ L5 (R x RY).

THEOREM 4.8. Under the assumptions on L given in Theorem 3.2, there exist
Ao > 0 and N, depending only on dy, ds, §, K, p, q, and the function w, such that

Al z, (700 xra) + VMttallz, (700 xrd) T ezl L, (7,00 xR
+ lluell o, ,((7,00) xre) < NI(L = Nullz, ((1,00)xre)  (14)
Jor all X > Xg and v € W 2((T,00) x RY), where —oo < T < o0.

Proof. By the argument following Corollary 5.14 in [14] it is enough to prove (14)
for T = —oo. Moreover, it is enough to prove (14) for u € C§°(R4*!). Then the
inequality (14) follows from Corollary 4.6 (also see Remark 4.7) and a partition of
unity. Details can be obtained by following the proofs in section 3 [14], more precisely,
those of Lemma 3.4 and Theorem 3.5 in [14]. O

Proof of Theorem 3.2. The estimate in Theorem 4.8 along with the method of
continuity implies Theorem 3.2. For details, see the proof of Theorem 2.1 in [13]. O
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5. Equations with ¢” measurable in (¢,z!) € R?. Throughout this section,
we set

Sau = ug + a¥ (t, 21 ugiy — Mu,

where A > 0 and a/ are functions of only (¢,2') € R?, a'!(z!) is a function of z' € R,
satisfying Assumption 2.1.

As is seen in [7], one of key steps there is based on Theorem 3.2 in this paper
when di = 0 and do = d. Now that we have proved Theorem 3.2, it is legitimate to
use the results in [7]. Thus we can state the following theorem, which is due to the
result in [7] as well as in [9].

THEOREM 5.1. Letp > 2 and T € [—00,00). For any A > 0 and f € L,((T, 00) x
R?), there exists a unique solution u € WL2((T,00) x R?) to the equation £xu = f.
Furthermore, there is a constant N = N(d,p,d) such that, for any X\ > 0 and u €
WE2((T, 00) x R?), we have

el 2, ((7,00) x &) + Waall 1, (7,00 xRe) + VAt 1, (7,00 xR)

+AMull, ((1,00) xRy < NLxull L, ((7,00) xRA)-

More precisely, this theorem follows, in case p = 2, from Theorem 3.2 in [9] and,
in case p > 2, from Corollary 4.2 in [7] as well as the argument in the proof of Theorem
4.1 in [13] (also see the discussion following Theorem 3.3).

Based on the estimate in the above theorem, we have the following lemma, the
proof of which is almost identical to those of Lemma 3.4 and Lemma 5.3 (a complete
proof of Lemma 5.3 is given). Recall that A, = (0,72) x (—r,7) x B..

LEMMA 5.2. Letp € [2,00). For any u € W;)’foc(Rd‘H), we have

luelln, a0 + taelln, a0 + el <N (1€oull,an) + 1wl (mq)
where 0 < r < R < oo and N = N(d,p,d,r, R).
In the following we set [|ullL, (a,) = [[u/| ie

e

Ly Ly (M)’

2 q/p
lullz, ) = / / (/ |u(t,x1,x’)|pd:c’> dat dt
o J—r \/B.

LEMMA 5.3. Let

1/q

Lou = ug + a' (x ) ugi g + Ag_1u,
where Ag_1u = 2?22 Ugizi- Then for p,q € [2,00) such that g > p, we have
luellz, an) + taelln, a0 + luell, a0 <N (1oullr, ,an) + llulle, ,(an)

for u € C° (R, where 0 <7 < R < oo and N = N(d,p,q,5,7, R).

C
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Proof. The case p = ¢ is proved in Lemma 5.2, so we assume that ¢ > p. Set

— 1
ro =T, rm:r+(R—r)Z2—k, m=1,2,---,
k=1

Am:(O,Tm)QX(—Tm,Tm)XB/ m=0,1,---.

Tm?

Then take 7, € C§°(R41!) such that

1 if (t,x) € Ay,
nm(tv'r) = . 2 2 /
0 if (tvx) ¢ (_TerlvaJrl) X (_TerlaTerl) X Brm+17

2m+1 22m+2 22m+2

yrat |(17m)m|§Nm7 |(77m)t|§N—(R_T>2a

[(Mm)a| < N

where N depends only on d. To construct them take an infinitely differentiable func-
tion g(s), s € (—o0,00), such that g(s) = 1 for s < 0, g(s) = 0 for s > 1, and
0 < g <1. After this define

Wm(t7 'rlv $/) = nlm(t)UQm(Il)TBm(‘r/)v

where

M () = 92" R =) (VI = 1m)), m2p(a’) = g™ (R =) (2] = 1m)),

M (2') = (2" (R — 1) 7 (2] = 7).

Now we observe that the coefficients Ly satisfy the assumptions in Theorem 3.2,
so the estimate (14) is available. Let d; = 1 (especially, we set x; = ') and dy = d—1.
For u € C,(R4*1), we take an appropriate A > 0 and apply the estimate (14) with
T =0 to nyu. Then

Ap = l\nmUHW;;;((o,oo)de) < N|(Lo — )‘)(nmu)”Lq,p((O,oo)de)
22m

< NB+ N|nmatizl L, ((0,00) xR) + chu (15)

where N = N(d,p,q,9) and

B:=[[(Lo = Nullz, ,(an), €= llulL, -

Observe that, for arbitrary e > 0,

”nmmum HLq,p((O,oo) xRd) = Hnmm (nm—i-lu)m HLq,p((O,oo) xRd)

m 22m

2 —1
< Nm||(77m+1u)m||Lq,p((o,oo)de) <eAms1+ Ne WQ

where the last inequality is due to the interpolation inequality. Thus, (15) yields

Am < NB+eAp + Ne ! ——C.
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Set ¢ = 1/8. Then by multiplying both sides by ¢ and summing up, we get

[e'S) o0 1

m=1 m=1
Indeed, the series of €™ A,, = 8 ™A,, converges since
2 —2
Am < N27(R = 1) lullyrz iy -

Therefore, after taking care of similar terms we see that Ay is less than or equal to
the right-hand side of the inequality in the lemma. The left-hand side is obviously
less than Ajg, so the lemma is proved. O

Denote

qr(t,zt) = (t,t +1r%) x (z* —r,z' +7r) CR xR,

Especially, q, = q,-(0,0) = (0,7%) x (=r,7).

LEMMA 5.4. Let p,q € [2,00) be such that ¢ > p and 1/q > 1/p —1/3. Also
let 0 <r < R < ooandy = (¥ ---,7%) be a multi-index such that v = 0. If
v € C (R is a function such that £ov =0 in Ag, then

loc

2
1D vellr, a0 + D IDL D0l a0 < Nlvllz,an),

m=0
where N = N(d17 d?vpa q, 55777‘7 R)
Proof. 1t is enough to prove
lvllz, ) + lvarllz, a0 + 1Veratllz, a0 + el 2, ) < N||U||LP(AT1), (16)

where r; is a number such that » < r; < R. To see this, using the fact that D;’,U
satisfies £9D),v = 0 in Ag, we have the above inequality with D}, v in place of v.
Then using Lemma 5.2 as many times as needed, we arrive at the desired inequality
in the lemma.

If p = g, the inequality (16) follows directly from Lemma 5.2, so we consider the
case ¢ > p. Since £ov = 0 in Ag, we have

v 4+ a2 v + Ag_1v = Ag_qv — E av,i,; in ARg.
i#£1 or j#£1

If 7 is a number between r and 71, by Lemma 5.3, we have

1Vl 2, a0 + V2t llz, poa) + Veret L, a0 + Vel a0

<N ([vaarllz, a0y + 10llL, a0)) »

where N = N(d,p,q,r,7,0). Thus we obtain the inequality (16) once we prove

vaar L, pan) + 10L, ar) < N[z, AL,)-

However, we prove

el ety + 00l ety < Nl 00 (7)
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because by Minkowski’s inequality (note that ¢/p > 1), for example,
[0z2r ]| Ly pAr) = ||Um’”L£,"1L£’(AT> = ||””’HL$’LZ’“1(AT)'

To prove (17), for each 2/ € By, we view v(t,z',2’) as a function of (¢,z'). By
the Sobolev embedding theorem (Lemma 3.3 in Chapter 2 [16])

02"z () + 021 (5 2Ly a0y < Vvl 2,y

where N = N(p,q,7). In the above inequality we can replace v(t,x!,2’) by
vy (t, 2, @) or vy (t, 2, 2') as functions of (¢,2'). Then, for each 2/ € B, we
have

2
||'U('7«T/)HLq(qT) + HUIW(";CI)HLL;(CIT) <N Z ||D$U(-,CL'/)||WP1,2(qT),
m=0

where D7jv, m = 0,1, 2, is v, vyr, and vy, Tespectively. By integrating pth power of
both sides of the above inequality over B’ with respect to 2’ € R4™1, we get

2
m . / P /
||UHLZ/L2,11(AT) + HUII/HL;ﬁ/LZ’Il(AT) S N;/B; HDI/’U( , L )HWPLQ(CIT) dZZ?

2 2
<N Z HDZ}Ut”L(AT) + Z ||Dlxl g}UHiP(AT) < N”UHIEP(ATI)’
m=0

1,m=0

where the last inequality is due to the fact £gv = 0 in Ag and repeated use of Lemma
5.2. Hence the inequality (17) is proved, and so is the lemma. O
Below we use the following notations (0 < u < 1).

£t ) — f(s,9)

|f|07 o= sup |f(ta I)|, [f] Q= sup .
T oea. O e sean [t — P2 F |z — yl#
(t.)#(5,9)

LEMMA 5.5. Let p > 2. Assume that v € C2(R™1) is a function such that
Lov =0 in Q4. Then

[’UII/],&%Ql < N(dla d27pa 5)||v||Lp(Q4)a
where p = u(p) € (0,1).
Proof. We prove
lua + [vetlar < NlolL,@n, (18)

where 2 < 7 < /8. If this is done, we can finish the proof using Lemma 5.4 (when
p = q) and the fact that Lv,y = L,y = 0 in Q4 (also note that AsgC Q4).

Fix a number q as follows. If p > 3, then ¢ = p. If 2 < p < 3, then ¢ is a number
such that 3 < ¢ < 6. We see that ¢ >p and 1/¢ > 1/p—1/3.
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We first prove

/ /
e lo( @) a2 gy + max [va (2" ) lyw2 g,y < NlvllL,00)- (19)

Consider v(t,z!,2’) as a function of 2/ € Bf. By the Sobolev embedding theorem
there exist N and k such that, for each (t,z') € q1,

1
zmeag’(' lo(t, 2", 2")| < N|o(t, = f)”W,ﬁ“(Bi)7

where [Jv(t, 2!, ')||W§(B{) is the W} (B]) norm of v as a function of /. Similarly, by
considering v (¢, z',2’) as well as D™v(t, 2t z"), m = 1,2, as functions of 2/ € B,
we have the same inequalities as above with vy or D7jv in place of v. Thus, for each

(t;v)qu,

2
Inax |’Ut(t ot a)| + Z max |Dmlv(t ot 2|
m=0"

2
<N <||Ut(t,l‘l,')||wg(31) + Z ||D$U(t,l’l,')||wg(35)> :
m=0

This implies that

g 06l
1/q
<N ( [ve(t, )Ilwk ) T Z | DMt )||W,C By dr! dt)
q1

2
<N Y (|levt|Lq,p(A1) +) |DZ/DTIU|Lq,p(A1>> < Nlvllz,a,)

[v|<E m=0

where the last inequality is from Lemma 5.4. Thus the first term in (19) is proved
to be less than or equal to the right hand side of the inequality. To complete the
inequality (19), we repeat the same argument as above with v, in place of v.

Now we obtain the following inequalities. For each 2’ € B}, view v(t,z',2’) and
ver (t, 21, 2") as functions of (¢,2') defined on q;. Then by the embedding theorem
(Lemma 3.3 in Chapter 2 [16])

[vgr (s 2) 0,91 + (V2120 (52" )]0,q0 < NHUI,(.’J;/)HW;’Z(QI)’ (20)

[U('u xl)]uylh + [vzl('u xl)]uylh S N||U(',.’L'/)||qu,2(q1) (21)

for each 2’ € Bf, where p=1—3/q and N = N(q).
Finally, we prove the inequality (18). Note that

|1 (t, ) — v (s,y)| < I + Lo,



462 D. KIM

where
L = |v11(t, Ilvx/) - 1)11(8, yla :E/)|, I = |v11(s, yla I/) = Ugt (Svylvy/”'

By (21) and (19)
LS N (JE= s+ 2t =y ol a,)-
To take care of I, we use (20) and (19).

L < =y hax Va1 (5,97 2)| < o — /| mmax 102 (-, 2) w2 gy

<la’ =yllvlL, .-

This shows that

[Var]uv.@i < Nlvllz,@.)-

By repeating the above argument with v in place of v 1, we complete the proof of the
inequality (18). The lemma is proved. O

Lemmas similar to Lemma 3.7 and 3.8 in section 3 are repeated below, but since
the operator £, is being dealt with, the lemmas have to be modified as follows.

LEMMA 5.6. Let p > 2 and A > 0. For every v € C’fooc(RdJrl) such that £ v =0
in Qq, we have

[Vza @ < N (H’UmxHLP(Q4) + [Jvell L, (Qa) + \/X||Um||LP(Q4)) ;

where p = p(p) € (0,1) and N = N(d,p,9).

Proof. We follow the steps in the proof of Lemma 3.7, but the sup-norms of the
derivatives of v on @1 have to be replaced by [vze/]u,q,. O

LEMMA 5.7. Letp > 2, A >0, k >4, and r € (0,00). Let v € O (RHL) be

loc

such that £ v = 0 in Q.. Then there is a constant N, depending only on d, p, and
0, such that

f e 2) ~ Car g P dde < N2 (Jal? 4l 472 0l)

. KT

where p = u(p) € (0,1).
Proof. We use Lemma 5.6. Note that

][ [Vgar (t, ) — (UM/)Q1 [P dxdt < N[vmx/]ﬁ7Q1
1
and

[Baar )0 = (g)”+2 ealuan,, i O(tz) =0 ((g)zt, %7) ,

Using these as well as the argument in the proof of Lemma 3.8, one can complete the
proof. O
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Now we arrive at the following theorem, the proof of which is almost identical to
that of Theorem 3.9.

THEOREM 5.8. Let p > 2. Then there is a constant N, depending only on d, p,
and &, such that, for any u € W;’Q(RdJrl), r € (0,00), and k > 8,

]l [tgar (t, ) — (um/)QT P dx dt < Nk+2 (|£0u|p)Qm + Ng™HP (|um|p)Qm ,

where p = u(p) € (0,1).

6. Proof of Theorem 2.3 and 2.4. In this section, as stated in Theorem 2.3,
we deal with coefficients of L satisfying Assumption 2.1 and 2.2. Also note that the
coefficients a¥ (t, z) are independent of 2’ € R4~! if p = 2. Throughout the section,
we denote

Lou = us 4+ a (£, 2)Uyiy;.

As noted earlier, due to Theorem 3.2 in this paper, the results in [7] are now
available. This implies that, by the same reasoning as in the proof of Lemma 4.1,
the inequalities in Lemma 4.1 are possible with Ly defined above. Then using the
results in section 5 and repeating the proof of Theorem 4.2 (with necessary changes),
we obtain

THEOREM 6.1. Let p > 2. In case p = 2, we assume that the coefficients a® (t, )
of Lo are independent of ' € R4, Then there exists a constant N, depending on d,
p, 0, and the function w, such that, for any u € C§°(R*Y), k > 16, and r € (0,1/x],
we have

][ [taer (t, ) = (Uae)g, |7 du dt

r

< NET2(1Loul) g, + N (k7 + 5 2(a) ") (fuaal)g

where p = u(p) € (0,1).

In the following we state two lemmas corresponding to Lemma 4.4 and Lemma
4.5, respectively. Since we are dealing with a* different from those in section 4, we
have different statements, but the proofs are almost the same as those for Lemma 4.4
and Lemma 4.5.

LEMMA 6.2. Let p > 2. In case p = 2, we assume that the coefficients a® (t, )
of Lo are independent of ' € R4~1. Then there exists a constant N, depending on
di, da, p, 8, and the function w, such that, for any u € C°(R*Y), k > 16v2, and
r € (0,1/k], we have

Fou Lttt = elo ol ds de i s

< NK2(P) goy + N (5707 + 52 (0l )V2) () oy
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where p = p(p) € (0,1),

w(taxl) = ||uII/(t7X17 ')”p(dg)a
C(tuxl) = ||umm(taxlu ')||p(d2)7 w(taxl) = ||L0u(t,x1, ')”p(dg)-

LEMMA 6.3. Let p > 2. In case p = 2, we assume that the coefficients a® (t,x)
of Lo are independent of ' € R¥™L. Let R € (0,1] and u be a function in C§°(RIH1)
such that

u(t,r) = u(t,x1,x2) =0 if (t,x1) ¢ (0, R") x Bf?;.
Then

o (t,x1) < N&UH/P (Mgt x,)) 7

+N ((KR)(dﬁ?)(l—l/p) 4R 4 A2/ (w(R))1/2p> (MCp(t,xl))l/p

for all k > 16v/2 and (t,x;) € RxR¥™ | where u = p(p) € (0,1), N = N(dy,da, p,5,w),
and the functions ¢, ¢, 1 are those defined as in Lemma 6.2.

The proof of the next corollary clearly shows the necessity of the result for the case
with a¥ (¢, ) measurable in ! € R and VMO in (¢,2") € R? (Theorem 3.2, specifically,
Corollary 4.6). As in corollary 4.6, we set Ly, = Lf{xl L3 (R x R?). However, as we
see in Remark 4.7, the result holds true as well for Ly, = L} L5*2 (R x RY).

COROLLARY 6.4. Let ¢ > p > 2. Assume that, in case p = 2, the coefficients a*
of Lo are independent of ' € R4™1. Then there exist R and N, depending only on
di, da, p, q, §, and the function w, such that

||ut||Lq,p + ||uww||Lq,p S N”LOuHLq,p’
for any u € C3°(R*1Y) satisfying

u(t,r) =u(t,x1,x2) =0 if (t,x1) ¢ (0, R") x Bf?;.

Proof. As is seen in Corollary 4.6, from Lemma 6.3, we obtain

ltzar ||z, , < N&EDP| Lou|

;P —

N ((RR) 200 w0 (R
for all K > 161/2 and R € (0,1]. To obtain an estimate for uz1,1, we set

g=Lou+ Ag_1u — Z aijumizj,
i£1,5#1

d
where Ag_ju =Y, 5 Uyizi. Then

Liu:=u;+atupn +Ag_ju=g
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and the operator L; satisfies the assumptions in Corollary 4.6. Thus there exist
Ry = Ri(d1,d2,p,q,0,w) and N = N(dy,ds, g, d,w) such that

ugror Ly, < Nlgllz,, <N (ILoullL,, + luserL, ,)
for all u € C§°(R4*1) such that
u(t,z) = u(t,x1,x2) =0 if (t,x1) & (0, R}) x B
1
From this together with the estimate for ||u./||z,, above, we have

||u11 ||Lq,p S Nﬁ(d-‘rz)/p”LOuHLq,p

+N ((KR)(dan)(lfl/p) FrH 4 o (d+2)/p (w(R))1/2p) ||Um||Lq,p

if u(t,z) = u(t,x1,x2) = 0 for (t,x1) & (0, R*) x B N (0, R}) x B, Now we choose
1
a large x and then a small R (smaller than R;) such that

N ((HR)<d1+1><171/p> 1ok gld2)/p (W(R))l/%) <1/2
(note that g > 0). Then we have
luzallr, , < 2NKEEDP Loullr, -
Finally, notice that
luellz, , = lILow — aVugigi L, , < |1 LoulL,, + Ntz ,-

The corollary is now proved. 0O
As Corollary 4.6 implies Theorem 4.8, the above corollary implies the following
theorem.

THEOREM 6.5. Under the assumptions on L given in Theorem 2.3, there exist
Ao > 0 and N, depending only on dy, ds, §, K, p, q, and the function w, such that

Al z, (70 xra) + VAtallz, (00 ity + ozl n, (7,00 xR

Hlwellz, ,(T,00)xre) < NI(L = Nullz, ,((7,00)xR4)

for all A > Xg and u € WH2((T, 00) x RY), where —o0o < T < 00.

The following proof illustrate how parabolic results can be used proving the unique
solvability of elliptic equations.

Proof of Theorem 2.4. Tt is enough to prove the a priori estimate (5) for u €
C§°(RY). Set w(t,z) = n(t/n)u(z), where n(t) € C§°(R), and Lw = w; + Ew. Since
the operator L satisfies the assumptions in Theorem 6.5, there exist A\g and N such
that

Awllz,  marry + VX wellr, , a1y + [waal 5, gty
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Hwellz, ,®erry < NI(L = Nwllz, @
for all A > \g. Note that

Jwllr, , ety = n'/%er||ulln, ®ay,  wellr, @y = 1'%t ||uell L, ra),
|weellz, ety = nl/q01||um||Lq,p(Rd),

(L = Nwllg, , @1y < n9e||Bu— Aullp,  gey + 09 eol|ullr,  ga),

where c1 = 1]z, ®) and c2 = |||, ®). Therefore,

Mullz, @) + \/X||Um||Lq,p(Rd) + [[uzzll L, , ()

< N[ Bu—=ullp, ,@e) + Nn~ L, @

By letting n — oo, we arrive at the desired estimate. O

Proof of Theorem 2.3. This theorem is proved in the same manner as Theorem
3.2 using the estimate in Theorem 6.5. O
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