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POINTWISE CONVERGENCE OF THE BOUNDARY LAYER OF
THE BOLTZMANN EQUATION FOR THE CUTOFF HARD
POTENTIAL*

SHIJIN DENG!, WEIKE WANG! AND SHIH-HSIEN YU#

Abstract. In this paper, we consider the nonlinear stability of a boundary layer of the Boltzmann
equation with the cutoff hard potential when Mach number at far-field is greater than 1. Based on
the Green’s function for the Cauchy problem constructed in [10] and the weighted energy method,
we obtain the estimates for the Green’s function of the initial boundary problem and use it to obtain
the nonlinear stability with an almost exponential convergent rate to the nonlinear Knudsen layer.
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1. Introduction. There are many interesting physics phenomenon related to the
Boltzmann boundary layers such as thermo-creep flows, vaporization-condensation,
ghost-effect, etc. [16]. The boundary layers are nonlinear stationary solutions of the
Boltzmann equation with imposed incoming boundary data F(0,t,£)|e150:

OF(2,1,6) + € 0.F(x,1,) = - B(F.F), (1,6,6) €R* x RY x B,

F(Oatag)‘§1>0a F(a:,O,f): impOSGd.

Here, the parameter Kn > 0 is the Knudsen number which is the ratio of the mean
free path to the physical dimension. The boundary layer F which we will discuss in
this paper satisfies the incoming data Fy(§)[¢150 at the boundary 2 = 0 and equals to
a global Maxwellian state M(§) at z = oo, i.e.

¢'9,F = B(F,F), (z,t,€) € RT x R* x R3,
F 0)5_)‘51>0 = Fb(§)|§1>07
lim F(z,&) = M(),

where the global Maxwellian states M = My, , 77, (p,u,T) constant,

M - Pl
lp.uT) (2rRT)2 € ’

p>0: bulk density,

u= (u',0,0): bulk fluid velocity,

T>0: bulk temperature,

satisfy B(M,M) = 0 and are constant solutions of the Boltzmann equation. Thus,
the sound speed and the Mach number of the far field equilibrium state are given
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1
c:y/§T, M=""L
3 c

Here, the collision operator B is given by

respectively by

BEF)= [ [ (FEIF(E = FOFE)V.0)de. o
where

§=0-[¢-8&) ww, &=&+[E-&) ww

represent the relations between the velocities of two particles before and after an
elastic collision. V = & — &, is the relative velocity and the collision angle 6 =
cos 1 ((V,w)/|V]) for w € S

In this paper, the collision operator is assumed to be the model for the cutoff
hard potential. As a result, ¢(V,0) is not given by |V - w| like the hard sphere case.
Instead it satisfies (2.5) and (2.6). The details can be found in next section.

Set F = M + Mzf. Then f satisfies

€'0,f = Lf + Q(F), (z,t,€) € RY x Rt x R3,
£(0,6)]e150 = fu(€) = M2 (F, — M), (1.1)
lim f(z,&) =0,

where

The existence theories of boundary layers for the hard sphere model are obtained
by energy methods by [1, 5] for the linear case. The energy methods are also applicable
to the nonlinear time-asymptotic stability problem when the Mach number is less than
-1, [8, 17, 18]. When the Mach number is greater than —1, the energy method alone
is not sufficient to yield the nonlinear stability only for the linear stability. With
the motivation for the nonlinear time-asymptotic stability of the Boundary layer with
Mach number greater than -1, the development of the Green’s function was initiated
in [13] for planar wave solution and in [14] for 3-dimensional perturbations. The
Green’s function gives a quantitative prescription of the solutions and it does not
require regularity information on the solution as the energy method required. (The
energy method will not work for the nonlinear stability is due to that the solutions
of an initial boundary value is not necessary continuous at = 0). With the Green’s
function for the Cauchy problem as a primitive tool, the Green’s function for the half-
space problem is developed in [15], and this tools eventually lead to prove nonlinear
stability of the boundary layer for Mach number greater than -1 in [7] for the hard
sphere collision model. In the development [15], a parallel procedure consistent of
energy methods and pointwise estimates to form a geometric sequence of function
with an exponential decaying to zero is designed to approximate the solutions of the
initial boundary value problem for the hard sphere model. This parallel procedure
requires a separation of wave patterns in order to implement the vague energy methods
and detailed pointwise estimates together.
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For the angular cut-off hard potential case, the existence theory of nonlinear
boundary layer is obtained by energy method in [6]. The energy method is also
applied to prove the nonlinear time-asymptotic stability for Mach number less than
-1 in [19]. In [10] the Green’s function for the Cauchy problem for a hard potential
model has been obtained, and it also revealed that the solution for the hard potential
model with angular cut-off is rather complicated than the hard sphere model. The
rate of decaying in space is much weaker than that for the hard sphere model. The
effect of wave patterns separation becomes weaker. The nonlinear stability of the
boundary layer for the hard potential becomes not clear.

In this paper, we aim at a simple but not trivial case the Mach number greater
than 1. Since all the wave patterns decay less than those in the hard sphere case
(the solution doesn’t have exponential or ”almost exponential” decaying rate), and
sequence of geometric function to approximate the solution of an initial boundary
value problem no more decay exponentially in time and space. Thus, one needs to
verify the estimates obtained by the energy-pointwise estimates is sufficient to close
the nonlinearity.

We consider the nonlinear time-asymptotic stability of a boundary layer f con-
necting a boundary data fy|¢150 at © = 0 to a Maxwellian with Mach number great
than 1 at z = oo:

Of + €10,f = Lf + Q(f), (z,t,€) € R* x Rt x R?,
f(2,0,€) = wo(, &) +f(,€),

f(07t7§)|§1>0 = fb(g)a

le f(z,t,£) =0

with a small initial perturbation wy = f — f. The main results are as follows

THEOREM 1.1. Assume that the boundary data, F, = M + MY2f,, and the
Mazwellian at x = oo with Mach number greater than 1, M|gsq, are sufficiently
close. There exists g9 > 0 such that for any 0 < ¢ < g the solution f(x,t,t) of (1.2)
satisfies

! <1 I )\it)2>_N
V14t 1+t
1
+ O = V(e = Mt + 1) (Jz — Agat] + 1)
0 for x € (0, \1t) U (Ast, 00),

3
I =Pz, < O S
=1

2

for x € (A\it, Ast), (13)

whenever the initial data wo(z, &) satisfies
[wo (,€)] < se™ "Mz,

Here, C is a generic constant and N is an arbitrary positive constant.

THEOREM 1.2. Suppose that F is a solution of a Cauchy problem for the Boltz-
mann equation with a hard potential with angular cut-off, Fy + {1 F. — B(F,F) = 0.
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There exists g9 > 0 such that for any 0 < ¢ < ¢y the solution F satisfies

I(F M), S (e

14¢

1
ZJ R R ey R P

fOT’ T e (07 Alt) (>‘3t7 OO),

whenever the initial data F(z,0,&) satisfies

|F($,€,O) - M(§)| < §€_|£‘M%.

REMARK 1.1. This theorem is a corollary of the estimates in obtaining the nonlin-
ear coupling for Theorem 1.1 through the Green’s function. The proof of this theorem
is omitted.

This paper is organized as follows. In Section 2, we introduce basic results on
the Green’s functions, on the existence theory of boundary layers and on the collision
operators for the Boltzmann equation. In Section 3, we estimate the Green’s function
for the initial boundary value problem; while in Section 4, we obtain estimates of
nonlinear wave couplings. Finally, we prove Theorem 1.1 in the last section.

The difficulty for the hard potential with angular cut-off is caused by that the
rate of the collision frequency is slower than the particle velocity |£]. It results in the
space decaying rate is not exponentially fast for particle with high velocity. It also
indicated in the structure of a Boltzmann shock layer in Caflisch-Nicolaenko, [2]. The
defect in the collision frequency also prevents the semi-group e(=%"+L)?t from being
analytic for the long wave variable € C as mentioned in [10].

2. Preliminary. In this section we will summarize the Green’s function for ini-
tial value problem developed in [10] for linearized Boltzmann equation around a global
Maxwellian M = My, 1), u = (ul,0,0):

{6th+§18xh = Lh for z € R, ¢ > 0, (2.1)

h(l‘, 0) = h0($)7

2.1. Basic notions and the macro-micro decomposition. We denote Lg
the restricted Hilbert spaces with given inner products:

Lg = {h € L*(R*)|h(¢) : an even function in ¢? and £°.}
(hg)= | hOg©de for hg € L2
R3
Il = /(..

Two auxiliary inner products (-,-)— and (-,-)4 on Lg are introduced due to the pres-
ence of a physical boundary:

(g.h)_ = / g(Oh(E)de, (g,h), = / g()h(E)de,

R3N{£1<0} R3N{£1>0}
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with the corresponding space
L3, =L*(RY), RS ={(6,6%¢%:¢ 20,62 eR}.

We still use the same sets of notions in [13]:

1/2
lellz = ([ wo2ae) .

(Lg, Il - ||L§) : a Hilbert space with an inner

product
Measures locally in (z,) :

(hy,hy) = / by (€)ha(€) d,
]R3
lgllo, = sup [g(€)I(1+ €))7,
£ERS

lellz,, = supecas (14 [€1%)[&(©)].

Ihllre(zz) = supser, [h(z;-)]2,
1/2
Ihll2 22, (/ / h(z,s>2dsdx> ,
R, JR3
1/2
Measures locally in t: i 4 ) /
W = | [ [ 3 ot opdsas |
+ =0
Il (2 = subser, (e,
Il = 1hllzgegy)-

The null space of L in the restricted Hilbert space Lg is a three-dimensional vector
space with orthogonal basis x;, ¢ = 0,1,4:

ker(L) = span{xo, X1, X4},
X0 = ML/

i = (€ —uh M2,
xa = (€ P —3)M12,

The macro-micro decomposition (Pg, P1) on Lg is given as follows:
for any g € L2,

g =Pog+Pig(=go +81),
Pog = (x0,8)X0 + (X1,8)x1 + (X4, 8) X4,
Pig =g — Pog.

The characteristic information of the Euler equations

0yPof 4+ 0,Po(€'Pof) = 0 (2.2)
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is computed from the flux operator Poé! on POLE7 [12]:
dim(PoL7) = 3,
Po'E; = \E; for i =1,2,3,
{)\1 —c+u )\g—u )\3—c+u}

E; = (\/%XO - \/%Xl + X4) ) (2.3)
E, = (—\/ng + X4)

3= ([Xo+\[X1+X4)
( i, E;) = 0% (Kronecker’s delta function),

where
c=+/5/3

is the speed of sound.

LEMMA 2.1. There exist positive constants vo such that, for any h € L2,

3
(Poh,Poh) = > "(E;
j=1
3
(Poh, &'Poh) A (E
j=1
(P1h, LP1h) < —ug(P1h, v(€)P1h).

2.2. Grad’s lemma on collision operator. For the hard potential model we
consider, the linearized collision operator L is of the following form, [6]:

Kag (€
k2(£ 5*

(1€ —ul® = [& —ul)* |€— E*IQ)
8T'|€ — & ? 8T )

Lg() = (€~ w)g(6) ~ Kig(e) + Kog (o)
Kig(§) = fRS k(6 —u, & —u)g(&s) dés, ) )
Bl66) <Ol — 6l +le- sl ey ((EE BBy
)
)

< Cle— e[ eap (—

In the following discussion, we make the same assumptions on the collision kernel
as in [6] and [19].
1. There is 0 < §; < 1 such that
0 < q(V,0) < (V] +|V]7%)|cosb]. (2.5)

2. There exists a positive constant ¢ > 0 such that

/S/R P r2g(e — ¢, 0 d@m(/gz/w (E—¢. )dg*dw)_lgc_ 26)
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Here, 0 = cos71({£ — &, w)/|€ — &) for w € S? is the collision angle.
3. There are constants 0 < v < § < 1 such that

cr(1+ €)Y < v(€) < ea(1+[€])°. (2.7)

This lemma follows from direct computations and Carleman’s theory, [3], on the
negative definiteness of the operator L on Range(P1).

LEMMA 2.2 (Grad, [9]). For any given 8 > 0 there exist positive constants C(f3)
and C7 such that

IKillez,,, < CO)illzz,.
1Killzz, < Cillllz.

where

Ki©) = [ KEENEIE  K(E6) = —Ki(6.6) +Ka(E.)

The proof of this lemma in [4] for 3 = 0 can easily be generalized for any € R.

LEMMA 2.3. For any p € [1,00] and o € [0,1], there exists a constant C' > 0
such that
<C . (2.8)
Le L

This lemma can be gained by direct computations.
2.3. Green’s functions. Denote G;(x,t,&,£,) to be the Green’s function for
the initial value problem (2.1). The equation for G; is

v(g)'of

VE

v(§)"*B(f, g)

v(€)' g
M3z M

1
2

P
L&

0,G; +£'0,G; = LG; for xR, t>06¢&, € R3, (2.9)
Gi(x70a€7£*) :6(1‘)53(5—6*) '
The Green’s function in the above also satisfies the backward equation:
(783 - g*ay - L)GZ(I - yvt - 57&75*) = Oa
. S , (2.10)
Gl(x_y70a£7£*>:5(y_x)5 (5*_5)3 x,yGR, é,f*eR.
We still keep the following abbreviations: For given (z,t) € R x R,
Gi(z,t): he Lg — G;(z,t)h € L2,
Gl h(E) = [ Gl € h(EE
Let g;,, be a function satisfying
gin(,€) = 0 for 2] 2 1, o
lginlll = llginllLee (L=, < 00 '

We recall the following theorem in Lee-Liu-Yu [10] on Green’s function G; for the
initial value problem.
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THEOREM 2.1. ([10], Theorem 1) For any given positive integral number N, there
ezist positive constants Cj,j = 0,1,2,3,4 such that for g;, given by (2.11),

for |x — ult\ < 2)3t,

‘ : (1 2PN eenre
IGtgin(2)llz = O) lllginlll { Y Co(l+1)7% (1+ =) +e i

pt 1+1¢
for |z — ult\ > 2\3t
2
|\G§gin($)||1:§ < Co |||ginlll <e(uot+u1|mt1—v)/cg Jrec‘4(|ac+t)3w> :
(2.12)

where

Glgin(z) = / Cile — y, ) (v)dy,
R

REMARK 2.1. From Theorem 2 in [10], we can find that when the initial function
is the microscopic one i.e. it satisfies P1gin = gin,

for |z — u't| < 2)st,
2 z— N2\
|@Lgin(2)ll = O0) gl (Z Goir+ (14 ) e_(w)/q) |
i=1
(2.13)

2.4. Existence of the boundary layer. The boundary layer problem is given
to be

E'F, = Q(F), (r,€) € RT x R3,

Fle=0.150 = Fo(€), (2.14)
F— M(¢)(z — o0).

We have already known that the existence of the boundary layer depends on the
Mach number M. Set

0, Me (—o0,-1),

1, Me(-1,0),
n+ =

4, M€ (0,1),

5 Me(1,00).

THEOREM 2.2. (Theorem 1.1, [6]) Let M # 0,1 and 3 > 5/2. Then there exist
positive numbers €, ey, €1 and a C* map

U LA(RE, 57 (0,€)Ekde) — R, W(0) =0,

such that the following holds:
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Suppose that the boundary data Fo satisfy

IFo(€) — M(€)] < eoaa 2 (0, €)e—TCOME (¢),

where d(x,€) is given by

5 (2, €) = 5(6z +1)555 <1 o (%))
+ (e +96°) 7 ()

where n : [0,00) — R is a smooth non-increasing function, n(s) =1 fors <1, n(s) =0
fors>2, and 0 <n < 1. The constant § is small enough while | is sufficiently large.
Then, the problem (2.14) admits a unique solution F in the class

F(.6) ~ M©)| < @10 * (&, §)e T @OME(9), (2.15)
if and only if Fy satisfies

W(e= 7 OOM7E (§)(Fo — M) = 0.

3. Construction of the Green’s function for IBVP. Suppose f and f are
the solutions of the following equations respectively:

fit e =LE+Q(F), (2.t,€) €ERT xRT xR?,
f(x707£> = WO(I 5) + )

f(07t7£)|§1>0 = fb(g)a

ILHI f({E,t,f) =0,

&, = LT+ Q(F), (2,1,€) e RT xR x R?,
?(07t7§)‘£1>0 =f(¢), (3.2)
lim f(z, &) =0.

where
Lg = 2M~#B(M,M%g), Q(g) =M *B(Mig Mig).
Set w = f — f. Then the equation for w is

we +Ewy = Lw + Lyw + Q(w),  (2,t,¢) € RT x RT x R3,
W(SC,O,&) :W0($7£), (33)
w(0,t,€)[¢159 = 0,

where

L.w =2M"2B(M2f, M2 w).
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The Green’s function Gp(z,t,&,&s;y,s) for the initial boundary value prob-
lem(IBVP) is given by
)Gip +£'9,Gip — LGy =0, x>0,t> s,
Gin(@,5,€, &y, 5) = 0(z — )8 (€ — &), (34)
Gib(07 ta 57 f*a Y, 8)‘§1>0 = 0.

We can prove that G (z,t,&, &y, 8) also satisfies the backward equation

—05sGip — £10,Gp — LGy, =0, y>0,s <{,
Gip(2,1,€,659,1) = 8(z — y)8°(€ = &), (3.5)
Gip(,t,£,64;0,8)|e150 = 0.

Another fact is that G (x, £, £, €45y, 8) = Gip(z,t—5, €, &5 y,0). Thus we will consider

Gip(x,t, &, &s; y) for convenience of presentation. From (3.5), we get that the solution
w(z,t,&) of (3.3) can be represented by Gip(x,t, &, &5 y)

w(z, t,€) = /O /R G, € € y)woly, &) 6wy

+ / / Gin(z,t — 5,6, 6019) [Low + Qw)] (3, 5, €. )dEodyds.  (3.6)
0 0 R3

It’s obvious that if we get the estimate of G (z, ¢, €, & y), the estimate of the solution
w(z,t,&) is obtained.
To construct the Green’s function Gy, (z,t, &, &« y), we deal with the linear prob-
lem first.
hy +&th, —Lh =0, (2,t,6) € RT x RT x R3,
h(x70a§) = ho(x,é., Z)’ (37)
h(Oa ta §)|51>0 =0.

Here, the initial function ho(z,§; z) is a bounded function with a compact support

o), |z—z<1,

3.8
0, |z — 2| > 1. (3:8)

0+ el hot, &) ., = {

With the Green’s function G;(z,t,&,&) for the Cauchy’s problem, the solution
h(z,t,£) can be represented to be

ot = [ [ G-t € €omoly. € ) dy

t
+ / Gt — 5,6 €)EWN(0, 5,€,)dE. ds. (3.9)
0 Jr3

3.1. Energy estimate. Since the representation (3.9) needs the full boundary
information, we will use weighted energy estimate to get h(0, s,£). The weight function
is defined by the following method:

Let  : [0,00) — R be a smooth non-increasing functions, n(s) = 1 for s < 1,
n(s) =0for s >2,and 0 < n < 1. For x > 0, set

o(@8) = =3e + )7 (1 - ((1 iﬁgnl)) N ((1 ix@)l) |
(3.10)
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Denote g = he®®. Then g satisfies
g +&lg, —cflo,g — eTLeUg =0, (v,1,€) € RT x R x R?,
g(,0,¢) = e“ho(z,§), (3.11)
g(07t7§)|€1>0 = 0)

For later use, we introduce several lemmas. The following lemma comes from
straightforward calculation.

LEMMA 3.1. There exists a constant ¢ > 0 such that

(1 + [¢)) 7+ (2,€) € 2,
00(2,6) = { —ed (L+ )™ + G+ 0757 ) (0, € %, (3.12)
—3% (G 1) (2.6) € O,

where

Q= {2,z +1 < A+ [T}, Q= {(z,0x +1 2201+ [¢)° 7},

Qp = {(2, )I(1+ [€)*7 < dz+1<2(1+[¢])> 7}

Furthermore,

(3.13)

17'771

0
|02z (2, §)| < {0(51' + 1) (z,8) € A UQ3.

LEMMA 3.2. There is a constant €9 > 0 such that for 0 < e < ¢y and g = P1g,
—(g, 0, "2e ") Lem @ o 2g) > 1y (v([€])g, 8), (3.14)

for some positive constant v1 = v1(€g).

The proof of Lemma 3.2 is similar to that of Lemma 2.2 in [6] and Lemma 2.2 in
[19].
Consider

0= / (8,8t +&'ge — e€lo,g — e Le ““g)da
0

1d [~

1 o — €0
=-— [ (ggdr—=(g&e) 0+ / (g, —€¢'o.g — e Le ““g)dx. (3.15)

From Lemma 3.1, we get

(Pog. ~€'0.Pag) = [ o (1416} 7 + (60 + )73 ) gPog Pogil

Qo
N 109 1y
+ [ o1+ €] lﬂgpoflpogdf‘*‘/ ﬁ(&“‘l) 7= gPo¢ ' Pogde.  (3.16)
Q Qg 9
Since Pgg has exponential decay in & like 6*0‘5‘2, for [ suffi-
106 —
ciently large, the integral /SL((SIE + l)_é—ingoflPogdf has the
Q397
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106 —y
same order as /%((ﬁ + l)_éngoﬁlPogdg while the value of
R3 O — 7
-y
[, 0L+ [€1) 71+ 7gPog Pogde + [, 8 ((1++ €)1 + (6 + )75 ) gPo&!Pogd

is sufficiently small. Thus

(Pog, ~€'0.Pag) = [ o (1416} 7 + (60 + )35 ) gPog’ Pogil

Qo

106
+ §(1 4 |€)) "M gPo& Pogde +/ —
Q R3O —

> C(6z + 1) 5 (Pog, Pog).  (3.17)

(8 + 1)~ 57 gPo& Pogde

The dissipation on the non-fluid part which comes from ge®®Le g can be es-
timated as follows. By using the exponential decay of g, we have the following two

cases.
Case 1. When 2(1 + [¢)>77 < §z + 1,

|LePog(©)] < [ZPog(€)] + (K — K)Pog(€)|
< Cem TP IPog| ;. (3.18)

=0+ (Ke = K)Pog(&)dé.

/2(1+§*|)3”<5w+l
Here, L = e““Le ™" and K, = e““ Ke™ .

Case 2. When 2(1 + |¢[)377 > 6z + 1,

2
PogLcPogdé| < CeCrH0 ||Pog|7, . (3.19)

/2(1+E)3725m+l
Thus, (3.18), (3.19) together with Lemma 3.2 yield that

—(g,e““Le”"g) = —(Pog, e“ Le”“"Pog) — (Pog, e Le™“"P1g)
7<P1g, 660L6760P0g> — <|:>1g7 660L6766P1g>

a2
> —Cemcl0n ||Pog||ig + Crvi(Pig, v([€))P1g).  (3.20)
From (3.17) and (3.20),
e(g, —€'00g) — (g,¢"Le™g)
1
> €(1 = Ve)(Pog, €' 04Pog) + (1 — —=)(P1g, €' 0.P1g)

e
— Cem 0D (Pg Pog) + Cun (Prg, v(|€])P1g)
_1-v 1
> Ce(0x + 1) 3 (Pog, Pog) + Cvi(P1g, v(|¢])P1g) — e(1 — $)<P1g, ¢, P1g)

> Ce(dx + 1) 5= (Pog, Pog) + C(P1g, v(|€))P1g). (3.21)

The last step comes from Lemma 3.1 which shows that |o,| is bounded by C(1 +

(3D
(3.15) and (3.21) yields that

o0

d [ 1y
G| e ieiee ot oc [ (@) Fagar<o. (322
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To gain the decay in ¢, we still need more information. Set

_m

g1:0;§ga gQZU;lgv "'agm:(jz?ga
Then g,, satisfies

0i8m + E100gm + %%élgm —efloygm — U;m/zewLe_wJ;"/ng =0. (3.23)
x

By a straightforward calculation similar to Lemma 2.5 in [19], we can find

e 22260 < 21 (1604075 P Posn) + Prion(€DP1E)) - (320

where €; is small enough when [ is sufficient large. This inequality together with
Lemma 3.2 results in

d [ o0 1y
7 (gm,gm>dﬂc+<|§1\gm,gm>flw:o+c‘e/ ((0x+1)" 377 g, gm)de < 0. (3.25)
0 0

— o0 —
Since o 1| > C((Sm—i—l)f%’ / <(5x+l)7%g,g)dx > 0 and {|€|gm, gm)—|z=0 > 0,
0
we have
d [ 1
2 | (&8ldr < (¢ g,8)- |o=o, (3.26)
0

d [~ 00 -
G | temenlde s Ce [ (or 4 ) Fgugndn <o @21
0 0

Introduce a function F(t) constructed in [19],

_ m! m > m! -1 (m—-1) /OO
A = 0+ 0" [ g+ e 00 [ ggds
| 0 | o0
b 1) [ ggde+ e [ gmgnlde. (328)
0 : 0

It’s straightforward to obtain

d

ZF(0) < ~(1+0"(E g, 8)|oo.

¢
Thus, F(t) +/ (14 5)™(|¢" g, &) _ |s=ods < F(0) which implies that there exists a

0
constant ¢, . > 0 such that

t [e'e]
/ (1+5)™(|¢ g, 8)—|e—ods < cm,e/ (8m> 8m) |i—odzz. (3.29)
0 0
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3.2. Estimate for the linearized problem. With the full boundary data, we
can study how it propagates into the interior region through the integration

t
0= [ ] Gilot - 5.6 600,56 )ds.ds. (3.30)

Similar to the decomposition of G in [13], the Green’s function G;(z,t,&,&,) for
the Cauchy problem can be divided into singular parts and nonsingular part

Gilw,t,€,&) = 0" (@ — €)% (€ — & )e " it (@, 1, £, &) +12 (2, , €, &) +r(@, 1, €, &),

(3.31)
where
K(£,€+) E ) e V(O t—t)—v(&)t (z — &) (z — £4) < 0
jl(l',t,g,f*) = 51 . - (332)
0, otherwise,
x — &M
where 0 S t1 = ﬁ S t, (333)
[12(2,,€,6)] < Cem U Dle g |7 (1 + €D, (3.34)
(x— N0\ "
e, )1l 2 = Z\/ﬁ( + 1 : (3.35)
_Cx’Y

Here the decaying rate e comes from the following discussion. From (3.33),

|z = [€1(t — t1) + &xta| < JE|(E — 1) + |t (3.36)
When ¢ —t1 > t1(ie. t —t; > 5), if |[€](t — t1) > §|&ta,
V€t —t1) + (&)t > vo(t + [€]7(t — t1) + [§4]"t1)
> (i + e[ (= 1) + 5 (3)IE") > Ot + lal). (337)
Thus
e MO t—t)—v(E)t < Cp=Clttlzl")

If |¢](t — t1) < $|&|t1, then |¢] > 3¢, Since

[K(&, €] < p(f’g*)e*CHfR*\fJﬂ < p(&f*)efcm*\%cm?’

thus we have

v(€)(t —t1) + (&)t

> ot 4+ 10— 1) + 6T [P+ [6) = vt + 2

i I 2 Ol e

(3.38)
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The case when t — t; < t; is similar. As a result, we get the decaying rate e~ ¢*" .
According to (3.31), I(x,t,&) can be decomposed into four parts
H(Ia t7 g) = HO(:Ca t, 5) + Hl (ZL', ta 5) + HZ(Ia t7 E) + R(:L', ta 5) (339)
For x,t > 0,
]IO(xa t7 g) =0
t
Ii(z,t,&) = / /3j1(x,t —5,6,6)€E0(0, 5, &) dEds
0, JR
t
: 3.40
neee) = [ [ Pee-seegnoseeas 0
0, JR
t
R(z,t,s,&) = / / r(x,t —s,&,€)€E0(0, 5, &, déds.
o JRr3
From (3.40),
L (z,t,¢)
_V(f)(t_s_tl)_’/(f*)th(g &)
. fif(O, 875*)d£*d57
/ -/(m —e1(t—s)) (z—EL(1—5))<0 £t ¢l
(3.41)
where
z—&(t—s)
In the special domain for integration, ‘51 — &1 has a non-zero lower bound:
1
1_1>|$*§(t*5)’: r 3.43

We divide the domain {(&.,5) : s € (0,t), (x — EL(t — 8))(z — £L(t — s)) < 0} into
two regions:

= {(6005) 15 € (0,000 = 0= sl - €hie - 9) <0.]€ - €] > e},

o = {(€.9) 5 € 00). (0~ €0 = (o - €Lt —9) <0.J€ €l < gl |

and denote

J(t—s—t1)—v(&)ta
I; = //H1 — K(, 5*)§ih(0,s,§*)d§*d87

Y(t—s—t1)—v(&)tr
hiz ‘/ /H — ¢l KEE) e1h(0, s, 6. )de.ds.

Then

|H1(l‘,t,€)| < |H11($7t7§)| + |H12(I,t,§)| . (344)
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2

e~ V(€ (t—s—t1)—v(&)t
L (2,1, )2 (;/°/£1 — KE, 5*)fih(o,s,5*)d5*ds)

*V(i)(t s—t1)—v(E)tr e

eV Far ”“”h|K(§a;ﬂ
</ /H el £:h%(0, 5, &)Id«f*ds) . (3.45)

cllgl®—1g«1?|
After a straightforward calculation, we can find that K€&er = " o 11 whene
NG &

is sufficiently small. Thus

_u(f (t—s—t1)—v(&)tr )
// ITE |K (fyf*)f*wf*ds
Hi 5 |2

eellE1? =161
// —vo[(t—s)+|z|7] ‘K(f |§£1) ; |7 & | f*ds < Cefc'\m\'y. (346)
Hi *

€12 —[Ex]2
The L' property of %\/%g” together with (3.45), (3.46) and (3.29) yields
that ’

t
/ ]Ill(x,t,f)zdf < C/ e vo(t—s+lz|7)
R3 0

C(l +t) m —y0|gc|‘f/ <€EJ(I’£)U;m/2($,§)h0,eea(z’E)O;m/2($,§)h0>d$
0

1 ? d
€Tn(0,5)], ds
<O 411+ z)"me ol (3.47)
and so
Iy (1)l 2 < CLA+H)™™2(L 4 2) 7"/ 27117/ (3.48)

In the domain Ha, |€!]—|¢1] < [¢1 =&} < $|€X] = |€}] < 2|¢!]. Since K gains decaying
rate in £ variable,

e~ V(E)(t—s—t1)—v(&)t 1
Ho |2

€t — &}
ottt lal 2|¢1
g/ o—volt—stlal >%ds
{s]s€(0,0)N|z—€ (t—s)|<1} |z — &1t — 5)|
+/ emlt—stle) 1
{sls€(0.t)n[z—€1 (t—5)[>1} |z — &Mt —s)|2

7u0|w\le| S
o — €1t - 5)|?
e*l/o(tfs‘l’kr"y)ds < Ceiyo‘x"y. (349)

< / e
{sls€(0,t)N]z—& (t—s)|<1}

)
{sls€(0,t)N]z—£* (t—s)|<1}
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The L' property of m (55 ‘) together with (3.49) yields that

a2z, )l 2

_ e~ V() (t—s—t1)—v(E)t1 K K(E, ) . )2 1
e V(@ (t—s—t1)—v(& )tl
e de.d
<// B V(g*)h'K(f f*)||§1h2(0 5, €| dS) df)é
,£1|— * 999 Ok %

sl et e K( £,) )
volel 1,2
(/]1{3 //H2 _ 5*‘, |€*h (07875*)|d§*d5d§

g C(1+1t)"™21 4 2)"™/2e~12I"/C " (3.50)

Nl=

From (3.48) and (3.50),

I )l 2 < T (2 )2+ a2 < CO+6) ™2 (142) 72671/, (3.51)

Since j? doesn’t contain the strong singularity @ and only contains an inte-

grable singularity @ It also gains decay in £ variable. By direct computations,

(AEI

t
<C (/ o volt=s+lal")
0

rp doesn’t contain any singularity while contains extra decaying rate in £. Thus
from (3.29) and Schwartz inequality, we get

t3 (@ =Nt —9)>\ "
||R(x,t)||L§SC/O ;m<1+ T+i—s > H\/@h(O,s)HLgds
3 1 (.T*)\it)2 —m ,;2 -m/
<03 e (1 5 B

(3.51), (3.52) and (3.53) results the estimate of the function I(z,t):

2\
VIO, d5) < 01212yl
3
(3.52)

.z = | [ @t = g0, 500

L
3 _ ; m—2
1 ((E — Ait)z) T —m/2
<C 1+ — 1+ m/2(3.54
<O ( Tt SRR
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This together with (3.8) yields the estimate of h(x,t, &)

el <[ [ [ 6o =t € ot )y

2
Lg

/t/ Gl(x7t_85675*)§ih(0757£*)d£*d8
0 JR3

1 (x — 2 — \it)? -
<C 1+ —F
<oy = (v )

. )Q)min{N,'"uQ}

"

2
L&

(14 2)"™/2. (3.55)

3.3. Special initial data. For the Boltzmann equation, when the initial func-
tion is a microscopic one, i.e P1hg = hg, the solution will gain extra decaying rate.
We still suppose h(z,t,£) satisfies (3.7). The initial function is also a bounded one
with a compact support. The only difference is that we add an additional condition
P1ho = hg. Then repeat the same progress in Section 3.1 and 3.2,

el < [ i = v 0Pt )

2
LE

t
// Gi(z,t — 5,&,6,)E(0, 5, €, )dE ds
0 R3
3

1 (x — 2 — \t)? N
§021+t<1+ 1+t )

=1

"

2
Lg

m72}

3 oy 2\ —min{N, g
+CY L (1 Gt )
=V 14+t 14+t

(14 2)"™/2. (3.56)

3.4. Construction of the Green’s function for IBVP. The Green’s function
Gip(x,t, &, &4 y) is given by (3.4). Decompose it into several parts

Gib(x,t,§7€*§y)

=G, t,& Eay) + G (2,1, 6, & y) + -+ GF (a1, &, 6 y) + G’"(ﬂcvt,&&*;(y)- |
3.57
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This decomposition is obtained by Picard’s iteration:

(0 + €10, +v(€)G® =0,
G%(,0,¢, & y) = 6" (z — )3 (€ — &),
GO(07t7£7€*;y)|51>0 = 07

(0 + €10, + 1v(€))G = KGO,
G1($,0,€,§*;y) =0,
G1(07t7£a§*;y)|51>0 = 07

(0 + €10, +v(6))G* = KG',
GQ(%O?&&;Z/) = Ou
G2(07t7£7§*;y)|51>0 = 07

(0 + €10, — L)G" = KG*,
GT(I’ O’ 57 g*;y) = 07
Gr(07t7£7§*;y)‘£1>0 =0,

325

G*(k=0,1,---) can be obtained by direct computations. Since K gains decay in

¢ variable,

Go(xatvgag*;y) = 51(.’E -y — fit)(sg(g — g*)e*”(g*)t’

¢
0, otherwise,

G(2,1,6,E0y) = {K(f‘%)e”“)(”””“*”% gt <z < gl

where

1
—y— &Y
0 é“f =5

where 0 < ¢ =

IG?(z,t,€, & y)| < Cem v e — e |71 1+ 1¢)) 7,

£,k—1

|G* (2, t,6059)|| o < CemCUFlvID >3,

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

Consider G". By Duhamel’s principle, the source term KG* can be regarded to
be initial data at time s. It can also be treated as Z]Oil KG*(x)x(x — 25 + 1), where
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x(z) =1 when —1 <z < 1 and equals 0 otherwise. Thus from (3.55), we get

3

1 (@ —j =Nt =)\ "
1m(l+ T+i—s )

1=

||Gr(.’L‘7t,£*; y)HLg
LEL

t
S /
0
) [ 2
(2 — Malt — s>>2>‘””"{N’ )

3
1
+E — | 1+
i_1\/1+t—5( 1+t—s

(1+5) =172

.Ze—C(s-i-\j—yI”)dS
j=1
-N
1 (x—y— Alt)2>
<C 14
<0 VI+ti < 1+t

(k=4
3 Y2 —min{N, 1_1 }
+cy ! (1+ (@ — At )
2 T [

(1+y) 52 (3.63)

hodq_
where [a] = sup{b|b < a,b € Z}. Choose k such that % > N. Thus
b

1 <1+<x—y—xit>2>‘”
V1+t L+t '

Then (3.57), (3.58), (3.59), (3.61), (3.62) and (3.64) result in

3
r . , < .
IG" (. t,659) 2 < C; (3.64)

2

3
Gap(w,t.659) — Y G (z,t,65y)|| <O
i=1

Jj=0

1 1+(x—y—)\it)2 N
VI+t 1+t ’
L2

g
(3.65)
4. Coupling Waves. We shall introduce some integrals which will be used in
the following chapter. Denote

| (x — €Yt —8) — \;8)? -
Ar(z, t, &N = 1 J —vOE=s)gs (4.1
1(!17 75 ]) /O \/m ( + 1+s > e s ( )

Ag(,t,§5 A, A1) E/
{sls€(0,t),x—&L (t—s)E(Ars,Akr18) }
e~ (E)(t=s)
V(e =t —s) = As+ 1) (Agg1s — o+t —s) + 1)

forj=1,2,3 and k =1,2.

ds, (4.2)

LEMMA 4.1. For x,t > 0,

N 11 (z— 02\ Y
Al(x,t,f,)\j)gcy(g)m(l-i- o ) , (4.3)
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forj=1,23.

LEMMA 4.2. For x,t > 0,

1 3 1 (_'L'—)\it)g -
Ao (z,t,& Mg, A1) < V(g Z t+1( 1+1¢ )

i=1

1
for x € (\it, Ast),
+CO— Z < /=Nt + D)(J& — Aegat] + 1) (at, Ast) (4.4)

V(g) O for x € (0, A1t) U (Ast, 00).

fork=1,2.

Denote

Lo (w—y—M(t—s)2\ "
. . . E 1
Jl(m;t,)\z;)\J) /0/0 t8+1( + 1+¢t—s >

—N.
1 (y =29\
— 1l dyd 4.5
S+1( T, yds, (4.5)

e (r =y = Nt=s)?\ "
JQ(xat;)‘ja)‘k)a)\k:-‘rl) = 1+
0 Japs+yvsFr t—s+1 1+t—s
1

(ly = ksl + 1)(Jy — Apsas| + 1)

—Ny —y— N\t —5))? M
Js(@,t: M, Ay // Aty (), @y = Al S))>
t—5—|— 1+t—s

1 (y— 52\
. 1 4.
s+1( y Uz dyds, (4.7)

R (@—y—Nt—s)*\ "
Ja(@, 6 N g, Ay A1) = 1+
0 pstvart  VEi—s+1 1+t—s

dyds, (4.6)

1
(ly = ksl + 1)(Jy — Aesas| + 1)

tope g (z—y—N(t—s)2\ "
Tifa.t: 2 /0/0 t—s+1< * 1+t—s >

—Cey” —A\:s)2 —N»
f/m (1+(y1+f)) dyds, (4.9)

e SN (x—y =N (t—9)*\
JQ(xat; )‘j7>‘k7>‘k+1) = I+
0 Aks+v/s+1 t—3+1 1+t—8

_ v
e Cey

0y = s+ Dy — Meras] + 1)

dyds, (4.8)

dyds, (4.10)
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1 —Ny —y— Nt — 2\ —M
Js(z,t; Aiy Ay) // A+ (1, By =t =)
Vi—s+1 1+t—s
. efc'ey"r <1 N (y _ )\js)z
Vs+1 1+s

s—+/s — _N
Tz, t: 05, M ,\,m)z/t/kk+1 T4y ™ <1+ (x—y—Ai(t—s))2> '
R 0 Jaes+veFr  VE—s+1 l+t—s
efCey'Y
V(Y = Aesl+ D (ly = Apgas[ + 1)
fori,j =1,2,3 and k = 1,2. Set N = min{Ny, Na}. Then

LEMMA 4.3.

—N»
) dyds, (4.11)

dyds, (4.12)

3 —N
At ) Sczm (”( 1+is) )

2
1
fOT’ T € (>\1t,)\3t),
; |x — N+ ) ([ — At + 1) (4.13)
0 for @ € (0, A1t) U (Ast, 00).
fori,j=1,2,3.
LEMMA 4.4.

1
€ (\it, Ast),
+C Z%Ix—AltH D oD e b Aty

0 for z € (0, \1t) U (Ast, 00).
forj=1,2,3 and k =1,2.

3
J (QL‘ t )\Ja)‘k7)\k+1 S Z

LEMMA 4.5. When Ny > No + 2,

1 —A)2\
J3(z,t: M, \j) < C (1 + M) (4.15)
fori,j7=1,23.

LEMMA 4.6.

1
€ (Mt Ast),
e Z\/|(L'—)\lt|+ (e — Nt + 1) Jora e Mt Ast), )

0 forx € (O, >\1t) ()\3t, OO)

3
J ((E t; >‘J7)\k7)‘k+1 S Z
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forj =123 andk=1,2.

LEMMA 4.7. There exists some constant C > 0 which depends on ~y such that

1 (z — N2\ "
. . . < .
Ji(z,t5 M, A5) < C\/H_i1 (1 t 1 ) ; (4.17)

fori,j=1,2,3.

LEMMA 4.8. There exists some constant C > 0 which depends on vy such that

1 (z—A\t)2\
Ja(, 15 Ajs Ao ) < C g (1 I (4.18)

forj=1,23 and k =1,2.

LEMMA 4.9. When Ny > N, there exists some constant C' > 0 which depends
on vy such that

— )2\ Ve
Js(@,t; 0, 05) < C +W) : (4.19)

1
— (1
\/t+1< 1+t
fori,j=1,2,3.

LEMMA 4.10. There exists some constant C > 0 which depends on v such that

1 (@ —x0)2\ ™"
m(u o ) (4.20)

Ja(x, t; N, Ay A1) < C

forj =123 and k=1,2.
We provide the proofs of those lemmas in the appendix.

5. Nonlinear stability. With the estimate for the Green’s function
Gip(x,t, &, & y), the representation (3.6) and the assumption on the initial data
WO(xug)

[wo(, €)| < ge~Clal=CIel, (5.21)

3 —N
1 (m—/\it)Q)
<A 14
h Ogi;\/ut( 1+t

/0 RSGib(%t,&&*;y)Wo(yvﬁ*)dﬁ*dy

where ¢ < 1, we find that there exists a constant Ay > 0
(5.22)

To deal with the linear coupling term and the nonlinear term, we make the fol-
lowing ansatz

! (1 G )\if)2)_N
V1+t 1+t
1
+Cos { & =M+ Dl = dat 1
0 for = € (0, \1t) U (Ast, 00).

3
Iwe, )] < Cos 3
=1

2

for x € (/\ﬂf7 )\325),

(5.23)
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3 —N
1 (.’E — )\zt)2
)t x < C _ 1+ —
”W(Sﬂ )”Ls,s = Ga¢ ;:1: T+t ( 1+t >

2
1
for x € (/\17f7 )\3t),
+ Ci¢ ; V(z =Nt + D) (Jo — Ngat] + 1)

0 for z € (O, /\11‘5) U ()\325, OO)

(5.24)

for some C' > 0, Cy > 24y and C7 > 0. Then Lemma 2.3 yields that I'(w) and L,w
can be controlled by

QW1 < ClullehwiEs < 023 A (14 G0N
Lg— Lg_ §i:1\/m T

2

1
for x € (A1t, Ast),
+C6? ; (lz = Mt] + 1) (|2 — Ngat] + 1) (At Ast) (5.25)
0 for = € (0, \1t) U (Ast, 00),
IZewlzz < € (I(€hwlz [v(€T )
3 -N
—elz|? 1 (.’L‘ — )\t)2
<C elz|”/C (1 2 )
=TT ;\/1+t MY
2 1
—elz| for x € ()\115, )\3t),
+ Cree™ MO8 = e — N[+ D) ([z — A ] + 1) (5.26)

0 for = € (0, \1t) U (Ast, 00),

for some C > 0 independent of ¢ and 7.

From (3.6) and (5.22), we just have to prove the following inequality to verify
ansatz (5.23)

t (%)
/0 / | (.t = 5.6,€y) [Low + Qw)] (5. 6. dedyds

L
3 -N
Co 1 (CC — /\it)2
< — 1+
2 1
C for z € ()\1t, Agt),

+ 558 S Vz = Nt + D(le = At + 1) (5.27)

0 for z € (0, \1t) U (Ast, 00).
From our experience, the algebraic decaying rate H% of G;P; plays an important

role in closing the nonlinearity in the initial value problem. We also know that for
G;»P1 one can not get such a global decaying rate. Fortunately, we get extra decaying
rate on the spatial valuable for G;;,P;. From (3.56), the algebraic decaying rate of

GuP1is 5 + % Thus we substitute (3.56) and (5.25) into the nonlinear term
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to get:

Gib(gjv Y, t— S)Q(W)(ya S)dyds

L
zb x yv )PlQ( )( ,s)dyds
Lg
L iy (@—y—Nlt—s)?\ "
<
Lt
- )2 —2N
1+s 1+s
Akt15—vs+1 1 1 —Ny
+ngzz// (1+y)
Aks+v/sTT t—s+1 (t—s—+1)

k=1 j=1

(L%@—y—M&—$F 1 s

Ny
l+t—s > (ly = Arsl + 1) (ly — Aes1s[ +1)

3
<O | D (Nl@t A, M) + Js(x, 1500, 05))

i,j=1

2 3
+ 3> a0y, A Agn) + Jal@, 5 A5, M M) | - (5.28)

k=1 j=1
For the linear coupling wave, we’ll fix (x,t) and use the backward Green’s function.

By a symmetry consideration, one has

B 1 (1+2)~M
IWM%%P*WHQ_OM[%w+1 )

(1 B Gt Tt G S))2>Nl . (5.29)

1+t—s
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Thus

zbirya

<chz//

7,7=1

+CT<Z

k=1 j=

S. DENG, W. WANG AND S.-H. YU

L2

zb 7yat - S)PlL W(ya )dyds

L2
€

(1+2)~M

[t—s%—l

(x—y—Ai(t—s))”

o

o <1+($—y—/\i(t—8))2
(y — Nj8)?

1+t—s
—Cey -N
1+ dyds
\/1+5( I+s ) Y

Ak4185—Vs+1 1
-/ -
1Jo Iasrvarr |t ost

(14 z)~M
(t—s+1)

— 2l
e Cey

(1+

1+t—s

N1
dyds
) V(Y = ksl + D(ly — Apas[ +1)

3

2

ij=1

k=1j=1

3
+ZZ (Ja(z, t5 X5, Mgy Akt1) +J4($,t7>\37)\k’)\k+1))> . (5.30)

Estimates

Reference

3
1
n<Cy (1+
l:l Vi+1

Lemma4.3

for x € ()\115, )\3t),

0 for x € (0, A\1t) U

+C Z\/\x—)\ltH—

3
1
J2<sz<1+

Lemma4.4

0 for x € (0, \1t) U

+C Z\/\foltH

for x € (Ait, Ast), (5.31)

J3< C ! (
VS

(LL' — /\Zt)2
141¢

Lemma4.5

3
1
Ja< CZ (1+
= Vit 1

Lemma4.6

>N
1

(ZC — )\lt)Q

D(|z — Xyt +1)
(x—A¢P>M

for x € ()\1?5,)\3t),

0 for x € (0, A\1t) U

+C Z\/\x—AZtH

(.%‘ — )\lt)Q
1+t
D(lz = At +1)
(Agt,oo).
—N:
1+t )
1
(Agt,oo).
>N
1+t
1
D[z = Ayt +1)
(/\3t,OO).
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Estimates - Reference
I < C\/tlJril (1 + (2 1_;\1:)2> Lemmad.7
-~
Jo< C\/tl—i—il (1 + (z 1__’/_\]:)2> 1 Lemmad.8 (5.32)
Is< C t1+ i (1 + (@ 1_:\?)2>_N Lemmad.9
Is< C\/tl—i—il (1 + (= 1__;\]:)2>N1 Lemmad.10

(5.28), (5.30), Table (5.31) and Table (5.32) yield that (5.27) holds. Thus we
justify the ansatz (5.23).

To verify (5.24), we only have to consider

W(I7 ta 6) = 67U(E)two(z - gltv 5)

+ /t e VO (Kw + Lyw + Q(w)) (x — Xt — 5),5,&)ds.  (5.33)
0

Set

| (z—2\t)2\ Y
mw_ZﬁHO+]+t)
1

+ 9= V(lz = Mt[+ 1) (Jz — Mgat[+1)
0 for x € (0, \1t) U (Ast, 00).

for z € (A1t, Ast),

(5.34)

From Lemma 2.2 and the ansatz (5.23),

t
/ e VO Kw(z — Xt — 5), 5)ds

t
< C/ e V(E)(t=9) |w(z — &'t - s),s)HL2 ds
0 0 ¢

3 t 1 2\ —N
1 (33—5@—5)—%‘5)> — (&) (t—s)
<CE 1 v d
- j_1/0 \/s+1( * Cls+1) ‘ ’

2
e /
=1 s (s|z—g1 (t—s)e(Ars Aps19)}
() (t—5)

ds
V(@ =t —s) = Ms+ D) (Agp1s — o+t —s) + 1)

)

3 2
=D A, 1,6 X) + > An(m, £, 6 Mk, Akgr) < Ifg)m,t) (5.35)
j=1 k=1
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Consider
“ lw(x,t)] . eVt |W0(a: — §1t,§)|
o T d) ey Tz, 1)
t
+ 8;1%0 T ,t) e VO Kw(x — £ (t — s), 5)ds
t
T /0 T(;t) e O (Low + Q(w)) (@ — €1(t — 5), 5)ds
Cs Cs
A+ 1+
‘ |T+€ $f|/ YT(@—&(t—s)s)
+b£t (ot v(|€]) T ds. (5.36)

From

t 3 t
1
I @l s)ds =3 [ o
e x s),s)ds
/0 oJo Vst

1 2\ N 2
' (H— (x =& (t—s) = \;s) ) e—y(g)(t—s)ds+z/
C(S + 1) =1/ {s1s€(0,t),x—€ (t—s)E(Ak s, \k+15) }

o (E)(t—5)

V(@ =t —s) = Ms+ 1) (Agp1s — o+t —s) + 1)

3
= ZAl(x’t7£;)‘j) + ZAQ(x7t7€;)‘k7)\k+l) <

ds,

%T(az,t), (5.37)

j=1 k=1 (©)
one has
L, o L= Et—9)5) |
/O O
_ v(§) —u(&)(t—s) 1 s
_T(x,t)/o Y(x— &t —s),s)ds < C. (5.38)

Thus (5.36) and (5.38) yield that

|w(z, )| 20 2C¢
sup

zt Y(z,t) < (1+1€))3 + 1+ |§|7 (5.39)

when ¢, 7 < 1. Repeat the process for another two times. Since the operator K gains
decaying rate in £ variable, we have

wiz,t) _ Cs
P X)) - A+ P

(5.40)

Thus the ansatz assumption (5.24) is justified.
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6. Appendix. Here, we provide the proofs of the lemmas in Section 4.

Proof of Lemma 4.1. Let m sufficient large and satisfy m > % Consider
Al(xvtaé.?A])
Al(xatvgvAj)
t—tw 1 2\ N
—tm 1 _ _ — X\
< 1 / (O /2, —u(€)(t-3)/2 (1+ (x =&t —5)—N;s) ) ds
1+1¢ 0 1+s

t 2\ —N
+/ ) (HW) ds)
t—tm +1
-N
1 / ( (x — Aﬁ)z) € (t-5)/2
< 1+ -—— e’ 2ds
Vi+it ( {sllo—A;s|>2/€"|(t—s) } L+t

Gl s|m  _xOE=9) 1 1 (x — \jt)? N
+/ e~ Cla=Asslm e 7 ds |+C———= (1 N A
(sllz—X;s]<2|€1|(t—s) } v() Vt+1 1+t

11 (z—At)2\
<Crg t+1<1+1+t> . (6.1)

Thus we get the estimate (4.3). O

Proof of Lemma 4.2. The estimate of Ag(x,t,&; Ak, Ag4+1) should be considered in
different regions of x. When Mgt < x < Apy1t,

t—>5logt
Ao(@,t, € Moy Met) < / e O(t=3) g
0

t
4+ / e (E)(t—5) L ds
t—>5logt \/($ — )\kt + 1)(Ak+1t —x+ 1)

1 1
v(€) /(= Mt + D) (Mgyat —x + 1)

<

(6.2)

When z > Agy1t, in the special integral domain of Ag(x,t, & Mk, Adpt1),
0>z =& (t—5) = Apg1s > Aepa(t —5) — €'t — s).

Thus |z — &t — 8) — Agr18| < C|€|(t — s) implies

A2($,t,§; Ak? )\k+1)

1
t—tm L 1 1
</ L 9 gl depslm /Oy < L L et
0

ViF1 v(€) Vit+1

;

When z < Agt, in the special integral domain of Aq(x,t,&; Ak, Akt1),

0<a—&Ht—5)—A\ps < At —s) — &Mt — s).
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Thus |z — &Yt — s) — Aks| < Cl€|(t — s) which implies
Ao(z,t,& A, A1)

1

</”m LT ST S WL e < L1 e (g
~ e S — . . .
0 NES VOVETT

Then we complete the proof. O
Proof of Lemma 4.8. The proof is similar to that in [11]. If \; = A;,

1 1 (a:)\it)Q)_N
7t7)\17A 1+ d
Nl \/1+t\/1+t—s\/1+s< 1+¢ s

N
(.”L'—)\it)Q
< A . (6.5
Cm(* T4t (6:5)
If A; # Aj, suppose A; = 0, A; = 1. Thus when z < vt +1,
1 1 (x—s)2>_N
Jr (2,85 M, \s) 1+ d
(@ \/1+t\/1 t—s\/l—f—s( 1+t y
1 1 22\ 7V
/ co ()"
\/1+ \/1+t—ss/ \/1+t V1+t 1+t
(6.6)

When vi+ 1<z <t—+t+1,let M be a big constant

1 1 (x—s)2>_N
Ty (.85 Mg, i) 1+ d
(= \/1+t\/1 t—S\/1—|—s< 1+t s

</m/M Lot (" 7Nd
e — — S
=Jo 1+t Vits 1+1¢
/t 1 1 ( (z t)2)‘N
+ + ds
t—(t—zym L +EV/1+t—s 1+t

t=(t=a)/M 1 1 (z—s5)2\ "
+ 1+ ds
o/M Vitt/1+t—z/1+x 1+t

1 2\
<C (1+x) +C

_pn2\ N
(1+(x )> o2 L
V1+t 1+t Vitt—zV1+z

Jiri\ T
(6.7)
Whent—-—vit+l<zx<t++vt+1,
1 1 (x — 5)? -
Jr (5 My ) 1+ d
(=, \/1+t\/1 t—s\/l—i—s( 1+t> s
CE | 1 ¢ 1 1
S/ — t_Nds+/ —————ds
o L1+ty/1+s t_\/mlet\/m
t—Vt+1 1 1 a2\ N
+/ 3 (1—1-(3j ) ) ds
t/2 VI+t(1+1t)a 1+t
1 1 1
<C - <C . (6.8)
(1+1t)a Vitt—zV/1+x
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When z >t + vt + 1,

toq 1 1 (@ -5\ "
Ji(z, 15 M, M) = O(1 1 d

b 1 1 (z—1t)2+(t—s2\ "
</0\/1—|—t\/1—|—t—5\/1—|—s<1+ ) ds

1+t
1 (x—1)2\""
<C 1+t(1+ 1+t> . (6.9)

Proof of Lemma 4.4. Consider Jo(xz,t; A1, A1, Ag) first. When & < Mt — it + 1,
0 > z—M\1t > x—y—A1(t—s) holds in the special integration region y € {A;s+v/s+ 1 <
y < Aas —+/s+ 1}. Thus

_ o\ —N1 ot
JQ(x;t;Al,Al, )\2) <C <]_ + W) / 1 log(2 + 8) s
0

14+t 1+t—s 1+s

log?t (z—At)2)
< 1 . 1
_Cl+t< T (6.10)

Similarly, when = > Aot + /t + 1,

(z — At)2\ /t 1 log(2+5)
—_— S
1+¢ o 1+t—s 1+4+s

log® t (z— Agt)2)
<C 1 . (6.11
i ( T (6.11)

JQ(«I,t;)\l,)\l, /\2) S C <1 +

When Mt ++vVt+1 < x < Aot —+/t+ 1, the discussion can be divided into two

cases.
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Case 1: Mt +vVEt+1 <z < (A +A2)t/2. Set 79 = i;)‘)l\f,

Jo (2,5 A1, A1, Ag) < (/ /)

/Mé_ " (1+ (w—y—/\1(t—8))2>Nl
A1s+vEFL t—5+1 1+t—s

! dyd
S
(ly =Ml + D(Jjy = das| + 1)

S/“’ 1 Ly @ = des = Xi(t—5))? M log(2 +5) ,
o l4+t—s 1+t—s 1+s

t
A VI 2
To yE(A1s+Vs+1,Aas—Vs+1)N{|lz—y—A1 (t—s)|<(t—s)3 }

i
YED s+ VaTT Ao s— s+1)ﬁ{zy)\1(ts)|>(ts)§}>
1

oy )2\ M
1 <1 (x—y— (¢ 5))) dyds
+1 1+t—s (ly — A1s| + 1) (Jy — Aas| + 1)
1 log(l+1) ds
14+t z— Mt \/1+t—8(.’L‘—)\1t+ )(S(I—)qt—f')qs—)\gs—f'l)
+/ (1+@ )l)_Nﬁ1 L
—_— — )3 s
o \/1+t—s svs+1
< 1 logt Py
Va2t + Dot —z+1) (v —Mt+1)VE
1
<C . (6.12)

VE =Mt + Dot —z +1)

Case 2: (A1 + A2)t/2 < x < Aot —+/t + 1. Then 79 = i;)‘)l\f =0(1)t,

ot—x

70— 3(%2 1) 1
Ja(x, t: A, A, Aa) < 14¢t—s) Mty
2(2,t; A1, M 2),/0 (1+t—s)1/2(1+5)3/2( +t—s) s

[ ORI I V)
o Aat= \/75—7'083/2 1+t—s

3(A2 >\)

t
A VR z
T0 yE(A1s+Vs+1,Aas—Vs+1)N{|lz—y—A1(t—s)|<(t—s)3 }

T
yELs+V5FT Azs— s+1)ﬂ{x—y—)\l(t—s)|2(t—s)§}>

1 —y—A(t—s)2\ ™" 1
<1+ (r —y =Mt —3)) ) dyds
t—s+1 14+t—s (Jy = Ais| + 1) (Jy — Aas| + 1)
sy 18t s ! :
- (Aot —z + 1)t T V= t+ D)t —x+1)

(6.13)
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Thus the estimate (4.14) holds for Ja(z,t; A1, A1, A2).
The estimate of Ja(z,t; A2, A1, A2) can be obtained similarly.
Next we’ll consider Ja(x,t; A3, A1, A2). When @ < At — v/t + 1,

7N1 t
(x — \t)? / 1 log(2+s)
J. A3, A, ) <C (14— d
2(3777 35N\, 2)— ( + 1+¢ 0 1+t—s 1+s 5

log?t (x —\H)2\ "
< 1 . .14
s¢ 1+t < + 1+1¢ (6.14)

When 2 > A3t + vt + 1,

(z —Agt)2\ ™ /t 1 log(2+s)
. < 14 =27
JQ(.Z‘,?f,)\g,)\l,/\Q)_C< + ].-l—t o 1—|—t—s 1+S dS

2 a2\ M
<clos’t (14-($ Ast) ) . (6.15)

1+t 1+t
When A\t + i+ 1 <z < Xt —VE+1, 70 = 3255 = O(1)t,

t—x

J(tA)\/\)</Toaazm :
20T, 15 A3, A1, A2) S 0 (1+t_8)1/2(1+8>3/2

+/% = 1+Kx*Aﬂ*C%*Aﬂ@*SD2_Nﬁ1
aptme T 7053/ 1+t—s

__Af2t7®
07 32—

(1+t—s)"MHlgs

t
A Vo z
To yE(A1s+Vs+1,Aas—Vs+1)N{|lz—y—Az(t—s)|<(t—s)3 }

+ / 2
yEA1s+Vs+1,Aas—Vs+1)N{|lz—y—A3(t—s)|>(t—s)3 })

oy — N2\ M
1 (1 N (x —y — A3(t —5)) ) 1 dyds
t—s+1 1+t—s (ly — Ais| + 1) (Jy — Aas| + 1)
< $73/2 4 4=3/2 logt ~3/2
= @Ml Dot —z+1)
1
<C . (6.16)

V(e =Mt+1)(Aat —z+1)

When Mt +Vt+1 <z < Mgt —Vt+1, 19 = i;t_j\f, T = % Case 1: Aot +
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\/t+1<$<()\2+)\3)t/2,
Jo(,t; A3, A1, A2)
0 1 t 1 — 1y — \a(t — 2\ — M
UL L) (™)
0 o n) t—s+1 14+t—5s
1

(Iy = Aus[+ 1)(Jy — Aes| + 1)

</T0 ! <1+ (x—/\ls—)\?)(t—S))Q)NlHds
“Jo V1+t—ss3/2 1+t—s
t - N i 2\ —Ni+1
+/ 1 (1+(x Aas — As(t s))) ds
n V1I+t—ss3/2 1+t—s
m 1 1
+/TO Vitt—s(@—2A3(t—s)—Ais+1)(Aas—ax+ A3(t —s)+ 1)

(14 (t—s)'/8)~Ntt

ds

T1 1
b
o V1I+t—ss3/2

1 1
AR L R ——— T .
- (Mgt —x + 1)t T V(@ = t+ D) (At —x+1)

(6.17)

Case 2: (A2 + A3)t/2 < x < Agt —/t+1,
JQ(xat;)\L’n)‘la)\Q)
S A AN (x—y—Aalt=5)*\ "
= 1
</0 +/To +/n>t—s+1(+ (R )
1
(ly = Avsl+ D)(ly — Ags[ + 1)

T log(l + s) (z — s —As(t—s)2\ ™
S/0 (1+t—s)(1+s)<1+ 1+t—s ) ds

L log(l+s) (z = Aos — Ag(t — 5))2)
+/ﬁ(1+ts)(1+5)(1+ T+i—s ) ds

i 1 1
Jr
/TO ViFt—s(@—A3t—35)—Ms+1)(Aas—x+ A3t —s)+1)

(14 (t —s)'/3)~Nit1

ds

T1 1
Iy
o V1I+t—ss3/2
1 log(1+t)  log(l+m) log(1+1t) Y

Vidst—az+1 Vin (st — 2+ 1)V2

<C ! (6.18)

T V@t D)st—a 1)

<

Thus Jo(x,t; Az, A1, A2) also satisfies (4.14).

By a similar computation, we can find that (4.14) also holds for k& = 2. Therefore
we get the lemma. O
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Proof of Lemma 4.5. When |z — \;t| > T+ 1,

J3(l’,t, )\ia )‘j)

_ t 1 1 (z—Xjs— Nt —s))? - N
_OQXA\ﬁ+tsvT+s(1+ T i-s ) (L+s)""ds
| 1 (x—Ni(t—s))2) "2 N
+O(1)/0 1+t—31+8<1+ 1+t—s ) (L)~ eds

1 (x—AJF)N 1 ( (m—AﬁP)N
<C 1 C——— 1+ ———
= \ﬁ+1( S P v

1 (= At)2\
gcm(um) . (6.19)

_N
If |z — Mt] < VT T, ﬁgc(w%) . Thus

t 1 1
J3(x,t; 0, \j) < C 1+ 5)"N2d
ot d ) €O [ 1 0) s
1 (x—AJV)_N
<C <C|14+ - ——— . (6.20
T oOVt+1 T ( L+t (6.20)

Proof of Lemma 4.6. Consider Jy(x,t; A1, A1, Ag) first. When z < Mt — vt + 1,
0 > x—A1t > z—y—X\1(t—s) holds in the special integration region y € {A\1s+v/s+ 1 <
y < Aas — s+ 1}. Thus

(x — Alt)Q)Nl /t 1 L
1+t 0o VI+t—s(1+ )32

1 (xxﬂy>‘M
<C 1 . (6.21
- «/1—|—t< + 1+t (6.21)

Ja(x, t; A, A,00) < C (1 +

Similarly, when x > Aot 4+ v/t + 1,
(x — )\gt)Q)_Nl /t 1 1
141 0o VI+t—s(1+s)3/?

(z — 2t)2\
<C 1H<1+ o ) . (6.22)

ds

J4(.13,t;)\1,)\1, /\2) S C <1 +

When Mt +vVi+1 <z <At —Vi+1,

_ o o\ —Ni1+2
Ja(@, M0, A1, Ao (z =Mt @)) ( 1

¢ 1
< 1+ —asd
)_A\/t—8+l< 1+t—s 1+ 532"

1 (z—At)2\ P2
< . .
_Cm<1+ T (6.23)

Thus the estimate (4.16) holds for Ja(z,t; A1, A1, A2).
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Consider Jy(z,t; A2, A1, A2). When < A\t —+t+1or x > Aot + v/t + 1,

Ja(x, t; Aoy A1, A2)

(z — Alt)2>N1 ( (x — Agt)2>Nl /t 1 1
<C| |1+ —== 14 i —=d
(( T Ut 0o VE—s+1(1+s)3/2 °

o (o ) ()Y

When Mt +vVi+1 <z <At —Et+1,

J4(x) t? )\Qa )\1) AQ)
1
(14 )~ MHt ds
V(@ =Xt —s) = Mis) (Mot —x +1)
1 1
< .
S Ittt —a+ 1
Thus the estimate (4.16) also holds for Ju(x,t; A2, A1, A2).
Next we’ll consider Jy(x, t; Az, A1, A2). When & < \it—+/t+ lorz > Ast+vt + 1,

Ju(z,t; X3, A1, A) < C <<1+ (w—/\lt)Q)_Nl N <1+ @_,\3,,5)2)—1%)

t
1
< -
—/0 Vi—st1

(6.25)

1+t 1+t
/t 1 1 J
. S
0o VI+t—s(1+5)3/?2

< c\/l%t <<1+ W)Nl + <1+ W)M) . (6.26)

When Mt +vVi+1 <z <At —Vi+1,

Ja(z,t; Az, A, Ag)

QTR 1 d
s
“Jo Vt=s+1 (=23t —5)—Mis)(Aes —z + A3(t —s) + 1)
1 1
< . (6.27
T VIHtV at—x+1 (6.27)
When Mot + vVi+1<x < At — vt +1,
Ja(z,t5 A3, A1, A2)
t ~Ni+1
S/ (I+s)—M 1 s
0o Vi—s+1 /(x=2A3(t—35) —Ais)(Aas —x + A3(t —5) + 1)
1 1
(6.28)

< .
TVIFtV st—x+1

Thus Jy(x,t; Az, A1, A2) also satisfies (4.16).
By a similar computation, we can find that (4.16) also holds for k& = 2. Therefore
we get the lemma. O
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Proof of Lemma 4.7. J1(x,t; A\;, A;j) can be rewritten to be

t A]’S/Q 1 c
J1(x, 5 A, A SC’/ / e Oy’
1( J) 0 0 (t—8+1)\/8+1

—y—N(t—s)2\ M
(1A

t o
1 bl v
—|—C/ / e—Csy —Ces
0 Jx;s/2 (t—s—l—l)\/s—i—l

(@—y—N(t—s)>\"™"
(1+ T4i—s dyds

t 1 (z—N(t—5)2\ ™V
<C =Nz 1+Z> d
- /0 (t—s—l—l)\/s—&—ls < 1+t—s s

(1 + W) h . (6.29)

<C

1
TVt +1
Proof of Lemma 4.8.

S| . — A=)\
Ta(z, A5 M Akst) = O(1) / S —— <1+(”"’J<8))) dyds
0

1+t—s 1+t—s
1 (z—2\t)2\ ™V
< 1 J . (6.
—Cﬁ+1<Jr 1+t ) (6.30)
Proof of Lemma 4.9.
Ta(@ £ s, ) 0(1>/t ! L (g
Tyl3 Ajy Aj) = S
S / o V1+t—s+14+s
-N
(z =Nt —s))*\ Y
(1+ T (14+z)"™Mds
<O/t 1 1 (1+x)7]\71/2(1+t_S)7N1/2(1+3)*N2
o 0 \/1+t—8\/1—8
1 _ _ 1 (z — N2\
<C 1 M2 N < (1 ) . (631
- 1+t(+x) 1+ ToViE+1 T (6.31)

Proof of Lemma 4.10.
b . (x—\(t—s)2\ ™
O(1 . — A A A A dyd
()/0 \/1+tfse ( + 1+t—s > yas

1 (zA-t)2>_N1
<C 1 J . (6.32
<0t (1 (632)

Ja(z, t; N5, Ay A1) =
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