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LOG IMPROVEMENT OF THE PRODI-SERRIN CRITERIA FOR
NAVIER-STOKES EQUATIONS*

CHI HIN CHAN' AND ALEXIS VASSEUR'

Abstract. This article is devoted to a Log improvement of Prodi-Serrin criterion for global reg-
ularity to solutions to Navier-Stokes equations in dimension 3. It is shown that the global regularity
holds under the condition that |u|?/(log(1 + |u])) is integrable in space time variables.
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1. Introduction. In this article, we consider the Navier-Stokes equation on R?,
given by

Ou — Au+diviu®@u) + Vp =0, (1)
div(u) = 0, (2)

where u is a vector-valued function representing the velocity of the fluid, and p is
the pressure. Note that the pressure depends in a non local way on the velocity w.
It can be seen as a Lagrange multiplier associated to the incompressible condition
(2). The initial value problem of the above equation is endowed with the condition
that u(0,-) = ug € L?(R3). Leray [15] and Hopf [10] had already established the
existence of global weak solutions for the Navier-Stokes equation. In particular, Leray
introduced a notion of weak solutions for the Navier-Stokes equation, and proved
that, for every given initial datum ug € L?(R?), there exists a global weak solution
u € L>°(0,00; L2(R?)) N L2(0, co; H'(R?)) verifying the Navier-Stokes equation in the
sense of distribution. From that time on, much effort has been devoted to establish the
global existence and uniqueness of smooth solutions to the Navier-Stokes equation.
Different Criteria for regularity of the weak solutions have been proposed. The Prodi-
Serrin conditions (see Serrin [20], Prodi [18], and [21]) states that any weak Leray-Hopf
solution verifying u € L?(0, oo; LY(R?)) with 2/p+3/qg =1, 2 < p < o0, is regular on
(0,00) x R3. Notice that if p = ¢, this corresponds to u € L5((0,00) x R3). The limit
case of L>°(0, c0; L3(R?)) has been solved very recently by L. Escauriaza, G. Seregin,
and V. Sverak (see [11]). Other criterions have been later introduced, dealing with
some derivatives of the velocity. Beale Kato and Majda [1] showed the global regularity
under the condition that the vorticity w = curl u lies in L (0, oo; L*(R?)) (see Kozono
and Taniuchi for improvement of this result [13]). Beirao da Veiga show in [2] that
the boundedness of Vu in LP(0, co; L4(R3)) for 2/p+3/q =2, 1 < p < oo ensures the
global regularity. In [7], Constantin and Fefferman gave a condition involving only
the direction of the vorticity. Improvements of this results were obtained by Beirao
da Veiga [3, 4, 5, 6], and Zhou [24, 25]. Let us also cite a condition involving the
lower bound of the pressure introduced by Seregin and Sverak in [19], and conditions
involving only one of the component of u (see Penel and Pokorny [17], He [9], and
Zhou [23, 26]).
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198 C. H. CHAN AND A. VASSEUR

This article is devoted to the following log improvement of the Prodi-Serrin cri-
terion corresponding to p = ¢ = 5:

THEOREM 1. Suppose that u is a weak Leray-Hopf solution of the Navier-Stokes
equation (1) (2) satisfying

/Oo/ P s <
——————drds < o0,
o Jrs log(1+ |ul)

then, u € C*°((0,00) x R3).
Montgomery-Smith introduced the following criterium in [16]:

o0 U ||F 4
/ I S_)HL (R3) dt < 0o
o L+log™ [lu(t)|lpers)

Notice that the log improvement is, here, in time only. This can be seen as a natural
Gronwall type extension of the Prodi-Serrin conditions. So we can see it as a one
dimension ODE type extension.

The goal of our result is to extend this log improvement also in z. For this
purpose we focused on the homogeneous case p = ¢ = 5, even though extension to
the Prodi-Serrin range 2 < p < oo should be doable.

The proof of Theorem 1 is split into two parts. The first point is to show that for
any time ¢ > A, the L*> norm of u in = can be bounded in a affine way by

t
/ |u|® da dt.
0 JR3

More precisely, we will show the following Proposition:

PROPOSITION 1.1. For every A satisfying 0 < X\ < 2, there exists some universal
constant Ay > 0, depending only on X, such that, for any solution u of the Navier-
Stokes equation on (0,00) x R3, we have ||u(T, )| pooms)y < Ax{1+ fOT Jgs ul®dz ds},
for any T > A

Then Theorem 1 follows from a Gronwall argument on |[u(t)| o (rs), since:

lu()|| oo (ray < Ax

¢ u\s 5
wits [ ol a1+ e ([ o e ) as

and the Hypothesis gives that [, % dx lies in L1(0, 00).
Notice that the inequality of Proposition 1.1 needs to be invariant by the scaling

of the Navier-Stokes equation:
ue(t, ) = eu(to + €%t zo + ex). (3)

This is why the L% norm pops up, since it has the same scaling as that of the L> norm.
Taking advantage of the scaling (3), Proposition 1.1 will follow from the following
rescaled Proposition:

ProrosiTION 1.2. There exists a universal positive constant C*, such
that for any solution u of the Navier-Stokes equation on [—1,1] x R® satisfying
[l Loax(—1,17) < C*, we have |u| < 1 almost everywhere on [—3,1] x R3.
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The proof of proposition 1.2 is in the same spirit as the proof given by A. Vasseur
[22]. Tt relies on a method first introduced by De Giorgi to show regularity of solutions
to elliptic equations with rough diffusion coefficients [8]. In this paper, the proof of
proposition 1.2 is established though sections 2, 3, 4 and 5. In section 6, we will
deduce proposition 1.1 from proposition 1.2. Finally, in the last section of this paper,
we will use the conclusion of proposition 1.1, together with the fundamental result of
Serrin [20], to obtain the result of Theorem 1.

2. Basic setting of the whole paper. In order to prove proposition 1.2, we
would like to introduce some notation first. Then, we will state two lemmas and
one proposition which are related to the proof of proposition 1.2. So, let us fix our
notation as follow.

o for cach k > 0, let Qi = [Tk, 1] x R?, in which T}, = —1(1 + 5 ).
e for cach k >0, let v, = {|u| = (1 — 5%)}+.

1
e for each k > 0, let d2 = %X{\ul>(l—ﬁ)}|v|u||2 + 2 |Vul?.

[ul
1
e for each k > 0, let Uy = %Hka%W(Tk,l;L%W)) + J1, Jps did dt.
With the above setting, we are now ready to state the lemmas and proposition which
are related to proposition 1.2 as follow.

LEMMA 2.1. For any solution u of the Navier-Stokes equation on [—1,1] x R3
satisfying ||ullLs(gy) < 1, we have Uy < A||u||6L6(Q0), in which A is some universal
constant strictly greater than 1.

PROPOSITION 2.1. There exists some universal constants B, 3 > 1, such that for
any solution u of the Navier-Stokes equation on [—1,1] x R?® satisfying |lul|Ls(q,) <
A—l%, we have Uy, < BkUkBil, forallk > 1. Here, A is the universal constant appearing
in Lemma 2.1 .

Let us first show that Lemma 2.1 and Proposition 2.1 provide the result of Propo-
sition 1.2.First we show that the sequence U}, converges to 0 when k goes to infinity.
We can use for instance the following easy lemma (see [22]):

LEMMA 2.2. For any given constants B, 3 > 1, there exists some constant Cj
such that for any sequence {ax}r>1 satisfying 0 < a1 < C§ and ag < Bkaffl, for any
k> 1, we have limg_,s0ar =0 .

Indeed, let B, 8 > 1 be the constants occurring in proposition 2.1, and let C§
be the constant associated to B, ( in the sense of lemma 2.2. Now, take C* =
min{AL%, (%S)é }, in which A is the universal constant appearing in Lemma 2.1. Then,
for any solution u of the Navier-Stokes system on [—1, 1] x R? satisfying ||u/|1s(q,) <
C*, we have |lul|zs(qy) < (%)%. Hence, proposition 2.1 tells us that U < B’“U,f_17 for
all & > 1 must be valid. On the other hand, Since ||u(|zs(g,) < C* < 1, Lemma 2.1
also implies that U; < A||u||6LG(QO) < Cf. Hence, it follows from Lemma 2.2 that
limi—ooUr = 0. However, since we have the inequality

1 1
3 [ e = 102de < Soupie_y oy [ akir< U,
R3 R3

for every t € [—2,1]. As aresult, limj U, = 0 immediately implies that |u| < 1

almost everywhere on [—%, 1] x R3. This gives the result of Proposition 1.2.
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3. Proof of Lemma 2.1. In this section, we will devote our effort in proving
Lemma 2.1. Let us recall that the Navier-Stokes equation on (—oo, 00) x R? is

O — Au+ div(u @ u) + VP =0,

together with the divergence free condition div(u) = 0. Now, by multiplying the
above equation by the term IU 1‘ u, we yield the following inequality, which is valid in

the sense of distribution.

15) l1)2 +d2-A 11)2 + div U2 —l——uVP
2t 1 2! 2 T

Consider now the variables o, t with Ty < 0 < T7 < t < 1, where Tp = —1, and
T = —%(1 + %) We mention that we have the following , which is valid in the sense
of distribution.

. f; Jgs O (30)dzds = § [ps vi(t, )de — & [os v3(0, 2)dz.
2 2
. f; Jgs div(Fu) — A(F)dxds = 0.
Hence, by taking the integral over [o,t] x R? to the above inequality, we yield the

following estimation.
t
/ (0, z)dx —|—/ / —uVPd:c
R3 o R3 |u|

1 1
—/ vltxd:c—l—// d2d:cds -
2 ]RS RS 2
1 t
:—/ a:cd:c—|—/ /PV( >d:c
2 Jps o |JR3 |ul
<!
2
1
2

ds

ds

Uf (0,2 dx—i—?)/ / d1|P|X {v, >0ydx ds

(o, 2)dx + - / / 2d2da: ds
R3

3

5/ /R'f o2 —5 X{uv,>0ydz ds,

in which « can be any positive constant (In the third step of the above deduction, we
have used the nontrival fact that |V(%u)| < 3dy, whose justification will be given in
the last part of Section 4). Hence we yield the following inequality which is valid for
any o > 0.

_ 2
/ // (2 3a ldd /vl(a,:c)dx
R3 R3 R3 2
t 3P2 ,
+/ / 7| | X{21>0}d:vds.
o JR3 2

If we choose a = (%) then the inequality shown as above becomes

1 I 2 t
_/ v%(t,x)dsc + —/ / d%da: ds < / Mdm + 3/ / |P|2X{v1>0}d117 ds.
2 R3 4 o R3 R3 2 o R3

By taking average over o € [Ty, T1], we can carry out the following estiamtion

2(t,x) d% 4 (M 9 ¢ 9
—dr+ —drds < = vi(o,z) +3 |P|"X (v, >0} dx ds.
R3 T, JRS 2J-1 Jre —1.JR3

\%\
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Notice that, in the above inequality, the integer 4 appears in the first term of
the right hand side because ﬁ = 21 Now, by taking the L°-norm over

t € [Ty,1], we yield

1 h
—U; < 2/ / ’U%dCCdS—F?)/ |P|2X{v1>0}-
4 —1 Jgs Qo

But, we notice that

T 3
/ / ’U%dl‘ ds < / U%X{v1>0} < (/ ’U?) (/ X{v1>0})
-1 JR3 Qo Qo Qo

3
< lolisian ([ Xty
Qo

2
3
0

On the other hand, since the pressure P satisfies the equation —AP =
> 0i0; (uiuy).

So, by the Riesz theorem in the theory of singular integral, we have || P||13(qg,) <
C3||u||2LG(Q0)= in which C5 is some universal constant . Hence, it follows that

2
3

/Q [P X >0y < NPl Za(qo) IXg0n>03 2300y < Callullzogo) X {vo> 111l 23(@0)
0

19(Q0) <26/ “3>
Qo

= 4C5||u]

Wl

< CFlul

6
L%(Qo)"
Hence it follows that

1
<2 [ dtes | 1PPxse < Il + 12630
0 0]

6
L8(Qo)-

As a result, by taking A = 27 + 48C%2, we can at once deduce that

So, we are done in establishing Lemma 2.1

4. Preliminaries for the proof of Proposition 2.1.

LEMMA 4.1. There exists some constant C' > 0, such that for any k > 1,

and any F € L>®(Ty,1;L*(R3)) with VF € L*(Qy), we have HF”L%(Q) <
k

2 3
C||F||2°°(Tk,1;L2(R3))”vF”zz(Qk)'

Proof. By Sobolev-embedding Theorem, there is a constant C, depending only
on the dimension of R?, such that

< . |F(t,:1:)|6d;,;)‘13 <C </R3 |VF(t,I)|2d;c) .
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For any t € [T, 1], where k > 1, and F is some function which verifies F €
L% (T, 1; L?(R3)), and VF € L?*(Q). By taking the power 2 on both sides of the
above inequality and then taking integration along the variable ¢ € [T}, 1], we yield

1 1 1
/ ( |F|6d:v> dt < 02/ |VF|?dz dt.
T R3 Ty JR3

On the other hand, by Holder’s inequality, we have

1
1FI%, / [ ireieasas [ ([ |F|6d:c) ([ir dz> it
L3 (Qk) T,

< ||F||zoo(Tk,1;L2(R3))||F||L2(Tk,1;L6(R3))-
By taking the advantage that ||F[| 127, 1;06(®3)) < C||[VEF||L2(q,), We yield

10
1| ®

2 3 2
L2 00 <C ”FHEOO(T;CJ;L?(RS))||VF||L2(Q,C)-

Hence, we have

2 3
(7], 10 C||F||z°0(Tk71;L2(R3))||VF||22(Q,C)'

L5 (Qx)

so, we are done. O

10k

LEMMA 4.2. For any 1 < g < 00, we have ||X{u>0y | a(@p_y) < 2% C3UZT |

Proof. First, we have to notice that {vy > 0} is a subset of {vi_1 > 5}, hence
we have

o 10k 10
X{vp>0} < X{vog_1>2} S 273 lop—1]| .
Qr—1 Qr—1 2 Qr—1

By our previous Lemma, we have

10 4
||’Uk—1||;% Q1) < C2||Uk_1||I3/°°(Tk,1,1;L2(R3))||vvk_l||%2(Qk71)

PNyt
<C* (U2 ldk-1ll7zq, )
< OQUE_IU]C71

5
=C?Up .

So, it follows that fQ X{ue>0) < 10kCQUk ;» and hence we have

5
IX{or>0plLa(@p_1) < 2730 S0 (' aUZ",, where C is some universal constant. So, we are

done. O
In the proof of Lemma 4.2, we have used the fact that |Vuy| < di, whose justifi-

cation will be given 1mmed1ately in the following paragraph.
Before we leave this section, we also want to list out some inequalities which will often

be used in the proof of proposition 1.1 as follow:
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0=l <13
X{vk>0}|v|u|| < dy
|Vvk| < dg.
IV ($u)| < 3dy.
e d; < 22dk 1, for all k >
Now, we first want to justify the validity of (1 - —) | <1— 5. In the case in

which the point (¢,z) satisfies |u(t,z)| < 1 —
follows that

Qk, we have vk(t,:t) = 0, and hence it

'{1 _ (b 2) }u(t,x)’ — Ju(t,z)] < 1— 2ik

|u(t, z)]
In the case in which (¢, ) satisfies |u(t,z)| > 1 — 5, we have vy (t,x) = |u(t,z)| —
(1 — 5%), and hence it follows that
u jul = (1= ) i
1- = t =11- =1-—.
{1- i} i .

So, no matter in which case, we always have the conclusion that (1 — %)u| <
1
Next, according to the definition of d}, we can carry out the following estimation

i > vul > {| Ve '}

Hence, by taking square root, it follows at once that dj > ﬁ|Vu|
We now turn our attention to the inequality Xy >1—2y3|V|ull < di. To justify it,
= 2

we recall that |Vu| > |V|u||. Hence, it follows from the definition of d; that

1-— 1 1— 4L
2 2k 2 2k 2

So, by simplifying the right-hand side of the above inequality, we can deduce that
dz > X{‘u|>1_#}|V|u||2. Hence, we have dj, > X{|u\>1—2+c}|v|u||- In addition, since it

is obvious to see that Vv, = X{Jul>1- 2 y V|ul, we also have the result that [Vug| < dj,
Finally, we want to justify the mequahty that |V (2% i u)| < 3dg. So, we notice that, by
applying the product rule, we have

Vg U Vg
\Y% (—u) V(vg)— T — —=uVlul.
|ul fuf | | |uf?
However, since £t ‘|Vu| dy, and ||u‘2uV|u|| X{lul>1- 2 IV lul| < dy, it follows
3dy.

Finally, we also need to show that dj < 22dk 1, for all k£ > 2. For this purpose,
we first notice that we have the follwing inequality estimation to be valid for all & > 2.

<
at once from the above expression that |V( )| <
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(1- o) _(0=%)
AL Vlul]? < ——2
Xt gen Vel <

(1—55) (-5 ,
T (- [l X{jup>(1— g 3 V]

(1 B 2,},1 )
[ul

X{|ul>( |V|U||2

We remark that the last inequality in the above estimation follows from the fact
that .—=— < 2, for all k£ > 2. Now, by combining the above inequality estimation

k 1
with the definition of d?, we can at once deduce that di < 2d7_, is valid for all k >

and hence dj, < 22dj_1, for all k > 2
5. Proof of Proposition 2.1. To begin the argument, we recall that, by mul-

tiplying the equation dyu — Au + div(u ® u) + VP = 0 on (—o00,00) x R3, we yield
the following inequality formally, which is indeed valid in the sense of distribution

”1% 2 . .
8t<7>+dk—ﬁ<2>+dw<2 >+m VP <0.

Next, let us consider the variables o , t verifying Tx_1 < 0 < Ty <t < 1. Then,
we have

o [ Lo () drds = [, R gy — [ O gy
* ft Jos & %)du’cds =0.
° f Jgs div( 72 drds = 0.

So, it is Stralghtforward to see that

24 t t
/ Mda:—l—/ / d2dx ds < / / “k WV Pdz
R3 2 o JR3 R3 o |Jrs |ul

for any o, t satisfying Tx_1 < 0 < T < t < 1. By taking the average over the
variable o, we yield

’U2(t CE) t Ty, t
/ ki’d:v—i—/ / d2dx ds < 2]“/ / vi(s,x)dx ds+/ / kY Pda|d
R: 2 Ty JR3 Ti—1 JR3 Ty |Jrs Ul

By taking the sup over t € [T}, 1]. the above inequality will give the following

1
Up <2 / Vi + / / 2k Y Pdz|d
k—1 Tip—1 |JR3 |u|

But, from Lemma 4.2 and Holder’s inequality, we have

ds,

S.
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3
5

10\ °
2 __ 2 =5
= [ tea<( [ 0F) ool
‘/le Qr—1 " Qr_1 k L2(Qr-1)

2, o¥ctup
L3 (Qk-1)

5 4k
<CUZ 2%

In the above estimation, we have used the fact that vy < vp_1. As a result, we
have the following conclusion

Tk 32 !
Up <2%CUS |+
Tr_1

—qud:c ds. 4
L W

Now, in order to estimate the term f;kil | Jgs TayuV Pdz|ds, we would like to carry

out the following computation

_Ap_zaiaj(uiuj)_Zaiaj{(1—%>ui(1—%)uj+2<1—%)ui%uj}
+ 00y {rusgiu

This motivates us to decompose P as P = Py1 + P2, in which

AP - Zaa{( |u|)“l<1 ||)“J+2(1 |zf|)“|zf|“}

and that

anEon e}

First, we have to notice that:

2
Vk Vk Vk
1——> uiu-—|—2<1 >uZ W
|< ) ul ) "l

()R
( .

So, by Riesz’s Theorem in the theroy of singular operator, we yield

1
1 6
6(Qr_1) < CGH?’UHLG(Qkfl) < 3C <Z> < 3Cs.
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So, we have

/1
Ty

—1

/ Yk NV Py da
s |ul

1
ds-/
Ty

—1

[ PaV(pude

1
3/ / dk|Pk1|X{Uk>0}dCC ds
Tk71 R?’

3||dk||L2(Qk—1)||Pk1||L6(Qk 1) ||X{Uk>0}||L3(Qk 1)
3(2%) i1l 12(n_1)3C62 "3 C3US,

<9ehHCsciul 2% U .

(In the above estimation, we have used the fact that dy < 22dj_1, for all k

That is, we have the following conclusion that

1
/T/c

—1

/ uVPkl dzr
we Jul

Next, we would like to estimate the term [,
recall that, by the definition of Py2, we have

ds < 023U

Pa= SR { g |

in which R; , R; etc are the Riesz’s Transforms. Hence, we have

VR = SR {9 (fhugin ) |

Now, we notice that

7 (Rietie)] <[ (i)
ul " T ul

U

ul

v
+ ]

!

IVPi2ll 30, ) S Callowdrll g o

< Cylluflzo@olldrllz2 @i

\% (|’U_]€|UJ> ’ < 3dp vy, + v (3dy)
U

= 6dek.
So, by applying the Riesz’s Theorem in the theory of Singular integral, we have

<Cs (/v,ﬁ) </k1d
() (e

2).

(5)

» | Jas %uVPkgd:ﬂds. First, we



LOG IMPROVEMENT OF THE PRODI-SERRIN CRITERIA 207

So, by applying the generalized Holder’s inequality with exponents 12, 30, % to

3
the terms vk, X{v, >0}, VP2 respectively, we yield

/1
Th—1

/ v—kuVPde:c
Rs Ul

dt § / ka{vk>0}|VPk2|dCC dt
Qr—1

<lowll e o, Xt llzso@e o IVERll g o
1 ko1 .5 1 1
<UL, 250U 23C4UF |
= 025U
k19
= C25UF .

That is, we have

k19
9

dt < C25U . (6)

/1
Ti-1

So, by combining inequalities , we yield

/ Yk WV Peod
R

e S % o O I T
Un <2800+ | dt <25 CUE | +C25 U +C25U,
k—1

/ v—kuVPd:c
r3 |ul

<2%ous,.
That is, we will have the result that

19

Up <25 U,
for any k£ > 1.

6. Proof of Proposition 1.1. Now, we would like to establish proposition 1.1
on the foundation of proposition 1.2. To begin, let C* be the positive universal
constant occuring in proposition 1.2. First, let show the proposition in the special
case A = 2. We chose T to be an arbritary chosen positive number greater than 2,
and let u be a solution of the Navier-Stokes equation on (0,00) x R3. In the case in
which u satisfies the condition that fOT Jgs [u|®dzds < (C*)°, we define the function
u* by u*(s,x) = u(s+ (T — 1), z),which can be regarded to be another solution of the
Navier-Stokes equation on [—1,1] x R? satsifying

1 T T
/ / |u*|®dx ds = / / lu|®dx ds < / / lu|®dx ds < (C*)°.
—1JRs T-2 JR3 0o Jr3

Hence, we have [|u*||ze(j—1,1)xrs) < C*. So, it follows from the conclusion of
proposition 1.2 that ||u(T)-)||Le®s) = [[u*(1,-)| Lo @s) < 1.
So, the above argument shows that
e we have ||u(T),-)|| Lo ®s) < 1, if T > 2, and u is a solution of the Navier-Stokes

equation satisfying fOT Jgs [ulOdzds < (C*)°.
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Next, we also need to deal with the case in which the solution u satisfies the

condition that fOT Jzs [u|®dzds > (C*)®. In this case, let us consider the function u.
defined by u.(t,r) = eu(e?t,ex), in which & > 0 is arbritary. Then, by applying the
change of variable formula, it is easy to see that

% T
/ / lue|®dx ds = a/ / |u|®dx ds.
0o Jrs o Jrs

So, by taking € = (C*)% - {2 fOT Jgs [ul®dz ds}~1, we yield

T
=z C* 6
/ e Sz ds = L < (v,
O R3 2
The last inequality signifies that the solution u. falls back to the first case in this
discussion. Hence, it follows directly form the conclusion we made for the frist case
that u. must satisfies ||uc(Z%, )| s < 1. So, we eventually have

1 2 /T 5
<—-=—— |u|®dx ds.
ey € (C*)%Jo Jgs

As a result, by all the discussion we made as above, we conclude that, no matter
in which case, we always have the following inequality to be valid for any 7" > 2, and
any solution u of the Navier-Stokes equation on (0, 00) x R3

1

T
lu(T, )| Looms) = B

u5(5_27 )

T
[w(Ts ) Lo (rsy < A {1 +/ |u|®dx ds} ,
0 R3

where A is the universal constant defined by A = maz{1, ﬁ} This gives the proof
of Proposition 1.1 in the special case A = 2.

Next, let A be a fixed positive number satisfying 0 < A < 2. As usual, let u be
a solution of the Navier-Stokes equation on (0,00) x R3. Now, let us consider the

function w which is defined by
A, (A 2
ulgtls) )

w(t,z) = (%)

Then, by applying the above case to w, we have the following estimation, which
is valid for any T' > A.

2\ (2T
T Moy < (5) o (5 Dowees
2\ 2 5 ;
<= ) A1+ |w|®dx ds
)\ 0 ]R3
2\ * AN? [T
<[ Z - 6
\()\> A{1+<2) /0 /R3|u| dxds}
2\ 2 T
< (—) A 1+/ |u|®dx ds 3 .
) .-

This gives proposition 1.1, where the universal constant A, is chosen to be Ay =

A.

[N

~—
=

—~
>0
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7. Establishment of Theorem 1. Finally, we are now ready to establish the
conclusion of Theorem 1 on the foundation of proposition 1.1. We make use of the
following result due to Kato [12] (see also the book of Lemarié-Rieusset [14]).

THEOREM 2. Let p > 3. Then, for any given initial datum ug € LP(R3)
satisfying div(ug) = 0, there exists a positive T* and a unique weak solution u €
C([0,T*); LP(R3)) for the Navier-Stokes equation on (0,T*) x R? so that u(0,-) = uo.
This solution is then smooth on (0,T*) x R3. In addition, such a unique solution will
also satisfies the extra condition that u(t,-) € Co(R3), for all t € (0,T).

To begin, let u be a weak solution of the Navier-Stokes equation on (0,00) X

R? satisfying the condition that [ [os %dw ds < oo. Then, by using the

elementary inequality log(1 + t) < t, which is valid for all ¢ > 0, we can deduce at

once that
%) e’} 5
/ / |u|*dx ds < / / deds < 0.
o Jrs o Jrs log(1+ |ul)

Now, let A € (0,2) to be arbritary chosen and fixed. Since [ [5s |u|*dzds < oo,
it follows that the quantity [, [u(f,z)|*dz must be finite for almost every ¢ € (0, 00).
So, with respect to A, we can choose some 7y with 0 < 79 < A in such a way that
Jgs [u(70, 2)[*dx < oo, or equivalently u(7o,-) € L*(R?). So, by using a simple shifting
technique, we may apply the Kato’s Theorem quoted as above to deduce that there
exists some positive constant T* > 7y so that our weak solution u is smooth on
(10,T*) x R3. Now, let us choose such a T* to be the largest one for which u is
smooth on (79, T*) x R3, and we would like to argue that T* = +o00. To this end,
let us assume on the contray that 7" < +o00, and we will derive a contradication by
showing that u € L>([r,T*] x R3) is valid for some 7 € (79, T*) slightly bigger than
T0-

For some technical purpose, we would like to pick up two numbers 7 and 7o which
verify the condition that 79 < 71 < 72 < min{\,T*}. Once 71 and 7» are chosen,
they will be fixed. Now, from our original weak solution u, we can construct another
solution v by requiring that v(¢,x) = u(t + 71, ). Now, by applying the conclusion of
proposition 1.1 to the weak solution v and the number 7 — 71, we can at once deduce
that we have the following inequality

t
Iv(t,~)||Loo<Rs><A{1+// |v|6d:cds},
0 JR3

to be valid for all ¢t € (72 — 71,T* — 71) , in which A is some universal constant
depending only on 75 — 7 . However, this means the same as saying that we have the
following inequality

t+71
Iu(t+n,->|Lao<Rs><A{1+/ / |u|6da:ds},
T1 RS

which is valid for all ¢t € (12 — 71, T* — 71). Hence , it follows that we can make the
following conclusion

o for every t € (12,77), we have [lu(t,-)||poomrs) < A{1 + f:l Jgs [ul®dz ds} | in
which A is some universal constant depending only on 75 — 7y.
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At this stage, we are ready to apply the Gronwall’s argument in the theory of
ordinary differential equations as follow. For this purpose, we take () = t-log(1+t),
which is a strictly increasing positive valued function on (0, 0o) satisfying the condition
that

<1
Tk

Then, it follows from our last inequality that

t 5
1) ey < A 1+/ S L
||u( )HL (R3) { - R3¢(|u|)log(1 |u|) €T as

: 5
< 1 / L>°(R / 74-61 d ’
4{ + - 1/}(||u|| ( 3)) R3 log(l |u|) o

which is valid for all ¢ € (72, T*).
Next ,we put F(t) = [[u(t, -)|| Lo(rs). Then, the above inequality can be rewritten as

alis [ HPE)G)ds ™)

for all t € (12, T*), where G is the function defined by G(s) = [5s mdx Fur-
thermore, we notice that by the hypothesis of Theorem 1, the function G must satisfies

the condition that
|ul®
/ G(s ds-/ / ———————dxds < .
rs log(1 + |ul)

Here, for the sake of convenience, we define

—A {1 + /t w(F(s))G(s)ds} :

for all ¢t € (7, T*). Then, our last inequality can be rewritten as
o F(t) < H(t), for all t € (2, T*).

Since 9 is a strictly increasing positive valued function on (0, 00), it follows at
once that

52 = AUF®)G() < AV(H )G,

which is valid for all ¢ € (72, T*). That is, we have the fact that
e for every t € (12, T*) , we have 2 < Ay (H (t))G(t).

As a result, by taking integration in time over the interval (72, t), for 7o < t < T,
it follows at once that
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t

W(H(E) — U(H(r)) < A / G(s)ds,

T2

for all ¢ € (72,T*), in which ¥ is the function defined by ¥(y) = [} ﬁdy. Hence,
we can deduce that

° Supte(rg,T*)\IJ(H(t)) < VU(H(r)) + Aff: G(s)ds .

At this stage, in order to complete the Gronwall’s argument successfully, we def-
initely need to show that H(72) is finite. To achive this, let us recall that we have
already used the Kato’s Theorem to deduce that our original weak solution u must
satisfies u € L}, (0, T%; L°°(R3)), and this at once tells us that |[ul e ([, 7] xr2) =
SUPyelry ) F(t) < +00 , because of the fact that 0 < 79 < 71 < 7 < min{\, T*}.
Hence, it follows immediately that

1) < A {146 () | G| < o

So, we can now combine H(72) < oo, and [;~ G(s)ds < oo to deduce that
o supie(r ) V(H(1) < U(H(m)) + [L G(s)ds < oo.

Since f;{oo @dy = 400, this will force us to admit that supse(r,,r+)H(t) < oo.
Hence, we eventually have the conclusion that

° Supte(rz,T*)Hu(ta ')||L°°(R3) < Supte(rg,T*)H(t) <00.

Since our weak solution u now satisfies the condition u € L (72, T*; L= (R3)), we
already know that the assumption 7% < 400 cannot be valid since, by the standard
Prodi-Serrin argument, our Leray Hopf weak solution w must blow up in L* at
T*. So, we can conclude that u is smooth on (72,00) x R?, and hence we have the
conclusion that u is smooth on ()\,00) x R? (notice that 75 < ). Since A € (0,2) is
arbritary chosen in the above argument, we can finally deduce that any weak solution
u satisfying the hypothesis of Theorem 1 must be smooth on (0, 00) x R3.

REFERENCES

(1] J. T. BEALE, T. KATO, AND A. MAJDA, Remarks on the breakdown of smooth solutions for
the 3-D Euler equations, Comm. Math. Phys., 94 (1984), pp. 61-66.

[2] H. BEIRAO DA VEIGA, A new regularity class for the Navier-Stokes equations in R™, Chinese
Ann. Math. Ser. B, 16 (1995), pp. 407-412. A Chinese summary appears in Chinese Ann.
Math. Ser. A, 16 (1995), p. 797.

[3] H. BEIRAO DA VEIGA, Vorticity and regularity for solutions of initial-boundary value problems
for the Navier-Stokes equations, Hyperbolic problems and regularity questions, pp. 39-47,
Trends Math, Birkhauser, Basel, 2007.

[4] H. Beirdo da Veiga and L.C. Berselli. Vorticity and regularity for flows under the Navier
boundary condition. Commun. Pure Appl. Anal. 5(2006), no. 4, 907-918.

[5] H. BEIRAO DA VEIGA, Vorticity and regularity for viscous incompressible flows under the
Dirichlet boundary condition. Results and related open problems, Journal of Math. Fluid
Mech., 9 (2007), pp. 506-516.

[6] H. BEIRAO DA VEIGA AND L.C. BERSELLI, Green’s matrices, vorticity direction, and regularity
up to the boundary, to appear in J. Diff. Equations.



[12]
[13]

[14]

= Q o

=1

i T

C. H. CHAN AND A. VASSEUR

. CONSTANTIN AND CH. FEFFERMAN, Direction of vorticity and the problem of global regularity

for the Navier-Stokes equations, Indiana Univ. Math. J., 42 (1993), pp. 775-789.

. DE GIORGI, Sulla differenziabilita e l’analiticita delle estremali degli integrali multipli rego-

lari, Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3), 3 (1957), pp. 25-43.

. HE, Regularity for solutions to the Navier-Stokes equations with one velocity component

regular, Electron. J. Differential Equations, (2002), pp. 1-13.

. Hopr, Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen, Math.

Nachr., 4 (1951), pp. 213-231.

. ISKAURIAZA, G. A. SEREGIN, AND V. SHVERAK, L3 o-solutions of

Navier-Stokes equations and backward uniqueness, Uspekhi Mat. Nauk, 58 (2003), pp. 3—
44.

. KATO, Strong LP-solutions of the Navier-Stokes equation in R™, with applications to weak

solutions, Math. Z., 187 (1984), pp. 471-480.

. KozoNO AND YASusHI TANIUCHI, Bilinear estimates in BMO and the Navier-Stokes equa-

tions, Math. Z., 235 (2000), pp. 173-194.

. G. LEMARIE-RIEUSSET, Recent developments in the Navier-Stokes problem, volume 431 of

“Chapman & Hall/CRC Research Notes in Mathematics”, Chapman & Hall/CRC, Boca
Raton, FL, 2002.

. LERAY, Sur le mouvement d’un liquide visqueux emplissant ’espace, Acta. Math., 63 (1934),

pp. 183-248.

. MONTGOMERY-SMITH, Conditions implying regularity of the three dimensional Navier-Stokes

equation, Appl. Math., 50 (2005), pp. 451-464.

. Penel and M. Pokorny. Some new regularity criteria for the Navier-Stokes equations con-

taining gradient of the velocity. Appl. Math., 49(5):483-493, 2004.
ProDI, Un teorema di unicita per le equazioni di Navier-Stokes, Ann. Mat. Pura Appl. (4),
48 (1959), pp. 173-182.
SEREGIN AND V. SVERAK, Navier-Stokes equations with lower bounds on the pressure, Arch.
Ration. Mech. Anal., 163 (2002), pp. 65-86.

. SERRIN, The initial value problem for the Navier-Stokes equations, In “Nonlinear Problems

(Proc. Sympos., Madison, Wis.”, pp. 69-98, Univ. of Wisconsin Press, Madison, Wis.,
1963.

. STRUWE, On partial regularity results for the Navier-Stokes equations, Comm. Pure Appl.

Math., 41 (1988), pp. 437-458.

VASSEUR, A new proof of partial regqularity of solutions to Nawvier-Stokes equations, to
appear in NoDEA.

ZHou, A new regularity criterion for the Navier-Stokes equations in terms of the gradient
of one velocity component, Methods Appl. Anal., 9 (2002), pp. 563-578.

Zuou, Direction of vorticity and a new regularity criterion for the Navier-Stokes equations,
ANZIAM J., 46 (2005), pp. 309-316.

Zuou, A new regularity criterion for the Navier-stokes equations in terms of the direction
of vorticity, Monatsh Math., 144 (2005), pp. 251-257.

Zuou, A new regularity criterion for weak solutions to the Navier-Stokes equations, J.
Math. Pures Appl. (9), 84 (2005), pp. 1496-1514.



