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EXISTENCE OF SOLUTIONS TO THE THREE DIMENSIONAL
BAROTROPIC-VORTICITY EQUATION*

B. EMAMIZADEH! AND M. H. MEHRABI!

Abstract. We prove existence of maximizers for a variational problem in Ri. Solutions represent
steady geophysical flows over a surface of variable height which is bounded from below.
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1. Introduction. In this paper we prove existence of maximizers for a varia-
tional problem which describes a geophysical flow over a surface of variable height,
bounded from below, such as a seamount in the ocean or a mountain in the at-
mosphere. The basic equation governing such flows is the three dimensional barotropic
vorticity equation given by

[wv <] =0,
where [, .] denotes the Jacobian and v represents the stream function, —( the potential
vorticity given by

where h is the height of the bottom surface.

In [6] and [9] similar problems have been considered in two dimensions. Here, the
problem has been formulated in three dimensions which is more realistic. In addition,
from a technical point of view, due to drastic differences between the fundamental
solutions of —A in two and three dimensions the estimates in [6] and [9] are not
applicable. In particular we single out the simple but crucial result stated in Lemma
6 in section 3.

To prove the existence we follow the method proposed by Benjamin [3]. To do
this we begin by considering the variational problem over half spheres. In order to
prove existence of maximizers in this situation we employ the technology extensively
developed by Burton [4,5]. Then using a limiting argument we show that maximizers
for large half spheres indeed are maximizers for the original problem; the radius of
the critical half sphere turns out to be the radius of the smallest two dimensional disc
containing the support of the height function h.

2. Definitions and notations. Henceforth we assume p € (3,00). The ball
centered at € R® with radius R is denoted Bg(z); in particular when the center
is the origin we write Bg. For x = (21,72, 73) € R?, we write # = (1, 72, —23) and
we define RY = {z € R? : 23 > 0}. For a measurable set A C R®, | A | denotes the
three dimensional Lebesgue measure of A. If A is measurable, then x € A is called a
density point of A whenever | B:(z) () A |> 0, for all positive . The set of all density
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points of A is denoted den(A).
For a measurable function ( : Ri — R, the strong support or simply the support of ¢
denoted supp(() is defined

supp(¢) = {z € RY : ¢(z) > 0},

If f and g are non-negative measurable functions that vanish outside sets of finite
measure in R?, we say f is a rearrangement of g whenever

[{z € Ry : f(z) > a} |=] {z € R} : g(x) > a} |,

for every positive a. Let us fix (4 € LP (Ri) to be a non-negative function vanishing
outside a set of measure 3ma® for some positive a and | (o [[,= 1. The set of all
rearrangements of {y on Ri which vanish outside bounded sets is denoted F. The
subset of F containing functions vanishing outside the ball Br is denoted F(R);
henceforth we assume R > a in order to ensure F(R) is non-empty. For a non-
negative ¢ € LP (Ri) having bounded support, we define the energy functional

o) =5 [ cxer [ e

where

v =3z [, (e sy 0

and

n(z) = - / ) doty).

T Jons T2y

Here h € L? (BRi) is a non-negative function with compact support.
Let B,, be the smallest ball containing supp(h); we assume that

rp, > max{a,r.} (1)
where
T
o1 =2,
" n2\/E

(such r, is unique and 1.81e < 7, < 1.82¢) and
h(z1,x2) > ¢ In| zq122 |, (2)

almost everywhere in supp(h), where c is some constant given in Lemma 1.
Let us now introduce the following variational problem(P):

sup ¥(() .
CeEF

The solution set for (P) is denoted . Now we can state the main result of this paper
is the following

THEOREM. The variational problem (P) is solvable; that is, ¥ is not empty.

Moreover, sz € ¥ and we set z/AJ = KCA + n, then z/AJ satisfies the following partial
differential equation

—A = pod)+h, (3)

almost everywhere in Ri, for some increasing function ¢ unknown a priori.
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3. Preliminaries. In this section we present some lemmas which will be used
in the proof of the Theorem.

LEMMA 1. Suppose ¢ € LP(Ri) is a non-negative function with compact support.
Then

K¢(@)<c|lClp, Vo eRE. (4)

Proof. We have

Ke(a) < / W) 4o 1 ()

T 27 R1|$—y| T2 gl -yl T

where  is the Schwarz rearrangement of ¢ with respect to x and r* = (%)%.
The second inequality is a consequence of Hardy-Littlewood inequality [8]. Now b
Holder’s inequality, we get (4), where

1
i 11
1 1 203 supp(Q) )P T
(] AR LRGN 5
21 \ U@ | ® =y | (47)3 (3 — pr) 7w

and p/ is the conjugate exponent of p. O

Remark. The constant ¢ evaluated in (5) is the constant used in (2).

LEMMA 2. Let ¢ > 1 and let U be a bounded open subset of Rﬁ_. Then
K : LP(U) — L9(U) is a compact linear operator. Moreover, if ( € LP(R%) vanishes
outside U, then K( € Wz’p(Ri) and verifies

loc

—Au=_(a.ein Ri
and

ou

Proof. From Lemma 1, it readily follows that the map K from LP(U) into L4(U)
is well defined. Notice that functions in LP(U) are interpreted as functions in LP(R3)
which vanish outside U. Now consider ¢ € LP(R% ), which vanishes outside U. Then
there exists a sequence {(,} in C§°(R3) such that supp(¢,) € U, and ¢, — ¢ in
LP(RY), as n — co. We deduce from (4) that

| K(Gn — Q@) <l G —Cllp -
Therefore, K, — K, uniformly in Ri. Whence

/ (KC)o — / (KQp Vo e C(RY). (6)
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On the other hand by [7, lemmas 4.1, 4.2], we have
—A(KGn) = Cn -
Thus by applying the Lebesgue dominated convergence theorem, we infer
[-aues— [ @
Note that,
[-ates = [ue-a0).

From (6) we now deduce

[-ates — [uo-ae). (3)

Hence, from (7) and (8), we find
[eo= Juco-a0).

~A(K¢) =¢ in D'(RY). 9)

SO

Now, by Agmon’s regularity theory [2, theorem 6.1] we infer that K¢ € VVlQOf (R3).
Therefore equation (9) holds almost everywhere in Ri. According to Sobolev embed-
ding theorem [1] in order to show compactness of K it suffices to prove the bounded-

ness of K as a map from LP(U) into W3(U). To do this, we first show
[VK((2)|< M[¢ll, Vo e RY, (10)

where M is a constant independent of x.
We begin with

e—yl -yl

VKg(x):—i/Rst_y e )<<y>dy.

Therefore

1 1 1
VEC()|< E/Ri<|x—y|2+|x—y|2)<(y) dy
1 1
SE/RE;WC(?J) dy

1/ 1 ~
e o) dy,
2m B,,*(z)|x_y|2 ( )
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where Q: and r* are the same as in the proof of Lemma 1.
Now, by Holder’s inequality, we obtain (10), where

2

ar = BBlswp(QD7
(47)3 (3 — 2pr) 77

This implies that
1
I VEC sy <M [ Cllp U]
Also, from (4), we have
1
I KCzwy <cll Clip U5
Therefore
| K¢ llwrs@wy <C I Clp-

So K is bounded as desired. Finally, by calculation, we have

OK( _

D25 0 on GRi ,

as desired. O
The next lemma has been proved in [4].

LEMMA 3. If F(R)* denotes the weak closure of F(R) in LP(Bpg), then F(R)%
is convexr and weakly sequentially compact.

In order to prove the existence part of the Theorem, we first consider the following
truncated variational problem (Pg):

sup  U(Q).
CEF(R)

We denote the solution set of (Pr) by ¥r. We show that (Pg) is solvable. To do this
we need the following result, which is a simple variation of [5, Lemma 2.15].

LEMMA 4 Let g € LP'(Br) and denote by L,(g) the level set of g at height «;
that is,

Lo(9) ={z € Bg: g(z) = a}.
Let T : LP(Bg) — R be the linear functional defined by

= | ¢g-
Br

If C is a mazimizer of T relative to F(R)* and if

| La(g) N supp({)|= 0,

for every o € R, then ¢ € F(R) and

C:¢Roga
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almost everywhere in Bgr, for some increasing function ¢g.

Remark. In Lemma 4, by redefining CA on a set of zero measure on Bpg, if
necessary, we can make the conclusion to hold everywhere in Bp.

LEMMA 5. The variational problem (Pr) is solvable. Moreover if éR € ¥R, then

(r=¢ro (Klp+m),

almost everywhere in Bgr for some increasing function ¢r .

Proof. By Lemma 2 we have —An = h; hence using elliptic regularity theory it
follows that 7 € WP (R%), thus n € C(R%), by the Sobolev embedding theorem. Note
that ¥ is the summation of a quadratic and a linear functional; that is, ¥ = Q + L.
By Lemma 2, @ is weakly sequentially continuous. Also since 7 is continuous, it
follows that L is also weakly sequentially continuous. This proves that ¥ is weakly
sequentially continuous on LP(Bpg). Since F(R)“ is weakly sequentially compact, by
Lemma 3, it follows that ¥ has a maximizer relative to F(R)“, say ¢. Fix ¢ € F(R)¥,
by convexity of F(R)*, see Lemma 3, it follows that for any ¢ € [0,1], { + (¢ — () €
F(R)~. Next using the first variation of U at ¢ we get

T +HHC—-Q) = () =t < V(). ¢~ (> +o(t),

ast — 0% ; here <, > stands for the pairing between L”(Bg) and its dual, and ¥'(.)
stands for the derivative. Since (¢ is a maximizer we infer

<V((),(-(><0.

T hereforeﬁ~ is a maximizer for the linear functional < (), . >, relative to F(R)~
Since W'(¢) can be identified with K¢ +n € L¥'(Bgr), it follows that ¢ is a maximizer
of fBRC(KC + n) relative to ¢ € F(R)~ . From Lemma 2 we obtain

—A(KC+m) =C+h.

Thus the level sets of K¢ + 7 on supp(é) are negligible , by [7, Lemma 7.7]. Whence
we can apply Lemma 4 to deduce that ( € F(R) and

{=¢o(K(+m),

almost everywhere in Bpr for some increasing function ¢; in particular CN € Xr . Now
consider f r € Y. Since V¥ is weakly sequentially continuous, it follows that f R
maximizes ¥ relative to F(R)“ . Next by applying the first variation argument above
we can similarly prove existence of an increasing function ¢r such that

(r=¢ro(KCr+n),

almost everywhere in Br. O
LEMMA 6. Let v = faRg h . Then v > 4mcry,.
+

Proof. By the hypotheses on 7, and h, that’s (1) and (2), we have

// h(z1,x2) dridee > c// In | z122 | dzidas
+x2<r +m2<r
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27 Th
zc/ / rInr? | sinfcos | drdf
o Jo

27

1 1

= C/ i Inr, — 57‘% + 57‘%(—1n2+1n | sin 26 |)do
0

1 2m
= 2crmri(Inry, — 5) —cmriln2 + gri/ In | sin26 | df
0

27
= 2crri In Thoy ET%/ In | sin@ | df = 2crri In Th
0

V2e 2 V2e

s 27

—i—gri (/2 lnsin9d9+/ lnsin9d9+/ i ln(—sin9)d9+/ 1n(—sin6‘)d9>
0 z T 37”

2

%
= 2¢rry In % + gr,% (4/ In sin 9d9> = 2¢nry In %
0

—|—§r}21(—2ﬂ' In2) = 2c7r7",21 In I > 4me ry,.

2\/e
O

LEMMA 7. Let R > 1, and Cg € SR, then supp(gcR) C By, , modulo a set of zero
measure.

Proof. Suppose the assertion is false. Then there exist sequences {R,}, {zy} and

{Cr.} := {(n} such that
(1) R, — o©

(2) én € ERn R
(3) z,, € den(supp(Cy)) and ||z, HR3+—> 00, where || . ||]R3+ denote the usual Euclidean

norm in R} . Without loss of generality we may assume that |z, ”Ri = R, and {R,}

Is increasing; moreover we may assume that R, > rj, . Let us set ¢, := K én +n, and
estimate K (,(xy) :

. 1 1, 1 1
Kn(zn) < 2W/Ri|$n—y|< (y) dy 27T/B |xn_y|< (y) dy+

"h

1 1. o :
o Ri—Brhlxn—yﬁ v) dy < o~ N Gullus,, ot (1)

Now we estimate n(z,) :

N NV S
o) = 57 [, T do) < (12)

2 — T
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From (11) and (12) we obtain

1 ¥ 1
" R, —Th 2m Ry, — 71

Ynlan) S ¢+ 5 [Galls (13)
T

Notice that since r, > a , we can find a sequence {y,} in B,, such that y, ¢
den(supp((p)). Now, we estimate 1, (yn) from below.

R 1 1 A 1 1 ~
Koy z—/ 1w dyz—/ ) dy+
)= 47 R |Yn — Y| ) Ar Jp,, lyn =y )

1 1 L 1
i —(n dy > — n 9.
47 R3 —B,, |Yn —y|< (v) dy = 47 1< Hl’BT’L 27”h+
1 . 1
1ol = HCnHLB%)iRn T

Also,

_ 1 ! o) > L L
00n) = 57 [ T =g 400 2 5 (15)

Therefore, from (14) and (15), we have

1
1,B,, E+

1 ~

1 v 1
- 4+ L
R, + 1y 21 2ry,

1 .
E(HCOHI — I ¢nl

Therefore, from (13)and (16) we drive

1.B,,) (16)

1 ol 1
R ) 2m R, — 7y,

1 a
Ynln) = Unln) < e+ o= [l

1

1 .
“in G ll1,B., o

) 1 v 1
L.Br, R, +r, 272,

1 .
- E(”@Hl — [1¢nl
Thus

limsup(¢n($n) - wn(yn)) <c-— i

00 4y,

(17)

Where in the last inequality we have used Lemma 6. From (17)we infer existence of
ng € N for which

wno (‘Tno) - wno (yﬂo) <0. (18)

However, from Lemma 4, and the Remark following it, there exists ¢,, , an increasing
function, such that

éno = Png © Vng

everywhere in Bg, . Therefore, 1, attains its largest values over den(supp(Cny)), 0
(18) is false. Hence we are done. O

Remark. From Lemma 7 it readily follows that ¥ = %, .
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4. Proof of Theorem. The existence part of the Theorem follows from Lemma
7 and the remark following it. Now consider ¢ € . Since ¢ € £, , it follows that

(= b, 09, (19)

almost everywhere in B,,, where ¢ = K f + n , thanks to Lemma 5. Note that to
derive (3) we only need to modify ¢, in order to have a similar functional equation
as (19) to hold throughout R3. Since ¢y, is an increasing function, we obtain

supp(o = {‘T €B, Y= /\} ) (20)

modulo a set of zero measure, where A is a positive constant. On the other hand for
|2|> 2rp, we derive the following estimate

<1 +v
< .
vla) < L
Thus, there exists R’ > rj, such that
A
v <3 (21)

provided z € Ri — Bp/. Finally, since CA € X r/ we can apply Lemma 5 once again to
deduce the existence of another increasing function, say ¢, such that

(=¢ o0, (22)
almost everywhere in Br,. We now define

) ift>= A
¢(t)_{0 ift< A

Therefore by applying (20), (21) and (22) we obtain Q: = ¢ o1, almost everywhere in
R?, as desired. Now using Lemma 2 and the fact that

_An:hu

almost everywhere in R3 , we derive (3). This completes the proof of the Theorem. O
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