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STRUCTURE OF SOLUTIONS TO A CHEMOTAXIS SYSTEM
IN ONE SPACE DIMENSION*

TOSHITAKA NAGATIt

Abstract. We consider a chemotaxis system consisting of one parabolic equation and one
ordinary differential equation in one space dimension with a logarithmic chemotactic sensitivity
function and the exponential growth of dynamics for the chemical attractant. The structure of
positive solutions is studied from the viewpoint of infinite-dimensional dynamical systems.
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1. Introduction. We consider positive solutions to the following system of dif-
ferential equations

pt = {pz — p(logw)s }x 0<z<1, t>0), (1.1)
wy = (p— pw O0<z<1,t>0), (1.2)

where p is a positive constant. On this system we impose no-flux boundary conditions
py — p(logw), =0 (z=0,1, ¢t >0) (1.3)
and initial conditions

Pli=o = po, Wl=o =wo (0 <z <1). (1.4)

The system is a mathematical model describing chemotaxis, that is, the directed
movement of some cells in response to gradients of a chemical attractant. In the
system p(z,t) stands for the cell density of some species at place  and time ¢, and
w(z,t) the concentration of a chemical attractant. Keller and Segel[13] proposed
mathematical models of chemotaxis in 1970 by continuum mechanical considerations,
and in 1997 Othmer and Stevens|21] derived such mathematical models of chemotaxis
by using the principle of reinforced random walks. We remark that the system

pt = D{p, — p(logw), } O<zxz<{ t>0),
wy = Apw — pw O<z<dt t>0),
pe — p(logw), =0 (z=0,¢, t >0),
Pli=0 = po, Wli=o =wo (0 <z <¥),

where D, ¢, A\, u are positive constants, is transformed to the system (1.1)—(1.4) by
the following rescaling
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We mention that there is no diffusion term present in (1.2), and this is in contrast
to the usual chemotaxis systems

up =V - (Vu —ux(v)Vv),
vy = DAv + g(u,v).

The absence of the diffusion coefficient D may make differences in the structure of
solutions. For example, in the case where x(v) =1 and g(u,v) = u— v, every positive
solution under Neumann boundary conditions in one space dimension is bounded
under the condition D > 0 (see [8, 20]), but the finite-time blowup of solutions may
occur under the condition D = 0 (see [15, 17]). For the study of the usual chemotaxis
systems, we refer to [1, 2, 3, 6, 7, 9, 10, 11, 12, 16, 18, 19, 24, 25, 26] and references
therein.

Othmer and Stevens[21] studied the system (1.1)—(1.4) numerically, and got the
numerical observations indicating the possibility of finite-time blowup. Under the
boundary condition p, = w, = 0, Levine and Sleeman[14] constructed two kinds of
exact solutions supporting the numerical observations of Othmer and Stevens. One
exists globally, and another one blows up in finite time. Yang, Chen and Liu[27]
also constructed the exact solutions by a different method from that in [14]. The
exact solutions show that the behavior of solutions to (1.1)—(1.4) depends strongly on
the initial data. For the study related to (1.1)—(1.4), we refer to [4, 15, 22, 23] and
references therein.

The no-flux boundary condition (1.3) follows from the condition

pe(x,t) =0 (x=0,1, t>0), wog () =0 (x=0,1),
because (1.2) gives the representation of w(z,t)
w(z,t) = wo(x)elo (P(s)—plds,

which together with the condition above implies w,(z,t) = 0 at « = 0,1. In this
paper, we study the structure of positive solutions to (1.1), (1.2) under the following
boundary condition which is stronger than the boundary condition (1.3):

po(x,t) = wy(x,t) =0 (z=0,1, t >0). (1.5)

The plan of the paper is as follows. In Section 2, we discuss the behavior of positive
solutions through the exact solutions given in [14, 27], and give another method of
constructing an exact solution than that in [27]. In Section 3, we study the behavior
of positive solutions from the viewpoint of infinite-dimensional dynamical systems,
especially in terms of stable and unstable manifolds.

2. Exact solutions. Let (P(z),W(x)) be a positive solution to the stationary
problem of (1.1)—(1.3):

0={P, — P(logW)z}s, 0=(P—p)W (0<z<l),
P, — P(logW), =0 (z=0,1).
It is easily seen that (P(x), W(z)) is given by

P(z)=p, W(x)=v (v is any positive constant).
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For any positive constants a and [, the spatially homogeneous solution (p,w) to
(1.1)—(1.4) with po(z) = a, wo(x) = B is given by

(pyw) = (o, Bel™1).

These exact solutions show that the stationary solutions (u, ) are unstable, and that
the large-time behavior of solutions to (1.1)—(1.4) depends on the initial data.

Concerning spatially inhomogeneous solutions, Levine and Sleeman[14] gave the
following exact solutions under the boundary condition (1.5):

eeNem*t _ cos(Na)
1 — 2eeNem®t cos(Na) + g2e2Nem?t |7
e7'r215
1 — 2eeNem®t cos(Nx) + g2e2Nent’

p(z,t) = 2 [1 — 2NceeNem't

w(x,t) = e M

where 0 < ¢ < 1, N € N and c is the root of A> + NA —1 = 0. If ¢ is taken as

¢c=(—=N+ /N2 +4)/2,

then
2NceeNem't
. * I B 2 _
Jim pla", ) = Jim (14 T ) =
. . . et
Yimg (@™, 8) = lim T v = 0
where
-1
0<z*<1, cos(Nmz*) =1, T =——=loge.
=T = (Nma?) cNm2 08

If ¢ is taken as
c=(-N-VN2+4)/2,
then the exact solution above is global in time and
p(x,t) — 72, w(x,t)e_(”2_“)t —1 as t— 0.

To construct the exact solutions in [14], they put ¢ (z, t) = logw(x, )+ ut to transform
(1.1), (1.2) with the boundary condition (1.5) into the system

Vit — Vowt + (Pathr)e =0 (0<2 <1, t>0), (2.1)
Yo =0 (z=0,1,1t>0), '
and then they seek a solution ¢(z,t) in the form
W(zr,t) =t+ Z ane™ N cos(nNrx) (2.2)

n=1

for fixed N € N and c real.
Yang, Chen and Liu[27] also constructed two kinds of spatially inhomogeneous
exact solutions under the boundary condition (1.5). One exists globally, and another
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one blows up in finite time. They used (2.1) to construct the exact solutions by
function transformations. The exact solutions are as follows:

5 AkyeF™t 4 Bkoeh2™t 4 9¢,\/ABecr ™t cos(Nmz)
p(ZC,t) -7 |:Oé - kyim2t kom2t cim2t :|’ (23)
AeFim*t  Bekamt £+ 23/ ABe1™*t cos(Nmx)
an?t
w(z,t) = e H < (2.4)

Aekim*t 4 Bekamt + 9\/ABec1™t cos(N7x)’
where « >0, A>0,B >0, ¢;1 <a, N € Nand

ki =c1+NvVa—ci, ke=c1—Nya—c.
IfA>B>0, a—c >N*(VA+VB)?/(VA~+/B)?, then

pla, 1) = (o= k)a*(> 0), wa,fhe (™ 2 (1 o)

If B>A>0, ¢; < a, then p(x,t) and w(z,t) blow up at t = T, where
1 B
T=—F——log—.
IN7T2\ /o — 1 8 A

These exact solutions show that the behavior of spatially inhomogeneous solutions
is sensitive to the initial data.

We give another method of constructing the exact solutions mentioned above than
that in Yang, Chen and Liu[27]. To do so, for positive solutions (p(z,t),w(z,t)) to
(1.1), (1.2), (1.4) with the boundary condition (1.5) we define (¢(x,t), 9 (z,t)) by

<P('r7t) = p(CC,t) — Do, U)(Ia t) = 1ng('r7t) - 1ng0 - (p_O - /L)t
Here, f = fol f(x)dz for f € L*(0,1). Then, (¢(z,t),%(x,t)) satisfies the system

Sﬁt - <Pxx +p_01/)xx - _(901/11)1 (0 <zr< 17 t > O)a (25)
Y —@ =0 (0<z<1,t>0), (2.6)

with Neumann boundary conditions
0z =%y, =0 (z=0,1,¢t>0). (2.7)

We first construct an exact solution to the system (2.5)—(2.7) in the following
form

(5 =2 () oo, 23)

where d,,(t),e,(t) are smooth functions, y,(z) = v2cos(v ), \n = (n7)? and
N € N. The idea of seeking a solution in the form above comes from [15] where the
existence of finite-time blowup solutions and global solutions to a chemotaxis system
related to (2.5)—(2.7) are studied. We substitute (2.8) into (2.5), (2.6). Then,

_92 702 = — Do
0(0) (4 ) (0) 5 (44

n=1
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and as shown in [15]

n—1

2 2

n=1 m=

+ Z n{(n+m)dmentm — mdn+mem}>xn]\; ().

m=1

Hence,

atdn + )\nN (d pOen -

(2.9)
2N2 0
\/_ Z n{(n+m)dmentm — Mdptmem},
Bren — dy = 0. (2.10)
We look for d,,(t), e, (t) satisfying e, (t) # 0 for all n > 1 and
ndie, —dper =0 for alln > 2. (2.11)

The condition (2.11) means that the term for m = 1 in the infinite series on the
right-hand side of (2.9) vanishes. Let us show that (2.11) gives the relation

(n+m)dmentm — mdpimem =0 for all m,n > 1. (2.12)

In fact, (2.11) implies

2 forall n > 2.
€n €1
Using this relation, we have
d d
(n+m)dmentm — Mdptmem = emen+m{(n +m)—2 — mM}
€m en—i—m

d d
= emen+m{(n +m)m=— —m(n+ m)—l}
€1 €1

=0.

Hence, by (2.9) and (2.12), for all n > 1 the following relation holds.
7T2N2 n—1
n My —mCm.-

From this relation and (2.10) it follows that e, (n > 1) satisfies

atdn + )\nN(dn - p_Oen) =

) 7T2N2 n—1
Ofen + AunOien, — AuNDoln = ——n MemOin—m.- 2.13
; NO NPo 7 > ] (2.13)

m=1
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By (2.10) and (2.11), we have ne,die1 — e10e,, = 0 for all n > 2, from which it
follows that

len(t)] = énler(t)|™ for all m > 1,
where ¢, are positive constants and ¢ = 1. By (2.13) with n = 1, e;(¢) satisfies
Ofe1 + AnOrer — AnToer = 0,
which implies that
ei(t) = éfepxt + ¢ PNt for constants ¢, ¢,

where

+
PN =

—AN * \/)\?V + 4o AN
5 .

Assuming that (p(z,t),1¥(x,t)) decays to zero as t — —oo, we see
Hence,

Here, ¢; = éf and ¢, # 0 for all n > 2. To determine ¢, (n > 2), we substitute
en(t) = cne™t (n > 1) into (2.13) and get

+
Cn{(npj—i\_/')2 + )\nan]—i\_] - )‘an_O}enpNt

7T2N2 n—1 N
= 7 n Z_ m(n — m)cn,mcmpﬁe"”f\f’f.
m=1
Noting
(”pﬁy + AaN1ply — AanDo = N%(n — 1)71271'2;)E7
we have
1 n—1
(n—1)ne, = — Z m(n —m)cp—mCm.

\/— m=1

[\)

Putting nc, = \/55”, we have

n—1
1
En = E En—mEm-
n—1
m=1

From this relation, we have ¢,, = £}, 1 = ¢1/v/2, and ¢,, = v/2¢7 /n. Therefore,

V2

enlt) = L2een N dy(t) = VIS g R,
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For simplicity we put € = £1, p = p};. By the expression of ¢(z, ),

i t)xnn(z) =2 Z e cos(nNz).

Consider the case ¢; = éf > 0, that is, € > 0. Under the condition ee”? < 1, we have

0o
2 E e npt COS nch E l{en(log e+pt+iNmx) + en(logs-{-pt—inm)}
n

n=1

- log( — 2ee! cos(N7x) + e2e*?).

Hence,
Y(z,t) = —log(1 — 2ee”" cos(Nmx) 4 ),
2.14)
ge’t — cos(Nr) (
t)=20 t) = —2epe :
ple,t) = op(a,1) P T oeent cos(Nrx) 4 e2e2rt
In the case ¢ = éi” < 0, replacing ¢ by —e (¢ > 0), we have an exact solution

(p(z,t),9(x,t)) with a plus sign of the term cos(Nwz) in (2.14).

By p(x,t) = Do + ¢(x,1), w(z, t) = exp(logwo + (Po — p)t +9(x,1)), we get an
exact solution (p(z,t), w(z,t)) to (1.1), (1.2), (1.4), (1.5) given by

ge’t & cos(Nr)
14 2eert cos(Nmx) + e2e2et’
e(p_O_H)t

1+ 2eert cos(Nrx) + e2e2rt”

p(z,t) = po — 2epe’”
(2.15)
w(z,t) = elo8wo

Here, py and logwg can be taken as any positive constants, € is any constant with
0<e<l,and 0<z <1, t<—(loge)/p, p= p}. To show the positivity of p(z,t),
we rewrite p(z,t) as

1—52 2pt

PTE 2cert cos(Nrx) + e2e2rt’

p(z,t) =po—p+ (2.16)

By noting ee?t < 1 and

255 + (N7)* — /(N7)* + 4ps(Nm)?
2

p_O —p= > Oa
the positivity of p(z,t) is obtained.

We remark that the exact blowup solutions given by (2.3), (2.4) are derived from
the exact solutions given by (2.15). In fact, for given B > A > 0 and « > ¢; we put

[A 1
€ =1/=, ]9_02{(04—01)+N\/a—cl}7r2, log wy = log —.
B B
Then,

p}'{, = Nr2Va—ci.
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Put k1 =1 + Ny/a—c; and k3 = ¢y — Ny/a — ¢;. Calculations give
Aelhi=k2)7*t 4\ [ABe(c1=k2)m*t cog(Na)
B 4+ 2/ ABe(c1—k2)m%t cos(Nrw) + Aelkr—k2)mt
B Ak eF1™t 1 Bloeke™t 4 9¢;\/ABer™ t cos(Nmx)
Bek2mt 21/ ABec1™*t cos(Nmx) + Aekrm?t

Z00) = (@ = k2) — (k1 — k2)

and the expression of w(z,t) given by (2.4).

Next, we consider the case where (¢(x,t), ¢ (z,t)) decays to zero as t — oco. In this
case, we see e1(t) = ¢ eP~nt. In the same way as the exact blowup solutions, we have
the exact global solutions in time expressed by (2.15), where p = py <0, 0 <e < 1.
The positivity of p(x,t) holds for every 0 < z < 1, ¢ > 0 under the condition

HE)Q. (2.17)

Po— Py > (NW)Q(I—E

In fact, by (2.16) with p = py and the relation Py — py = (py)*/An we have
S _1+4e¢ _ — _1+4e¢
p(@,t) 2 (Po = py) + Pny—2 = (Po = piv) = Nm\/Po — Py

= \/p_o—pfv(\/p_o—p?v—Nﬂi—J_ri) > 0.

The exact solutions given by (2.3), (2.4), which exist globally in time, are also derived
from the exact solutions given by (2.15) as follows. For given A > B > 0 and

a—c; > N2(VA+VB)?/(VA - VB)? we put

B 1
€= T ]Toz{(a—cl)—N\/a—cl}w2, logwozlogz.

Then,
PN = —Nr?ya —¢.

By putting k1 = ¢1 + N\/a —c¢j and ky = ¢; — Ny/a — ¢j, calculations similar to
those in the case of the exact blowup solutions give the expression of p(z,t), w(z,t)
given by (2.3), (2.4) respectively. We remark that the condition (2.17) is equivalent
to the condition o — ¢; > N?(VA + vVB)?/(VA — V/B)?, by taking into account
Po— py = (a— 1)

Our method of constructing the exact solutions gives the reason why the way of
seeking exact solutions in the form (2.2) works well, and shows that the exact solutions
of [27] are derived from our exact solutions as mentioned above. It was pointed out
in [15] that the exact solutions of [27] are derivable from those in [14] by translations
in time or change of scale, and change of scale formulas were not given explicitly.

By the arguments above, we know that we can not construct finite-time blowup
solutions and global solutions of (2.5)—(2.7), i.e., those of (1.1)—(1.3), in the form
(2.8) with d,(0) = nAan, en(0) = a, except for the exact solutions above, under the
condition that the sequence {(dy(t),én(£))} = {(nAane™, ane™ )} satisfies (2.13),
ie.,

2N2 n—1
2. . — m Z PN
at én + )\nNaten - )\anoen = n mematen—mu

V2

m=1
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because (¢(x, 1), ¥(x,t)) = 320 (dn (1), én (1)) xnn () is the exact solution of (2.5)
(2.7) and (@(x,t),¢(x,t)) = (p(x,t),¢(x,t)) by virtue of the condition (2.11) for
{(dn(t),én(t))} and the uniqueness of solutions. This means that the technique used
in [15] for showing the existence of finite-time blowup solutions and global solutions
for a chemotaxis system related to (2.5)—(2.7) is not applicable to the existence of
those to our system except for the exact solutions. In the next section we apply
invariant manifold theory to studying the asymptotic behavior of solutions to (1.1),

(1.2), (1.4), (1.5) as well as the existence of global solutions.

3. Stable and unstable manifolds. Throughout this section, we consider pos-
itive solutions to (1.1), (1.2), (1.4), (1.5).

We begin with mentioning the local existence as well as the uniqueness of positive
solutions for the positive initial data (po(z),wo(x)). Consider the problem

pt =Pz —P¥2)s, Ve =p—Po (0<z <1, t>0),
Pr =%, =0 (z=0,1, t>0), (3.1)
Pli=0 = po, V]t=o =logwy —logwy (0 <z < 1).

In what follows, as in the previous section we put

1
f:/ f(x)dx for fe L'0,1).
0

For a solution (p(z,t),¢(z,t)) to (3.1) satisfying p(z,t) >0 (0 <z <1, t > 0), we
get a positive solution (p(:v,t), (z,t)) to (1.1), (1.2), (1.4), (1.5) by putting

w(:c,t) — elogwo-l-(ﬁ—u)t-i-w(m,t).

The arguments of [4, 22] can be applied to (3.1) to getting the local existence in
time and the uniqueness for classical positive solutions in a Holder space, [17, 22]
for solutions in the L?-framework and [15] for solutions in a sequence space which is
continuously and injectively imbedded in L'(0,1) x W11(0,1).

PROPOSITION 3.1. Let T;, be the mazimal existence time of the positive solution
(p(x,t),w(x,t)) to (1.1), (1.2), (1.4), (1.5). If Ty, is finite, then

1im;up|\p(t)l\m =00, limsup [|w(t)||r= = occ.
t—Ty,

*Lm

This proposition means that both p(z,t) and w(z,t) blow up at the same time
Tn. Proposition 3.1 was shown in [27] for classical solutions, and can be shown for
solutions in the L2-framework by applying the arguments of [17].

To discuss the behavior of spatially inhomogeneous positive solutions
(p(x,t),w(x,t)), we first give the following lemma.

LEMMA 3.1. The following relation

p(t) =po, logw(t) =logwo+ (Po — p)t

holds.
Proof. Integrating Eq. (1.1) on the interval (0,1) in z yields that
d 1

7 p(z,t)dz =0,
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which implies the identity on p.
Next, from Eq. (1.2) we have
(logw); = p — p.
Integrating this equation on (0, 1) in x gives the identity on w. O

PROPOSITION 3.2. It holds that
() D) = eoEe+ 5,
(ii) if po > u, then tlir%l |lw()|| L~ = 0.

Proof. Since the function s — log s is concave in s > 0, Jensen’s inequality gives

1 1
log ||w(t)|| . = log/ w(z, t)de > / logw(z,t) dx = logw(t).
0 0

By the identity on w in Lemma 3.1, this relation gives the first assertion. The second
assertion follows from the first assertion in the case of T}, = 0o, and from Proposition
3.1 in the case of T}, < co. O

For the further study of the behavior of solutions, let us define (¢(z,t), ¥ (z,t))
by

<P(x7t) = p(CC,t) — Do, 1/)(17at) = 1ng($7t) - 1ng0 - (p_O - ,u)t' (32)

Then, (¢, 1)) satisfies the system

Q- O-() e
with Neumann boundary conditions
Orp=0,0=0 (x=0,1) (3.4)
and initial conditions

¢li=0 = po — Po, Y|i—o0 = logwy — logwy. (3.5)

We remark that the following identity

1 1
/(pdz:/ Ydr =0
0 0

holds by Lemma 3.1.

Let X be a Banach space defined by
X = L(0,1) x (HX(0,1) N L§(0,1))

with the norm

el = ol + 1020010 for @ = (%) € X,
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where

1
L30.1) = (el € L20.1), [ wdo=0},
0
H%(0,1) = {¢| p € H*(0,1), dpp =0at z=0,1 }.

Define a closed operator A in the Banach space X by

—82 p—082
A= ( B w) with the domain D(A) = (H3 N L3(0,1))%.

Theorem 3.1 of [17] gives the characterization of the spectrum of the following operator

(—82 vd?

1 a ) for positive constants v, a,

and this theorem is also valid for a = 0. Applying Theorem 3.1 of [17] as v = Py and
a = 0, we have the following theorem on the spectrum o (A) of the operator A.

THEOREM 3.1. It holds that
(1) o (A) = {N\tn > 13U {\|n > 1} U {—Po}, where A\ are eigenvalues of A
given by

)\n )\2 Po n —2po. n
)\j{ _ + vV An + 4]90)\ > 07 )\; _ 2p0)\
2 An 4+ /A2 + 4P,

<0,

(i) A — 00, A, = —Do (n— 00),
(iil) the null spaces N(A\F — A) of XX — A are given by

N(Aj{—A)z{c(i’Jl;)xn] cec},

N, —A) = {c <_i\"> Xn ‘ ceC },
where X (x) = /2 cos(nmx).

The operator A is sectorial in X. Hence, the fractional powers of A; := A + bl
with Reo(4;) > 0 are well defined, and the spaces X? = D(A?) with the graph norm

|®|5 = |A®|x are defined for 3> 0. For 1/2 < 3 < 1, the following estimate

lollgr + [|¥)| g2 < Const.|®|g  for & = <i) € xP (3.6)

holds (see Proposition 3.2 of [17]). From this estimate it follows that the function F
defined by

F(®) = (—f%(sgam)) for O = (Z) € x” (% <B<1)

satisfies

[F(P1) = F(®2)[p < C(1D1]5 + [@2]5)|®1 — Pofp for @1,® € X7,



232 T. NAGAI
where C' is a constant independent of @, ®5. With the notation above, the system
(3.3)-(3.5) can be expressed in the form

dd
%(t) + A®(t) = F(®(t)) (t>0), (3.7)

D|—o = Po,

() _( PR
o= (7)) - <10ng —W> |

To apply invariant manifold theory to (3.7), we put

where

o(A) =0y Uo_, o = {Afln= 1}, oo = {A;|n > 1} U{-75).

Let Py (resp. P_) be the projection associated with o, (resp. o_), and X =
P.X, X_ = P_X. Then,

X =X, ® X_ (the direct sum of X} and X_).

We put Xf_ = D(Ai) for the restriction of A to X ;. Note that the origin (0,0) in
X is the unique steady state of (3.7) and unstable. Applying Theorem 5.2.1 of [5] to
(3.7) gives the following proposition.

PROPOSITION 3.3. There exists p > 0 such that the following holds:
(i) There exists the stable manifold M® included in {® € XP||®|5 < p} (1/2 <

B < 1) which is tangent to Xf at the origin. Further, if &g € M?*, then the
solution ®(t; ®g) of (3.7) with the initial function ®q exists for all t > 0 and
satisfies

|D(t; @o)|g — 0 exponentially as t — .

(ii) There exists the unstable manifold M" included in {® € XP||®|5 < p} (1/2 <
B < 1) which is tangent to X_ at the origin. Further, if &9 € M"Y, then the
solution ®(t; ®g) of (3.7) with the initial function ®q exists for all t < 0 and
satisfies

|D(t; @o)|g — 0 as t — —o0.

(iii) If |®(t; @o)lg < p for all t > to (resp. t < t1), then ®(t; D) € M?® (resp.
O(t; D) € M™) for all t > to (resp. t <t1).

THEOREM 3.2. For the stable manifold M? in Proposition 3.3 it holds that
(i) if (po — Po,logwy — logwy) € M?, then

(p(t) — Po,logw(t) — logwy — (po — p)t) € M?® for all t >0
and

Ip(t) = Polla1 + [[log w(t) —logwo — (po — )t a2 — 0, (3-8)

l|w(t)e POt _ glogwo 1, (3.9)

exponentially as t — oo,
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(i) there exists p1 > 0 such that if
Ip(t) — 75, logw(t) — Togws — (75 — w)tllsz < g for all t > to,  (3.10)

then
(p(t) — po, logw(t) — logwy — (Do — p)t) € M? for all t > to.

Proof. Let ®(t) = *(¢(t),1(t)) be the solution to (3.7) corresponding to the initial
function ®(0) = (po — Po, logwy — logwy) € M?. Define (p(t),w(t)) by

p(t) = o(t) + Do, w(t) = V() +@o—p)t+logwo

Then, (p(t),w(t)) is the solution to (1.1), (1.2), (1.4), (1.5) corresponding to the initial
function (po,wo), and by Proposition 3.3,

(p(t),1(t)) = (p(t) — Do, logw(t) — logwg — (Po — p)t) € M* for all t > 0,
I"(¢(),1(t))|s — 0 exponentially as t — oo. (3.11)

By (3.6) and (3.11), we have (3.8). Using the fact that H'(0,1) c C[0,1], H?(0,1) C
C1]0,1] and these injections are continuous, by (3.8) we have (3.9).
Next, let us show (ii). We note that

¥l < CClon e+ oalle) tor v = (51) € X
where C' is a constant independent of ¥. Take p; > 0 such that Cp; < p, where p is the
one in Proposition 3.3. Then, if (3.10) is satisfied, then |®(t)|g < |®()]1 < Cp1 < p
which implies ®(¢t) € M? for all t > #; by Proposition 3.3. O

Theorem 3.2 shows that the large-time behavior of (p(x,t), w(x,t)) is completely
determined by Pg, log wq as well as the existence of global solutions in time, under the
condition (py — Pg, logwy — logwy) € M?.

Concerning the unstable manifold, we have the following.

THEOREM 3.3. For the unstable manifold M™ in Proposition 3.3 it holds that
(i) if (po — Po,logwy — logwy) € M", then

(p(t) — Do, log w(t) — logwy — (Po — p)t) € M* for allt <0
and

Ip(t) = Pollan + [[log w(t) —logwo — (po — w)t|| a2 — 0,

||w(t)ef(p7°7“)t — elogw“||H2 —0

ast — —oo,
(i) there exists p2 > 0 such that if

lp(t) — Po, logw(t) — logwo — (Po — p)tl| g2 < pa for all t < ty,

then

(p(t) — po,logw(t) — logwe — (po — p)t) € M™ for all t < ;.
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We next study the behavior of the positive solution (p(z,t), w(x,t)) as t — Ty,
where Ty, is the maximal existence time of (p(z,t), w(z,t)), under the condition

po # Do,  (po — Do, logwo — logwg) € M*™. (3.12)
Let ¢(x,t) be the one defined by (3.2). Then, (p(z,t),(z,t)) satisfies
P =Pz —P¥2)e, Ye=p—Po (0<z<1,t>0),
Pz =1z =0 (IZO,L t>0), (313)
p|t:0 = Do, ¢|t:o =logwy —logwy (0<z< 1).

LEMMA 3.2. The identity

d

W), v(1) + (), ¥()) = 0 (3.14)

holds, where
1
W(pﬂ/)):/ (plogp — py) dx
0
1 1
Qv) = [ Ip-mPde+a [ el PP
0 0

Under the condition (3.12), by Theorem 3.3 we have
Jim {lp(t) = ol + [ ()] 2} = 0. (3.15)

Using Lemma 3.2 and (3.15) yields the following.

LEMMA 3.3. Under the condition (3.12), it holds that
(i) Q(p(t),9(t)) > 0 for every t € (oo, Trn),
(ii) the function t — W (p(t),1(t)) is decreasing in t and

W(p(t),%(t)) — Pologps (t — —o0). (3.16)

Proof. Since Qp(t), ¥(t)) >
increasing. By (3.15) and fol »(t)
Suppose that Q(p(to), ¥ (to))

0, by (3.14) the function t — W (p(t),(t)) is non-
)dx = 0, we have (3.16).
= 0 for some tg. Then,

1
p(to) = P, / (o) ? di = 0.

By (to) = constant and fol P(to) dz = 0, we have 9(tg) = 0. In the case of tg < 0,
the uniqueness of solutions to (3.13) yields that p(t) = Pg, ¥(t) = 0 (to < t <
Tinaz). This gives a contradiction to p(0) = pg # Po. In the case of t; > 0, since
t — Wi(p(t),v(t)) is non-increasing, combining W (p(to), ¥ (to)) = Do log po with (3.16)
yields that W (p(t),¥(t)) = Pologpo (—oo < t < tg). Hence, we have Q(p(t),¥(t)) =
0 (—oo < t < tg), and then p(t) = Do, ¥(t) = 0 (—oo < ¢ < tp) which gives a
contradiction to p(0) = po # Po. Therefore, Q(p(t), ¥ (t)) > 0 for every t < Tp,,, and
then ¢t — W(p(t), 1 (t)) is decreasing by (3.14). O
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THEOREM 3.4. Under the condition (3.12), the solution (p(z,t), w(z,t)) to (1.1),
(1.2), (1.4), (1.5) with the initial function (po,wo) satisfies

limsup{[[p(t) — Poll s + [[w(t)e” PO —elogo ] o} = oo (3.17)
t—Ty,
Proof. If Tpyar < 00, then (3.17) holds by Proposition 3.1. Hence, we consider

only the case of T}, = co. To show (3.17) with T}, = 0o, by we™ (Po—#t = elogwotv i
suffices to show that

1i§risur>{|lp(t)|lH1 + ¥ ()=} = o0, (3.18)

where 1T = max{,0}.
Assume that (3.18) is not true. Then,

igg{HP(f)HHI + [T ()|} < o0. (3.19)

Integrating (3.14) in time ¢ and using (3.16), we have

/ QUp(s),9(s)) ds = —W (p(t), (1)) + Ps log . (3.20)

— 00

Noting that

1 1
sup/ pYdr < sup/ pY T dr < oo,
0 0

t>0 >0

we see that sup,> (=W (p(t),¥(t))) < oo by (3.19), and that [*°_Q(p(s),¥(s))ds is
finite by (3.20). Hence,

o) ~ ol ds < o

— 00

Since sup, [|p(t)|| 1 < oo and H*(0, 1) is compactly imbedded in C[0, 1], there exists
{tn} such that

tn — o0, [Ip(tn) = Pollcoay — 0 (n — 00). (3.21)

By fol ¥(t) dz =0 and (3.19), we note that

1 1
sup/0 [¥(t)| dx = 2sup/0 YT (t) dr < oco.

t>0 >0

Using (3.21), we then have

/ p(x, tn)(x, t,) da
0

- / (P £ £n) — PO (@ £a)} iz — 0 (1 — o0).
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Combining this with (3.21) implies

W (p(tn), ¥(tn)) — Pologpo  (n — o0).
Hence, by (3.20) we have
| e o) ds = lim [ Q.o ds o
This is a contradiction to [*°_Q(p(s),(s))ds > 0. O

We mention a relation between the exact solutions (p(z,t), w(x,t)) given by (2.3),
(2.4) and the invariant manifolds M?, M" mentioned above.

Consider the first case where A > B >0, a—c¢; > N2 (VA+VB)?/(VA—-VB)2.
Then, (p(z,t), w(x,t)) satisfies

1
p(t) = (o0 = k) (> 0), wa, e TR o 20 (¢ — oo).
Put po(x) = p(z,0) and wo(z) = w(z,0). We show that
Po = (o — k1), (3.22)
— 1
1 =log —. 3.23
gy = log (3.23)

To show (3.22), we use Lemma 3.1 and lim;_o p(z,t) = (o — k)72 and get

1
Do = lim p(z,t)de = (o — k7>,

t—o0 0

To show (3.23), we rewrite wg(x) in the form

wo(x) = ! €= B <1
N T AT+ e2 £ 2ecos(Nrz))” ~ VA
and get
1 1 1
/ log wo(x) dx = log i / log(1 4 &% + 2e cos(Nrz)) da.
0 0
Since

1
/ log(1 + &2 + 2e cos(N7x)) dx = 0,
0

we obtain (3.23).
Next, by taking into account (3.22) and (3.23), it follows from the expression of
the exact solution (p(z,t), w(x,t)) that

o Bk — ka)e=ki=k)7*t £ 9(ky — ¢ )/ ABe~ (=)™t cog( N )
=

x,t) —Po
P(,t) = o A+ Be~(ki=k2)m?t 4 2\/ ABe~(k1—c1)7*t cos( N 1)

log w(z,t) — logwo — (Po — p)t
lo A
&4 + Be~(ki—ka)mt 4 9\/ABe—(ki—c))™t cos(N )
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By k1 — ke =2Ny/a —c; and ky — ¢c; = Ny/a — ¢y,

Ip(t) — Po, logw(t) —logwo — (Po — w)t)|lm> — 0 (¢t — o).

Hence, Theorem 3.2 implies that

(p(t) — Do, logw(t) — logwy — (Po — p)t) € M* for all t >> 1.

Consider the second case where B > A > 0, ¢; < a. We also see that

Since

— 1
7o = (a — ko)7?,  logwp = log 5

lp(t) — Do, logw(t) —logwy — (Po — u)t)||gz — 0 (t — —o0),

Theorem 3.3 implies that

(p(t) — Do, log w(t) — logwy — (Po — p)t) € M" for all t << —1.
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