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ON SOME SPECTRAL PROPERTIES OF OPERATORS GENERATED
BY QUASI-DIFFERENTIAL MULTI-INTERVAL SYSTEMS *

MAKSIM SOKOLOVT

Abstract. We construct the common and the ordered spectral representation for operators,
generated as direct sums of self-adjoint extensions of quasi-differential minimal operators on a multi-
interval set (self-adjoint vector-operators), acting in a Hilbert space. The structure of the ordered
representation is investigated for the case of differential coordinate operators. Results, connected
with other spectral properties of such vector-operators, such as the introduction of the identity
resolution and the spectral multiplicity have also been obtained.

Vector-operators have been mainly studied by W.N. Everitt, L. Markus and A. Zettl. Being a
natural continuation of Everitt-Markus-Zettl theory, the presented results reveal the internal struc-
ture of self-adjoint differential vector-operators and are essential for the further study of their spectral
properties.

1. Preliminaries.

1.1. Problem overview. In 1985, F. Gesztesy and W. Kirsch published their
work [1], where they considered an example of a Schrodinger operator generated by
the Hamiltonian

d? 1 1
1 H=—2 (2~} —— 0.
(1) az " <S 4) cozz’ °7

Since the potential of (1) has a countable number of singularities on R which spoil
the local integrability, they constructed operators T;, generated by (1) in the spaces

L2 (—gﬂ‘w,gﬂ'w), ieZ,

and then considered the direct sum operator @;cz7T; in the space

®icnL? (—g +in, g + m) .

The work [1] stimulated other researchers to generalize the problem. In [2],
W.N. Everitt and the coauthors considered quasi-differential direct sum operators,
generated by a countable multi-interval system, with intervals being subsets of one
copy of the real line. In 1992, W.N. Everitt and A. Zettl [3] studied direct sums
of minimal and maximal operators generated by arbitrary formally self-adjoint ex-
pressions in Hilbert spaces considered on arbitrary intervals (maximal and minimal
vector-operators). Later in 2000, vector-operators were also considered in complete
locally convex spaces by R.R. Ashurov and W.N. Everitt [4], which was a natural
generalization of their work [5]. Since 1992, quasi-differential vector-operators have
mostly been investigated in connection with their non-spectral theory, such as the
introduction of minimal and maximal vector-operators and their relationship (it was
shown that the adjoint of a minimal vector-operator is maximal in a Hilbert space
[3], and the analogous result with the modification for Frechet spaces was obtained in
[4]). A lot of work has been carried out by W.N. Everitt and L. Markus in order to
develop the theory of self-adjoint extensions for vector-operators with the employment
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of symplectic geometry. In connection with this, see their recent memoirs [6] and [7].
Another group of scientists studied differential operators on graphs. In some cases,
such theory has a close connection with that developed by W.N. Everitt, L. Markus
and A. Zettl since certain boundary conditions may lead to the consideration of a
differential operator on a graph as a direct sum operator. Some most modern results
in connection with the spectral theory of differential operators on graphs belong to
R. Carlson [8, 9] and P. Kurasov, F. Stenberg [10].

The theory of operators generated by multi-interval systems finds its applications
in many problems of quantum mechanics, theory of semiconductors and theoretical
computer science; good bibliographical references for these subjects may be found in
[7].

Since the theory of quasi-differential vector-operators in a Hilbert space is quite
young and the most recent studies have concerned mostly problems connected with
their common theory, small attention was given to its spectral aspects. Some results,
describing the position of spectra of vector-operators were presented in 1985 in [1]
and the most recent results belong to Sobhy El-Sayed Ibrahim [11, 12]. Some spectral
properties of self-adjoint vector-operators were presented by M.S. Sokolov in [13] and
R.R. Ashurov, M.S. Sokolov in [14, 15]. Nevertheless, a rigorous structural spectral
theory for such operators has not been developed yet. The present work is designed to
make essential steps in this direction. It completely covers abstract results, briefly de-
scribed in [13, 14] with some modifications. It also presents the new results, describing
the structure of the ordered spectral representation and eigenfunction expansions.

1.2. Quasi-differential operators and vector-operators. Basic concepts of
quasi-differential operators are described in [3, 6]. A good reference for operators with
real coeflicients is the book of M.A. Naimark [16].

Let us have a number n € N;n > 2, and an arbitrary interval I C R. Let Z, (1)
be a set of Shin-Zettl matrices. These are matrices A = {a,s}, ars : I — C of the
order n x n, such that for almost all x € I:

(’L) ars € Lloc(I)7 r,s=1,n;

(”) ar‘,7‘+1(x) #0, r=Ln-1

(1i1) aps =0, s=r+2,n;r=1n—2.

Consider a function f : I — C; its quasi-derivatives relatively to a Shin-Zettl
matrix A are defined by

@ =
) = A (A S e Y] =TT
(iii) )= L an T

Let us introduce a linear manifold D(A) C ACoc(1):

Da(I):={f: I -C| fi™ € ACe(I) (r=T,n)}.

It is possible to see, that f € D4(I) implies fx[qn] € Lioo(I), and it is possible to prove
that D4(I) is dense in Ljoc(1).
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Relative to a matrix A € Z,,(I), we have the quasi-differential expression M4[f] =

i"fi, f € Da(l).

The matrix A* € Z,(I) designates the Lagrange adjoint matrix to A if AT :=
—L 1A*L,, where A* is the adjoint matrix, and L, = {l,s} is the (n x n)-matrix,
defined as:

I _ [y =T
rtl-r = 0, for other r, s.

Using this notation we suppose that in this work we deal only with Lagrange
symmetric (formally self-adjoint) expressions, that is M+ [f] = Ma[f] = 7(f), where
T is an alternative denotation for a Lagrange symmetric expression.

For a quasi-differential expression M 4[f], the Lagrange formula is known ([a, 8] C
I - an arbitrary compact subinterval of I):

o S
(2) / {g(z) Ma[f](x) — f(2)Ma+[9(2)]} dz = [f,9]a(B) = [f, gla(e),

where f € Da, g € Du+, [f,9]a(8) and [f, g]a(«) may be derived from:

n

[fogla@) =i Y (~1) L V@)l @), zel

i=1

Let w > 0 be a weight function from Lj,.(I), w : I — R; the Hilbert space
L*(I : w) is formed as usual.
We define maximal and minimal operators as follows:

DEFINITION 1.1. Operators T, and T),;, are called respectively mazimal
and minimal operators if they are generated by 7(f) on the domains D(7},4,) and
D(Tmzn)

D(Tmaw) = {f I — Cl f c l)A(I)7 w_lT(f) c LZ(I : w)},
Tmazf = w_lT(f)a (f € D(Tmaa:»;
D(Tmzn) = {f' f € D(Tmaz>, [f7 Q]A(b) - [fa g]A(a) =0 (g € D(Tma))}?

Tminf = w_lT(f)a (f € D(Tmm)),

where [f,g]a(b) and [f,g]a(a) are the limits (which necessarily exist) of the bilin-
ear forms from (2), that is limg_s[f, g]a(B) = [f,9la(b) and lim,_.[f, gla(a) =
[f7 g}A(a)

The following general theorem is known for the operators Tp,q, and Thyin -

THEOREM 1.2. For the operators Tipar and Thnin and their domains the following
facts are valid :
(@)  D(Tmin) € D(Tmaz). Domains D(Tyin) and D(Tyaz) are dense in L2(1 : w);
(b) The operator Tpmin is closed and symmetric, the operator T, is closed in
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L3(I : w);
() Trin =Tmaz and T} 00 = Tinin-

All self-adjoint extensions of T;,;, appear to be the contractions of T}, qz.

Let Q be a finite or a countable set of indices. On €2, we have an Everitt-Markus-
Zettl multi-interval quasi-differential system {I;, 7;;w;}icq. This EMZ system gen-
erates a family of the weighted Hilbert spaces {L*(I; : w;) = L?},cq and families
of minimal {T}nini}icq and maximal {T),qz,i}icq operators. Consider a respective
family {7} };cq of self-adjoint extensions.

We introduce the system Hilbert space L? = @;cqL? consisting of vectors f =
®ieqfi, such that f; € L? and

€12 = STl = Z/] il dar < o,

1€Q SV

where || - ||? are the norms in L?. In the space L? consider the operator 7' : D(T) C
L2 — L2, defined on the domain

D(T) = {f € ®icaD(Ti) CL?: Y | Tifill? < oo}

i€Q
by Tf = ®icaTi fi-

DEFINITION 1.3. The operator T' = @;cqT; is called a differential vector-operator
generated by the self-adjoint extensions 7; on an EMZ system, or simply a vector-
operator. If € is infinite, the vector-operator T is called infinite. The operators
T; are called coordinate operators. For Q' C Q, the operator @req/T) is called a
sub-vector-operator of the vector-operator ®;cqT;.

The following abstract preliminaries may be found, for instance, in books [17, 18].

Fix i € . For each T; there exists a unique resolution of the identity E% and a
unitary operator U;, making the isometrically isomorphic mapping of the Hilbert space
L? onto the space L?(M;, ;), where the operator T; is represented as a multiplication
operator. Below, we remind the structure of the mapping Us.

We call ¢ € L? a cyclic vector if for each z € L? there exists a Borel function
[, such that z = f(T;)¢. Generally, there is no a cyclic vector in L? but there is a
collection {¢*} of them in L2, such that L? = @*L2?(¢*), where L?(¢*) are T}-invariant
subspaces in L? generated by the cyclic vectors ¢*. That is

L(¢") = {F(T))¢*},
for a varying Borel function f, such that ¢* € D(f(T})). There exist unitary operators
U*: L3 (¢") — L*(R, u),

where pF(A) = ||[EY(A)¢*||? for any Borel set A. In L%(R, u*), the operator T} has
the form of multiplication by A, i.e.

(U’“TilLW)U’flz) () = Az(\).
Then the operator

U; = a*U" : @ L2 (%) — " L*(R, u¥)
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makes the spectral representation of the space L? onto the space L?(M;, u1;), where M;
is a union of nonintersecting copies of the real line (a sliced union) and pu; = >, u*.
That is (U;T;U; 2)(A) = f(M\)z(\), where z € U[D(T;)] and f is a Borel function
defined almost everywhere according to the measure u;.

A vector ¢ € L? is called maximal relative to the operator Tj, if each measure
(E'()z,x);, € L?, is absolutely continuous relative to the measure (E*(:)¢, ¢);.

For each Hilbert space L? there exist a unique (up to unitary equivalence) decom-
position L? = @, L?(p ,i), where ¢} is maximal in L? relative to T;, and a decreasing
set of multlphclty sets e},, where el is the whole hne such that @kLZ(goz) is equiv-
alent with @) L?(el, u;), where the measure of the ordered representation is defined
as wi(-) = (E'()pt, ¢})i- A spectral representation of T; in @&y L% (e}, u1;) is called the
ordered representation and it is unique, up to a unitary equivalence. Two operators
are called equivalent, if they create the same ordered representation of their spaces.

2. The spectral representation for the vector-operator 7. In this section
we show, how the common spectral representation of the vector-operator 7' depends
on the common spectral representations of the given operators T;. For this purpose,
we first prove some auxiliary results.

DEFINITION 2.1. For i € €, we introduce a sliced union of sets M; (see also
preliminaries) as a set M, containing all M; on different copies of U;cqM;. The sets
M; do not intersect in M, but they can superpose, i.e. two sets M; and M; superpose,
if their projections in the set U;cqM; intersect.

Separate arguments show, that the following auxiliary proposition is true.

PROPOSITION 2.2. Let us have a set of measures p;, i € §2, defined on noninter-
secting supports. If

> [ <o
1€
for any Borel function f(\), then the following equality is true:

Z/ FON) dps(n /f )a>" ()

i€ 1€Q

LEMMA 2.3. The identity resolution {Ex\} of the vector-operator T equals to the
direct sum of the coordinate identity resolutions {E}}, that is:

{Ex} = @ica{E}}
Proof. A vector x belongs to D(T) if and only if
7P = S [Tl = 3 [ Al < o
i€Q 1€
Then, using Proposition 2.2 we find out that:

/ N2 d| By |? = / XdS | Bl

1€Q 1€Q
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This means, that x € D(T), if and only if

/ N d || Bz} < oo

> i€Q

and

| Tx]? = / X a3 | B2

- i€Q

Using the uniqueness property of an identity resolution, the last two equations show
that @,co{EY} is the identity resolution of the vector-operator T'. That is, according
to our notations {Ex} = @;co{E}}. The lemma is proved. O

LEMMA 2.4. For any Borel function f and any vector x € D(f(T)), the following
equality holds: f(T)x = [Bicaf(T;)]x.

Proof. Let x € D(f(T)). Then, paying attention to Proposition 2.2 and Lemma
2.3, for any y € L2, we obtain:

Umxy) = [ sdExy) = [ TN aY (B =

i€

=Y [ B = @) = (el D)

€EQY T 1€EQ

Since y is arbitrary, we have f(T)x = [®;cqf(T;)]x. This completes the proof of the
lemma. O

For z; € L2, i € Q, define z; = {0, ..., 0, 2;,0, ...,0} € L?, where z; is on the i-th
place.

For each i € , let €(T;) denote the subspectrum of the operator T;, i.e. the set
where the spectral measures of T; are concentrated. Note, that e(T;) = o(T;). For
instance, the subspectrum of an operator having the complete system of eigenfunc-
tions with eigenvalues being the rational numbers of [0,1] equals to Q N [0,1]; the
subspectrum of an operator having the continuous spectrum [0,1] is assumed to equal
to (0,1) without loss of generality.

Consider a projecting mapping P : M — U;cqM; (see Definition 2.1), such that
P((T})) = «(T3).

DEFINITION 2.5. Let Q = UK A;, AN Ay =0 for k # s and

Ap={s € Q:Vs,l € Ap,s £ 1, P(e(T,)) N P(e(T)) = By,
where || E*(Bg):||7 = 0 for any cyclic ¢, € L?, t = s,1}.
From all such divisions of 2 we choose and fix the one, which contains the minimal

number of Ag. In case all the coordinate spectra o(7T;) are simple, we define the
number A = min{K} as the spectral indezx of the vector-operator T'.

THEOREM 2.6. Let each T; have a cyclic vector a; in L?. Then the vector-operator
T has A cyclic vectors {ay }2_,, having the form a; = Dica, i
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Proof. First we consider the case of two coordinate operators. Let s, € .
Then, in order to obtain one cyclic vector in L2 @ le having the form as @ a;, for any
x=z,01 €L%® Ll2 we have to find a Borel function f, such that

x=f(Ts ®T))|as & .
From Lemma 2.4 it follows that

x = [f(Ts) & f(TV)][as & ai].

On the other hand we must obtain each space LIQ, (p = s,1) by closing the set
{fp(Tp)ap}, letting f, vary over all the Borel functions such that a, € D(f,(T}p)).
If 5,1 € Ay, then supposing that f = f, on P(e(T})), we obtain the required function
f, since any functions in the isomorphic space L? are considered equal on the set of
measure zero. Hence, it is clear that for all ¢ € Ay, we may build a single cyclic vector
of the form

ai = Dica,t; = E aj,
i€ A

using the process described above, each time operating with a pair of operators.
We recall, that we have the minimal number of Ay. Consider the Hilbert space

(3) [@iEAk Lzz} D [@jGAqL?]v k 7£ q.
We know, that then
[Uica, P(e(T3))] N [Ujea, P(e(T;))] = Brq

has a non-zero spectral measure. From the reasonings described in the beginning of
this proof we see, that for joining the cyclic vectors ay = @ica,a; and a; = Bjeca,a;

into the one
i€AL JEA,

we would have to derive the Hilbert space (3) by closing the set

{fk(@ica,T)art © {fo(Djea, Ti)ag},

with varying the Borel functions f; and f,;, which coincide on By,. This is not
possible, since the set of such functions is not dense in the isomorphic space L? (the
isomorphism is understood as in the spectral representation of the space (3)). Hence,
we have obtained A cyclic vectors

ay=Y mel’ k=14
i€AL
and have proved the theorem. O

COROLLARY 2.7. Let each T; have a single cyclic vector. Then
1. A =1 if and only if the coordinate operators T;,i € 2, have almost everywhere
(relatively to the spectral measure) pairwise non-superposing subspectra.
2. a) card(Q) < Ng. A = card(Q), if and only if all the coordinate operators T;
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have pairwise superposing subspectra; b) card(2) = Ng. A = oo, if and only if T
has an infinite sub-vector-operator, the coordinate operators of which have pairwise
superposing subspectra.

Proof. The proof directly follows from the reasonings of the proof of Theorem
2.6. 0

In the next section we will rigorously show what the spectral multiplicity of a
vector-operator is. Nevertheless, this notation is intuitively clear. Running ahead, let
us present here an example, which will show the difference between the spectral index
and the spectral multiplicity of the vector-operator T'.

EXAMPLE 1. We have a three-interval EMZ system {I;,7;}3_; (a kinetic energy,
a mirror kinetic energy, an impulse):

d 2
Il = [0;+OO>7 T = — (E) )

D(Tl) = {f € D(Tmax,l) : f(o) + kfl(o) = O,—OO <k < OO},

d 2
12 = [0;+OO>7 Ty = (E) 3

D(T3) ={f € D(Trmaz2) : f(0) +sf(0) =0,—00 < s < o0};

I3 =[0,1], 75 = %%a D(Ts) = {f € D(Trmaz3) : f(0) = e *f(1), a € [0,27]}.
If k,s € (—00,0] U {+00} then
e(T1) = (0,400), €(Tz) = (—0,0), €(T3) = U (2mn — ).

n=—oo

For this system we have: {1,2,3} = U?_, A) and A; = {1,2}, A; = {3}. Thus, here
the spectral index does not coincide with the spectral multiplicity (which equals to
1) and equals to 2.

The case 0 < k, s < +o0 leads to the following

e(Ty) = {—%} U (0,450), €(Th) = (—00,0) U {Slz} , e(Ty) = n_@w@m —a).
If
o ¢ n—@w <27m + %) U LD@ <27rn - S%)] ,

we have A; = {1}, Ay = {2}, A3 = {3}. That is A = 3 but &3_,7; has a simple
spectrum.

EXAMPLE 2. Let us have a vector-operator @3_; T; with

e(Ty) = U ™, €(Ty) = U mn, €(T5) = U ™.

n€zZ,n=0 n€ezZ,n<0 neEZ,n#0
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Spectral index equals to 3 but spectral multiplicity equals to 2.

DEFINITION 2.8. A vector-operator T' = ®;cqT; with simple coordinate spectra
o(T;) is called distorted if its spectral index does not equal its spectral multiplicity.

Note that in the above example 1, it is possible to unite the cyclic vectors into
one just taking their direct sum (as it is shown in the proof of Theorem 2.6). But
nevertheless, it is convenient to consider such operators as distorted satisfying Defini-
tion 2.8. The distorted vector-operator from Example 2 is ’completely’ distorted and
it is not possible to unite the coordinate cyclic vectors into a cyclic direct sum.

With some loss of technical value but more clearly for applications, Theorem 2.6
may be reformulated as

COROLLARY 2.9. Let each T; have a simple spectrum. Then undistorted vector-
operator T has A-multiple spectrum.

Let us pass to the general case when each operator T; has m; cyclic vectors. There
exists a decomposition

T = ®icali = Bica B2, Tik = @1,

where each Ty has a single cyclic vector. For the vector-operator T' decomposed as
above, we apply Theorem 2.6 and find the spectral index A. It is clear, that in this
case for the spectral index there exists the estimate

(4) A > max{m;}.

As it has been stated in the preliminaries, for each operator T; there exists the unitary
operator U;, such that U; : L2 — L2*(M;, ui;). Hence

GicaUi : Gicali — @ical*(M;, ;).
Or, in the general case (i.e. when there are T; with more then one cyclic vector),
Dieal; : Biea O, LT x — Diea O, L2(R, 7).
From Theorem 2.6 it follows that there exists a unitary operator
(6)  V:Sico &L LR, pf) = &L R, i) = Sg L R, Y g
JEA,

This means that for any vector-operator T there exists the unitary operator V @;cqUs,
which represents the space L2 on the space La(N, u):

V @icq U; : L? — L*(N, p),
where N is the sliced union of A copies of R and
A
=03
g=1jcA,

according to the symbols in (5). We finally obtain



522 M. SOKOLOV

THEOREM 2.10. Let the vector-operator T = @®;cql; be undistorted and let
the unitary operator V be defined as in (5). If unitary operators U; give spectral
representations of the Hilbert spaces L? on the spaces L?(M;, u;), then the unitary
operator

W =V ®ica U;
gives a spectral representation of the space L? on the space L*(N, ).

Directly from the definition of a distorted vector-operator, it follows that only for
undistorted vector-operators, the transform V' does reduce the quantity of cyclic vec-
tors to the minimal possible. Note, that distorted differential vector-operators appear
to be frequent objects if vector-operators are considered on a set of closed bounded
intervals, and on the other hand quite rare, if coordinate operators have continuous
spectra. For them Theorem 2.10 is not efficient and needs to be strengthened. Such
strengthening is the construction of an ordered representation for arbitrary (distorted
or not) differential vector-operators, the process which seems to be essential for further
development of spectral theory of vector-operators.

3. The ordered spectral representation for the vector-operator T'.

THEOREM 3.1. If 0; and {€},}"", are measures and multiplicity sets of ordered
representations for coordinate operators T;, i € §, then there exist processes Pry and

Pray, such that the measure
0 = Pri({0;}icq)

is the measure of an ordered representation and the sets

Sp = Pra ({ei}ien;kzm)

are the canonical multiplicity sets of the ordered representation of the operator T.
Thus, the unitary representation of the space L? on the space ®,L?(sy,0) is the
ordered representation and it is unique up to unitary equivalence.

Proof. We divide the proof into units for convenience. Units (A) and (B) repre-
sent the process, which we call 'the process of division on subspectra’.

(A) Let a; be maximal vectors relative to the operators T; in L?. We want to find
a maximal vector relative to the vector-operator T'. We know, that the vector ®;cqa;
does not give a single measure, if a set P(e(T;)) N P(e(T;)) has a non-zero spectral
measure for ¢ # j. Consider restrictions Tj|2(,,) = T;. Since all the operators T

have single cyclic vectors a;, we can divide  into Ay, k = 1, A (see Definition 2.5)
and apply Theorem 2.6 for the operator ®;eqT;. Thus, we have derived A vectors
a% = @jca,a;, which are maximal in the respective spaces L*(a*) = @;ca, L3 (a;).
Indeed, this is obvious for the case card(Ag) < Ng. For the infinite case, if arbitrary
Yy =DjeaY; € L2(ak) and if

(6) ([®j€AkEj](')akﬂak) = Z (Ej(')ajaaj)j =0,

JEAK

then from the maximality of the vectors a; for all j € Ay, and since P(e(T}))NP(e(T}))
has zero spectral measures for j # k, we obtain

S (B Oww), = (Bjea ]()y.y) =0,
JEA)
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which follows from the convergence to zero of the series with the positive maximal
elements (6). Thus, in particular, we have constructed a maximal vector in L? for the
case A = 1.

(B) Let now 1 < A < co. Define TF = &jca, T7}. For any two operators T* and
T°, k # s, let us introduce the sets e, o = P(e(T*)) N P(e(T*)) and e = P(e(T*)) \
€r.s- There exist unitary representations U* : L?(a*) — L?(R, jinx) (see formula (5)
supposing there A = 1). Consider measures py and py s, defined as

fik,s(€) = par (€ Neg,s) and pg(e) = par(e N eg),

for any measurable set e. For any operator T* (with respect to 7°%), measures y, and
tk,s are mutually singular and pr, + pi s = par; therefore

L2(Ra Na’“) = Lz(R7 ,u'k) D Lz(Ra :U'k,s)'
This means that (according to our designations):
UF LR, ) — LA(af) © L (af )

and a* = a’,i @ a’,; s» Where a’,j and a’,z_s form the measures p and gy s respectively.
Define also as max{w, 1} the vector, which is maximal of the two vectors in the
brackets (Note, that this designation is valid only for vectors, considered on the same
set. In order not to complicate the investigation we assume here that any two vectors
are comparable in this sense. In order to achieve this, it is enough to decompose each
coordinate operator T into the direct sum 777 @ T, where the operators have
respectively pure point and continuous spectra. Then after redesignation we obtain
the equivalent vector-operator to the initial vector-operator &T;).
Consider first two operators T and T?. It is clear, that the vector

1P2

_ 1 2 1 2
a = a; ® a; ®max {31,2a32,1}

is maximal in L?(a!) @ L?(a?). Note, that al and a3 and they both may equal zero.
The maximal vector in L?(a') @ L?(a?) @ L?(a®) will have the form:

19203 _ 182 5 .3 192 .3
a = a;g; D az @ max {31@2,37 33,1@2} .

Continuing this process, we obtain a maximal vector in the main space LZ:
1®-0A _ 16--®A-1 A 1®--dA—1 A
(7) a =a;5. . ga—1 Day & max {31@..‘@/\—1,/\7 aA,l@m@A—l} .

Formula 7 may be simplified, if we divide the measures p,+ into continuous and
pure point components, that is frar = p"* + pL7. Then aF = aF«ont ¢ akrP. Rela-
tively to any operator T, k # s, we have

k,cont __ _k,cont k,cont k.pp _ k,pp k,pp
a =a, ©ay and a =a." Da’;.
Now we can repeat the process described above in (B), separately for the continuous

and the pure point parts. Since measures with the same null set may be considered
equivalent, we have

maX{wcont’ ,L/)cont} — either wcont or ,(/}cont’
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max{wPP PP} = either wP? or PP,
for any two vectors w and 1. Thus we obtain

] t
alEB @A, cont _ al,cont e [@9:23;7C0n ] )

Similarly,

al® - ®App _ 410w o [@é\zﬁgypp} .

Since max{w®" PP} = PP we finally derive

1®---®A _ 1®---®DA,pp 1@---®A,cont
a =a S al@---@A .

Let A = co. We obtain a'®®A as a vector which satisfies the following equality:

®) @B (Nat® " = Jim [l B/ (a4

since the limit on the right side exists. Indeed lim . [|[©5, E7(-)] al@"'@LH2 can

be rewritten as Y2° | || EY(-) aj| j

, where @; are the restricted a;. Noticing that
> ; 2 ; 2

2N O] < X NEO ;<o

j=1 j

Jj=1

we prove the convergence (without loss of generality, the vectors a; can be always
chosen such, that Y-, ||a;[|? < o0).

(C) The next step is to build the measure of the ordered representation for the
vector-operator. From Lemma 2.3 and the reasonings above, it follows that such a
measure will be

0(-) = ([DicoE'()]al® e al®en)

Thus we have constructed the process Pr.

(D) The final step is to construct the canonical multiplicity sets s,, of the vector-
operator; s; is the whole line; s, must contain all the spectrum the multiplicity
of which exceeds or equals to 2. For this purpose, we are primarily to unite all
eb. But, nevertheless, U;eb will not include all the sets of multiplicity > 2, since
we know that if P(e! \ ) N P(e] \ e3) has a non-zero spectral measure, all the
intersections of this sort will represent the multiplicity 2 and should be included
into sy (since then it is not possible to construct a single cyclic vector). That is
so = (UiP(eh)) U (UN(P(ei\eb)). Using this idea and the fact that an infinite
intersection of measurable sets is a measurable set, by induction we may finally build
Sn:

U U ﬂp(e'imi\eini-i-l)

> mizn

P

We have constructed the process Pry. O
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The constructed measure and the multiplicity sets induce the ordered represen-
tation. It is known that such a representation is unique up to unitary equivalence.

Let us return to the example 2. For the distorted vector-operator 71 & T5 & Ts,
two spectral measures will be constructed on vectors a!®?®3 and

min{aiz, a%,l} D min{agﬁ, ag,2} @ min{ag,l? a}73},

where the sense of the minimums is clear.
Here the term ’distorted vector-operator’ is clearly explained by the form of its
cyclic vectors. The multiplicity set e; will be

[P(e(Th)) N P(e(T2))] U [P(e(Th)) N P(e(T3))] U [P(e(T2)) N P(e(T3))]-

Using the obtained spectral representation we can construct equivalence classes
in families of self-adjoint operators:

DEFINITION 3.2. Two families of self-adjoint extensions {T;}¥ ; and {S; }JL:1 are
called equivalent, if respective vector-operators @fvlei and @JLzlSj are equivalent.

Note, that if two families {T;}, and {S;}f_, are equivalent, it is not necessarily
the case that NV = L and T; is equivalent with S;.

4. The structure of the ordered spectral representation. Up to now, we
have not used the structure of the coordinate operators as differential operators. In
this section we make precise the ordered representation obtained in the previous sec-
tion.

Let I = V;eq jea I
If x; are variables on I;, then Va; will designate a variable either on I or I* depending
on the context. This notation shows, that a vector-function

I; denote the sliced union of intervals I;. Similarly, I* =\/

z={z1(x1),. ., 2n(Tn),... }

on I or I¥ may be written as z(Va;). In particular, we may also write z(Vz;) instead
of z = ®;cqz;.
Let us introduce the space @;cqL>(I]"). Here, z(Vz;) € @icqLl>(I]) means that

sup {GSS sup |Zz($z)XI($z)} < 00,
i€Q zi el

where for each 4, families {I7"}2, represent compact subintervals of I;, such that
U, I™ = I; and x is the characteristic function. In [4, Lemma 2.1], it was shown
that @;eqL>(I1) = (BieaL'(I1))*, where the space of Lebesgue-integrable vector-
functions @®;cq Lt (1) is defined analogously to L2.

We also need to introduce a symbolic integral f\/ g, (V) d(Vz;) defined by:

fva dve) =6 [ filw)dai,
\/ Ji Ji
where f(Vx;) is understood to be measurable relatively to d(Vz;), if and only if f;(z;)

are measurable relatively to Lebesgue measures dx;. Then

f(vai)d(Va;) < oo
V Ji
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if and only if sup; [, fi(x;)dz; < oo.
The main result of the current work is to prove the following theorem:

THEOREM 4.1. Let T be a self-adjoint vector-operator, generated by an EMZ
system {I;,7; yicq. Let U be an ordered representation of the space L? = @;cqL?(I;)
relative to T with the measure 0 and the multiplicity sets si, k = 1,m. Then there
exist kernels O (Va;, A), measurable relative to d(Va;) x 0, such that Ox(Va;, A) =0
for X € R\ s and (®ieqri — N)Ok(Va;, \) = 0 for each fized A\. Moreover,

(10) / 101 (Vars, N2 dIN) € Gica L (IF) ¥n € N.
A

(11) (Uw)*(\) = lim w(Vz;) Or(Vai, \) d(Va;), weL?

n—00 Jrn
where the limit exists in L*(sy,0). The kernels {Or(Var;, \)}1_,, n < m, are linearly
independent as vector-functions of the first variable almost everywhere relatively to
the measure 6 on s,,.

Proof. Fix i. If 6; and {e}},", are respectively the measure and the multiplicity
sets of an ordered representation for T;, then there exists the decomposition L? =
@yt L?(el, 0;), which implies T; = @, T} and L*(e},0;) are T/-invariant. For
vector-operator (@icq @y 1)) — redesignate — ©.Ts, s = {i,p} € Q, we may
write Q1 = UﬁzlAk.

Let us separate the proof into units for convenience.

(A) For each Tj, j € Ax C 5 and k = 1, A, there exists a single cyclic vector
a; € L? and [18, XIL.3, Lemma 9 and XIIL.5, Theorem 1(I)] a function Wj(x;, \)
defined on I; x e; (note, that for a fixed i € Q, I; = I; for all p = 1,m;) and
measurable relatively to dx; X piq;, such that Wj(z;,A) = 0, A € R\ e; and for any
bounded A C e;:

/ (W (25, NI dpta, (N) € L=(I7), n€N.

A

Also

(12) (B9 (D) Fy(T})ay) () = / Wi (25, NE5 (V) dpta, (M),
A

for any F; € L*(ej, ptq,). On IF = Vjea, Lj; we construct the vector-function

Wk(\/xj,/\) = {Wl(l‘l,)\), . .,Wn(l‘n,)\), N },

which is obviously measurable relative to d(Va;) XY piq, . Since Wj (-, A) € L2(A, pa, ),
then substituting W;(-,\) = W;(A) in (12) in place of F}j, we obtain

(Ej(A)Wj(Tj)aj> (z5) = /A (W (25, A)I? dpta; (A).

Remembering, that P(e(Ts)) N P(e(T};)) has zero measure, for s # j and s,j € Ay, we
obtain

([@jeAkEj] (A)Wk(@jeAij)ak) (Va;) = /A (W*(Varj, )P dpar (),
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where a* = DjcA, -
Since elements f; from D(T}) are continuous and thus essentially bounded on I}
for any n € N, @jea, fj € Djea,D(T};) implies that

Range [©jca, B'] (A) C @jea, D(T)) C Gjea, L7(1})

and hence, we obtain
(13) / WV, N2 dtas € @50, L(I7) ¥n € N.
A

In [18, XIII.5, Theorem 1(I)] it was shown that if we have ordered representations U;
of L? relative to the operators Ty, i € Q, the following formula is valid for j € ;:

(Uj’ll)j)()\) = th—>I20 b w(;vj)Wj(xj,)\) dl‘j, w; € L?,

where the limit exists in L2(ej,uaj). Taking direct sums in both sides of the last
equality, for each system of compact subintervals we obtain

(Uk @jeAk w?)()\) = @jEAk /[n wj(:z:j)Wj(xj,/\) dxj, w]" = ij]Jn.

J

From (13), it follows that for any bounded Borel set A € e; and %" = Vijea, I}

[ W NP dige d(va) < oo
JLEIIN

and since wW* = @4, w;(z;) is assumed to belong to @jea, L?, we may write:
(UFwWhm)(\) = /I W (vay) WV N d(vay)

Taking the limit in the both sides and defining w* = @®;lim;, 0o wj we obtain the
formula

(14) (UFwW®)(\) = lim wh(Va;) WE(Vay, A) d(Vay), wh e @jea, L.
Note, that since for all p = 1,m; there exists the equality (7, — \)W? = 0 (see [18,
XIII.5, Theorem 1]), it is obvious that (©jeca,7; — A)W* = 0, where 7; = 7; for a
fixed i and all p = 1,m;. If P(e(T;)) N P(e(T})) has zero spectral measures for all
i,j € Q, then Ay : Q) = UQ;lAk may be constructed such that Ay contains of indices
{i,k}, i € Q, k = 1, max;{m;}.

(B) Consider the set of indices Qo = {j € Q1 : j = {i,1},7 € Q}. Construct
A : Qo = Ulk\ilAk. Apply the reasonings used in (A), considering everywhere
instead of Q. Hence, for each Aj and we find a vector-function WF(Va;, A) which is
the solution of the equation (®;e4,7; —A)y = 0. Consider W{ and W5 for s # k. For
af there exists the decomposition a* = a¥ EBa?S (see the proof of Theorem 3.1). This
fact induces the decomposition for WF: Wf = Wlk @ Wllg ks- 1t is clear that being
the restrictions of W, the vector-functions Wlk , and Wlk ks are also the solutions
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of the equation (®jea,7;j — A)y = 0. They, along with a¥ and a’,:’s define unitary
transformations UF and U, f;s by formula (14), such that:
UE s T2(af) — L*(R, ) and UE, : L(ak ) — L2(R, )

(see the definitions in the proof of Theorem 3.1). This implies, that the decomposition
Wk = Wlkk &) VV1 ks 1S correct.

Define as max{WL ks Wis ) the vector-function, which corresponds to the vec-
tor max{aj _,a$ k} respectively min{ Wy, ,W¢ .} as the vector-function which cor-
responds to that ak or ag ;, which is not maximal of the two.

(C) Without loss of generality, suppose that k = 1 and s = 2. From the reasonings
presented in Unit (A) of this proof, it follows that

0% = Wll@Wm@maX{WllzanQl}

is correctly constructed vector-function satisfying the statement of the theorem for
the case T' = [Pjea, T;] ® [Bqgea,Ty). Apply the above described process to 01%% and
W3 to obtain the correctly constructed vector-function:

19203 _ old2 3 1H2 3
0 =0, @2 @ W1,3 @ max {@1,1@2,37 W1,3,1@2} .
Continuing this process, we finally obtain:
@1(\/.%1', )\) = @169'“@/\2 =
— Olo-®A— As 1®---BAs—1 A
=03 10 @A2 1 WIA A, D max {61,1@..@1\2—1,/\27 Wl,AQ,l@...@AQ—l} )

where in the case of Ay = o0, 61@ “®A2 i5 the function which satisfies (analogously to

(8)):
1) ((wienr@)] [ o017 anin), [ 01 = ap)) -
A A
— lim ([@f_lEﬂ‘(A)} / @}@"'@LdeL(A),/ @}@”'@LdeL(/\)>,
A A

— 00

for any bounded Borel set A, where 01(-) = ([@k, E/(-)]a'® L al® L) s the
measure of the ordered representation of the space EBjLzlL?. The limit on the right
side exists since for any bounded Borel A:

([EBjLzlEj(A)} / @iea"'@Ld@L(/\),/ @i@n.@LdeL()\)) _
A A
= ([@leEj(A)] al@'--@L,al@“'@L) < ([@;’ilEi(A)] feYalt) ai,@;’ilai) < 00,

for all L € N (Lemma 2.3). Despite seeming weak, such convergence is quite natural.
Indeed, (15) implies that the cyclic subspace

2 (/A glo-oL dGL(/\)>

is e-close with the cyclic subspace

([Lor e an).
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when L is sufficiently big. That is, in the topology of L? for any Borel set A,
71) [ 017 ot donn) — (1) [ @17 ap),
A A
for any Borel f as L — oco. This means that
/ 019l g, (\) — / O1% @2 gg()), as L — oco.
A A

(D) Define Q3 = {j € Q : j = {i,2},i € Q}. Construct Ay : Q3 = U? A,
Apply processes (B) and (C) of this proof, substituting everywhere Q3 instead of
Q. We obtain a vector-function ©3% 42 which is defined on the set U; P(e}). But,
as we know (see (9)), the set sp also includes the sets where there are non-empty
superpositions of €(7;). Therefore, designating

1 ol®d--oA 2 . 1 2
©; = 0, 5,05 =min{Wi 5, Wiaqh, ..o,
Ao+1 . 1®---PAx—1 Ao
©,*" = min {@1,1@~~@A2—1,szWl,Az,leameaAz—l}v

we may again use the process (C) to build the vector-function Oy (Va;, A) defined on
s9 and O2(Vz;, A) = 0 for A € R\ s2. Using processes (B), (C), (D) and formula
(9), we finally obtain ©,,(Vz;, A).

(E) The above presented constructions show, that all vector-functions O (Vx;, A),
k = 1,m are the solutions of the equation (®;cqm; — A\)y = 0, moreover they equal
zero on R\ s; and satisfy formulas (10) and (11).

The last thing is to prove the linear independence. In order to make the reasonings
more transparent, we prove the linear independence for the special case of two vector-
functions

0, = W11,1 D W12,2 @ max {W11,1,2a W12,2,1}
and
O2 = min {W11,1,27 W12,2,1} :

Without loss of generality suppose that max {Wllyu, W12,2,1} = Wllyl’z. It is clear that

001 + 05 =
=a ({W}1,0,0,0} +{0,0,W7,,0} + {0, W ,,0,0}) + 8{0,0,0, W, , } =
= {aW11,1704W11,1,2a QW12,275W12,2,1} =0

implies « = 8 = 0. The linear independence in the general case is proved using the
same ideas. Thus, the linear independence is proved and this finishes the proof of the
theorem. O

Note, that the given proof introduces the general method of constructing eigen-
functions for a vector-operator. For theoretical purposes, the form of the obtained
eigenfunctions could be simplified by totally ordering the set {77 };\i 1- This is achieved
by saying that 7% < T if max{Wlk’k’S,Wf’S’k} = Wlk,” At that, T* ~ T if and
only if T% < T* and T° < T*. According to this, we build @?ilTj, where 77 < T9+1
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j=1,Ay — 1if Ay > 2. The obtained vector-operator is obviously equivalent to the
initial vector-operator (comprising unordered operators).

As an important corollary of Theorem 4.1 we obtain
THEOREM 4.2 (Eigenfunction expansions). For any w € L2, there exists a

decomposition

m +n
w=>_ lim_ / (UwW)E(N)O (Vs ) dI(N).
k=1

—n

Proof. From the process of building © in the previous proof and, in particular

(4), it follows that

(E(A)F(T)a") (va;) = /A Or(Vai, \)F(N) dpta, (N).

Substituting here F' = (Uw)*, we obtain

/

n

O (Vay, NN (UW)*(N) dpta,, () = E[—n,n]F(T)a* — F(T)a" = U R = wh

n

Now the statement of the theorem becomes clear, since w = ®;* ;wy. O
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