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THE GROUP OF CONTACT DIFFEOMORPHISMS FOR
COMPACT CONTACT MANIFOLDS

JOHN BLAND AND ToM DUCHAMP

For a compact contact manifold AM2?"+! it is shown that the
anisotropic Folland—Stein function spaces I'*(M),s > (2n + 4) form
an algebra. The notion of anisotropic regularity is extended to define
the space of I'*-contact diffeomorphisms, which is shown to be a topo-
logical group under composition and a smooth Hilbert manifold. These
results are used in a subsequent paper to analyse the action of the
group of contact diffeomorphisms on the space of CR structures on a
compact, three-dimensional manifold.

1. Introduction

Contact manifolds arise naturally in complex and CR geometry. The bound-
ary of a strongly pseudoconvex domain is a contact manifold, and more
generally, any strongly pseudoconvex CR manifold is a contact manifold. In
each case, the Oy-operator, which may be thought to embody the tangential
Cauchy—Riemann equations, is a natural operator that arises in analysis.
The associated second-order operator [, is anisotropic, being second order
in the holomorphic tangential directions and only first order in the transverse
directions. In [F'S], Folland and Stein introduced some anisotropic function
spaces, the anisotropic Sobolev spaces I'* and the anisotropic Banach spaces
I'>* to reflect this behaviour and showed that these operators are solvable
with good estimates in these spaces; we henceforth refer to these as Folland—
Stein spaces. Since the underlying symmetry group is the group of contact
diffeomorphisms, in order to study the Hilbert space of CR structures up to
equivalence, it is natural to hope for a Hilbert space structure on the group
of contact diffeomorphisms which also respects this anisotropy.

Smooth contact diffeomorphisms were first studied by Gray [G]. Later,
Omori [O1, O2] showed that the space of contact diffeomorphisms is an
inverse limit Hilbert (ILH ) Lie group. Omori’s analysis used standard Hodge
theory based on the de Rham complex and worked within the category of
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ordinary Sobolev spaces. However, since the contact distribution is a hyper-
plane distribution, natural compatible geometric structures will respect this
anisotropy, as will the natural function spaces. These are the Folland—Stein
spaces introduced in [FS].

Our main interest in the study of the group of contact diffeomorphisms is
in its use as a symmetry group. In [CL], Cheng and Lee studied the action of
the group of contact diffeomorphisms on CR structures and avoided using
anisotropic spaces by working in the Nash Moser category to construct a
transverse slice to the action of smooth contact diffeomorphisms. In [B],
we restricted our attention to the case of the standard S ¢ C? and used
explicit information to construct an anisotropic Hilbert space structure on
contact diffeomorphisms near the identity; and in [Bi], Biquard used a dif-
ferent method to construct a local parameterization for contact diffeomor-
phisms near the identity in the case when the contact manifold admits a
free transverse S' action.

The main purpose of the current paper is to provide a general construction
of an anisotropic Sobolev space structure on the space of contact diffeomor-
phisms; this structure agrees with that constructed by ad hoc methods in [B]
and in [Bi]. Our analysis is based on the Hodge theory of the complex devel-
oped by Rumin in [R], which is naturally adapted to the contact structure
and based on the anisotropic Folland—Stein spaces rather than the ordinary
Sobolev spaces. The Folland—Stein space structure which we introduce on
the space of contact diffeomorphisms plays the role of Ebin’s structure on
the diffeomorphism group of a general manifold [E], [EM]. In [BD3], we
use the results proved here to obtain normal form theorems for Cauchy—
Riemann structures with only finite regularity.

Before discussing further the results in this paper, we briefly consider the
geometric context. One of the early motivations for studying the space of
CR structures was a suggestion by Kuranishi. In [Ku], he observed that if
one considers a normal isolated singularity in a complex space, and considers
an open ball containing that singularity, then the intersection of the bound-
ary of the ball with the complex space inherits a “partial complex structure”;
that is, a Cauchy—Riemann structure which is in addition strongly pseudo-
convex. In particular, the holomorphic tangent planes, which are tangent to
the boundary of the sphere define a codimension one distribution which is
totally non-integrable — that is, a contact distribution. Kuranishi observed
that by Hartog’s theorem, the Cauchy—Riemann structure on the link com-
pletely determines the complex structure on the interior, and hence the
singularity up to equivalence, and vice versa. In [Ku], he suggested that
one could replace the study of the deformation space for normal isolated
singularities with the deformation space for CR structures on their link; in
the first case, this is a purely algebraic theory for singular spaces, whereas
in the latter case, one is studying a space of smooth structures on a smooth
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manifold. Note that in complex dimensions 3 or more (CR dimensions 5 or
more), the space of structures (up to equivalence) is finite-dimensional.

In [BIEp], we introduced the notion of “stably embeddable deformations”
for CR structures and completed the formal part of Kuranishi’s program.
By “formal”, we mean at the level of power series. In [Miy1, Miy2], Miya-
jima introduced a new double complex to do the analysis, and completed
Kuranishi’s program.

In three dimensions (corresponding to complex surfaces), the situation
is more subtle due to the presence of non-embeddable structures. Indeed
in [B], we showed that the space of non-embeddable structures is an infinite-
dimensional Hilbert space. On the other hand, results by Kiremidjian [Kir]
show that these non-embeddable structures bound compact complex mani-
folds on the pseudoconcave side. In the case of the three sphere, these results
were substantially refined by Epstein—Henkin [EH]| providing considerable
additional information.

It is worth noting that this infinite-dimensional space of non-embeddable
structures corresponds to an infinite-dimensional space of geometries. In
[BD1], we showed that these correspond in a natural way to deformations
of the complex structure in a neighbourhood of a standard complex line
P! in P2, (The deformed manifolds are not embedded as complex subman-
ifolds of P2.) In [ABE], we showed that in turn, at least at the linearized
level about the standard structure, these spaces corresponded to a family of
“geometries”, namely the two-dimensional projective structures on a stan-
dard complex 2-ball.

These observations show that in a natural way, the space of CR structures
up to equivalence defines a family of geometries up to equivalence. It is
natural to study this space in more detail. In [BD3], we use the results of the
current paper for this purpose. Note that in order to obtain the Hilbert space
description it is necessary to use a weighted Folland—Stein space structure.
This is rather easy to see on an intuitive level; indeed, two CR manifolds will
be equivalent if there is a CR mapping from one to the other; finding a CR
mapping is tantamount to solving a boundary Cauchy—Riemann equation,
that is a CR equation; however, it is well known that sharp estimates can
only be obtained using anisotropic Sobolev spaces, and indeed this is the
purpose for which Folland and Stein introduced in [F'S] what we now refer
to as the Folland—-Stein spaces.

Another example of this type of result is the work of Biquard [Bi] in which
he established the Positive Frequency Conjecture of Lebrun. In this paper,
Biquard uses a twistor space construction to relate the existence of a filling
of a conformal structure on the 3 sphere by a selfdual/antiselfdual Einstein
metric on the 4 ball to the existence of a CR structure on an associated
5 manifold with positive/negative “frequency”. Adapting arguments of [B]
to his situation, he uses the presence of a free S' action in his model case
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to construct a weighted Sobolev space structure on the space of contact
diffeomorphisms, and then uses this weighted Sobolev space structure to
analyse the space of CR structures up to equivalence, thereby establishing
the Positive Frequency Conjecture.

The paper is structured as follows. In Section 2, we introduce the
anisotropic function spaces and show that, for s > (2n + 4), they form an
algebra. We believe that the sharp result here would be that the intersection
of I'* with the space of bounded functions is an algebra for all s; however,
the result that we have stated is sufficient for our purposes. We also extend
the machinery developed by Palais [Pal] for doing global analysis on mani-
folds to the context of anisotropic function spaces. In Section 2.6, we review
Rumin’s complex and state the results that we will use in the analysis of the
space of contact diffeomorphisms. In Section 3, we show that the operations
of composition and inversion are continuous in the topology induced by the
anistropic structure. In Section 4, we construct a local coordinate system for
the space of diffeomorphisms and then use Rumin’s estimates to show the
space of contact diffeomorphisms locally forms a smooth Hilbert submani-
fold within the coordinate chart. Using this result, we easily prove that the
space of contact diffeomorphisms is a smooth Hilbert manifold modelled on
the anisotropic function spaces.

1.1. Notation. We summarize here the notation and conventions used
throughout the paper.

If A is a subset of a topological space X, then A denotes the closure of A
in X. If A and B are subsets of X, then the notation A € B means that A
is compactly contained in B.

If F: A — Bis amap between Banach spaces, with norms || - || 4 and
| - ||, respectively, then the expression
IF(H) B < [1.f[la

means that there is a constant C' > 0 such that | F(f)|g < C| f]|.a for all
feA

We give R the standard inner product (-,-), and we let |-| denote the
corresponding norm. The symbols (-,-), and || - ||s, for s = 0,1,... denote
the Folland—Stein inner products and norms, respectively.

If N is a smooth manifold, then TN and T*N denote its tangent and
cotangent bundles, respectively; AP N denotes the pth exterior power of T*N;
QP(N) denotes the space of smooth p-forms on N; Lx3 denotes the Lie
derivative of the form 3 with respect to the vector field X; and X_| 3 denotes
interior evaluation. If N has a Riemannian metric, then | X | denotes the norm
of the tangent vector X with respect to that metric.

The symbol C"(E), r =0,1,2,..., 00, denotes the space of C"-sections of
a fibre bundle £ — M, equipped with the topology of uniform convergence
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of derivatives up to order r on compact sets. Similarly, C" (M, N) denotes
the space of C" maps from M to N.
We endow R?"*+! with the contact structure defined by the one-form

n
_ 2n+1 n+j i
no = dx — E 2" da
Jj=1

1 +1

where (x!,... 2" 2"t . 2?7 2?F1) are the standard coordinates on
R27*1 and we let dVj denote the standard volume form:

1
dVo = —mo A (dno)™.
n:

We denote the contact distribution of ng by Hy C TR?"*1 and we set

9 o .0
TOZ W, Xj = @"_xn J 8m2n+17 and

Observe that the collection {X;,1 < j < 2n} is a global framing for Hy.
Note that the one-forms

7707d$j7 dxn+j7 1 S] < n,

are the dual coframe to Tp, X, X;45, 1 < j < n.
Let f = (f',...,f™) be a smooth, R™-valued function defined on the
closure of a domain D € R2"T!. We define

X, f = Xy Xy . Xy, f, fort>0,
7, for £ = 0,

where we have introduced the multi-index notation I = (i1,...,4;), 1 < 1 <
2n and X;f = (X7fY,..., X1f™). (For t = 0, I denotes the empty index
I =().) The integer t is called the order of I and written |I]|.

Throughout this paper, M denotes a fixed smooth, compact contact mani-
fold of dimension 2n+1, with contact distribution H C T'M. We call sections
of H horizontal vector fields. We let

g T"M — H*
denote the projection map; by abuse of notation, we also let
mg APM — APH*

denote the extension of mg to the exterior product bundles. For convenience,
we assume that M supports a fixed contact one-form! 7. The characteristic
(or Reeb) vector field T is the unique vector field satisfying the conditions

'None of our results depend on this assumption, for if the line bundle TM/H is non-
trivial, we can lift to a double cover of M, where a global contact form does exist.
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T |1 n=1and T dn= 0. We can then identify the dual contact distribution
with the annihilator of 7', i.e.,

H* ={eTM : T B=0}CTM;

more generally
APH* ={p e AP(M) : T =0},

and we have the identity

(1.1.1) u(8) =T (4 A 9.
Two forms 81 and B2 on M are said to be equal mod n, written
B1 = 2 mod 7,

if and only if 81 = B2 + n A «, for some o € Q*(M). An easy exercise in the
exterior calculus proves the equivalences

f1=Pamodn <= nA(f1—F2) =0 <
T (61— B)An) =0 <= 7mu(b1) =7u().

We will also fix an endomorphism J : H — H such that J2 = —Id and such
that the operator X — dn(X, JX) is non-negative. (Such an endomorphism
always exists.) We let g denote the Riemannian metric defined by the formula

9(X,Y) =n(X)n(Y) +dn(X, JY),

were we have extended J to a map J : TM — TM by setting J(T') =
0. The endomorphism J and the metric g are said to be adapted to the
contact structure. Finally, * denotes the Hodge star operator associated to
the metric g.

We say that a chart ¢ : U — R?"*! for M is an adapted coordinate chart
if n = ¢™ng. It follows that the identities ¢, T = Ty and ¢.H = Hy hold
for ¢ adapted. An adapted atlas for M is a finite, smooth atlas {¢, : Uy —
R27 11 consisting of adapted coordinate charts, together with open regions
D, € ¢ua(Uy,) such that {W, = ¢,1(Dy)} covers M. By compactness of
M and Darboux’s Theorem for contact structures [Arn, p. 362], M has an
adapted atlas. An adapted coordinate chart for a fibre bundle 7 : E — M
with m-dimensional fibres is a coordinate chart for E of the form

YU = o(V) xR™ = g (o(n(q)), x(q))
with ) surjective and where ¢ : V — R?**! is an adapted chart for M. The
chart is said to be centred at the point qo if in addition ¥ (go) = (0,0). If
o:V — U is a local section of E, the function f, : (V) — R™ defined by
the formula
fo=xo0009¢™!
is called the local representation of o.
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2. Global analysis on contact manifolds

In this section, we develop some of the analytical machinery we need to
study the space of contact diffeomorphisms of M. We begin by introducing
the Folland—Stein spaces I'* associated to a compact contact manifold. We
then introduce the notions of horizontal jet of a section of a fibre bundle and
define the notion of contact order of a differential operator. We close this
section with a discussion of Rumin’s Complex [R] and its associated Hodge
theory, which we need in Section 4 to construct a local parameterization of
the group of I'*-contact diffeomorphisms of a compact contact manifold M.
Most of the results in this section are extensions of definitions and theorems
in [Pal] and [E] to the context of contact manifolds.

2.1. Folland—Stein function spaces. Let D be a bounded domain in
R27+1 The Folland-Stein space I'*(D,R™) is the Hilbert space completion
of the set of smooth, R™-valued functions on D (the closure of D) with
respect to the inner product

(fps= 3 /D (X1 X19) dVp.

0<|1|<s

The associated norm is written || f|lps = \/(f, f)p,s. When no confusion
is likely to arise, we suppress reference to D and write ||f]|s; and we set
(D) :=I'*(D,R").

Remark 2.1.1. Although we used the contact framing {X; : 1 <j < 2n}
of Hy and the volume form dV = %770 A (dno)™ to define the inner product,
an equivalent norm results if the framing is replaced by any smooth framing
of Hy and dVj is replaced by any smooth volume form on D. In particular,
suppose that D’ € R?**1 is another bounded domain and F : D — D isa
smooth diffeomorphism that restricts to a contact diffeomorphism between
D and D’. Then composition with F' induces an isomorphism

o TR - T(D,R™),
" — foF,

between Banach spaces. To see this, note that because the derivative of F
respects the contact distribution, X;(f o F) is a linear combination of terms
of the form ¢y - (Xjf) o F, |J| < s, where c¢; denotes a smooth function
formed from F' and its derivatives. It follows that f o F' is of class I'*. We
caution the reader that the condition that F' be a contact diffeomorphism
is essential. For if F' does not preserve the contact distribution then the
expansion of X;(f o F') will in general involve terms of the form X;f with
|J| > s, which may not be square integrable.

The next lemma follows immediately from the definition of I'*.
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Lemma 2.1.2. The estimate

1Flls =< D IX5Flls=1 + 1 fllo
i

is satisfied for all f € T'9(D), s > 0.

We shall repeatedly make use of the following Sobolev Lemma for Folland—
Stein spaces, which is an immediate corollary of [F'S, Theorem 21.1].

Lemma 2.1.3. Let D' € D € R and let s = k+n+2, k > 0.
Let f € T*(D,R™). Then the functions Xrf are continuous on D' for all
multi-indices of order |I| < k. Moreover,

max | X7 f(z)] < || fllp,s
xeD’/

for all |I| < k. If |fllp,s < oo for s = 2k +n + 2, then f is of class Cck
on D'. Moreover, the linear map

I'*(D,R™) — C*(D' | R™)
defined by restriction to D’ is continuous.

2.2. Estimates for algebraic operations. In this section, we prove some
basic estimates. Lemmas 2.2.1 and 2.2.2 are needed for our proof in Section 3
that composition and inverses of contact diffeomorphisms are continuous
operations. Lemma 2.2.3 and Proposition 2.3.5 are fundamental estimates
used throughout the paper.

Lemma 2.2.1. Let s > 2n + 3,k < s and consider open sets D' @ D &
R2"+L Then, for any functions f € T°(D),g € T*(D),

1f - glork < 1fllps - lgllD k-
Consequently, multiplication extends to a smooth bilinear mapping
I'*(D) x Tk(D) — k(D).

Proof. We need only to prove the estimate for smooth functions f and g on
D. Recall that

A [ — X (f - g)2dV.
I sl = 3 [ 13007 0) e

<k

Applying the Leibniz rule, we find that

If-albi< Y [ IXADP Kx(o) 24,

|+ K<k
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There are two cases to consider: k < (n+ 1) and k > n + 1. In the first
case, |J| < mn+1 for every summand, and we have the estimates

[ 1S ical v < (sup |XJf<m>|2> 1Xxglro
D’ xeD’

= ||fH2D,|J|+n+2 HQHQD,k
< 1£11D.q llglD

where we have used the Sobolev inequality? (Lemma 2.1.3) at the penulti-
mate inequality.

In the latter case, in each term either |J| <n+1or |[K| < k— (n+2).
In the first instance, we bound the term by HfH%’s ||g||%k as before; in the
latter case, we have

/D XD rlo) aVh < XSl sup [Xrg(o)l
/ x€D’

2 2
=< WD, 191D, it
< 1B, 19D s

where we have again made use of Lemma 2.1.3. Summing over all terms
gives the final estimate. O

Lemma 2.2.2. Let D' and D be open sets with D' € D € R?*"t1, and let f
be a function in I'*(D), where s > 2n+ 3. Suppose that 1/ f is bounded from
above on D' by a positive constant C > 0. Then

11/ fllprs < (L4 1flp,s)” -

Consequently, 1/ f is contained in T'*(D"). Moreover, if 1/ < C for another
function f' € T'°(D) then

1L/ f =1/f s < A+ 1fllps) A+ 1 1p.s)" I1f = Fllp.s:

Proof. We have to estimate the quantities

ol (7)

for |J| =t < s. Now, by the quotient and product rules, each such term is
bounded by a sum of expressions of the form

/ lef-XJZf-...ijf

fp+1
*We note here that when |J| = n + 1, |J| + n + 2 = 2n + 3; whence the condition
s > 2n + 3 in the statement of the Lemma.

2
dVo,

2
dVo,
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where |Ji| + |J2| + -+ + |Jp| = t. Notice that |J;| > s/2 for at most one
multi-index. Hence, computing as in Lemma 2.2.1, we have
1
dV —<CZ 1) (HfHD s)p HfHDs

/ (Xnf) (Xpf) (X)) f|
< (I +[[fllp,s)°

fp-i-l
Summing over all terms gives the first estimate.
The second estimate follows immediately by applying the first estimate
and applying Lemma 2.2.1 to the quantity 1/f —1/f" = (f' = f)/ff. O

A minor modification of the proof of Lemma 2.2.1 gives an estimate for
the product of several functions.

Lemma 2.2.3. Let D' € D € R*"*!, with D' and D open and s > 2n + 4.
Then

11 follors < I fillps -+ [ fpllD,s
for all f; € T*(D) for j=1,2,...,p
Moreover, for s > 2n + 4,

[f1- fpllprs
p
<> W fillps—t1- I fi-1lps—1l fillpsl fivtllps—1- - Il foll -1,
=1

forall f eT*(D), j=1,2,...,p
Proof. The proof is similar to the proof of Lemma 2.2.1. By the product rule,

e fl < 3 / X (fie )PV

|J|<s

< / X fil2 | £l dVe,
[J1]+.. +|Jp\<8

where X7 f is defined in Section 2.1. We need only to bound each term in the
right-hand summation. Since s > 2n + 4, it follows that |J;| > s/2 > n + 2
for at most one multi-index, say J;, in the right-hand sum and that (since
n+2<s/2)

|Ji| +n+2<s/2+n+2<sfori#j.
Hence, by Lemma 2.1.3, X, f; is continuous and sup,cp/ | Xy, fi| < | fillD,s-
Consequently,

/D X X gy P v < T sup 14 / X, 512 Ve
/ Zﬁze

< NAlDs - IfpllDss
from which the first estimate follows.
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Now suppose that s > 2n+4. Then in the previous paragraph |J;|+n+2 <
s —1; and sup,cpr | Xy, fil < || fillp,s—1 for ¢ # j, yielding the estimate

1fr- Foll s
p
<D MAlbsr M-l D s 11D ol fr41]
J=1

2D,sfl e prH2D,sfl

2

p
< | 2_IAllps—1 - -1l ps-1llfilDsll FisrlDs—1 - 1 fpllDos—1
j=1

O

2.3. The Folland—Stein space of sections of a vector bundle. In this
section, we define the Folland—Stein of sections of a vector bundle over a
contact manifold.

We begin by extending the definition of the Folland—Stein space I'*( D, R™)
of functions to the space I'*( M, R™) of functions on a compact contact man-
ifold. Let (¢q, Ua, Do) be an adapted atlas for M. A function f: M — R™
is said to be a I'*-function if the functions f, = f o ¢3! lie in T'*(D,, R™)
for all c. The formula

(f, 9)M7s = Z (fa’goz)Da,s

«

makes I'*(M,R™) into a separable Hilbert space. The Sobolev Lemma 2.1.3
clearly extends to this setting:

Lemma 2.3.1. Let s = k+n+2, and let Y;, j = 1,2,...,k be smooth
sections of H C TM. Then for any function f € T'S(M,R™), the functions
Y1Ys - Yif are continuous on M. Moreover,

max V1Yo Yif(z)] < || fllas

If || fllamrs < 00 for s =2k +n+2, then f is of class C* on M. In particular
for s =2k +n+ 2, the linear map

¥(M,R™) — C*(M,R™)
18 continuous.
Similarly, Lemma 2.2.3 assumes the following global form:

Lemma 2.3.2. If s >2n+4

1fr-- - Follars < (1 frllas - - [ fpllas,



60 J. BLAND AND T. DUCHAMP

and if s > 2n + 4,

k
1o Follars < D UAllngsr s I fimalarsall fillass
7=1
= ||fj+1HM,sfl T pr”M,sfl,
forall f; €eT*(M), j=1,2,...,p.
We define the Hilbert space of Folland-Stein sections I'*(E) for m: E —

M a smooth vector bundle of rank m as follows. View I'*(M,R"), r > 1, as
the Folland—Stein space of sections of the trivial vector bundle M xR" — M.

For r sufficiently large, there is a vector bundle injection £ <s M xR". Define
an inner product on C*°(E) by the formula

(fag)E,s - (f 0t,go [‘)M,S

for f,g € C*°(E), and let I'*(E) be the Hilbert space completion of C*°(E)
with respect to this inner product. It is not difficult to check that, although
the inner product depends on ¢, the space I'*( E') does not.

Remark 2.3.3. Because I'*(F) is a closed subset of I'*(M, R"), the Sobolev
Lemma (2.3.1) extends to this setting,

The next proposition is the analogue of “Axiom B2” of Palais (see [Pal,
p. 10]) in the setting of contact manifolds.

Proposition 2.3.4. Let ' : M — N be a smooth contact diffeomorphism
between two compact, contact manifolds. Let E — N be a smooth vector
bundle over N and let F*E — M be its pull-back to M. Then the map
o +— oo F is a Hilbert space isomorphism between I'*(E) and I'*(F*E).

Proof. Choose a bundle injection ¢ : £ < N xR", and let {¢, : Uy — R?"+1}
be an adapted atlas for N (see Introduction section). Set U/, = F~(U,) and
@', = ¢o o F. Then {¢, : U — R?"*1} is an adapted atlas for M. Use this
atlas to define the inner product on I'*(M,R"). Then by construction

(foF,goF)sm = (f,9)sn
for all f,g € I'S(N,R"). Restricting f and g to sections of E then gives
the result. 0

The next proposition shows that I'* satisfies “Axiom B5” of Palais ( [Pal,
p. 39] for all s > 2n + 4.

Proposition 2.3.5. Let E; — M, j = 1,2 be smooth vector bundles over
M and let F : Ey — E3 be a smooth (not necessarily linear) fibre-preserving
map. Then the map

Ip:T%E) - T¥%FE2):0— Foo
is a C* map for all s > 2n + 4.
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Moreover, if Ey is equipped with norm |- |g,, then for every o € T'*(Ey)
and every ¢ > 0 there is a polynomial Q) with non-negative coefficients of
total degree at most s such that

(*) [Foo—Fod|s < lo—d:Q(lols, lo’lls)
for all o’ € T°(Ey), with |0 — 0| < c.

Proof. Our proof follows a similar argument in [Pal, Theorem 11.3]. We first
show that I, satisfies the polynomial estimate (*), from which continuity of
' follows. It suffices to work in local coordinates of an adapted atlas for M.
Then I'* sections of E; can be identified with elements of I'*(D, R™7), where
m; is the fibre dimension of Ej;. Let f : D — R™ be the local coordinate
representation of o, and choose a constant ¢ > 0. Choose ¢’ so that its
local representative g € I'*(D, R™1) satisfies sup,cp |g(x) — f(z)| < ¢. Then
in local coordinates F o o(z) = F(x, f(x)) and F o o'(z) = F(z,g(x)). By
smoothness of F and compactness of D’, all derivatives of F are bounded
and smooth on the set {(x,y) : = € D',y — f(z)| < c. Hence, there is a
fixed constant C' > 0 such that

(i) [F®(@,y)| < C and  [FP(z,y) = F®(2,2)] < Cly - 2|

for all (z,y) and (z, z) with |[y— f(z)| < cand |z—g(z)| < ¢, where F®)(z,7)
denotes any mixed partial derivative of F' of order k < s.
Next recall that [|[F'o f — F o g||%, , is a sum of integrals of the form

(i) | X {F @ @) = Plogla)} v

for |I| < s. By the chain rule, X; {F(z, f(z)) — F(x,g(z))} is a finite sum
of terms of the form

(iii)

FO(x, f(x)) - X1, f (@) X1, f () = FP (2, 9(2)) - Xp,g(2) -+ X1,9()
= {FO @, f@) = FO (0, g(@) } - X1, f (@) -+ X1, f (@)
+ (PO, g(@)) - { X1,/ (@) -+ Xp f(@) = Xr,g(@) -+ Xpg()}

where 0 < k < s and 25:1 |I;] < s. Applying (i) to (iii) gives the estimate

(iv)
|F®) (2, f(2)) X1 f(2) - Xp f(2) = FP(2,9(2)) - X1,9(z) -+ X1, 9()]
< C|f(x) —g(@)|- | X1, f(x) - X, f(2)| + C | X1, f(2) - - - X7 f()
- Xn9(z) - Xp,9()]
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The right-hand side of (iv) can, in turn, be bounded by a finite sum of
terms form

(v) Cl X5, (f(@) — g(@)] - [ X1, f(@)]. .. [ X1, f()]
Xy 9@)| - X, 9(2)]

where 0 < |[;| and fookn |I;] < s. Substituting (v) into (ii) shows that
|EF o f—Fog|3%, , is bounded by a sum of integrals of the form

(vi)
/DCZIXIO(f(x) —g@)| - [ Xn f(@)] - | X7, f ()]

AXn 9@ 1 X9 (@)X (F(2) = g(@)] - [ X, f(2)] - - [ X, f2)]
’ ’XJZ,+1Q($)’ U ‘XJZ/_,'_Z//.Q(J")‘ dVp,

where 0 < |J;] and Y570 7] < s.

Notice that |I;| > s/2 and |J;| > s/2 for at most one ¢ and at most one
7, and since s > 2n + 4, the Sobolev Lemma 2.1.3 applies to show that the
remaining factors in the integrand are all continuous, hence bounded on the
compact set {(x,y) : © € D', |y — f(z)| < c}. It follows that the integral in
(vi) is bounded by an expression of the form

kl/ él g//
CNf = glip I 1D, 9D sl £ D591l Ds:

for C' a constant depending on s, F, ¢, and D’. Since ¥’ + k" < s and
0+ 0" < s, it follows that

[Fof—Fogllps<If—glpsQUfDs lgllp.s),

where Q(u,v) is a polynomial of bidegree at most s in u and v, with non-
negative coefficients. Applying this to each chart in an adapted atlas yields
the global estimate (*).

We now show that ', is C! with derivative given by the formula

dl'p =Tsp : T9(Ey) x I'*(Ey) — T¥(Es),

where 0F : E1 X E1 — E» is the smooth fibre bundle map defined by the
formula

k/
D,s

d
0F,(u,v) = — F(u+ hv), for all x € M and u,v € E 4.
dhl,_o ’

To show that

lim ITp(0+v) —Tp(o) = Tsplo,v)lls
v—0 [v]ls

=0,

first observe that 6 F' can be expressed as a smooth map of the form

OF : E1 — HOHI(El, EQ)
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Hence,
['(0F) :T%(Ey) — I'* (Hom(E, Es))
is continuous, and for all € > 0 there is a §; such that
IT(0F)(oc +v) —T'(0F)(0)|s < €, whenever ||v|[s < d;.
Using this observation, we compute as follows:

Ip(oc+v) —Tg(oc) —Tsp(o,v) =F(o+v)— F(o) —0F, -v

1
= / {0Fsitp-v—0F, v} dt
0

1
- /0 {Tsn(o + t0)(v) — Typ(0)(v)} dt.
Hence, if ||v][s < &1 then

ITp(o+v) = Tp(o) = Tsp(o,v)s
1
</ ITsp(0 +tv)(v) — Tsp(o)(v)||s dt < el|v]s.
0

This show that I', is differentiable at o. That it is continuously differentiable
follows from the identity dI' = I'5 and continuity of I'sz.

That I', is smooth follows by induction. For assume that for some k > 0,
'y is C*, for all smooth F : E; — FE5, and all E;. To show that ' is ohany
we need only to show that its derivative dI' . : ['*(Ey x Ey) — [*(Ey) is C*.
But dI'y, = I's; and 6 F is a smooth fibre bundle map. Consequently, dI'j is
C*, completing the induction step. O

2.4. The Folland—Stein space of sections of a fibre bundle. In this
section, we define the Folland-Stein space I'*(E) of sections of E for s >
2n+4 in the case where 7 : E — M is a smooth fibre bundle over M. For this
range of s, I'*(E) is a smooth infinite-dimensional manifold modelled on the
Folland—Stein space of sections of certain vector bundles. The construction
and the proof are due to Palais (see [Pal, Chapters 12 and 13] for details).
We emphasize that this construction depends heavily on Propositions 2.3.4
and 2.3.5 (Palais’ Axioms B2 and B5), which are satisfied for s > 2n + 4.

Let 7 : E — M be a fibre bundle, and choose a smooth section o €
C°(FE). The bundle of vertical tangent vectors along o is the vector bundle
defined by

TU(E) = {X S TEa(x) s x €M, d7T(X> = O}
Palais shows that there is a smooth fibre bundle isomorphism

open

(2.4.1) Vo : T,(E) — O, C E,
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where O, is a neighbourhood of the image of ¢. Palais also shows that the
the image of every continuous section of E is contained in a set of the form
O, for some smooth section o.

Consequently, every continuous section of F can be identified with a con-
tinuous section of T, (E) for some o € C*(E), and C°(E) can we written
as the following union of open sets:

= |J ).
ceC>®(E)
Since s > 2n+4 > n+ 2, Lemma 2.3.1 applies to give continuous inclusions
D8 (T, (E)) © CO(T, (E)).
We may thus define the Folland-Stein space I'*(E) to be the union
rE) = J I(IE),
ceC>(E)
equipped with the weakest topology such that I, : I'(T,(E)) — I'*(E) is
a continuous open map for all o € C*°(FE).
In fact, I'*(F) is a Hilbert manifold with C*° atlas given by the charts
I'(¢;1); and as Palais shows, smoothness of the transition functions for this

atlas follows from Proposition 2.3.5.
The above construction is functorial:

Proposition 2.4.2 (Palais, Theorem 13.4). Let E; — M, j = 1,2
be smooth fibre bundles over M and let F' : Eh4 — FEo be a smooth fibre-
preserving map. Then the map

I'(F):T%(FE)) - T%(Ey):0— Foo
1s a C°° map of Hilbert manifolds for all s > 2n + 4.

Remark 2.4.3. By construction, the Sobolev Lemma 2.3.1 extends to define
a continuous injection I'*(E) C C*(E), for s = max(2k +n + 2,2n + 4).

The case where E is the trivial fibre bundle £ = M x N — M is an
important special case:

Definition 2.4.4. Let N be a smooth manifold without boundary. For
s > 2n + 4, the Folland-Stein space I'*(M, N) of maps from the contact
manifold M to the manifold N is the Folland—Stein space of sections of the
trivial fibre bundle M x N — M.

Corollary 2.4.5. Let F : N — N’ be a C*™ map between C*° manifolds.
Left composition with F defines a C™

SoT¥(M,N) - T*(M,N"):G+— FoG

forall s > 2n+4. If F: N — N is a diffeomorphism of N then L3 is a
diffeomorphism of T'*(M,N).
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Proof. View composition with F' as a smooth bundle map (z,y) — (z, F(y)),
and apply Proposition 2.4.2. If F'is a diffeomorphism then Rj,_, is the
smooth inverse of Rj.. O

2.5. Horizontal jets and differential operators. The goal of this section
is to extend the framework of [Pal, Chapter 15] to the context of differential
operators on contact manifolds.

Let w : E — M be a smooth fibre bundle over M, and choose an adapted
coordinate chart

YU — (V) xR™ @ p (2,y),

as defined in Section 1.1. Two smooth local sections o;, i = 1,2, of E defined
on V, with local representations f; : ¢(V) — R™, are said to be contact
equivalent up to order k at a point p € V if and only if

(2.5.1) X1f1(6(p)) = X1f2(6(p))

for every multi-index I with 0 < |I| < k. It is easy to check that contact
equivalence is an equivalence relation and that it is independent of coor-
dinates. The horizontal k-jet of o at p, written j}“{a(p), is the equivalence
class of the local section o at p € M, J I’}E denotes the space of all horizontal
k-jets. The map 7 : JZE — M defined by

m (jzk-}a(p)) =p

makes the space of horizontal k-jets into a fibre bundle with fibres of dimen-
sion m - Ni, where Nj is the number of indices A with |A| < k.

Remark 2.5.2. By virtue of the commutation relations among the vector
fields Ty, X1,. .. Xop, any differential operator of the form Y1Y5 - - -Y,., where
Y1,...,Y, are arbitrary vector fields on an open set V' C M, can be expressed
uniquely in local coordinates as a linear combination of operators of the form

DA ZZXI'--Xl,XQ---XQ,...,XQn--'XQnTo--'To,
—— —— ———— ——
ai az a2n a2n+1

where A = (a1, a2, ...,02n,a2,41), 0 < a;. Moreover, if Y7,...,Y, are all
horizontal, then a1 + ag + - - - + ag, + 2a2,+1 = 7. The integer |A| = a1 +
-+ 4 a9n + 2a2y,41 is called the contact order of D 4. It follows that o1 and
o9 are contact equivalent up to order k£ at p if and only if

Dafi(¢(p)) = Dafa(¢(p))
for all multi-indices A with |A| < k.

Lemma 2.5.3. Let E — M be a smooth fibre bundle with fibre dimension m.
Then JIIEIE — M is a smooth fibre bundle. Moreover, if o is a smooth section
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of E then j%0 : p— j¥o(p) is a smooth section of JSE. If F: Ey — Ey is
a smooth map of fibre bundles, then so is the map

JE(F): JEEL — JEEy = jha(p) — i (Foo)(p).

This construction is functorial, i.e., J&(G o F) = J&(G) o J&(F), for G :
Ey — E3 a smooth map of fibre bundles.

Proof. We give an outline of the proof, leaving some details to the reader.
To define a coordinate chart for J I’“{E, choose a point qp € F and let py =

7(qo). Let
U= o(V) xR 2 g (,9)

be adapted coordinates for E centred at qo (see Section 1.1); and let U be
the set of horizontal k-jets of sections of E defined on V and with values in
U C E. Viewing R™"r as the space of m x N, matrices, we can define local
fibre bundle coordinates

0T — R RN

by the formula
V(o) = (@), (Dafs(p)))

where f, is the local representation of o (Section 1.1), D4 f, is the deriv-
ative of f, with respect to the multi-index A, and we have given the set
{A : |A] < k} the lexicographical ordering. We need only to show that
{bv is a bijection between U and #(V) x R™ Nk for U a sufficiently small
neighbourhood of qg. By the discussion in Remark 2.5.2, 1; is injective.

To prove surjectivity, choose a point S = {S4 € R™ : |A| < k} € R™ Nk,
and consider the polynomial section

1
y= 0'5(13) = Z —S4- (l‘l)al R (12")(1271 (:C2n—i-l)a2n+17

|
" Al
where we have adopted the notation A! = aq!---aoylas,y1!. Now for any
point p = (z!,..., 2?"*1), the map

S+ (os(p)) = (v, Daos(z))

may be viewed as a linear map L, : R™M — R™ Nk Note that L, depends
smoothly on x. To show that L, is a bijection for x sufficiently near 0, we
need only to verify that Ly is injective. But a straightforward computation
shows that

Sq  for A=A,
0 otherwise,

Dyogs(0) = {
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i.e., Lo is the identity map. This shows that @Z is surjective on the fibre of
J I@E over all points p sufficiently near pg. Thus, after a possible shrinking
of U, the map

EE N CRE R

is a bijection between U and ¢(U) x R™ Nk,

By letting qo vary over all E, we obtain a smooth atlas for JJIEIE. We
topologize J EE by requiring each of the charts 1; to be a homeomorphism.
That these charts form a smooth atlas making J I’fIE into a smooth manifold
follows from the observation that if @Z and J’ are two charts then 12’ ) 12_1 is
a diffeomorphism between 5(& NU "} and ¢ (ﬁ NnU’ ). The proof follows by
standard arguments in advanced calculus (i.e., the Inverse Function theorem
and the Chain rule) and is left to the reader.

That J%(F) and j¥o are smooth follows from the Chain Rule, as does
the identity J% (G o F) = JF(G) o J&(F). O

Remark 2.5.4. In the special case where £ — M is a smooth vector bundle,
then so is J JIEIE — M, with linear structure induced by the formula

arjro1(p) + azjfroe(p) = ji(ar101 + az02)(p).

Lemma 2.5.5. Let E — M be a smooth fibre bundle over M. Then the
map

[(jy) : T(E) — T H(IEE) s 0 o

is a smooth map of Hilbert manifolds for all k and s such that s > 2n+4+k.
In the special case where E is a vector bundle, I'(j,) is a bounded linear
map of Hilbert spaces.

Proof. From the discussion in Section 2.1, it suffices to analyse I'(j;;) in the
neighbourhood of a fixed section of E. By definition of the Hilbert manifold
structure of I'*(E'), we may, without loss of generality, assume that E is a
vector bundle, and we must only show that the linear map I'(j;) is bounded.
By definition of the inner product on I'*( E), the result then follows from a
local computation: choose an open set V€ M and a trivialization E\V ~

V xR™. Then a section o of E over V is given by an R™-valued function f,,
and its horizontal k-jet jll’fla V- J}EIM can be identified with the m x N
matrix-valued function

jho = (Dafe)aj<ny, -
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So
kol =Y 3 /V X, (il o7 [2dVa

J 0<|J|<s—k

- ¥ XY [mbasfan

0<|J|<s—k |A|<k

< Y [l < ol

0<|1|<s
O

Definition 2.5.6. Let E; and E5 be smooth fibre bundles over M. A dif-
ferential operator of contact order k from E7 to Fy is a map of the form

y
D:C®(B) 2L o= (Jk By B 0% (By),

where F' : J Ik{El — F5 is a smooth fibre bundle map and Fy is defined by
the formula

F.(6)=Foé for 6 € C®°(J&E).

Proposition 2.5.7. Let D be a differential operator of contact order k as
above. Then D extends to a smooth map

-k
D :T5(Ey) 25 05k ( gk By) 25 15k (B),

forall s >2n+4+ k.

In the special case where E1 and Es are normed vector bundles, for every
section o € T*(Ey) and every constant ¢ > 0, there is a polynomial Q of
degree at most s — k such that the estimate

|1Do — Do’ ||s—r, < llo = o'lls - QCllolls, lo"[ls)
holds for every section o' € T'*(Ey) satisfying |j% 0’| < c.

Proof. The first part of the proposition is an immediate corollary to Propo-
sitions 2.5.5 and 2.3.5. The second part of the proposition follows from esti-
mate in Proposition 2.3.5. O

Remark 2.5.8. The restriction s > 2n + 4 + k in Proposition 2.5.7 can be
relaxed to s > k when D is a linear operator, and the estimate assumes the
form ||Do||s—x < C||o|s. When D is non-linear, the term ||Do||s_j involves
products of o and its derivatives, and estimating these expressions uses
Lemma 2.2.3, which assumes s — k > 2n + 4.

Examples 2.5.9. As examples, we consider the contact order of some basic
operators that we need later. Let M be a contact manifold with contact
form 7 and characteristic vector field 7'



(i)

(iii)
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Lie differentiation with respect to the Reeb vector field L : T¥(M) —
I572(M) : f — T(f) is a differential operator of contact order 2. To
see this, we work locally, using an adapted coordinate chart ¢ : U —
R2"+1 as in Section 1.1. Note that ¢, T = Ty = % But since
To = [X1, Xny1], the Lie bracket of the two horizontal vector fields,
it follows that T has contact order 2.

The exterior derivative operator d : T*(APM) — T52(APTIM)

a +— da is a differential operator of contact order 2. We again work
locally. First consider the case p = 0, where a = f, for f a scalar
function on M. In this case,

2n
df = Xp(f)dz" + To(f)no-
k=1

Since the term Ty (f)no has contact order 2, and all other terms depend
only on the horizontal 1-jet of f, we see that da has contact order 2.
For p > 0, a can be expressed in the form

OéZZfIdJJIﬂLZgKUOAMK,
i K

where dz! = dz™ A--- Ada® and g A dx® = ng AdazFr A - A daFer
where summation ranges over indices I and K of the forms i; < ip <
e <ip<2n+1and by < kg <--- <kp_1 <2n+ 1. Hence,

da =Y "dfy Nda' +> " dgi Ao Ada™ + 7 gredng A da®
T K K
which is clearly of contact order 2.
Exterior differentiation followed by projection onto A*H* is a differ-
ential operator of contact order 1:

dy : T3(APM) — T Y AP HY) c o — da — n A (T da).

To see this, let « be given in local coordinates as in (ii). Then an easy
computation gives

duyo =Y dpfr Ndz" + " gredno A da™.
I K

But dy fr = Zi’;l X3 (fr)dz", which is of contact order 1.

Now suppose s > 2n+4, let E — M be a smooth fibre bundle, and let
0B be a fixed, smooth p-form on the total space E. The restriction on
s ensures that the Folland—Stein space I'*(E) is well-defined. (Since
APM — M is a vector bundle, the restriction s — 2 > 2n + 4 is not
required to define I'*~"2(AP M).) We claim that the differential operator

Ps :T%(E) — T 2(APM) : 0 — o*f3
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is a differential operator of contact order 2. To see this, we work in
adapted product coordinates (z,y) € R?*"*! x R™ on E (see Sec-
tion 1.1). A section o of E is then represented locally by a function
y = f»(z), which (by the Sobolev lemma) is at least of class C'. The
form (§ can be written

(2.5.10) B = Z Ap g (z,y) dz’ A dy®
[T|+|K|=p

+ > Brk(z,y)noAde’ Ady™,
|1+ K]=p—1

where I and K are the obvious increasing multi-indices. Note that the
pullback ¢*f3 is obtained by setting y = f,(x) and expanding. But
for a function f,, the differential f, — df, is a differential operator
of contact order 2, since it involves derivatives in the Ty direction.
Applying this observation to each term in the above expansion of (8
shows that o +— ¢*( has contact order 2.

(v) For s > 2n +4, E and 3 as above,

Pyp:T(E) —» T Y (APH*) : 0 — 7yo™ B

is a differential operator of contact order 1. Using the expan-
sion (2.5.10) above, we have the local identity

nAe* B= Y Apx(zy)no Ada’ AdFE
4K |=p

Now observe that

dfa = ZXj(fU)dxj + XnJrj(fo)danrj + TO(fa')n(]'

j=1

It follows that the local expression for n A ¢*3 only involves first
derivatives of f, with respect to X1i,..., Xo,. Hence, o0 — nAc*( has
contact order 1. To see that o — mwyo*( has contact order 1, note
that by equation (1.1.1), mgo*3 = T (n A 0*f3). Since a — T_| «
is a smooth map of vector bundles, it preserves I'*-spaces. Hence, the
composition o — nAc*3+— T_| (nAoc*(3) also has contact order 1.

2.6. Rumin’s complex. In [R], Rumin constructed a novel resolution
0<—>R—>R0d_R>R1 &...ﬂRn%Rn+l E)RTH_Q

ﬁ)_“d_}%)RZn+l_>O

of the constants on a contact manifold. In this section, we give a brief sketch
Rumin’s construction.
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For n < p <2n+ 1, RP denotes the subbundle of APM given by
RP:={Be€AN’M : nANB=0and dynA B =0}
and for 0 < p < n, RP denotes the quotient bundle RP = AP(M)/I?, where
I° =0 and
IP:={nAa+dyAB : ac AP M, e AP 2M} for 0 < p < n.
Also note that for 0 < p < n, RP can be written as a quotient bundle of
APH*:
(2.6.1) 7 APH* — RP = APH*/(dn A APT2H*).
Let RP = C*°(RP). Then R? = Q°(M), and since we make the identification
H* = R! with the annihilator of T,
Rl={acQ'(M) : T a=0}.

The linear differential operators dg and Dpg are induced by the exterior
derivative operator on forms. Let 8 € RP be any section of RP. There are
three cases to consider:

(i) For p > n, set drB = dB3. It is easy to see that df3 is a section of RP*!.

(ii) For p < n, set dprf = wr(dB3), where 8 € QP(M) is any p-form with
mrf = (B and g : APM — RP denotes the quotient map. It is not
difficult to check that dg/3 is independent of the choice of f3.

(iii) For p = n, set Dr(B) = df, where 8 € Q"(M) is an n-form satisfying
the conditions 73 = ( and df§ € R, Rumin shows that a form
f3 satistying these conditions exists and that df3 is independent of the
choice of .

Rumin also shows that dg and Dpg are linear differential operators, with
dp of contact order 1 and Dp of contact order 2. Using the star operator,
Rumin proves that R¥ is dual to R**T1=* and that the adjoint operators
satisfy the identities

or=(—=1)*xdrx* for k# (n+1) and Dy = (=1)"* % Dp *.

Thus, 6 has contact order 1 and D%, has contact order 2. The next propo-
sition then follows from Proposition 2.5.7 above.

Proposition 2.6.2 (Rumin). Let (M?"*1 n) be a compact contact man-
ifold with adapted metric g and the associated complex (R*,dr). Then the
following estimates hold:

|dralls—1 < csllafls, for k#mn
|Dralls—2 < cslla||s, for k =mn;

and

16raller < callalls,  for k#£n+1
|DRalls—2 < csllalls, for k=n+1.
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Rumin [R] establishes a Hodge theory for this complex. The Laplace
operators Ag : RF — RF¥ are defined as follows:

(2.6.3)
(n—k)drdr + (n — k 4+ 1)drdgr, for 0 <k < (n-—1),
Ap— (drOR)* + D% Dg, for k = n,
DrD3% + (0rdr)?, fork=n+1,

(TL —k+ 1)dR5R + (TL — k)(stR, for (n + 2) <k< (2n + 1).

Theorem 2.6.4 (Rumin). Let M be a contact manifold with adapted met-
ric g. The Laplace operators Agr are mazximal hypoelliptic, and the following
estimates are satisfied for o € RF:

ledlsi2 < esl|Aralls + [lallo,  for k #n, (n+ 1),

ledllsta < esl|Aralls + [lallo,  for k =mn, (n+1).
Remark 2.6.5. Rumin only establishes the estimates stated above for the
case s = 0 (see [R, p. 290]). However, standard regularity theory yields

the estimate for general s > 0. For a self-contained proof, one may refer
to [BD2].

In the following corollary, parts (i) and (ii) were explicitly stated in [R];
the commutation relations follow from the definitions; the other parts follow
from the hypoelliptic estimates by standard arguments.

Corollary 2.6.6 (Rumin). Let (M?"! n) be a compact contact manifold
with adapted metric g and the associated complex (R*,dR); let Ar be the
associated Laplacian.

(i) The cohomology of the complex is finite-dimensional and represented
by Ar-harmonic forms.
(ii) There exist operators Gr, Hg : R¥ — R¥ such that

Id=GrAr+ Hr = ArGr + Hp,
inducing the orthogonal decompositions:
R¥ = ker A ® range A = ker Ap ® (range dr @ range JR) .
In particular, each o € R* has a Hodge decomposition

_ HR(Oé) D (n - /C)GRdRég(Oé) ) (n —k+ 1)GR(5RdR(Oz), for k < n,
HR(Oé) D GR(dRéR)Z((X) D GRD*RDR(CM), for k =n.

(iii) The following commutation relations are satisfied:
For P any of the operators dg, dr, Dr or D},

PHR:HRP:O;
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for a € RF,
k-1
(%) Grdr(a), for k<mn-—2,
drGR(a) = ) noR
§GR(dR5RdR)(Oé), fork=n-1,
and

—k+2
5RGR(Q) == <’I’Ln—]|<:—> GRst(Oé), for k <n-— 1.

|Grelst2 < csllalls for k #mn, (n+1)

|GRra[s+4 < csflal[s for k=mn,(n+1)
and || Hg(a)l|s < cslla[s.

Moreover, since the space of harmonic forms is finite-dimensional,
lal|s < esl|la]lo for all o € ker Ag. In particular, Hr(«) is of class

C* for all a € T'$(RF).

(iv) For a € R¥, {

2.7. Characterization of contact vector fields. In this section, we
present a characterization of the closed subspace I'S  (TM) C T'*(T'M) of
I'® contact vector fields in terms of the Hodge decomposition of the Rumin
complex. We use this characterization in Section 4 to give a parameteriza-
tion of the space of contact diffeomorphisms near the identity by contact
vector fields near 0.

We begin by recalling a few well-known facts about contact vector fields.
Recall that a smooth vector field X is called a contact vector field if and
only if Lx(n) = 0 mod n (or, equivalently, 7 (Lx(n)) = 0). Write X in the
form X = X7 + Xy, where Xy € H and T is the Reeb vector field, and
use the identity

Lx(n)=X1dn+dX]n) =Xyl dy+dXx°

to conclude that X is a contact vector field if and only if it satisfies the
standard identity

— Xy dn+T(X%n = dx°.

Recalling that R' = H* and drf = ny(df), for f € C>®°(M) = R°, we can
express this characterization in terms of the Rumin complex as follows: X
is a contact vector field if and only if it satisfies the identity

(2.7.1) dp X" = — Xy | dn.
Next observe that dn defines a vector bundle map

(Y:TM — H* : X — X" =X_|dp,
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whose restriction to H C T'M is an isomorphism between the contact dis-
tribution and its dual space, and let

(JF:H = H : ¢ ¢f
denote its inverse. The map

C>®(M,R) — CZ, - g Xy = gT — (drg)*

cont

is an isomorphism between the space of smooth functions on M and the space
of smooth contact vector fields. This map then extends to an isomorphism
between the weighted spaces:

(2.7.2) DS (M) = T, (TM) : g = Xy = gT — (drg)*.

The only new result here is the gain of one derivative in the Folland—Stein
spaces, which follows easily from the two inclusions g € I'* and drg € I'®.

We can now express the condition for X to be a contact vector field in
terms of the harmonic decomposition. Note, in particular, the additional
regularity in X%, the Reeb component of X. (The restriction s > 2n + 4
below ensures that X is of class C*.)

Lemma 2.7.3. A vector field X € I'*(TM), s > 2n+ 4, is contact if and
only if it satisfies each of the following three conditions

(a) XY= Hp(X%) — (n+1)Gror(X_ dn),
(b) Hp(X_| dn) =0,

{dR(XJ dn) =0, forn>1,

© Dr(X_ dp) =0, forn=1.
Moreover, if X € TS(TM) is a contact vector field, then X° € TS+ (M).

Proof. Suppose that X € I''(T'M). Applying the Hodge decomposition to
equation (2.7.1) shows that X is a contact vector field if and only if it satisfies
each of the three conditions

Hr(dpX°+ X1 dn) =0, 0r(dgX®+ X dn) =0, and

dp(dpX?+ X 1 dn)=0 ifn>1,
Dr(drX°+ X 1 dn) =0 ifn=1.

The middle equation is equivalent to

Grop(dpX® + X dn) = (GrRARXY) + Grop(X_ dn) =0,

1
(n+1)
from which the conditions (2.7.3) follow. Finally, suppose that X € I'*(T'M)
is a contact vector field. By (a) and Corollary 2.6.6, the function X° is an
element of T5+1(M). O
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3. The topological group of contact diffeomorphisms

Let D¥(M) C TI'(M,M), s > 2n + 4 denote the subspace of I'*-
diffeomorphisms of M. It is well known that the space of C''-diffeomorphisms
is an open subset of the space C'(M, M) of C'-maps. Moreover, since
s > 2n + 4, there is a continuous inclusion I'(M, M) C C'(M, M). It fol-
lows that D*(M) is an open subset of I'*(M, M). Tt is, therefore, a smooth
infinite-dimensional manifold; but it is not a group because D*(M) is not
closed under composition (see Remark 2.1.1).

Let DX, (M) C D*(M) denote the subspace of C* contact diffeomor-
phisms. By definition, the space of I'* contact diffeomorphisms of M is the
closed subspace D5, (M) := DL (M) C D*(M). We show in this sec-
tion that DZ (M) is closed under composition and inversion and that both
operations are continuous. Consequently, D2 (M) is a topological group

for s > 2n + 4. In Section 4, we prove that D2 (M) is a smooth Hilbert
manifold (see Theorem 4.4.1). Our approach in this section and in the fol-
lowing section parallels the treatment of the full diffeomorphism group given

by Ebin [E].

3.1. Continuity of composition. To prove that composition is continu-
ous, it is sufficient to work locally. Consider open domains D € R?"*! and
D € R2"*! By the Sobolev lemma (see Remark 2.4.3), there is a continu-
ous inclusion I'*(D,R?"*1) ¢ CY(D,R?"*1). Consequently, the topological
subspace D2, (D, D) of C! contact diffeomorphisms f with f(D) C D is

well defined.
Proposition 3.1.1. Let s > 2n + 4, and let f € D5, (D,D) and g €

cont
I*(D,R™) for k < s. Let D' € D be an open set. Then the restriction to D'
of the composition g o f is an element of T*(D',R™). Moreover, the map
p1: Dione (D, D) x T*(D,R™) — T*(D',R™) : (f,g) — go f

cont

1S continuous.

Proof. Our proof mimics the proof of Ebin [E, Lemma 3.1] in the case of
diffeomorphisms of a manifold. It proceeds by induction on k.

For k = 0, we first note that ||g o f||po < oo for any D’ € D. Since f is
a C! diffeomorphism on D, its Jacobian determinant .Jf is continuous and
bounded below on D’ by a positive constant; and (by the change of variables
formula for integration)

oo floa= [ o= [ g*apsre s <o

To prove continuity at (f,g), choose € > 0. We will show that ||¢'o f' —go
Fl1% o < 4e for (f',¢') sufficiently near (f, g). To see this, choose § > 0 such
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that maxp,(1/J(f"),1/J(f)) < €/6 whenever || f'— f||p,s < d. Also choose a
smooth function ¢g* on the closure of D such that ||g — gOOH% o, <0, and set

2n+1 agoo(x) 2
M = [ ma : .
(e 3 52)

Then
lgof =g o f1Ho<llgof—970flho+ 90 f—9g%0f b
+ g™ o f —go fllho+lgof —g o flby

€ o0
<5 [ lo— g Pavo+ M- = Fib

€ €
+5/~ \g—g”\Qd%+5/~ lg — g'[PdVy
<2+ M-|If = Flbo+ (5) llg— g%

Now let ¢/ = min (5, ﬁ) Then the last line is bounded by 4e prov1ded that
f' and ¢ satisfy the inequalities
If = Flho <o and |g—d}, <"

Assume that for some k > 0 the proposition holds for all D, D' e D,
and D. We first show that g o f is an element of T**1(D’), k +1 < s, for
all g € T*+1(D,R™). To do this, we need only to show that X;(go f) is in
I¥(D') for 1 < j < 2n, where X are the horizontal vector fields defined in

Section 1.1. Begin by observing that since f is a contact diffeomorphism,
it’s derivative f, respects the contact distribution on R2nt1.

(3.1.2)
2n+1

Srst He — Hyy : Xj(x) = fu(X ZA’ f(x), 1<j<2n,

where A;- € I'*"1(D,R) depend continuously on f. This permits us to com-
pute as follows using the chain rule:

(3.1.3) Xj(go f) = dg(fu(X Z AL

By the induction hypothesis, X;(g) o f € Fk(D”) for any open set D" such
that D’ € D" € D. Since s — 1 > 2n + 3, we can apply Lemma 2.2.1 to the
products A; - (Xi(g) o f) conclude that Aé- - (X;(g) o f) € T*(D’), which in
turn shows that X;(go f) € T*(D’). To complete the induction step, we have
to prove continuity of composition. First note that if ¢’ is near ¢ in FkH(ﬁ)
then X;(¢) is near X;(g) in I*(D). Now choose a fixed open set D” with
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D" € D" € D. By the induction hypothesis, if f’ is near f in I'*(D), then
Xi(g")of"is near X;(g)of in T*(D"). But then by Lemma 2.2.1 it follows that

2n 2n
Xi('o £) = Y (A) - (Xild!) o 1) is mear Xilgo ) = D 4]+ (Xilg) o )
in T*(D). . . 0

Corollary 3.1.4. Let M be a compact contact manifold of dimension 2n+1,
and let N be a smooth manifold of dimension m. Then the composition map

p:Ds (M) xT*(M,N)—T*(M,N): (F,G) —» GoF

cont

18 continuous for 2n + 4 < k < s. In case N = R™, the map is continuous
for2n+4<sand 0 <k <s.

Proof. In case N = R™, choose s > 2n + 4 and 0 < k < s. Continuity of
u follows easily from the previous proposition. We next consider the case
where N is an arbitrary smooth manifold and the definition of T*(M, N)
requires that 2n + 4 < k. Fix F € D (M) and G € T*¥(M, N). First

cont

note that the restriction 2n 4+ 4 < k < s ensures that the spaces D2 (M)
and T*(M, N) are both well defined and that both F' and G are of class

C!. Choose adapted atlases {(¢a,Ua, Do)} and {(¢a,Un, Dy} for M, and
charts {¢q, Vo, Ba} for N, such that for all

F(Uy) C Ua, Fo(Dg) C Do, and G(Ua) C Va,

where Fy, = po0Fod ! € T5(Uy, Uy) and Gy = 90 Go gyt € TH(Uy, R™).
Set Hy = GooF,(= 1a0GoFo¢,t). By Proposition 3.1.1, H, € Fk(ﬁa,Rm)
for all «, showing that G o F' is an element of Fk(M , ). To prove continuity
of p, consider the open neighbourhoods of F', G, and H = G o F' = u(F,G)

O(F,e,{Ua})
={F eD: (M) : F'(U,) C U, for all a,max ||}, = Fally, s < e},
O(G,e,{U,})
— {G' e T*(M,N) : G'(U.) C V, for all o, max |G, = Gallg, ,, < e},
O(H,e,{U,})
={H' eT*(M,N) : G'(U,) C V, for all a, max [|Hy, = Holu, k < €}
By definition of the topology of I'*(M, N), every open neighbourhood of H

contains a set of the form O(H, ¢, {U,}) for sufficiently small e. Moreover,
by Proposition 3.1.1, for every € > 0 there exists a § > 0 such that

H =G oF € O(H,e,{Us})



78 J. BLAND AND T. DUCHAMP
for all F € O(F,0,{U,}) and G' € O(G, 6, {(7@}) Therefore,
1 (O(F.0,{Da}) x O(G.8,{Da})) € O(G o Fre {Ua}).
This completes the proof of continuity of pu. O

3.2. Continuity of inversion. The proof of continuity of inversion relies
on the next lemma.

Lemma 3.2.1. Let f € Dg (D,[?), s > 2n 4+ 4 be a contact diffeomor-

cont \"7

phism with f(D) € D, and let D' € f(D). Then f~' € D (M)(D', D).
€ Deons

Moreover, the map v : f' — f/~', f/ € {g € D5, (D,D) : D' C g(D)} is
continuous at f' = f.

Proof. Since s > 2n + 4, f is a C! contact diffeomorphism on every com-
pact subset of D. Hence, f~! is a C'! contact diffeomorphism on every open,
compactly contained, subset of f(D). Let A: D — GL(2n) be the matrix
valued function defined by A;'-, where A;- € T*71(D) are defined as in the
proof of Proposition 3.1.1. Because the process of inverting A only involves
multiplication, addition, and division of functions in I'*~!, and because
s —1 > 2n + 3, we can invoke Lemmas 2.2.1 and 2.2.2 to conclude that
AL e Ts~Y(D', GL(2n)) for all D’ € D.

Next observe that equation (3.1.3) with g replaced by go f~! assumes the
form

2n
Xj(9) =) A5 Xi(go f "o f.
i=1
Multiplying by B = A~! and composing with f~! then yields the formula

(3.2.2) Xp(go f) =) (Bl X;(9)of "

J

To show that f~1 € ['(D', R2"*1) for every open set D' € f(D), it suffices
to show that X;(f~!) € I'*"*(D’) for every multi-index I with |I| = k
(see Section 1.1). Following the argument on [E, page 17|, we proceed by
induction on k to show that, for all I with |I| = k,

(3.2.3) Xi(f Y =grof ! with gy e 757,
To see that (3.2.3) holds for k = 1, let g = idp2n+1 in (3.2.2) to get

Xi(f7) = | D_(B] - Xjlidgansr) | o f = gio f 7,

J
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and recall that B € I'*! to conclude that g; € I'*~!. Now assume that
(3.2.3) holds for s > k > 0, and let I = (i,J), for J a multi-index with
|J| = k. Then applying (3.2.2) gives

(32.4) Xi(f") = Xilgrof™) = | D_(B - Xj(9s) | o f " i=grof".
J

Since Bg € I*71 s —1>2n+3, and X;(gy) € I's~k=1 we can invoke
Lemma 2.2.1 to conclude that X;(f~!) is of the form g; o f~1, for g; €
['*~#=1. This completes the induction step. We now know that X;(f~!) =
gro f~t with g € T57% c T, for all I with |I| < s. But since f~! is of class
C*, the composition X;(f~1) = gro f~1 is also in 'V for all T with |I] < s.
Hence, f~!is in T'*(D’, D) for all D’ € f(D).

To prove continuity of the map ¢ : f — f/~1, we first show by finite
induction that the map

f g = Xi(f o f e TOD', D)
depends continuously on f' € D5 for all I with |I| < s. Let k = 1, and note

cont
that by definition of A (see equation (3.1.2)), the assignment f’ — A’ —
B’ = A7 € T*~! depends continuously on f’ € D .. Hence, g, € Tt

cont*
depends continuously on f' € Dg, ;. Now assume that f' — ¢ € I57*

depends continuously on f’ for all J, |J| = k. Set I = (¢, J). Then X;(¢’;) €
I'*~*~1 depends continuously on f’. Hence by (3.2.4), g5 € I'*"*~1 depends
continuously on f’, completing the induction step.

Thus, for any multi-index I with || <'s,

-1 _
X2 (/" = F 5
—1 —
=lgrof ™ —grof Nlpy
-1 -1 -1 —
<lgrof ™ —grof lpo+llgrof ™ —agrof Hp

Because the map f/ — f'~! is continuous in the C'-topology, by making
making || f'— f|| 5, , sufficiently small, we ensure that X (0 —F Dllp s

arbitrarily small for all I with |I| < s. This concludes the proof of continuity
of ¢. O

Theorem 3.2.5. Let s > 2n+4. Then DS, (M) is a topological group with
group multiplication

o Dgont(M) X Diont(M) - Dgont(M) : (Fv G) = G oF
and group inverse
L Dgont(M) - Dgont(M) D F e F_l'
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Proof. Continuity of p is contained in Corollary 3.1.4. Continuity of ¢ follows
from Lemma 3.2.1 by an argument similar to the one used in the proof of
Corollary 3.1.4. In brief, for fixed F', choose adapted atlases {(¢q, Un, Do)},
and {(¢.,, U, D.)} such that D), C F,(D,) for all . Then by Lemma 3.2.1,
for all € > 0 there there is a § > 0 such that for all G € O(F,d) we have
G teO(F ). O

4. The smooth manifold of contact diffeomorphisms

In this section, we obtain a local coordinate chart for the set of contact diffeo-
morphisms in a neighbourhood of the identity. As a corollary, we show that
for s > 2n + 4, the topological manifold D5, (M) is a smooth submanifold

cont

of the smooth manifold D*(M) of I'* diffeomorphisms of M.

4.1. The smooth manifold of contact diffeomorphisms. We begin by
constructing a smooth atlas for D*(M). Our construction is based on the
following well known parameterization of smooth diffeomorphisms near the
identity diffeomorphism by smooth vector fields. Fix a C'*° metric adapted
to the contact structure (see Section 1.1), and let exp : TM — M denote
its exponential map. Recall that exp is the C'°°° map defined by the formula

exp(X) == vz.x(1)

where 7, x : R — M is the unique geodesic curve with v, x(0) = z, 7/(0) =
X € T, M. Also recall that for |X| sufficiently small, |X| is equal to the
Riemannian distance between  and exp(X). Next consider the map x from
the space of C''-vector fields to the space of C'-maps

x:CHTM) — CY M, M) : X+ Fy,

where F is the C' map defined by composition

exp

(4.1.1) Fx: M 2 17M 22 .

By compactness of M, there is a number r > 0 such that any two points at
distance less then r apart are joined by a unique length minimizing geodesic.
Let B,M C T'M denote the bundle over M of tangent vectors of length less
than r. It is a well-known theorem in Riemannian geometry that x restricts
to a diffeomorphism between the space C' (B, M) of C'-vector fields of length
less than r and the open set

{FeCYM,M) : disty(z, F(x)) <, forall z € M},
where dist,; denotes Riemannian distance.
Proposition 4.1.2. For s > 2n + 4, the map x restricts to a smooth map
X :(TM) - T9(M,M) : X — Fx =expoX
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on the space of I'*-vector fields. Moreover, there is an open neighbourhood
U C T2 H4(TM) of the zero section, such that for all s > 2n-+4, x° restricts
to a diffeomorphism

XS U =UNTH(TM) — D (M)
between U* and a neighbourhood of the identity idy; € D%(M).

Proof. First observe that a map F' : M — M can be viewed as a section
of the trivial fibre bundle mp; : M x M — M : (z,y) — z and that exp
defines a smooth map of fibre bundles

exp: TM — M x M : X — (m(X),exp(X)),

where 7w : T'M — M is projection onto the base point. Smoothness of x® then
follows from Proposition 2.3.5. Let U, M = {(z,y) € M xM : disty(z,y) <
r}. Then exp : B,M — U,M is a smooth fibre bundle isomorphism. By
Proposition 2.4.2, the restriction of y to ['*-spaces

x°:I%(B.M) —TI'*(U,M)

is therefore a diffeomorphism. To complete the proof, let i denote the preim-
age of the open set I'2"*4(U, M) N D?"+4(M) under x2"+4. O

Remark 4.1.3. We can use x* to construct a smooth atlas for smooth man-
ifold D*(M). Let G be a smooth diffeomorphism of M. By Corollary 3.1.4,
that composition on the left with G gives a smooth diffeomorphism of
D*(M). Consequently, the map

X&:=Lgox®:U°—D*(M): X +— GoFx

is a local diffeomorphism. Since the set of C*° diffeomorphisms of M is dense
in D*(M), letting G range over all diffeomorphisms gives a smooth atlas.
Since composition of smooth maps is smooth, smoothness of the transition
functions is automatic.

Remark 4.1.4. We recall the standard construction of the tangent bun-
dle mp(ary : TD*(M) — D*(M) (see [Ham, Pal] for background). To get
a tangent vector to D*(M) at Fy € D*(M), let t — F; be a smooth curve
in D*(M) passing through Fy. Then F; is a smooth family of C! diffeomor-
phisms, so we can differentiate pointwise with respect to ¢ to obtain the
vector field

X:M—TM : z— Fy(z) € TME,(z)

over Fy, where we have used the notation Fy(z) := dF(flgm) . Conversely,
=0

given a vector field X € IS(M,TM) with 7o X = Fp, observe that for small
t the composition

exp

F: M2 1ma 22 6
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is a smooth family in D*(M) and that X = Fy. An easy way to obtain the
manifold structure on the total space TD*(M) is to note that, by Corol-
lary 2.4.5, composition with the projection map 7 : TM — M induces a
smooth map Lf : T'¥(M,TM) — I'*(M, M). Let TD*(M) be the preimage
of D*(M) under L; and let 7p(pp) = Lj.
4.2. Characterization of contact diffeomorphisms. Recall that a dif-
feomorphism F' is a contact diffeomorphism if and only if the pullback
F*n is a multiple of n. Since this condition is equivalent to the equation
m(F*n) =0, where g : T*M — H* is the quotient map, the space of I'*-
contact diffeomorphisms near the identity is parameterized by the subspace

(4.2.1) VS ={X eU® : my(Fin) =0} C TS(TM).

It is convenient to view the equation 7g(F%n) = 0 in terms of the Rumin
complex. Note that R = H*; hence Fx € U is a contact diffeomorphism if
and only if it satisfies the equation

mr(Fxmn) = 0.

This suggests studying the non-linear differential operator
X mr(Fxn)

in more detail. Our goal is to show that

(4.2.2) TrR(Fxn) = mrRLxN + TR 0 Qy(X),

where Lx denotes Lie differentiation with respect to the vector field X and
Qn(X) is a smooth differential operator that vanishes to second order as
X — 0. Part (ii) of the next proposition shows that X — 7wr(F%n) is
a smooth differential operator of contact order 1; that it has the form of
equation (4.2.2) is a corollary to Lemma 4.2.7.

Proposition 4.2.3. The following maps are smooth (non-linear) differential
operators for all s > 2n + 4:
(i) I(TM) - T 2(T*M) : X — Fn,
(ii) T3(TM) — T YRY) : X — wpF5n,
(iii) I'*(TM) — I'*"YR?) : X — dg (nrF%n) = nr(dF%n) = nrF%(dn),
forn > 1.

Proof. View Fx : M — M as a section of the trivial bundle M x M — M.
Since s > 2n+4, Example 2.5.9 parts (iv) and (v) apply to yield (i) and (ii).
To prove (iii), apply Example 2.5.9 (v) to the smooth 2-form dn to conclude
that the map

X — wg(Fxdn)
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is a smooth differential operator of contact order 1. Next observe that mg =
T oy, where 7 is the quotient map given by (2.6.1). Finally, since drf8 =
mr(df), the composition

X = mg(Fx(dn)) — (7 (Fxdn)) = npFx (dn) = mrd(Fxn)
is also a smooth differential operator of contact order 1. O

To show that 7 (F5n) has the form of equation (4.2.2), we work locally,
choosing an adapted atlas ¢, : Uy — R2"F! for M and a collection of open
sets W, € U, covering M as in Section 1.1. By compactness of M, there is
a constant ¢ > 0 such that exp(z, X) € U, for all z € W,, all X € TM,,
with | X| < ¢, and all a.

Let X be a C! vector field with | X| < c. Fix a chart, say ¢q, and set U =
Uy and W = W,. To simplify notation, we adopt the Einstein summation
conventions, letting Roman indices range from 1 to 2n+ 1. Then there exist
smooth functions ij(:c, X) (locally defined) on T'M such that

(4.2.4) exp®(z, X) = 2" + X* + B (2, X) X' X7.
This follows simply from the second-order Taylor’s formula with integral

remainder for the exponential map. Indeed, for fixed X € T, M, let v(t) =
exp(z,tX) be a geodesic. Then

1
(4.2.5) 7*(1) = 7*(0) +4*(0) — /0 (1= TE (v ()5 (83 (1) dt,

where Ffj are the Christoffel symbols, and we have used the geodesic equa-
tion ‘7’“+Ffj"yi7j = 0. Let y = exp(z, X). Since v(t) = exp(z,tX) = y(x, tX),
then ,

Oy'(x,1X)

X
0XJ ’

F(t) = g (2,8 X) =

and this becomes
a

1
(1) =250) +50) = [ (1= Ok (exp(a, )2 (2 1)

X1
3yb iy
when
(4.2.6) BE(z,X) = —/1(1—t)Fk (exp( tX))aya( tX)a—yb( tX)dt
2. i (T, = ; abl€Xp(x, X x, X7 xr, .

Lemma 4.2.7. Let ¢ be a smooth q-form on M and choose a coordinate
patch U =U®, with W =W, € U. Let ¢ > 0 be chosen so that exp(z, X) €
U for allz € W and all X € T,M with |X| < c. Then there are (locally
defined) smooth fibre bundle maps

it BM|y, — MMy, and Q3 : BM|y, — ATIM|,
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where BM = {X € TM : |X| < ¢}, such that for any C* vector field
X : M — BM C TM the equation
Fx =+ Lx+ Qj;(X) X' X7 + QF(X) A X'dX/
is satisfied on all of W.

Proof. Begin with the special case of a O-form u € C°°(M,R). Then
Fiu(z) = uoexp(z, X), and applying Taylor’s formula with integral remain-
der to the function f(t) = u(z + tX + t2B;;(x,tX)X"X’) and setting t = 1
yields the formula

for Q;;(x, X') smooth functions on BM]|y;,, such that Q;; = Qj;. Next con-
sider the special case 1) = dz*, and compute as follows, using what we have
just proved:

Fi(d*) =d (exp} l‘k)
=d (l’k + ﬁx($k) + Qij(l’,X)Xin)
= da" + Lxdr" + d (Qyj(x, X) X' X7)
= da® 4+ Lxdz® 4+ d(Qij(x, X)) X X7 + 2Q;j(z, X)X d X’
= da" + Lxda® + Q; X' X7 + Q};(w, X)X'dX/

for zlj = S dz*, ?j = a?o"ch +2Qi5 = % + Qij. Because every
p-form can be expressed as a linear combination of products of terms as

above, the general result follows easily by induction. O

Remark 4.2.8. Henceforth, we will use the notation

Qu(X) :=Fx () — ¢ — Lx¢
to denote the non-linear part of the pull-back F51. The lemma states that
in local coordinates
Qu(X) = Q(X) X' X7 + QF(X) A X'dX7,

where Qilj and Q?j are smooth functions on BM |y, C T'M, which depend
on the smooth form 1.

4.3. Parameterization of contact diffeomorphisms. The condition for
Fx to be a contact diffeomorphism is the vanishing of the one-form F’5n mod
7. Remark 4.2.8 applied to ©¥» = n and the identity mrn = 0 show that Fx is
a contact diffeomorphism if and only if

7TR£X77+7TRQ77(X) =0.
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Since Q(X) vanishes to second order at X = 0, the linearization of this
equation is
™ RE xn = 0,

i.e., the condition that X be a contact vector field. This suggests using the
implicit function theorem in Banach spaces to construct a parameteriza-
tion of the space of contact diffeomorphisms near the identity by the space
contact vector fields near zero.

We are going to construct a smooth map between Hilbert spaces of
the form

®:T5(TM) - T (M) x H® : X — gx @ vx,
where H® is a second Hilbert space (to be determined), such that

(i) Fx is a contact diffeomorphism if and only if yx = 0,
(ii) the derivative of @ is invertible at the origin.

By the inverse function theorem, ® is locally invertible and the map
g x°(27'(g,0))

gives a smooth parameterization of the contact diffeomorphisms in D5 (M)
near the identity by real valued functions in I'**1(M) near zero.
A natural guess for the map & is

(4.3.1) X=XT+ Xy — (X°, ngF5%n),

for, as we have already observed, F'x is contact if and only if mrFyn = 0,
and X parameterizes contact vector fields (see Section 2.7). Unfortunately,
this map is not invertible. Indeed, its linearization at the origin involves a
differential operator that loses too many derivatives.

The trick to circumventing this difficulty is to exploit some hidden
smoothness in the Hodge decomposition of one-forms in the Rumin com-
plex. For smooth data, choose ® to be of the form

C>®(TM) — C®(M,R) @ range(dr) ® ker(dg)
P : C C%®°(M,R) @ C*(M,R) & R,
X —gx ®ax ®wx.

When n > 1, the Hodge theory shows that the projection mrar € R! of a
general one-form o € Q' has the decomposition

TR = GR{(TL — 1) dR(SR—{—TL(SRdR}T(‘ROz—FHRTFRO[
= (n - 1) GRrdropmra +n Grégpmrda + Hrmra.

Applying the commutation relations of Corollary 2.6.6(iii), gives

mra = (n+ 1) dgGRrOrTr + n GROpTRda + HrmRa.
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This, together with the identity dF'%n = F5dn give the following decompo-
sition of mrF':
(4.3.2)

TrExN = (n + 1) dRGRrOR(TRFXN) + nGRrOR(TRFXdN) + HR(TRFXM).

Referring now to our natural guess (4.3.1), we reassemble it using equa-
tion (2.7.3)(a) for X? and the identity (4.3.2) to define the map ® by the for-
mulas

gx = —(n+1)Grér(Xu ) dn) + Hr(X?),
(4.3.3) ax = (TL+ 1)GR5R(7TRF;}T]),
wx = nGrOrdr(TrExN) + Hr(TRFXM).

Indeed, we observe that mTrF'yn = drax +wx by equation (4.3.2), and in the
case where X is a contact vector field, then gx = Xy by Lemma 2.7.3. In the
case n = 1, we have to adjust the map ® to reflect the Hodge decomposition
at R" =R

mrEFYN = Gr(drOR)*(TrRFXN) + GRDRDR(TRFXN) + Hr(TRFN).

Applying the commutation relation 2.6.6(iii) to the O-form dr(mrEF%n),
yields the identity

TrExN = 2drGROR(TRFXN) + GRDRDR(TRFXN) + Hr(TRFXN).
Because n 4+ 1 = 2, the formulas for g, a, and w become
gx = —(n + 1)Grér(Xg ) dn) + Hr(X"),
(4.3.4) ax = (n+1)Gror(rrF%n),
wx = GrDRrDgr(trFxn) + Hr(rrF%n),
and only the formula for wx has changed.

Remark 4.3.5. Observe that by construction mrF'yn = drax + wx. Since
dp is injective on range(dg), ax = 0 if and only if drax = 0. Consequently,
Fx is a contact diffeomorphism if and only if vx = ax Gwx =06 0.

Remark 4.3.6. In the case n = 1, the map ® is, roughly speaking, the same
as the map defined in [B]; however, in that paper, the use of the complex
Laplacian and complex operators necessitated an additional splitting into
real and imaginary parts — roughly doubling the number of terms.

Proposition 4.3.7. Let ® be the map defined above and let
H® :=T%(range(dg)) @ I'*(ker(dg)) € I'*(M) ® I*(RY).
Then for s > 2n + 4, the map ® extends to a smooth map
. {FS(TM) — TsTL(M) ® H®
X = gx ©9x = gx © (ax G wx)
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The linearization of ® at the zero vector field is given by
({—(n+1)Grép(Xu | dn) + Hr(X")}

® {(n+ 1)Grép(drpX°’ + Xz dn) ® (n Grordr(Xg_ dn)
+ Hp(Xyl dn))}, forn>1,

{~(n+1)Gror(Xu ] dn) + Hr(X°)}

® {(n+1)Grop(dr X’ + Xy | dn) ® (GrDRDr(Xy dn)
|+ Hr(Xyldn)}, forn=1.

Moreover, the linearization of ® is invertible with inverse given by

9@ (@®w)— (9+a)T + (—drg +w)’,
where § is the isomorphism from horizontal one-forms to horizontal vector
fields induced by the two-form dn.

The proof relies on two lemmas.

Lemma 4.3.8. Let FF € T'*(M, M), s > 2n+4, be a diffeomorphism, and let
B € QF be a smooth k-form, k < n. Then the form nrF*3 lies in T*~1(RF).

Proof. This is an immediate corollary to Example 2.5.9 (v) and the obser-
vation that for ¢ < n, mr = 7 o my where 7 is the quotient map (2.6.1). O

Lemma 4.3.9. Letn =1, and let F : M — M be a T'* (possibly not contact)
diffeomorphism, and let s > 6(= 2n +4). Then DrmrF*n is in T572(R?).

Proof. Recall the definition of the operator Dp (see Section 2.6). For any
a€RYC QY M), Dra = d(a+ fn), where & € QY (M) is any form such that
7mr(@) = a and f € RY is the unique function such that n A d(a + fn) = 0.
Let A be the linear isomorphism

A:RY = R3=Q3(M):h— hnAdn.

Note that A is defined by a smooth vector bundle isomorphism; it, therefore,
extends to an isomorphism between the spaces I'*(M) and I'*(A3M) for all
s. Consider now the case a = mrF*n. The condition defining f is

n A (F*dn+ fdn) = 0.
By Example 2.5.9(v), n A F*dn is in T*~1(R3), forcing f to be in T*~1(R?).
Compute as follows

Dg(mrF*n) = dF*n+d(fn) = F*dn+df An+ fdn.

Since wedging with 7 kills all terms in df A 7 involving differentiation in
directions transverse to the contact distribution, it follows that d(fn) is in
I'*"2(A2M). Thus, Dga is in T*~2, concluding the proof of the lemma. [
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Remark 4.3.10. The result of Lemma 4.3.9 is somewhat surprising.
Because mpF*n is in I'*~! and Dp is an operator of contact order 2, one
would expect DrmrF*n only to lie in T'573.

Proof of Proposition 4.3.7. By Proposition 4.1.2, the map x* : X — Fx is
smooth; and for sufficiently small X, Fx is a ['*-diffeomorphism. Recall that
mrF*n is in T*~Y(RY). The linear operators dg, 6g, Dg, Dy, Hg and 7R are
all bounded as maps as follows:

dp,0p:T° =T\ Hp:T°! - T° and np: ¥ — I%,

Ggr: FS(Rk) — F5+2(Rk), for k < n,

Dp,D}:T% -T2 Gg:T%(RY) — *t(RY), for k=n.
and the individual terms have the following regularity properties:

Gror(mrFxn) €I, Gropdr(mrExn) €1°, Hg(rrFxn) € C%,
for n > 1; and for n = 1:
GRror(TrFxm) €1°, GrDRDr(rrFxdn) € I*, Hg(mrFxn) € C*.

Thus, ® is smooth and maps between the spaces as indicated.

The only non-linear terms in the map ® arise from the presence of F5.
The linearization of this term at the zero vector field is Lxn = dX° +
Xgl dn. When we substitute this into the map ®, we obtain easily the
linearization and its inverse. O

Let U C T'?"*4(T M) be an open neighbourhood of the zero section such
that F'x is a I'*-diffeomorphism for all X e U* :=U NT*(TM), s > 2n+ 4.
The next theorem shows that the subset V* C U4® on which Fx is a contact
diffeomorphism is a smooth submanifold which is smoothly parameterized
by the space of I'*-contact vector fields near zero.

Theorem 4.3.11. For U sufficiently small, for all s > 2n + 4, the set
Vi={X el : ®X)=(9x,0,0)}

is a smooth submanifold of U :=UNTS

Sont (TM), smoothly parameterized
by the map

v I

cont

(TM)NU* -V : X — & Ygx &0).
Moreover, the map V¥ is of the form
U(X)=X+ B(X)(X,X),
where B : (T3 (TM)NU) x T (TM) xS (TM) — T$(TM) is smooth

cont cont
and bilinear in the last two factors.
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Proof. Tt suffices to prove the theorem for s = 2n + 4. That V* C U is a
smooth submanifold follows from Proposition 4.3.7 and the inverse function
theorem in Banach spaces. To define ¥, let m denote the projection

(4.3.12) m(g,7) = (9,0),

in the notation in the statement of Proposition 4.3.7, and let ¥ =
(<I>_1 oo <I>) |F§ont(TM)ﬂU‘ The smoothness of ¥ follows from the smooth-
ness of ®. A simple calculation shows that d¥|o(X) = X, for all X €
I8 (T M), which (together with the inverse function theorem) shows that
W parameterizes V°. The form of the operator B is given by Taylor’s formula

with integral remainder for smooth operators on Banach spaces:

1
B(X) = / (1—t)D*U(tX)dt.
0
(See, e.g. [Ham, Theorem 3.5.6].) O
Remark 4.3.13. In view of the isomorphism I*TH(M) ~ TS (T M) given

by (2.7.2), the map g — ¥(X,) defines a smooth parameterization of V* by
[Tl functions in a neighbourhood of 0 € T**1(M,R).

4.4. The smooth structure on the space of contact diffeomor-
phisms. The map ¥ of Theorem 4.3.7 gives a parameterization of the sub-
space V* C U®. We now show that this parameterization in turn induces a

smooth structure on the space D2 (M) of all I'*-contact diffeomorphisms.

Theorem 4.4.1. Let (M,n) be a compact contact manifold. For s > 2n+4,
the space of I'® contact diffeomorphisms is a smooth Hilbert manifold.

Proof. We first show that the intersection of D, (M) with a neighbourhood
of the identity is a smooth submanifold of D*(M). To see this, let x* :
U* — D?(M) be the diffeomorphism onto a neighbourhood of the identity
given in Proposition 4.1.2. By Theorem 4.3.11, we can shrink /° if necessary
so that V* is a smooth submanifold of U*. Now set Oy = x*(U?). Since

x® :U° — Of is a diffeomorphism and

Deont (M) N Ofg = x*(V°),
it follows that D (M) N Of; is a smooth submanifold of D*(M).

Next consider the open set O3 = F(0Of,;) C D*(M), where F' is an arbi-
trary C° contact diffeomorphism. Noting that G € D*(M) is a contact
diffeomorphism if and only if F~! o G is a contact diffeomorphism shows
that the equality

O N Doy (M) = F(V?)
holds. Finally, recall that composition on left with F' is a smooth diffeomor-
phism of D*(M) (see Remark (4.1.3)) to conclude that O%. NDE, (M) is a

cont
smooth submanifold of D*(M).
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It remains only to show that every element of D (M) is contained in
O% for some smooth contact diffeomorphism F. To see this, choose any
G € D (M) and let Fj be a sequence of smooth contact diffeomor-
phisms converging to GG. Because composition and inversion are continuous
operations, Fk_1 oG — idy as k — oo. Therefore, Fk_1 oG € Of for k
sufficiently large. Consequently, G is contained in O%k = Fk((’)fdM) for k
sufficiently large. a0

Sont (M) as follows.
By Theorem 4.3.11 and Remark 4.3.13, there is an open neighbourhood
Ostl of 0 € T5T1(M,R) such that

(4.4.3) it o5t D

cont

Remark 4.4.2. We can construct a smooth atlas for D3

(M) : g x"o ¥ (Xy)

Sont (M). Tts inverse is a coordinate chart
centred at the identity diffeomorphism. Composition with a smooth contact
diffeomorphism G then yields the map

Xeant,c: O = Dione(M) = g+ G o xigi(9),

whose inverse is a coordinate chart centred at G. The argument in the last
paragraph of the proof of Theorem 4.4.1 shows that the set of all such charts
forms a smooth atlas for D3, (M).

cont
We next address the global topology of TDZ (M). Because D;,, (M) is

a closed submanifold of D*(M), there is a smooth inclusion TDg, (M) C
TD?(M). Using the fact that D*(M) is an open subset of I'*(M, M), and
letting I'*(M,|T'M|) denote the space of I'*-maps from M into the total
space of TM (i.e., forgetting the vector bundle structure on T'M), one sees

immediately that the tangent bundle of D*(M) is the open subset
TD*(M) = {X € (M, [TM|) : moX € D*(M)}

with bundle projection TD*(M) — D*(M) : X +— mo X. A standard
computation with Lie derivatives applied to a one-parameter family of con-
tact diffeomorphisms then shows that a I'*-vector field X : M — |T'M]| is in
TD: (M) if and only if F = mo X is D5, (M) and X o F~1 € T'¥(TM) is
a contact vector field. As the next proposition shows, TD5 (M) is a trivial

cont
vector bundle:

is a homeomorphism onto Of; N D

Proposition 4.4.4. Let X, denote the contact vector field associated to the
generating function g. The map

D (M) x T¥(M,R) — TD?

cont cont(M) : (ng)'_)XgOFJ
s a continuous vector bundle isomorphism.

Remark 4.4.5. Composition with a I'*-contact diffeomorphism is a contin-
uous, but not differentiable, operation. Consequently, the trivialization in
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Proposition 4.4.4 is not smooth. We discuss the smoothness of composition
in Section 4.5.

Proposition 4.4.4 is a corollary to a more general construction. Let
m : E — M be a smooth vector bundle over M, and let |E| denote the
total space of F, viewed as a smooth manifold, forgetting its vector bundle
structure. Recall that I'*(M, |E|) denotes the space of I'*-maps from M into
|E|. Because 7 is smooth, Corollary 2.4.5 applies to show that the map

L :T%(M,|E|) = T°(M,M) : G—moG.
is smooth. Let I', (M, E) = (L3)~Y(Ds, (M) C T'(M, |E|) and let
(4.4.6) mp: I'p, (M, E) — Dy (M)
be the restriction of L; to I'y, (M, E). Note that the vector bundle struc-

cont
nt
ture on E induces a vector space structure on the the fibres of 7p, and we
call mp : 'S, (M, E) — Do (M) the (vector) bundle of I'®-sections of E
over contact diffeomorphisms.

Lemma 4.4.7. Letm: E — M be a smooth vector bundle over M. Then for
5 > 2n+4, the map ®g : D3 (M) xT*(E) — T'p, (M,E) : (F,0)+— ooF
is a continuous, vector bundle isomorphism between I'p, (M, E) and the

trivial vector bundle.

ont

Proof. Consider first the special case where F — M is the trivial bundle
M xR" — M. The diffeomorphism I'* (M, |[M xR"|) ~ T'(M, M) xT'*(M,R")
restricts to a diffeomorphism

%, (M,M xR") =~ D

cont (M) x T*(M,R")

with respect to which ®,;«rr assumes the form

Pprurr Doy (M) x T*(M,R") = T'p_ (M, M xR") : (F,0) — (F,o00F),
with inverse

oy g T (M, MxR") — DS

s
cont

(M)xT*(M,R") : (F,0) + (F,oc0F™1).

cont

Continuity of @;ijr follows from continuity of composition with F' (see
Corollary 3.1.4); and continuity of @M&RT follows from continuity of inver-
sion (see Theorem 3.2.5).

Now consider the general case. By construction, ® g is bijective, preserves
basepoint, and is linear on each fibre. To see that ® g is continuous, note that
since the map E — M x E : e+ (7(e),e) is smooth, so is the induced map

L T3(E) — I%(M x E)
defined by the formula ¢(o) :  — (z,0(x)). This observation, together with
Corollary 2.4.5 implies continuity of ®g. It remains only to show that @El

is continuous. Let j : E — M x R" be a smooth vector bundle inclusion
into a trivial bundle, and let s : M x R" — FE be a smooth vector bundle
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map with soj = idg. Continuity of <I>;;1 is proved by expressing @El as the
following composition of continuous maps:

Ls
IWSDcont (M7 E) _J) F'SDcont (M7 M X RT) ~ DS

cont

(M) x T*(M,R")

q>71

M xXR" s
Dcont

(M) x T*(M,R")

idps ()X L3

nt Ds

cont

(M) x I*(M, E),
concluding the proof of the lemma. O

We close this section with a formula for the derivative of xg,.., which
we need in Section 4.5. For ¢ € O**!, we denote by Tp, Ds., (M) the
tangent space to Dg (M) at the contact diffeomorphism F,, and for

cont

h € Ts*tL(M,R), we set
Yign = DXt g(h) : M — TM,

ont g

where Y, ) € Tr, Do (M); and we set X, ) = Y(gp) 0 Fy 1 € T8 (TM).

cont cont
Lemma 4.4.8. For s > 2n + 4, the map
O X T F2(M,R) — Ti 0 (TM) = (g.h) — X(gp)

cont

is continuous. Moreover, for every g € Ot and € > 0, there is a § > 0
such that

1 X(g1,n) = X(gmlls < €llllsta
for all g1 € O°TY such that ||g1 — glls+1 < 8 and all h € T572(M,R).

Proof. Continuity of the map is clear. The estimate is the restatement of
the fact that the derivative Dx¢,y , depends continuously on g. g

4.5. Differentiability of composition. We showed in Section 3 that com-
position

i DE (M) x TF(M,R) — IT*(M,R) : (F,u) — uoF

cont

is a continuous operation for 2n + 4 < k < s, but composition is not C*,
as the following counterexample shows. Choose u € T*(M,R) with T'(u) ¢
I'*(M R), where T is the Reeb vector field on M. Then the one-parameter
family F} of contact diffeomorphisms given by the flow of the Reeb vector
field T is a smooth curve in DZ (M ); and differentiability of x would imply
that the limit
i P ) — plu, Fo)
t—0 t
would be an element of T*(M,R). But this contradicts our choice of u. The
next theorem shows that we can recover smoothness by strengthening the
regularity assumption on w.

=T(u)
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Theorem 4.5.1. Let M be a compact contact manifold of dimension 2n+1
and let N be a smooth manifold. Then the map

p:DE (M) x TH2(M,N) - T*(M,N) : (F,G) — GoF

cont

is continuously differentiable for 2n +4 < k < s. In case N = R™, u s
continuously differentiable for 0 <k <s, 2n+4 <s.

Proof. Assume that the theorem holds in the special case where N = R™,
with m arbitrary. Let ¢ : N < R™ be a closed embedding, and let U C R™
be a tubular neighbourhood of N, with projection map m : U — N. By
Corollary 2.4.5, the maps ¢ and 7 induce smooth maps

T:T¥(M,N) - T*M,U) and 7:T%M,U)— TF(M,N)

for all k& > 2n + 4. Because I'*(M,U) is an open subset of T*(M,R™) by
assumption, we know that

p 2 Digne (M) x T"2(M,U) - T*(M,U) : (F,u) = uoF

cont

is a C! map. It follows that the composition

(M) x TF+2(M,U) 25 TR (M, 0)

(M) x T*+2(M, N) ¢ ps

s
D cont

cont
T, TF(M, N)

is a C'!' map.

It remains to prove the theorem in the case N = R™. Because I'*(M,R™)
is the mth fold product of T*(M,R), we need only to prove it for m = 1;
and by Remark 4.4.2; it suffices to restrict to an open neighbourhood of
the identity in D5, (M). Now for O5T! C T**t1(M) a sufficiently small

cont

neighbourhood of 0, the map

s+1 . s+1 s
Xcont * O Dcont

(M) : g— F,

is a smooth parameterization of a neighbourhood of the identity contact
diffeomorphism. (Here and in the following we set Fy = Fy( X,), Where X,
denotes the contact vector field with generating function g.) With this nota-
tion, the proof reduces to proving that the map

p:TF2(MR) x Ot — TH(M,R) : (u,g) — uoF,
is C1. The next proposition completes the proof. O

Proposition 4.5.2. For s > 2n+4 and s > k > 0 and for O°t' C
DT (M,R) a sufficiently small neighbourhood of 0, the map

p:TF2(MR) x O — TH(M,R) : (u,g) — uoF,.
is C with derivative at (u,g) given by the formula
Diigygy : (v, h) = v o Fy + (Xgn)- du) o Fy,
for (v,h) € TFY2(M,R) x IsT1(M,R).



94 J. BLAND AND T. DUCHAMP

Proof. Because y is a map between Banach spaces, to show that it is C?,
we need only to show that the two partial derivatives of u with respect to
the first and second variables

D TF2(M,R) x 0! — [ (Fk+2(M, R), T*(M, ]R)) ,
Dop : T*2(M,R) x 051 [, (PS“(M, R), T*(M, R))

exist and are continuous®. We shall obtain formulas for Dip and Doy
The formula for Dy, gy (v, h) then follows immediately from the well-known
identity

D,u(u,g) (’Ua h‘) = Dl,u(u,g) (U) + D2,u(u,g) (h)

To see that Dy exists, note that by Corollary 3.1.4, p is continuous.
The map p is linear in the first variable and, therefore, differentiable with
respect to the first variable, with derivative given by Diji(, g)(v) = v o Fy.
Continuity of Diu is proved in Lemma 4.5.4 below.

We next claim that

D2:u(u,g) (h) = (X(%h)J du) o Fg.

To prove the claim, first note that because s > 2n + 4, the functions g, h,
u, as well as the map Fy, are of class at least C'. Moreover, because Xﬁ:nlt
is smooth, the family ¢ — Fj 4, of contact diffeomorphisms is a smooth
family. Consequently, we can compute pointwise at x € M, employing the
chain rule as follows:

(Fyren(z)) — u(Fy(z)) _ du (Fytin(x))
t dt
= du (DX ()(@)) = Vg (2) ) dup,
= (X(gyh)J du) o Fy(x).
To prove that u is differentiable with respect to the second variable, we need
to verify the formula
lim H'LL e} Fg+h —UuUo Fg — (X(gﬁ)J du) 0] Fg”k —0
h—0 17l s+1

(4.5.3) Dapiyg)(h)(x) = lim =

t—0

and we need to prove continuity of Doy. We do this in Lemma 4.5.10. [

Lemma 4.5.4. Dip : T*¥2(M,R) x O*1 — L (T*F2(M,R),T*(M,R)) is
continuous for s > 2n+4 and all k > 0.

Proof. By definition of continuity, we must show that for any go € Ot and
any € > 0, there is a § > 0, such that the condition

lve Fy —vo Fylk < ellvflr+

3We use the notation L(H1,H2) to denote the Banach space of bounded linear maps
between Hilbert spaces H1 and Ha.
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is satisfied for all v € T¥(M,R) and all g € O**! with ||g — gol/ss1 < 6. We
need only to prove the estimate for v a smooth test function.

Set h = g — go. Because the map g — Fj is smooth, and v is smooth,
for fixed x € M, the function v, : t — v(Fy4n(x)) is a C! function of ¢.
Consequently, we can compute as follows using the chain rule:

1
vo Fyfa) = v Fiy(o) = [ GolFuysan(o) e

1
— [ iy dv)o Fypan(o) .

Viewing ¢ — (X(go4th,n)-) dv) 0 Fgo14n as a continuous curve in the Hilbert
space I'¥(M,R) yields the inequality

1
o0 Fya) — v 0 Fy() i < /0 (X gty @) © Fyoyan| .

Hence, to prove the lemma it suffices to show that, for § > 0 sufficiently
small, the estimate

(4.5.5) [(Xg.nd dv) o Fyll < el[vllr+2

holds for all ¢ € O**! and h € I'**'(M,R) with ||g — golls11 < J and
|h]|s+1 < 6. To obtain (4.5.5), first observe that since interior evaluation

D5(TM) x TF(T*M) — TH(M,R) : (X,3) — X1 f3
is a smooth bilinear map (see Proposition 2.4.2), the estimate
(4.5.6) 1 X Blle < 1 Xs 1151k

holds. Note also that by continuity of composition (see Corollary 3.1.4) and
linearity in v,

(4.5.7) oo Folle < [[vllk
for all v. Continuity also shows that we can choose § > 0 small, so that
[ve Fy—voFglk <1

holds, provided ||v[|x < ¢ and [|g — go|ls+1 < J. By linearity in v, setting
Cy =1/0, we get the estimate

(4.5.8) lvo Fy—wvo Fyllk < Collv|ks

provided ||g — gol[ss1 < 6. Finally, note that because y*'l is smooth, its
derivative Dx:tl is continuous in the operator norm. We can therefore

choose ¢ > 0 so small that

(4.5.9) [ X (g.1) = X(gomylls < €llhlls+1
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for all h, provided ||g — golls+1 < 0. Choosing § > 0, so that all of the above
estimates hold and choosing g so that ||g — go||s+1 < J, we can then estimate
as follows:

1(X(gn)-) dv) o Fyllx
< (X (g dv) o Fyolle + [[(X (g, dv) o Fy — (X(g,n) dv) o Fyq Ik
<X ) o ol 1 X gy dvllic < | Xy vl + X ) ol
< WX gy dvlle < 1 X ls - ol
<X oy o)l + ellbllssn) - ol
< NAllst1 - lvllks2-

The estimate (4.5.5) follows by decreasing J, if necessary, and requiring

|Alss1 < 6. 0

Lemma 4.5.10. For 2n+4 < s, k < s, and O*t! as in Lemma 4.5.4, the
derivative Doy : TFY2(M,R) x Ot — L (TsT1(M,R),T*(M,R)) exists, is
continuous, and given by the formula
Dapiu,g)(h) = Yig - (duo Fy),
for g € Ot w € TF(M,R), and h € Tt (M, R).
Proof. To prove that Doy exists, choose (u,go) € T*2(M,R) x O+, We
need to show that
uoF, —uoF,, — (X Jdu)oF,

h=0 [172lls41

Choose € > 0. We need to find 6 > 0 such that

(4.5.12) |JuoFyyp—uoFy,—(X gy n)) du)oFy,llx < €||h]ls11 for [[h]ls41 < 6.

0.

To this end, compute as follows for g € O*t! near go, setting h = g — go:
[luo Foo4n —uo Fg, — (X(go,h)J du) o Fyllx

! d(uo F,
:‘/O {(dtM_(X(gO’h)J du)OFgO} dt

</1 {d(qugo+th)
—Jo

dt — (X(go,h)J du) (¢] Fgo}
1
e /0 H(X(g0+th,h)J du) O Fgo+th - (X(go,h)J du) o FQO Hk‘ dt
Consequently, to prove (4.5.12), it suffices to find § > 0 so that the inequality

(4.5.13) | (X (gn)) du) o Fy = (X(gg )] du) o Fyol|, < ellbl|sta

holds for all ||g — gol/s+1 < d. But by Proposition 4.5.2, we can choose 6 > 0
so that

k

dt
k
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|[vo Fy—vo Fyllk < €|jv]|gra for all v € T*(M,R); and with this choice of
d, we can estimate as follows:

| (X (gmy) du) 0 Fy = (X(go,n)-! du) o Fyo|
< (X g7h)J du) o Fy — (Xgpd du) o Fy, || + ||(X(g7h)J du) o F,
— (X(go,n) | du) © Fyollx
<€l Xg - dulle + | (Xign) — Xigony)  dullr
< el Xgn dullr + [ X g,n) = X(go,mlls - ldulli-
Finally, using smoothness of y*'. as we did in equation (4.5.9) above we
can bound the last term as follows, for § sufficiently small:
< el X(gn dullr + (ellhlls41)lldullx < €l[A]lss1-
This concludes the proof of (4.5.12). Continuity of Doy follows from the
following estimate:
1D24(g,uy (h) = D2p(gg ) ()|
= [[(X(g,n)) du) o Fy — (X(go,n)-! dug) o Fqllx
< (X (g du) o Fy = (X(go.n)—! du) o Fyqllx + (X (go,n)-) du) o
— (X(go,n)-! duo) o Fy, |k
< €lldul|k[|Plls+1 + Clld(u — uo)[[[[Alls+1 < €l[h]ls41,

which holds for all (g,u) with ||g — golls+1 < 9, ||lu — uo||r+1 < 6. O

4.6. Some a priori estimates. Theorems 4.3.11 and 4.4.1 state that the
non-linear space of I'* contact diffeomorphisms is a Hilbert manifold mod-
elled on the linear space of I'* contact vector fields. In typical applications,
one would like to study the action of the space of contact diffeomorphisms
on some set of structures by comparing it with the linearized action of con-
tact vector fields. For this strategy to work, it is necessary to show that
the error incurred in the linearization is quadratically small in an appropri-
ate sense. This is the content of the next proposition, which gives a priori
estimates for the quadratic error ¥(X) — X = B(X)(X, X). We require
this result in [BD3] to obtain normal forms for CR structures on compact
three-dimensional contact manifolds.

Proposition 4.6.1. For X € T'%_  (TM)NU?,
(i) (X)) — Xls < 1 X Isl[ X ]s—1-
Moreover, for all X1, X, € T3 ((TM)NU?,

(i)
[(W(X2) = X2) = (U(X1) = X)ls < X2 = Xalls—a (1 Xzlls + | X]]s)

+ [1X2 = Xafls([[Xafls—1 + 1 Xalls-1)-

cont (
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Our proof relies on the next two lemmas. The first is a corollary to
Lemma 4.2.7 and compactness of M. (See Remark 4.2.8 for the definition

of Q.)

Lemma 4.6.2. For ¢ > 0 sufficiently small, the following estimates hold
for 1 a fizred smooth q form. For all X € Fi:ﬁt(TM), s > 2n + 4, such that
|X| < e:

(i) IEXPls < [[9lls + I1Lx9lls + 1 X s [ X 542,
(i) ICEX ) Anlls < N9 Anlls + 1£x% Anlls + 11X s [ X s,

and, for ¢ <n,
(iii) ImrR(Fx¥)lls < [mrells + Imr(Lx ) lls + [ X|s 1 X 541

Moreover, for g <n,

175 (Qu(X1) — Qu(X2)) [ls < [[X1 — Xalls (I X1lls+1 + [[Xalls41)
+ [1X1 = Xoflsa ([ Xalls + (1 X2][s)

holds for any two vector fields X;, i = 1,2 such that | X;| < c.

(iv)

Proof. Choose an adapted atlas and a constant ¢ > 0 as in the discussion
above Lemma 4.2.7. The inequalities (i) and (ii) follow from the definition of
Q- To prove (iii), note that by Lemma 4.2.7, mgro(Q),; is a smooth differential
operator of contact order 1; the inequality then follows. The inequality (iv)
follows from the smooth dependence of Qy(X) on X. O

Lemma 4.6.3. Choose ¢ > 0 as in the previous lemma. The following
estimates are satisfied for any T5%2 vector fields X, X;, i = 1,2 with | X| < c,
|Xi| <e¢, s>2n+4. If n=1 then

IDrmr(Fxn —n— Lxn)lls—2 = [Drmr(Qn(X))[s—2 < [[ XI5 [ X[ls—1
and

[ DrRTR(Qn(X1) — Qn(X2))lls—2 < ([[X1lls + [ Xalls) - | X1 — Xa[[s—1
+ (I X1 lls—1 + [[Xalls—1) - [ X1 — Xal|s.

If n > 1 then
ldrmr(Fxn —n— Lxn)lls—1 = [[drmr(Qq(X))|ls—1 < [1X]]s | X|s—1

and

ldrTR(Qn(X1) — Qy(X2))lls—1,00c < ([ X1lls + [ X2lls) - [ X1 — Xa|ls—1
+ ([[ X1 lls—1 + [[Xa2lls=1) - [|[ X1 — Xaf|s.
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Proof. Let ¢ = F%n —n — Lxn € I'*(A'(M). By compactness of M, it
suffices to obtain local estimates on a coordinate patch W & U chosen as in
Lemma 4.2.7. In the notation of Lemma 4.2.7, the one form ¢ can be written

¢=QL(X)X'X) + Q%(X) X'dX’
= Qijk(x, X (2)) X" () X (x)da® + Qij(x, X (2)) X" (2)dX (),

where Q;;x and Q;; are smooth functions on BM |y
Suppose that n = 1. Recall that Dg(mr¢) is defined as

Drrre :=d(¢ + fn) = do +drf An+ fAdn.

where f € I'*"1(M) is the unique function with n A (d¢ + fdn) = 0. Because
the map h — hnAdn is a smooth linear isomorphism, || f||s—1 < [|fnAdn]s—1.
We can, therefore, estimate as follows:

IDr7R||s—2 < [|d@l|s—2 + [[flls—1 < [|d]|s—2 + [|de A nl]s—1.
Thus, we need only to estimate ||do|s—2 and ||d$ A n|s—1:
dgllw,s—2 = |d(Qijx(ar, X) X' X da® + Qij(w, X) X" dX7)[wis—2
< X w,s—1 1 X [lw;s,
1(dep A m)llws—1 < ([ d(Qijn(, X)X X da® + Qij(w, X)X dXT) A pl|ws—1
< X Iw,s—1[| X lw,s-
The proof of the second inequality follows by similar reasoning.
Now suppose that n > 1. Then
ldrmr(Fxn —n— Lx)|lw,s—1
= || mrd|lw,s-1
= |l dr(Qijn (2, X)X X7 da®) + dp(Qij(a, X)X*) A drX7)|ws—1
=< [ XIlw,s 1 X[ w,s-1-

The proof of the last inequality in the statement of the lemma follows by
similar reasoning. O

Proof of Proposition 4.6.1. Recall the definition of ¥,
(4.64) U(X) - X =0 lomod®(X) - X =0 lomod(X) -0 1od(X),

where U is the map defined in Theorem 4.3.7 and where 7(g @ o D w) = g.
Because ®~! is smooth (and thus of class C!), equation (4.6.4) implies the
inequality

1(X) = X5 < |llm o 2(X) = 2(X)[[s = [ 2(X) s,

where 7t (g @ a ®w) ;== a®w and ||lg ® a @ wl||s := [|gllse1 + la D w]s.
Consequently, to prove the estimate (i), we need only to estimate the terms
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in the expansion
(4.6.5)
(n 4+ 1)GRrop(mrEFXn)

® (GrRDRDRr(TrRFYN) ® Hr(TrF%N)), forn=1,
(n +1)GRror(TREFXN)
® (nGrordr(TRFXN) ® Hr(TrFYXN)), forn >1
given in Theorem 4.3.7. By Lemma 4.2.7 we have the local formula
Fxn=n+Lxn+ Qi;(z, X) X' X/ + Q(x, X)X dX.

Therefore, because X is contact and so mr(Lxn) = 0, Lemma 4.6.2 implies
the estimate

I r(Fxn)ls—1 < Imrnlls—1+lImr(Lxm) -1+ 1 X s [ X 51 = [ X[]s | X |51

Taking into account the orders of the various operators in equation (4.6.5)
and recalling Lemma 4.6.3, we can estimate as follows:

Tt O(X) =

Forn > 1,

IGRORTR(EXM)Is < ITR(FXM) [ls—1 < I X ||s [[ X |51
|Hrmr(Fxn)|ls < [[mrR(Fxn)|ls—1 < [ X|s | X |ls=1;

forn=1,
IGRDRDRrR(Fxn)|ls < [DrmR(Fxn)|ls—2 < I X|Is [ X[s—1;
and for n > 1,

|GrORdRTR(FXN)||s < [ldrmR(FXn)]ls—1 < [ X[|s [ X[]s-1-

This concludes the proof of (i).
We now show that

[ (P(X2) = X2) — (U(X1) — X1) [|s < [ X2 = Xalls—1 (I X2lls + 1 X1lls)
+ [ X2 — X ls([ X2lls—1 + 1 X1/ls—1)-

Set Y; := ¥(X;) — X;, i = 1,2. Differentiability of the map ®~! implies the
inequality

Y2 = Yifls = [[ (U (X2) = X2) = (U(X1) = X) [|s < [[[®(Y2 = Y1) [lls;

which, by adding and subtracting a term and applying the triangle inequal-
ity, implies the inequality

(4.6.6)  [IY2 = Yills < [[[(7" 0 @(X2) — 7 0 &(X1))|lls
@2 = Y1) + (17 0 B(Xa) — 1 0 @(X1))][]s.

To conclude the proof, we need only to estimate each term on the right-hand
side of (4.6.6).
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To estimate the first term, note that by Lemma 4.2.7 applied to the
contact vector fields X;, we have the local formula

TREYn = TR+ Lx,;n+ Qy(X;)) = Tr(Qy(Xi))-
This and equation (4.6.5) imply the inequalities
[l 0 ®(X2) — 7 0 ®(X1)|l]s
< [7r(Qy(X2) — Qy(X1))lls—1
+ [|Dr7R (@y(X2) — Qy(X1)) [|s—2 for n =1

and

< |Imr(Qy(X2) — Qn(X1))|ls—1
+ ||dR7TR (Qn(X2) - Qn(Xl)) ||571 for n > 1.

Evoking Lemmas 4.6.2 and 4.6.3 then yields the estimate of the first term
we need:

(7 0 @(Xa) — 7 0 @(X1))|lls < (X2 = X1)lls-1 (| Xzlls + | X1lls)
+ 1 (X2 = X))l ([ Xalls—1 + [ Xalls—1)-

We estimate the second term in (4.6.6) as follows. We first claim that
®(Ys — Y)) = 7t o ®(Y2 — 7). To see this, use the definition ¥(X) =
®~1 oo ®(X) for any vector field X and the linearity of the map o ® to
write 7o ®(Y;) in the form

To®(Y;) =mo®(U(X;) - X;) =mo®(d Lomod(X;)) —mo d(X;) =0.

It follows that m o ®(Ya — Y1) = 0; hence, 7+ 0 ®(Ys — V) = (Y2 — V7).
Next, since ¥(X) = ® ! o7 o ®(X), we have

7t o ® o U(X;) = ntmo ®(X;) = 0.
Combining these two identities shows the second term in (4.6.6) can be
written
(Yo — Y1) + (1 0 ©(X2) — 7 0 B(X1))
=1 {@(Ya = V1) + (2(X2) — D(V(X2)) — D(X1) + P(¥(X1))} .
We now show that
(4.6.7)
T {®(V2 = V1) + (B(X2) — D(¥(X2)) — B(X7) + B(¥(X1))}
= L(Qq(Y2 = Y1) = (Qn(¥(X2)) — @y(¥(X1))) + (Qn(X2) — Qn(X1))),
where L is the linear operator defined by
L(6) = {(n+1)Grér ® (GrD%DR + Hp)} o Tr(¢), forn =1,
‘ {(n+1)Grogr ® (nGrordr + Hg)} omr(¢), forn > 1.
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To see this, apply Lemma 4.2.7 with ¢ = 1 to the vector fields Yo — Y71, X;
and U(X;) to obtain the three expansions
Fx.n=n+Lx,n+ Qy(X;),
Fyxyn =n+ Lux)n + Qn(¥(Xi)),
Fiyyovyn = Lyt — Lyyn + Qn(Ya = Y1).
Substituting these expressions into Equation (4.6.5) and collecting terms
reveals that the terms involving the Lie derivative of n cancel to yield the

identity (4.6.7). Thus, by the triangle inequality, to estimate the second term
in (4.6.6), we need only to estimate each term in the sum

HL(Qn (Y2 = Y))[|s + [[[L(Qy (¥(X2)) — @n(T(X1)))]l]s
+ [[1L(@n(X2) — Qy(X1))|]s-

For each term, we use the estimates

|7TrOlls—1 + |Dr7R®||s—2 + [[HrRTRO|s, for n =1,
mrdls—1 + ||drmRr®||s—1 + || HrTRO||s,  for n > 1.

L)1 <{

Noting the degree of the various linear operators in the definition of L and
employing Lemmas 4.6.2 and 4.6.3 shows that

1L(Qn(Ya — Y1))[l[s < ([[Y2 = Ya[[s)[[Y2 — Yi[[s-1,
L(Qn(¥(X2)) — Qu(¥(X))Ils < (N (X1)]s + [ (X2)ls) - [¥(X2)
— U(X)[ls—1 4 ([ (X1)|s—1
+ W (X2)[[s-1) - [[¥(X2) — U(X1)]]s,

and

L(Qy(X2) — Qn(X1))lls < ([ Xalls + [[X2lls) - [[ X2 — Xills—1
+ ([[ X1 lls—1 + [[Xa2lls—1) - [|[ X2 — X1]]s.

To conclude the estimate of (4.6.6), note that since ¥ is C'!, we can replace
U(X;) by X; and Y5 — Y] by Xo — X; everywhere in the first two of the
previous three inequalities. O
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