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POSITIVITY OF EQUIVARIANT SCHUBERT CLASSES
THROUGH MOMENT MAP DEGENERATION

CATALIN ZARA

For a flag manifold M = G/B with the canonical torus action,
the T-equivariant cohomology is generated by equivariant Schubert
classes, with one class 7, for every element u of the Weyl group W,
and these classes are determined by their restrictions to the fixed point
set M7 ~ W. The main result of this article is a positive formula for
computing 7, (v) in types A, B, and C. We identify G/B with a generic
coadjoint orbit and use a result of Goldin and Tolman to compute 7, (v)
in terms of the induced moment map. Our positive formula, given as
a sum indexed by certain saturated chains, follows from a systematic
degeneration of the moment map. In type A our formula is equivalent to
a classical positive formula that uses summation over certain subwords,
but in type C, the two formulas are different.

Nomenclature
G connected, complex, semisimple Lie group
B Borel subgroup of G
M=G/B flag manifold
TC, T maximal complex torus in B and its com-

pact real form
HY (M) = H7(M;Q) rational T-equivariant cohomology of M

(A Lie algebra of T" and its dual

B={a,...,an} simple, positive roots corresponding to B

0<p the vector § € t* has non-negative coordi-
nates in B

Wiy .n.,Wn fundamental weights corresponding to
Aly...,Qp
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h(5) = min{i | (w;, B) # 0}, for g € t*

n et generic element in the positive Weyl
chamber

Wy ey fhn coordinates of 1 in the basis {wi,...,wp}

O,=G-n coadjoint orbit through 7

Op: M ~Op — t* moment map for Hamiltonian T-space
M~ O,

w Weyl group of G

Sh group of permutations of {1,...,n}

sg:t* — t* reflection generated by the root 3

8; = Sq, reflection generated by the simple root «;

uf action of Weyl group element u on
B et

h(p,q) = min{i | pw; # qw;} for p,q € W

*53, S3% Weyl group multiplication by sg to the
right /left

I="Tir,... im] word with letters from {0,1,...,n}

J = [€181,. -, €mim] subword of I = [i1,...,iy], with ¢; € {0,1}

ST = Siy * - Si, Weyl group element corresponding to
I="Ti1,...,im]

(w) length of Weyl group element W

U< v u precedes v in the strong Bruhat order on
w

I(v) =[I,...,In—1] special reduced word for v (in type A)

I=(V,E) graph with vertices V' and oriented edges £

e = (u,v) oriented edge with vertices v and v

a: E =t a. = a(u,v) axial function and its value on the edge
e = (u,v)

S =Qlaq,. .., ay] polynomial ring

Tu: W =8 (combinatorial) Schubert class

H:(T) cohomology ring of (T, «)

Ay product of positive roots sent by v~! into
negative roots

SC(J,I) contribution of the subword J of I

S(u,I) D R(u,I) subwords of I that generate words/reduced

words for u
A(u,v) 2 E(u,v) 2 Co(u,v) ascending, saturated, and special chains in
I' from u to v

E,(7) contribution of saturated chain ~
E,(v) E, () in terms of p1,. .., tin
E(y contribution of chain  after degeneration

)
Fr: A(u,v) = S(u,I) the “delete letters” function
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1. Introduction

Let G be a connected, complex, semisimple Lie group, B C G a Borel
subgroup, corresponding to a set of simple roots {a,...,a,}. Let ¢ c B
be a maximal torus, and 7' C TC a compact real form of TC. The torus T
acts on the flag manifold M = G/B by left multiplication on G, and the
fixed point set M7 corresponds bijectively with the Weyl group W.

The equivariant cohomology ring H7 (M) = H;(M,Q) is a free module
over H7(pt,Q) ~ Q[a, ..., oy, and that is also true for integral, and not
just rational coefficients. A basis of this module is given by equivariant Schu-
bert classes, {7, }uew, with a class 7, for each fixed point v € W = M7,
The equivariant Schubert class 7, € H7 (M) is the class induced by the
T-equivariant cycle X,, = B_uB/B, where B_ is the opposite Borel sub-
group. The pull-back map HA(M) — H;(MT) is injective, so an equivari-
ant class is determined by its values on M7T. In particular, the equivariant
Schubert classes can be thought of as functions from W to Qlay,. .., ay]
satisfying certain compatibility conditions (see [KK], [GHZ]).

The integral positivity property! states that 7,(v) € Zso[au, ..., ay] for
all u,v € W; in other words, 7,(v) is a polynomial in the simple roots
Qai,...,Qn, With non-negative integer coefficients. A standard principle is
that positive integers count, and effective formulas for quantities that are
positive integers or polynomials with such coefficients should be positive and
integral: sums of positive integers or polynomials with such coefficients. Such
a formula for 7,(v) appeared in [AJS, Appendix D] (see also [B]), giving
Tu(v) as a sum, indexed by certain reduced subwords, of products of positive
roots, hence polynomials in aq, ..., a, with non-negative integer coeflicients.
We will refer to this result as the subword formula.

The main result of this article, formulated in Theorem 6.1, is a new pos-
itive formula for computing 7,(v) in types A, B, and C. To obtain this
formula we identify G/B with a generic coadjoint orbit and use a recent
result of Goldin and Tolman [GT] to compute 7, (v) in terms of the induced
moment map. Our formula, given as a sum of contributions of certain sat-
urated chains from w to v, follows from a systematic degeneration of the
moment map, corresponding to degenerating the coadjoint orbit. The result-
ing formula, which we will refer to as the chain formula, is integral in types
A and C, but only rational in type B (and for G2). In type A our formula
is equivalent to the subword formula, but in type C the two formulas, while
giving the same answer, are different.

The main methods in this paper involve the combinatorics of Weyl groups.
The type A formula has been circulated earlier, and motivated a separate
project by Sabatini and Tolman [ST]. Their geometric results allowed them

L An analogue is valid for the equivariant class corresponding to any T-invariant sub-
variety of G/B, as follows from [KM, Theorem D].
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to obtain independently, as applications, the same formulas for types B and
C, but from a different perspective.

The paper is organized as follows. In Section 2 we give a combinatorial
description of 7, and in Section 3 we recall the subword formula. In Section 4
we compute 7,(v) by applying the Goldin-Tolman result to coadjoint orbits
and in Section 5 we use moment map/orbit degeneration to get a simpler
formula, in which only some chains have non-zero contributions. In Section 6
we prove that the new formula is positive, integral in types A and C and
rational in type B, and in Section 7 we give an explicit version in type
A. We prove the equivalence (for type A) of the chain formula with the
subword formula in Section 9, after constructing, in Section 8, a general
map connecting chains and subwords.

2. Combinatorial Schubert classes

The injective morphism H%(M) — Hi(MT) identifies Hx(M) with a sub-
ring of HAX(MT) = Maps(W,S), where S = Q|av,...,ay]. Not all maps
represent classes in H7(M), and the ones that can be described using a dis-
crete structure involving a regular graph I' = (V| E), and a labeling of the
oriented edge of I' by elements of t*, the dual of the Lie algebra of T

The vertices V of I correspond to the Weyl group W. Two vertices u and
v are joined by an edge if and only if they differ by a reflection sg, for some
positive root 3. Note that usg = s,gu, so if u and v differ by a reflection
on the left, they also differ by a reflection on the right. The notation u(
means the action of the Weyl group element u on the root 3, and usg is the
multiplication in the Weyl group. If v = usg = s,gu, with 3 > 0 a positive
root, then the oriented edge e = (u,v) of T is labeled by a(u,v) = u/ and is
called ascending if a(u,v) = 0. We will also use «a(e), ae, or o, for a(u,v).
The pair (I', ) is called the GKM graph of (M,T).

An assignment f: W — S = Q|ay, ..., ay] is a cohomology class if

f(v) = fu) € a(e)S,

for every edge e = [u,v] of I'. The class f is called homogeneous of degree k
if, for every u € W, the polynomial f(u) is homogeneous of degree k. The
cohomology ring H}(T') is the graded subring of Maps(W,S) consisting of
all classes. Then

Hi*(M) ~ H(T),

and since H2(M) = 0, that means that HZ* (M) ~ H(T). We will in
general identify a class f € H7 (M) with its image in H}(I"). In particular,
we will denote by 7, both the equivariant Schubert class in H}.(M) and its
image in H}(I"). Sometimes we will refer to 7, € H(I") as the combinatorial
Schubert class.
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To give the combinatorial description of the (combinatorial) Schubert
class 7, € HX(I"), we start by recalling some results concerning the combi-
natorics of the Weyl group W. Most results are valid for general Coxeter
groups, and details can be found, for example, in [BB].

Let R be a root system of rank n, let W be its Weyl group, and let
B ={aiq,...,a,} be a choice of simple roots. Then B is a basis of t*, the
dual of the Lie algebra of T'. For a non-zero vector 8 € t* we say that 3 > 0
if 5 is in the non-negative cone over {aq,...,a,}, in other words, if the
coordinates of 3 in the basis B are non-negative.

For i = 1,...,n, let s; = s, € W be the reflection generated a;. A
word of length m is an array I = [i1, 12, ...,y with entries (letters) from
{0,1,...,n}. To each non-empty word I we associate the Weyl group element
SI = SiySiy - - - Siy, - (If the word I is empty, then sy is the identity.) A subword
of a word I is a word J = [e1i1, €202, ..., €min], With ¢ € {0,1} for all
k=1,...,m. A word I is reduced if sy # sy for all subwords J of I other
than I itself. If v € W, then v = s;,5;, ...5;,, is called a decomposition for
v, and I = [i1,i2,...,%y] is a word for v. The decomposition is reduced if
the word is reduced. All reduced words for v € W have the same number of
letters, and this common number, denoted by ¢(v), is the length of v.

We define a partial order on W as follows. If v = usg, with 3 > 0, we
define w < v if uf > 0. The (strong) Bruhat order on W is the transitive
closure of <. In other words, u < v if and only if there exists an ascending
chain

*8 3, *S By *58,,
U=uy ——UuUy ——uUg —> - —> Uy =0,
where p RN g means ¢ = psg. An equivalent definition can be given in
terms of words and subwords: u < v if and only if every reduced word I for
v has a subword that is a word for u. Let F,, = {v|u < v} be the flow-up
from u under the strong Bruhat order.
For v € W, we define

Ay :H{ﬁ]ﬁ>0andv_1ﬁ<0}.

If I = [i1,...,4n] is a reduced word for v, then the positive roots that are
sent by v~! into negative roots are

Ay 5 Si1Qy 5 Si1SigQlig s+ - 5 Sip """ Sipy 1 My

hence

m
AU = H 841849 " sij_loc,']..
J=1

Example 2.1. We illustrate the results above for G = SL,(C), the special
linear group of complex matrices with determinant equal to one, with the
Borel subgroup B being the subgroup of upper triangular matrices. Then
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M = G/B is the manifold of complete flags in C". The fixed points of
the T-action correspond bijectively to permutation matrices, hence M7 is
identified with W = S,,, the set of permutations of {1,...,n}. We use the
one-line notation © = u(1)u(2)...u(n) for permutations. The simple roots
are o; = x;—x;4+1 and the positive roots are o;; = x;—x; = a;+---+a;_1,
for 1 <i < j < n. The Weyl group W = S,, acts on roots by permuting the
indices of the x variables. The reflection s,,; corresponds to the transposition
(4,7) that swaps i and j; if j = i+1, we denote sq,; by s; and call it a simple
transposition. By convention, sg is the identity of S,.

For a permutation v € S, the set of positive roots that are sent by v~
into negative roots corresponds bijectively to the set of inversions-as-values,

Inv(v) = {(v(j), (i) | i < j . v(i) > v(j)}.

If I =Ji1,..., 4] is a reduced word for v, then

Ay = H a = Tp) H *Sig_q Qi -

(a,b)e Inv(v) k=1

1

If v = u(i,7) with i < j, then u < v in the strong Bruhat order if and only
if w(i) < u(y). In other words, u < v = u(i,j) if (u(i),u(y)) ¢ Inv(u), or,
equivalently, if (v(i),v(j)) € Inv( ).

The description of the combinatorial Schubert class 7, is the following.
Proposition 2.1. For every u € W, the class 7, € H}(T') is the unique

class satisfying the following properties:

(1) 7y is homogeneous, of degree (u), the length of u;
(2) 7y is supported on F(u), the flow-up from u;
(3) T is normalized by T, (u) = A .

3. Subword formula

In this section we recall the subword integral positive formula. Let u,v € W,
with v < v, and let I = [iq, 49, ..., %,] be a reduced word for v. For a subword
J = [e111, €29, ..., €min] of I, define the subword contribution SC(J,I) as
the following product of positive roots:

m m
| | €j | |

= [Sil Sig " " Sij—laij] - Si1Siy """ Si]'_laij
=1 '

E]':1
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hence SC(J, I) is obtained from A; by canceling the positive roots generated
by the deleted letters (¢; = 0). Let R(u, I) be the set of subwords of I that,
after deleting the zeroes, become reduced words for u.

Theorem 3.1 ([AJS, B]). Letu,v € W and let I = [iy, ..., im] be a reduced
word for v. The value at v of the Schubert class T, is given by

(3.1) Tu(v) = Z SC(J,I) = Z H SiySiy  Sij_q Q-

JER(u,I) JER(u,I) j=1
€=

Example 3.1. Let v = 2143 and v = 3421 in S4. A reduced word for v is
I =12,1,3,2,3]. There are two subwords of I that are reduced words for u
after deleting all the zeroes: J; = [0,1,3,0,0] and Jo = [0,1,0,0,3]. Their
contributions are

SC(Jl, ) [042] [820&1]1 . [8281043]1 . [525153(12]0 . [828183820&3]0
= [s2 - (z1 — @2)] - [s251 - (w3 — @4)] = (z1 — w3) (22 — 24)
= (01 + az2)(a2 + a3)
[

SC(Jo,I) = ag] [82a1]1 . [8281a3]0 . [323133a2]0 . [82818382&3]1
= [s2- (1 — x2)] - [s2518382 - (w3 — x4)] = (z1 — x3) (21 — 2)
= (a1 + ).
Therefore

7’2143(3421) = SC(J1,I) + SC(JQ, I) = (a1 + ag)(al + oo + ag).

4. The Goldin-Tolman formula

Goldin and Tolman [GT] recently proved a formula for computing the val-
ues of what they call canonical classes, valid for more general spaces.?
Their classes satisfy conditions 1 and 3 in Proposition 2.1, but condition 2 is
replaced by 7,(v) = 0 if £(v) < ¢(u) and v # w. Since the length function is
strictly increasing with respect to the Bruhat order (u < v — £(u) < ¢(v)),
it turns out that, in the case of flag manifolds, the canonical generators
are the equivariant Schubert classes and the Goldin—Tolman formula can be
used to compute the values 7,(v) for u,v € W.

The Goldin—Tolman formula involves two more ingredients. The first
ingredient is the subgraph I'g of I', having the same vertices as I', but only
the edges e = (u,v) of I" for which ¢(v) = ¢(u) £ 1. If u and v are elements
in W, let X(u,v) be the set of ascending chains in I'g from u to v. These
are the maximal length ascending chains in I' from v to v, and we call such
chains saturated, because they are the saturated chains from u to v in the

2The flag manifold case of this formula also appeared, in implicit form, in [K].
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poset (W, <). Every edge of such a chain will be considered oriented, with
the orientation that makes it an ascending edge.

The second ingredient is a moment map. The Lie algebra g of G can be
canonically identified with its dual g* using the Killing form, and that allows
us to regard t* as a subspace of g*. Let n € t* C g* be in the interior of
the positive Weyl chamber, and let O, = G -1 C g* be the coadjoint orbit
through 7. The stabilizer of n is B, and hence O, ~ G/B = M as T-spaces.

The coadjoint orbit O, is a Hamiltonian G-space, with moment map
given by the inclusion O, < g*. Therefore it is also a Hamiltonian
T-space, with moment map given by inclusion followed by projection onto
t*. With the symplectic structure induced by the identification G /B ~ O,,
the flag manifold M = G/B is a Hamiltonian T-space, with moment map
¢n: G/B — t*. If P, is the fixed point corresponding to the element w € W
of the Weyl group, then ¢, (P,) = w - 7. Identifying the fixed point P, with
the Weyl group element w, we get a map ¢, : W — t*, given by ¢, (w) = wn.

Applying the Goldin-Tolman formula we get the following result.

Theorem 4.1. If n € t* is in the positive Weyl chamber, then
(4.1) ru(v) = Y By,
YEX(u,v)
where, for every saturated chain,
(4.2) VI U=UY—F UL —F > Uy =V
in 3(u,v), the contribution E,(vy) is given by
1 ' Pn(uk) — ‘Z’n(ukfl))

Up—1,ut)  Op(v) — dplup—_1)

a3 E =4 T1(5
k=1

There are two important features in formula (4.1). The first is that each
term E,(y) depends on 7, but the sum doesn’t. The second is that each
term is a rational expression, given by (4.3), but the sum is a polynomial.
Therefore cancelation must occur when summing, and a first indication of
how that happens is the following.

Lemma 4.1. If p,q € W and q = psg with 3 = 0, then

Gbn(Q) - ¢n(p)

<0.
a(p,q)

Proof.

Pn(q) — dn(p) _ psgn—pn _ 0. ) = _2(n,B)
a(p,q) pB ’ (8,5)

since 3 is a positive root and 7 is in the positive Weyl chamber. O

<0,
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Hence, if v is the chain (4.2) and uj, = up_15g, with (5 > 0, then

AH (n, Br)

1 Uk—17 — un’
Lemma 4.2. Let p < q, let n be in the closure of the positive Weyl chamber
and let 3 =pn —qn. Then 3= 0. If 3= 0, then p~'3 = 0 and ¢~ '3 < 0.
Proof. If p < ¢, then there exists an ascending chain

*SBm

*Sgl *852
p=po——pP1——>pP2—=> " —>Pm—=(
with 8, = 0 and pi_18; = 0. Then

(4.4) pn—aqn=(pn—pn) + -+ (Pr—1n — pan) + - + (Pm-11 — qn)
=(n, B1)pobr + -+ (0, Br)Pr—1Bk + - - - + (1, Brm)Pm—10m.

and each of the terms in the last sum is in the non-negative cone generated
by the simple roots, hence § = 0. Moreover, § = 0 if and only if all the
factors (n, Bx) are zero.

We have p~'3 = n — p~lqn = id n — p~'qn, where id is the identity in
the Weyl group. Since id < p~1q, if 3 = 0 then p~ ! = 0, and similarly,

g 'n=—(idn—q 'pn) <0 O
Therefore E,(vy) is a ratio of two polynomials in the simple roots
ai, ..., 0,, homogeneous and with non-negative coefficients. Moreover, if

ug—1m — vn is a multiple of a root, then it cancels (over R~() one of the
factors of A, .
Let {w1,...,wp} be the fundamental weights corresponding to the simple

roots {aq, ..., ay}, defined by the conditions
1
5(0@, ai)él-j.
Then {w1,...,wy} is a basis of t*, and n = pjwi + -+ + ppwy, € t* is in the
positive Weyl chamber if and only if y; >0 forall j =1,...,n
Then the contribution E,(vy) = Emw1+-~~+unwn (v) of the chain ~ is

<wlaﬁkz>#z
(4.5) =A, 2iz1
kHl Sy (S wn BBy i

Example 4.1. Let M = SL3(C)/B be the manifold of complete flags in C3,
let w =s1 =213 and v = s152s1 = 321. Then ¢(321) = 3, and

A; = 051042(&1 + 042).

(wi, o) = 045, or equivalently , (wj, a;) =

There are two saturated chains from u to v,

*5a1+a2 >i<Sol2

Y12 S1 5251 515281,

>|<Sa2 *Sal
Y2 0 S1 5152 §15251,
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and their contributions are

1t M2 2 as(aq+a) (i + s
Eu(’yl) = a1a2(041+0tg)- pmTH P — ( )(:U' H )’
opi+ (o1 t+an)p arpe  aopn (a1 +az)pe
H2 o ar(ogtag)ps

Eu(y2) = araz(ar+as)- = .
k(12) ( ) agp (a1 +ag)pue g aopr+(ar+ag)pe

Then
Tu(v) = Eu(’Yl) + Eu(’Y2) = a1 + Q9.

5. Limits and chain contributions

Note that, in Example 4.1, both E,(v;) and E,(vy2) are rational expressions
in o’s and p’s, but their sum is a polynomial expression in the « variables
only. In this section we show that we can eliminate the p variables in (4.5)
by sending them to 0, one component at a time.?

The contribution (4.3) of the chain (4.2) can be written as

A Q,LL Uk —1, Uk, U )
H ,
o(ug—1,uk)
where, for p < ¢ < rin W, we deﬁne

n
Qu(p.q.r) = 21— _ ici(pwi — qwi)p
o pn—rn Y (pwi —rwi)pi
Lemma 5.1. Forp,q € W, let

h(p,q) = min{i | pw; # qui},
with the convention that h(p,p) = oo
(1) If p~1q = si,8i, - -+ 81, is a reduced decomposition, then
h(p,q) = min{iy, ... i}

(2) If p<q <71 and pw; = rw;, then pw; = qw; = Tw;.
(3) If p<q=<r, then

h(p,r) < h(p,q) and h(g,r) < h(p,q).

(4) Ifq = psg with 3 = 0 and pB > 0, then h(p, q) = h(B), where, for non-
zero B = Blag + -+ + By, in t*, we define h(3) = min{i | B* # 0}.

Proof. Let j = h(p,q) and w; a fundamental weight. Then (4.4) becomes
(5.1)  w;—p tqwi = iy ity iy, i Siy iy + -+ By i Siy Siy ++ Siy_y Qi -

By definition, if i < j, then w; = p~'qw;, and since all the non-zero terms
in (5.1) are positive roots, it follows that s; cannot appear in the reduced
decomposition of p~1q. If i = j, then wj # p_lqwj, hence s; must appear

3The geometric interpretation of this operation is one of the main ideas in [ST].
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in the decomposition of p~'q. Therefore, j = h(p,q) is the minimal letter
that appears in a reduced word for p~!¢q and p~!q¢ is in the subgroup of W
generated by s;,5j41,...,5x.

For every ¢ = 1,...,n we have pw; — rw; = (pw; — qw;) + (qw; — rw;), and
since p < ¢ < r, both pw; — qw; and qw; — rw; are in the non-negative cone
generated by the simple roots. Therefore, if p w; —rw; = 0, then pw; —qw; =0
and qw; — rw; = 0. Then {i | pw; = rw;} C {i | pw; = qw;}, which implies
h(p,r) < h(p, q). Similarly we get h(p,r) < h(q, ).

If ¢ = psg, then

{i | pwi # pspwi} = {i | wi # sgwi} = {i | (wi, B) # 0} = {i | B # 0},
hence h(p, q) = h(B3). O

Consequently, if the coeflicient of some p; in the denominator is zero, then
the coefficient of u; in the numerator is also zero. This implies that

Q) 2L tim ((tim (- ((Jim Quip.a.n)) - )

p1—0\ p2—0 pn—0

is well defined. Moreover,

bw; —qw;
- If h(p,?") = h(p7 q) = Za
Qp(p,q,r) = § Pwi —TwWi

0, if h(p,r) < h(p,q).
In particular, let p = ugp_1, ¢ = ur = ugp_10k, and r = v. Then

0 <wl7ﬁk> . . .
Q#(uk—laukvv) _ m; if h(ug—1,v) = h(ug—1,ur) = i,

o(up—1, u) 0

if h(uk—17 U) < h(uk—la uk)

Therefore,

E(’y):dcé hm( lim (( lim E,(y )) >>

pn1—=0\ p2—0 Hn—0

is well-defined, and is zero whenever h(ug_1,v) < h(ug_1,u) for some k. If
h(ug—1,ug) = h(ug—1,v) =i for all k =1,...,m, then

(5.2) = Ay H _ B g

uk 1Wiy, — VWi,
We now take a closer look at the set of chains
Co(u,v) = {y € L(u,v) | h(ug—1,ur) = h(ug_1,v) for all k =1,...,m}

with non-zero contribution after taking the limits. These chains have a sim-
ple description.
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Lemma 5.2. Let v € X(u,v) be the saturated chain

ry Cw=u *851 ” *852 *Sﬁ’!n\
: f 0 1 o e

Then v € Co(u,v) if and only if h(51) < h(f2) < -+ < h(Bm).-
Proof. If v € Cy(u, v), then, using Lemma 5.1, we get
h(Brt1) = h(uk, ug+1) = h(ug, v) = h(ug—1,v) = h(ug—1,ux) = h(Bx)

forall k=1,...,m — 1, proving one implication.

Conversely, let v € ¥(u,v) such that h(81) < h(f2) < -+ < h(Bm). Let
ke {1,...,m} be fixed. If ¢ < h(f), then i < h(B;) = h(u;j—1,u;) for all
J = k, hence u;_1 w; = ujw; for all j > k. Therefore up_1 w; = upm w; = vwj;,
hence h(ug—1,v) = h(Br) = h(uk—1,ur). But h(ug—1,v) < h(ug_1,ux) by
Lemma 5.1, and the double inequality implies that hA(ug—1,v) = h(ug—_1, ux)
for all k, and therefore v € Cop(u, v). O

= .

Example 5.1. Returning to Example 4.1, we see that

E(y) = lim ( lim az(a1+az)(p+p2)
pn1—0\ po—0 a2ﬂl+(061+042)'u2

E(y) = lim ( i C1(cataz)us ) -
=0\ p2—0 oy + (g + ) o

):Oé1+0z2750,

as expected, since, for v1 we have h(a;+a2) =1 < 2 = h(az) and for v2 we
have h(ag) =2 ¢ 1 = h(o).

6. Chain formula

Up to this point, there have been no restrictions regarding the order in which
the simple roots aj,...,a, are listed. The next results, however, requires
that the simple roots be listed in a specific order, as shown in the following
Dynkin diagrams:

Type A: a9 . Qp_1 — 0y,
(6.1) Type B: oy ag e Qp—1 == Qu,
Type C: a3 a9 e Oy === Q.

We are now ready to formulate the main result of this paper. Recall that
Co(u,v) is the set of saturated chains

(6.2) 'y:u:uoﬂulﬂuz%---—)um,lmum:v
that satisfy the condition
(6.3) h(B1) < h(B2) < -+ < h(Bm),
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and for each such a chain v, by (5.2),

A H wzk)ﬁk :

uk 1Wiy, — YWy,
where i = h(B) for k=1,...,m

Theorem 6.1. If u,v € W then the restriction of 7, at v is given by

64 0= Y Bm= Y A HM

~v€ Co(u,v) ~v€ Co(u,v) ukilwik - Wi,
If the simple roots are ordered as in (6.1), then, in types A and C
E(’Y) € Z?O[alv s aan]a
and in type B
1
E(fy) € 27mZ>0[0417 o 7a7’b]‘

Therefore (6.4) is a positive integral formula for computing 7,(v) in types A
and C, and a positive, but only rational, formula in type B.

Proof. The right-hand side of the Goldin-Tolman formula (4.1) is indepen-
dent of the particular choice of 1 in the positive chamber (and hence of u
with strictly positive components). Each term in the right-hand side is well-
defined after sending the components of i to zero, one at a time in reverse
lexicographic order. If v & Cy(u,v), then the limit is zero, and if v € Cy(u, v),
then the limit is E(vy), and this proves (6.4).

With the ordering (6.1), if 8 is a positive root and h(3) = i, then (w;, 3)
is a positive integer, so the product in the numerator of (5.2) is a positive
integer. It remains to show that:

(1) Each factor in the denominator of (5.2) cancels (over Zsq in types A

and C, and over %Z>0 in type B) one of the factors in A, and

(2) The factors in the denominator of (5.2) are pairwise independent.

These statements are consequences of the following technical lemmas:
Lemma 6.1. If u € W and j = h(id,u), then,

In type A: u has a reduced decomposition of the form
(6.5) U = SpSk—1 - SjW

with j < k <n and h(id,w) > j.
In type B or C: u has either a reduced decomposition (6.5) or a reduced
decomposition of the form
(6.6) U= 815141 * Sn—18nSn—1 " Sj+15;W

with j <t <n and h(id,w) > j, but not both.
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Proof. Start with a reduced word for u. By Lemma 5.1, j is the smallest
letter in that word. One can use the Coxeter relations to eliminate all but
one (in type A), or at most two (in types B and C') occurrences of j. O

Lemma 6.2. If u has a decomposition of the form (6.5), then

o o+ -+ ay, in types A,C if k<n and B if k <n,
T e+ ane1 4+ 20y, in type B for k= n.

If u has a decomposition of the form (6.6) with t > j, then

Wi — U = j+ oty +2(a o+ o), in type B,
’ ’ aj -t + 20+ apo1) +an, in type C.

If u has a decomposition of the form (6.6) with t = j, then

2t ag), in type B,
wj — uwj = 2(aj + -+ an_1) + ay, in type C.

Proof. Since h(id,w) > j we have ww; = w;. Hence only the part to the left
of w matters in computing uw;. The formulas follow from straightforward
computations. O

The consequences of Lemma 6.2 are that, if h(id, u) = h(id,u’) = j, then:
(1) hlw;j — uwj) = J.

(2) wj —uwj is a root, except in type B when it can also be twice a root.
(3) wj —uwj and w; — v'w; are either equal or independent.

Therefore each factor

-1
Up—1Wj,, — VWi, = Up—1(wyy, — Uy _VW;,)

in the denominator of (5.2) is, in types A and C, a root, and in type B,
either a root or twice a root. Using Lemma 4.2 we conclude that each such
factor cancels (over Z~g in types A and C, and over %Z>0 in type B) one of
the factors in A .

To finish the proof of Theorem 6.1, we need to show that the factors
in the denominator of (5.2) are pairwise independent. Suppose that is not
true, and that for some chain v € Cy(u,v) and some k < t, the vectors
Up—1w;, — vwj, and uz_iw;, — vw;, are dependent. Then w;, — viluk,lwik
and w;, — U_lut,lwit are also dependent. Using Lemma 6.2 we get that

i = h(w;, — v_luk_lwik) = h(w;, — v_lut,lwit) = i,

hence i = 4;. Let j = i} = i; be the common value. Since w; — viluk_le
and w; — v‘lut_le are dependent, Lemma 6.2 implies that they must be
equal, and therefore uj_jw; — uz—1w; = 0. Then the proof of Lemma 4.2
implies that (w;, B;) = 0, and that is a contradiction, since j = i, = h(0).
Therefore the factors in the denominator of (5.2) are independent, and that
completes the proof of the theorem. O
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Remark 6.1. If u = so and v = s18281 in Bo, then the chain

*Sa)+2ag *Say+ag
Y82 5152 8159281

is in Co(u,v), but

1 1 1
E(v) = ai(ag + ag) (g 4+ 2« = — a1,
(7) 1( ! 2)( ! 2)2(a1+a2)a1+2a2 2 !

hence in type B the formula (6.4) is not necessarily integral, and the denom-
inators can be higher powers of 2.

A key consequence of Lemma 6.2 is that if h(id,u) = j, then w; — uw;
is a root (in types A and C) or a multiple of a root (it type B, and for
G2). However, in type D or for Fy, w; — uw; can be a sum of positive
roots that is not a multiple of a root, and therefore chain contributions
(5.2) are positive but not necessarily polynomial. Sabatini and Tolman [ST]
developed a general procedure of grouping several contributions in order to
get a positive integral formula in types B and D.

7. Chain formula in type A

We apply Theorem 6.1 in the type A case, for M = SL,(C)/B.

If h(B) = k, then 8 = ay; for some j > k and (wy, 5) = 1. Hence all the
factors in the numerator of (5.2) are equal to 1. The denominators can be
computed using the following lemma.

Lemma 7.1. Let u € S,,. If h(id,u) = j, then
Wj — UWj = Tj — Tyy(j)-
Proof. Let u = sgsp_1 - - - sjw be the decomposition (6.5). Then
Wj —UWj; = O + QO = Tj — Th41,
and since h(id,w) > j, we have k 4+ 1 = u(j). O
If «y is the saturated chain (6.2) as in Theorem 6.1, then
Up— Wi, — Vwj,, = Ug—1(wi, — u,;llvwik) = Ty 1 (i) — To(i)

and therefore

m

B =| T (@e—m) !

(a,b)€ Inv(v) k=1 Lug, 1 (i) — LTo(iy) '

We summarize the results of this section and formulate our version of a
type A positive formula for 7, (v). Let Cy(u, v) be the set of saturated chains

#(41,51) *(i2,52) * (45 m)
YU =UQ Ul uQ—>---—>um_1ﬂ>um:U




396 C. ZARA

that satisfy the condition
11 S l2 < 0 Ky,

where (7, j) means that we are multiplying to the right by the transposition
that swaps ¢ and j. For such a chain ~, let

Inv(v,v) = Inv(v) \ {(ug—1(ix),v(ix)) | k=1,...,m}
and

B = ] (-

(a,b)€ Inv(v,y)
Theorem 7.1. The restriction of T, at v is given by
(7.1) Tu(v) = Z E(y) = Z H (Tq — xp).
~v€Co(u,v) ~vECoH(u,) (a,b)€ Inv(v,y)

Example 7.1. Consider the permutations u = 2143 and v = 3421 in S4.
There are two chains in Cp(2143, 3421):

x(1,4) *(2,3) *(3,4)

v1 0 2143 3142 3412 —5 3421,

oo 2143 Y, 3140 2, 594 2B, 3401,
For the first chain ug = 2143, u; = 3142, ug = 3412, and ug = v = 3421.
The edge 2143 M 3142 deletes the factor @, (1) — y(1) = 2 — x3. The
edge 3142 *(2—3)> 3412 deletes the factor ,, (9) — Ty2) = 1 — 74. The edge

3412 M 3421 deletes the factor ,,(3) — y3) = 1 — z2. Therefore,

(z2 — x3)(x1 — 23) (22 — @4) (21 — 24) (71 — T2)

Bln) = (z2 — x3)(x1 — 24) (21 — 22)
= (CCl — :L‘3)($2 — 1’4) = (Oll + 042)(042 + ag).
Similarly,
B(r) = (z2 — x3)(x1 — 23) (22 — @4) (21 — 24) (71 — T2)

(w2 — 23) (1 — 24) (22 — 24)
= (z1 — 23)(21 — 22) = (1 + a2)a.

Hence

T2143(3421) = E(’yl) + E(’}/Q) = (Oél =+ 042)(041 + ag + Otg).
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8. Chains and subwords

In this section we give a general construction connecting ascending chains
and subwords, valid for all Weyl groups and orderings of simple roots.

Let u < v and let I = [iy,...,ix] be a reduced word for v. Let A(u,v) be
the set of all ascending chains

*Sﬁl *Sﬂ2 *Sﬁm
(8.1) Vi U= U U] —F U > = U] —— Uy =V,

from u to v, not necessarily of maximal length, and let C(u,v) be the subset
of A(u,v) consisting of the chains that satisfy h(51) < -+ < h(Gy). Then

C(u,v) N X(u,v) = Co(u,v) C C(u,v) C A(u,v).

Let S(u,I) be the set of subwords of I that generate words for u by
deleting the zeroes; then R(u, I) is a subset of S(u,v). We define a function
Fr: A(u,v) — S(u, I) as follows. Let v be the ascending chain (8.1). We use
the edges of v, in reverse order, to delete letters from I and get a subword
of I that is a word for w. Since wu,,—1 = vsg, < v, the Strong Exchange
Property implies that there exists a j (unique, since I is reduced) such that

Um—1 = Siy " Si;_1Sij41 " Sigs

hence I,—1 = [i1,...,%j-1,0,%41,. .., 9] € S(um—1, 1) is a subword of I that
is a word for wp,—1. Similarly, w,—2 = um—153,,_, and £(um—2) < £(Upm—1),
so there exists a subword of I,,,_1, obtained by deleting exactly one letter
from I,,,—1, that is a word for u,,_2. However, since £(u,,—1) is not necessarily
equal to ¢(v)—1, the word I,,—; may be non-reduced, and in this case the
uniqueness of the deleted letter is not guaranteed. We choose the subword
for which the deleted letter is the rightmost choice, and get a subword I,;,_»
of I,,—1 (hence of I), that is a word, not necessarily reduced, for u,,s.
Continuing this process, with the same rule for making a choice, if needed,
we get a sequence Ip,_1, ..., Iy of subwords of I such that I € S(ug, ) and
Ii is obtained from Ijy; by deleting one letter. We define Fr(vy) = Io, the
last subword in the sequence.

Example 8.1. Let u = s; and v = 51595152 in the Weyl group of the root
system Cq. Let I =[1,2,1,2] be a reduced word for v and let

*5a1+o<2 *3a1+2a2 *SO‘2
v §1 ——> 8281 —— 818281 — 51525152

be an ascending chain of maximal length from w to v. Since sq;+qy = 515251
and Sq, 420, = 25152, the subword F7(7) is computed as follows:

1,2,1,2]-[2] = [1,2,1,0] = Io,

[1,2,1,0]-[2,1,2] = [0,2,1,0] = I,

[0,2,1,0]-[1,2,1] = [0,0,1,0] = Iy,
hence F(v) =1[0,0,1,0].
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Note that if v € ¥(u,v), then £(ug_1) = €(ug) — 1 for all k, hence the
words Ip,_1, ..., I1, Ip are reduced. Therefore at each stage there is only
one possibility for the deleted letter and no choice is necessary.

Lemma 8.1. Let v € A(u,v) be an ascending chain. Then
Fr(v) € R(u,I) <= v € X(u,v).

Moreover, if Fr: C(u,v) — S(u,I) is bijective, then Fr: Co(u,v) — R(u,I)
1s also bijective.

Proof. Let v € A(u,v). Then Fy(y) € R(u,I) if and only if Fy(y) has £(u)
non-zero letters. This happens if and only if we delete ¢(v) —¢(u) letters from
I, and since every deleted letter corresponds to an edge of ~, if and only if
has £(v) — £(u) edges. In other words, if and only if 7 is an ascending chain
of maximal length. If v € Co(u,v) then v € X(u,v), hence Fr(y) € R(u,I).
Therefore Fr: Co(u,v) — R(u,I) is well-defined.

Suppose that Fr: C(u,v) — S(u, I) is bijective. Then the restriction of Fy
to Co(u,v) is injective. Moreover, if J € R(u, I), then there exists v € C(u, v)
such that Fr(y) = J. But then v € C(u,v) N X(u,v) = Co(u,v), hence
Fr: Co(u,v) — R(u,I) is also surjective. O

9. Equivalence of positive formulas

We show that in the case G = SL,,(C), the chain formula (7.1) is an alterna-

tive formulation of the subword formula (3.1), by proving that, for a partic-

ular choice of a reduced word I for v, the function Fy restricts to a bijection

Fr: Co(u,v) = R(u,I) and SC(F(vy),I) = E(y) for all v € Cy(u,v). Let

I(v) be the reduced word for v constructed inductively using (6.5). Then
I(U) = [Ila I27 v 7In—1}7

such that, for all j =1,...,n—1,

o [ =[kjkj—1,...,5+1,j] or I; =[], and

® h(sp -+-s1;,v) = h(id, sy, - spv) = h(id, s, -+ s1,_,) > J.
Example 9.1. If v = s9s1535283, then I} = [2,1] , I3 = [3,2], and I3 = [3].

We can now prove the equivalence of the two positive formulas in type A.

Theorem 9.1. Let u,v € S,, and let I = I(v). Then Fr: Co(u,v) — R(u,I)
s a bijection and

SC(F1(7),1) = E(y)
for all chains v € Cy(u,v).

Proof. In [Z] we proved that Fr: C(u,v) — S(u,I) is a bijection. Then, by
Lemma 8.1, the map F7: Co(u,v) = R(u,I) is also a bijection.
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To prove that SC(Fr(v),I) = E(y), we show that the factor of A; can-
celled by an edge of v is the same as the factor cancelled by the corresponding
deleted letter from I. In [Z] we also proved that if

*851 *Sﬁ2 *S/Bm
Y U=U) ——> UL —— UL > U] —— Uy =V

is a chain in Cy(u,v), then,

(1) the edge ug—1 BN uy deletes a letter from I,(g, ), and
(2) the letters deleted in I; are deleted from left to right.

Let up—1 — up = up—153, be an edge of v and let j = h(f).

Suppose that A(Bg) = - - = h(Byq_1) = j < h(Bi1q), hence fy is the gth
occurrence of j from right to left. Let
Jp = [Ila s 7Ij—17 ]/'7 ],'-1-17 SRR ’;7,—1] € R(ule(v))
be the subword obtained after using sg,,, ..., sg,,, to delete letters from

I(v), and let

Jeer =1L, i, I Ty, 0] € R(ug—1, I(v))

be the subword obtained after using sg, to delete one more letter from Jj.
Then I j’ is of the form

—

IJ/:[I{?] ...,jl,...,jqfl,...,j]CI]',
and
I =Tkj, gty Jgt1s- 2 dgr - -] C 1 C 1,

with j1 > jo > --- > jg, since the letters in I; are deleted from left to right.
The factor of A cancelled by the edge ux_1 — uy is

Up—1wj — VWi = (Up—1wWj — UpWj) + -+ + (Uptqg—2Wj — Uptq—1W])
= (wj, Br)ur—18k + - - + (W), Brtg—1)Uktq—28k4q-1
= 811 - Sljflskj .. 'S]'1+1(8j1 P sz .. .quajq _|_ - _|_ a]l)
But if j; > jo, then
Sjy SjaQy + gy = Syt Sy Qs
and then, by induction on ¢,
Sjl.“S]'Q.”qua]’q_{—'.'—’_ajl :Sjl ”'qu—lu‘sjqajq'
Therefore,
uk,le' — 'ij =S5 " 8[].718]% e qu+1()éjq

and that is precisely the factor of A, cancelled by the missing letter j,,
letter that has been deleted by the edge u;_1 — uy. U
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In type C the two formulas are different, as shown by the following
example. Let u = s; and v = s1s25152 in Co. Then I} = [1,2,1,2] and
I, =[2,1,2,1] are the only reduced words for v, and each of them has two
subwords that are reduced words for u. Hence whether I = I1 or I = I,
there are two subwords in R(u, I). There is only one saturated chain from
u to v satisfying (6.3),

*S&1+a2 *3a1+2a2 *SO‘2
v S1 $951 §18281 — S15828159,

hence there is only one chain in Cy(u, v). The subword formula has two terms
in the sum, but the chain formula has only one term, so the two formulas
are different. (In general, however, the number of chains in Cy(u,v) is not
necessarily smaller than the number of subwords in R(u,I).)

References

[AJS] H. H. Andersen, J. C. Jantzen and W. Soergel, Representations of quantum groups
at a pth root of unity and of semisimple groups in characteristic p: independence
of p, Astérisque 220 (1994), 297-302.

[BB] A. Bjorner and F. Brenti, Combinatorics of Coxeter groups, Graduate Texts in
Mathematics, 231. Springer, New York, 2005.

[B] S. Billey, Kostant polynomials and the cohomology ring for G/B, Duke Math. J.
96 (1) (1999), 205-224.

[GHZ] V. Guillemin, T. Holm and C. Zara, A GKM description of the equivariant
cohomology ring of a homogeneous space, J. Algebraic Combin. 23 (1) (2006),
2141.

[GT] R. Goldin and S. Tolman, Towards generalizing Schubert calculus in the symplectic
category. J. Sympl. Geom. 7 (4) (2009), 449-473.

K] A. Knutson, A Littelmann-type formula for Duistermaat—Heckman measures,
Invent. Math. 135 (1) (1999), 185-200.

[KK] B. Kostant and S. Kumar, The nil Hecke ring and cohomology of G/P for a Kac-
Moody group G, Adv. Math. 62 (1986) 187-237.

[KM] A. Knutson and E. Miller, Grébner geometry of Schubert polynomials, Ann. Math.
161 (3) (2005), 1245-1318.

[ST] S. Sabatini and S. Tolman, A simpler path formula for equivariant cohomology.
Preprint.

[Z] C. Zara, Chains, subwords, and fillings: strong equivalence of three definitions of
the Bruhat order, Electron. J. Combin. 13 (1) (2006), N5.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF MASSACHUSETTS AT BOSTON
100 MORRISSEY BLvD.

BosTon, MA 02125

E-mail address: czara@Qmath.umb.edu
Received 9/29/2008, accepted 2/24/2010



POSITIVITY THROUGH MOMENT MAP DEGENERATION 401

T would like to thank Rebecca Goldin, Sue Tolman, Silvia Sabatini, and Allen Knutson for
explaining their work, and to all of the above and Victor Guillemin for many stimulating
discussions and valuable comments while writing this paper. Many thanks are also due to
John Stembridge for writing the Maple packages coxeter and weyl, which have been used
to verify several conjectured formulas before proving them, and to a meticulous referee
whose comments and suggestions improved the presentation of this paper.






