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This is the second part of an article in two parts, which builds
the foundation of a Floer-theoretic invariant, Ir. (See [Y-J. Lee,
Reidemeister torsion in Floer—Novikov theory and counting pseudo-
holomorphic tori, I, J. Symplectic Geom. 3 (2005), no. 2, 221-311.] for
Part I). Having constructed Ir and outlined a proof of its invariance
based on bifurcation analysis in Part I, in this part we prove a series of
gluing theorems to confirm the bifurcation behavior predicted in Part
I. These gluing theorems are different from (and much harder than)
the more conventional versions in that they deal with broken trajecto-
ries or broken orbits connected at degenerate rest points which are not
Morse-Bott. The issues of orientation and signs are also settled in the
last section. This part is strongly dependent on Part I, and is meant
only for readers familiar with the previous part of this article.
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1. Overview

This second part forms the main technical core of the present article.

We have not attempted to make this part independent of Part I and
shall frequently make use of the definitions, results, notation, and conven-
tion from Part I without repetition. Thus, we urge the reader to familiarize
him /herself with Part I before attempting this one, paying particular atten-
tion to the convention in I.1.3.

References in the form of I.* shall refer to section, theorem, or equation
numbers from Part 1.

1.1. A brief summary. The following summarizes the results contained in
this part. Recall the definitions of (RHFS*), (NEP), and admissible (.J, X)-
homotopies from Sections 4.3, 4.4, and 6.2 of [1], respectively.

Theorem. Let A = [1,2], and (J, X) be an admissible (J, X)-homotopy
connecting two reqular pairs, (J1,X1), (Jo, X2). Then:

(1) (Corner structures of parameterized moduli spaces):
The properties (RHFS2c) and (RHFS3c) hold for the CHF'S generated
by (J4, XP);
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(2) (Orientation): The parameterized moduli spaces M}\,’Jr and J\_/[g’l’+
may be, respectively, given coherent and grading compatible orienta-
tions such that (RHFSY) holds;

(3) (Ezistence of nonequivariant perturbations): (NEP) holds for
all Type II handleslides in the CFHS generated by (J*, X%).

Combining with Propositions 1.4.4.6 and 1.6.2.2, this completes the proof
of the general invariance theorem stated in Part I, Theorem 1.4.1.1.

Item (1) above follows from the gluing theorems proven in Sections
2-6 below. Section 7 contains the discussion on orientability of the moduli
spaces, the definitions of coherent and grading-compatible orientations, and
as a consequence, the proof of item (2) above. Item (3) is established in
Sections 6.2-6.3. There we introduce a class of (possibly nonlocal) pertur-
bations to the induced flow on the finite-cyclic covers in the statement of
(NEP), establish the expected regularity and compactness properties of the
moduli spaces of such perturbed flows, and show how the arguments in the
proof of Theorem 1.6.2.2 may be adapted to establish the R-regularity of
parameterized moduli spaces in this context, as required by (NEP).

Gluing theory is the unifying theme of Part II. Not only is it used repeat-
edly to establish the bifurcation analysis, but it also appears in the definition
of coherent orientations in Section 7. Linearized versions of the gluing theo-
rems in Sections 2—-6, which actually form part of the proofs of these gluing
theorems, play a major role in the verification of signs for item 2 of Theorem
1.1 above. It is for this reason that we postpone all discussion of orientations
until the gluing results have been fully treated.

Thus, we begin with a quick overview of the general features of gluing
theory in next subsection, then give a more specific outline of the variants
contained in this article in Section 1.3.

1.2. Basics of gluing theory. This subsection gives only a minimal outline
of gluing theory and its applications in Floer theory. Rather than a general
account, our aim is to set up the basic framework for the proofs of the gluing
theorems contained in this article and to introduce some basic notions and
terminologies frequently used, some of which are not conventional. The
reader may find more details and better-balanced treatments in the vast
literature on this subject, for example, [2,3] and Floer’s original papers.
Also, precision will sometimes be sacrificed here for the overall picture. We
shall be precise in later sections, when we return to the specific context of
this article.

1.2.1. The four steps of gluing theory. Gluing is useful for studying
the local structure of a stratified moduli space, usually coming from com-
pactification. Given a space of “gluing parameters” Z(S) associated with a
codimension > 0 stratum S, a typical gluing theorem constructs a map from
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Z(S) to a neighborhood of S in the moduli space of solutions to a PDE
F(w) =0,

which is a local diffeomorphism.
The proof of a typical gluing theorem comprises the following four major
steps:

Step 1. Constructing the pregluing map and error estimates. For each
gluing parameter X, one constructs an approximate solution w, to the PDE
considered, which varies smoothly with x. The pregluing map x — w, maps
the space of gluing parameters into a set in the ambient configuration space
that is close to the space of solutions. An explict estimate, referred to as
the “error estimate,” is required to show that F(w, ) is sufficiently small.

Step 2. Kuranishi structure. Let ©,,: E — F denote the linearization of F at
w (i.e., the deformation operator). This should be a Fredholm operator, and
ideally, one wants to show that D, has a right inverse bounded uniformly
in x. Namely, there is a x-independent constant Cp > 0, and operators P,
depending continuously on ¥, such that

D Py =id, [P < Cp.

For this to hold, judicious choices of normed spaces for E, F' are often called
for.

Step 3. Obtaining a quadratic bound on the nonlinear part of ¥, namely,
(3) below. In local coordinates, one may write

(1) F(w) = F(wy) + D, & + Ny (§)  for w = wy +&.
Setting £ = Py 1y, a solution to F(w) = 0 is obtained by solving
(2) M = —Nu, (Pyn) — F(wy).

The contraction mapping theorem shows that
Lemma. Let Cp be the upper bound on || P,| as above, and suppose that
there is a x-independent constant k such that
1
| < ——7,
10kC%
(3) [N, (1) = Nu, (E2)[| < (&2l + [1€20D 1€ — &2l V&1, &

Then there exists a unique 1, with ||ny|| < 1/(5kC%) solving (2). Moreover,
the solution 1y, varies smoothly with x, and ||ny|| < 2||F(wy)|l-

19 (wy)

Thus, by assigning to each gluing parameter x the corresponding w, +
P, n,, one obtains a smooth map from the space of gluing parameters to the
moduli space. This is the gluing map.
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Step 4. Showing that the gluing map is a local diffeomorphism to a neigh-
borhood of S.

1.2.2. Typical pregluing constructions in Floer theory. In Floer the-
ory, F = 0s+V, and S is a stratum in a moduli space of broken trajectories
or broken orbits. Thus, it is a product of reduced moduli spaces

S:MOXM1X-~-XMk, or
Ml XMQXXMk/Z/kZ

In the case of a family of Floer theories parameterized by A, S is a fiber
product of reduced, parameterized moduli spaces over A

S =ML xpa M xp - xa M2, or

MY A MD xp - x4 MD/Z/KZ.

The space of gluing parameters in these cases is Z(S) = S x (R, 00)* for
certain large i, and the gluing maps map into a reduced moduli space or a
reduced, parameterized moduli space.
We now describe the typical pregluing construction in these situations.
Given a (unreduced) flow u(s) from the critical point z to y, we define its
truncation

u(s) when —R_/2<s< R;/2

u—p_ry)(s) == < exp(y, B(2 — 2s/Ry)ny(s)) when s > Ry /2
exp(z, 5(2s/R_ 4 2)n,(s)) when s < —R_/2,

where [ is a smooth cutoff function with 3(s) = 0 for s <0, and 3(s) =1
for s > 1, and 7y, 1, are defined such that

u(s) = exp(z,nz(s)) for s <« —1,
exp(y,ny(s)) for s> 1.

Let w(_oo,R4]) U[-R_,00) be similarly defined, truncated only at the posi-
tive/negative end, respectively.

Let {4, 41, ..., ux} be a broken trajectory from z to y, and u; be represen-
tatives in the respective unreduced moduli spaces. Given (R1,...,Ry) € R’i,
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we define the glued trajectory:
UoH R, WIFE Ry U2 * + - FE R, Uk(S) =

uO,(foo,Pu](S) if s <Ry
T2Rlu1,[—R1,R2](5) if s e [Rl, 2R, + RQ]

T2y i=1F—1R;Yk—1,[—Rg_1,Rx] (s)

k—2 k—1
if s € QZRi—f—Rk_l, QZRi+Rk:|
=1 =1
k—1
7’221_@ R-uk,[—Rk,OO)(S) if s € |:2 Z R@'+Rk,00:|,
\ i=1"" i=1

where 77, denotes translation by L:
TLw(s) :=w(s — L).
When {iy1,...,U;} is a broken orbit, we may also define the glued orbit
U1 # R, U2FER, * +  UkFER, (8) ==
(ToR, 1 [~ Ry Ry (5) if s € [R1,2R1 + Ry

Ty Zf:ll Riuk_l’[_kath](S)
- k—2 k1
it s € [22 Ri+Ri_1,2> Ri—l-Rk}

i=1 i=1

oyt | Ry Uk [ Re, ) (5)

k—1 k
if s e |:2 Z R; + Ry, 22R1+R1:|
=1 =1
k
for s e R/ (22&) Z.
=1

We shall sometimes suppress the subscript R; from # when it is not impor-
tant.

To define the pregluing map, in the case of broken trajectories, assign to
each

x = {ao} x - {ig} x (Ry,...,Ry) € Mo x - X My x R
the R-orbit w0, of the glued trajectory
Wy = UOFFR, ULFF R, U2 * * * FE R, Uk

in the configuration space Bp(x,y), taking u; to be centered representatives
of @;. Similarly for the case of broken orbits or the parameterized case.
Owing to the exponential decay of flows to nondegenerate critical points,



REIDEMEISTER TORSION IN FLOER-NOVIKOV THEORY, II 391

these constructions typically give good approximation to flow lines when
the connecting rest points in the broken trajectory are nondegenerate. In
this article, they are used for handleslide bifurcations and in the discussion
of coherent orientations.

Remark. Equivalently, there is an unreduced version of the above construc-
tion, where the gluing map maps products of unreduced moduli spaces to
an unreduced moduli space. Namely, take the space of gluing parameters to
be an appropriate open subset

é(S)CMUX"'XMk;

and let the pregluing be given by the same formulae above, for fixed large
(Ry,...,Ry), and not necessarily centered u;. Notice that there is a free
RF+1 action on Z(S), namely the product of translations on each factor
moduli space M;, and the quotient Z(S)/RFt! =S.

The equivalence is easily seen by observing that, given (Lg,---,Ly) €
RE+L] there is a unique (L, R}, ..., R}) € R x R%, so that

TLoUWOFF Ry TL U1 FF Ry TLo U2 - * - #F R, TL, Wk approximates
71 (uo# ry ur# py s - - F gy uk(s)).

(They are equal if u; are replaced by their truncations.) Furthermore, under
this identification, a diagonal R-translation (Lg,...,Lg) = (Lo+1,..., L+
[) corresponds to an R translation in the first factor (L, R,...,R}) — (L +
[,R},...,R}). Thus, we have a diffeomorphism

=(S)/R = E(S),
(TLou0s - - -, TL ug) mod R — ({adg, ..., ax}, Ry, ..., RY),
and a commutative diagram

E(S) pregluing map B

/Rl /% |
=(s) s map, g

We prefer the reduced perspective in this article, because when the connect-
ing rest points are degenerate, the (reduced) space of gluing paramaters =
can still be described in a way similar to the above discussion, while = is no
longer a product of unreduced moduli spaces.

1.2.3. K-models. In general, the deformation operator might not be sur-
jective, and the gluing theory gives a local description of the moduli space
as an analytic variety in the cokernel of the deformation operator. This is
the “Kuranishi model.”
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For our purpose, it is convenient to introduce a linear variant of Kuranishi
models, which we call “K-models.” This notion of K-model will be useful
both for Step 2 of the gluing procedure and in discussing the orientation
issue.

Definition. A K-model for a Fredholm operator ©®: E — F, denoted
[©: K — C|p, or simply [K — C| when there is no danger of confusion, is a
triple K, C, B, where K,C are finite-dimensional subspaces K C E, C C F
respectively, and B C E is a closed subspace such that

e O|p: B — D(B) is an isomorphism and
o there are decompositions E = K @& B, F' = C & ©(B) (possibly not
orthogonally).

An orientation of a K-model is a choice of orientations for the spaces K

and C.

Example (Standard K-models). In this article, the “cokernel” coker®
refers to either the quotient space F'/Image(®) or an arbitrary subspace of F
complementary to Image(D). A trivial example of K-model is [D: ker ® —
coker ®| g, for any subspace B C E complementary to ker ©. Such will be
called a standard K-model for ©.

We shall call K a “generalized kernel” of ©, C' a “generalized cokernel”,
and B a “B-space,” for lack of better terminology. The honest kernel and
cokernel of ® may be described in terms of K and C' via the exact sequence:

(6) O%ker@%KUcﬂoc‘JC%cokerQ%O,

where Ilg, IIo are projections with respect to the above decompositions of
FE and F.

Here are some other simple examples of K-models frequently encountered
in this article.

Example (K-model of a stabilization). Let ®y: RF @ E — F denote a
finite-dimensional extension of the Fredholm map ®: E — F,

where U: R¥ — F is a linear map. We call Dy a (rank-k) stabilization of
D.
Let [K — Cp be a K-model for ®, and

K=ReKcReFE B =+aBCR'aE,

where * denotes the trivial vector space. Then [K — Clg is a K-model for
Dy, called the stabilization of [K — C]p.
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Example (Reductions of K-models). Let [9: K — C]p be a K-model,
and suppose that there are subspaces Q C K, K' ¢ K, C' C C such that
o 0 D|q is injective, and K, C' decompose as:

K=K a&Q;, C=CalDQ)).

Then [K' — C'|p is another K-model for ©, where B' = Q + B. Such
K-models will be called reductions (by Q) of [K — C].

Notice that if two K-models for ®, [©: K1 — Ci]p,, [®: K2 — Cqp,
have the same B-space By = Bs, then projections of K to Ko and C; to
Cy (with respect to the decompositions E = K1 @ By, F = C1 & ®(B;)) are
isomorphisms, and vice versa. In this case, we say that the two K-models
are equivalent. Two oriented K-models are said to be equivalent if they are
equivalent K-models in the above sense, and the projections involved are
orientation-preserving.

K-models are particularly useful in family settings. We adopt the con-
vention of denoting a Banach space bundle over A by VA, with the fiber
over A € A denoted as V). Let A be a connected manifold, and E*, F* be
Banach space bundles over A. Let D% = {D,|D\: Ex — Fx, A € A} be
a family of uniformly bounded Fredholm operators, continuous in operator
norm. A (family) K-model for D, written as [D": K — C¥ga, is a triple
of Banach space subbundles K4 ¢ EA CA ¢ FA BM ¢ EM, so that the
fibers over each A € A, [Ky — C)\]p, form a K-model for ©,, and ©,|p,
has a uniformly bounded left inverse.

If A is finite-dimensional and compact, such K-models always exist by the
Fredholmness of the family ©*. In contrast, Uy ker @y, |, coker ®) may
not form bundles as the dimensions of the kernels and cokernels may jump
with A.

Two K-models [D;: K1 — Ci],, [D2: K2 — Cs]p, are said to be corre-
lated via the family K-model [D* : K* — C%]ga if they may be identified
with two fibers [D)\lt Ky — CAl]BAI’ [D)\22 Ky, — C)\z]BAQ over A1, A\g € A.
They are said to be equivalent via the family K-model if they are equivalent
to two fibers. Finally, the notions of correlation and equivalence for oriented
K-models are obtained by inserting the adjective “oriented” before every
mention of K-model or family K-model in the above paragraph.

Example. If two Fredholm operators ©,®’ are close in operator norm, one
may always include them in a family

DN = (D) |[|D - D,| < e} forane < 1.

Any K-model [D: K — C]p may be extended into a family K-model for D4,
with trivial B = B x A. In this case, we shall refer to the equivalence of
K-models for ©, ®" without specifying the family K-model — a family K-
model of the above description will be implied. Moreover, if © is surjective,
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and ¢ is sufficiently small, [J, ker D) — #] form a K-model for ®*. Thus,
in this case, we shall refer to correlated orientations of ker ® and ker ®’
without further specifications.

1.2.4. Gluing operators and gluing K-models. A major motivation
to introduce K-models is that, in gluing theory, generalized kernels and
cokernels are typically easier to construct and work with than the honest
kernels and cokernels. This subsubsection explains why.

We summarize the typical properties of the Fredholm operators
appearring in Floer theories as follows. A Floer-type operator is a Fred-
holm operator of the form:

D=0s+A(s): E— F, where

o E=W(R; xY,p5V), F = L(Rs; x Y, p5V) for suitable Sobolev norms
W, L.
e V is an Euclidean or hermitian bundle over the manifold Y, R, denotes
the real line parameterized by s, p2: RgxY — Y denotes the projection.
o A(s): I'(Y; V) — I'(Y; V) is a first-order linear differential operator,
which is surjective and L2-self-adjoint when |s| > 1.
A stabilized Floer-type operator is a stabilization of a Floer-type operator
by multiplication with compactly supported functions.

Ezamples. In Morse theory, Y is a point. In the symplectic Floer theory
considered in this article, Y = S1, and p3V = R?" (obtained from trivializing
some u*K). Y is a 3-manifold in Seiberg-Witten or instanton Floer theories.

An ordered k-tuple of Floer-type operators
D1 =0 +A1(S),...,©k = 88+Ak(8): E—F

are said to be glueable if

e Aq(s) is constant for large s, A(s) constant for very negative s, and
fori=2,...,k—1, A;j(s) is constant in s for |s| > 1;

o Aj(o0) =Ai41(—o0) fori=1,...,k—1.
Given a glueable k + 1-tuple of Floer-type operators ®y, ..., D, and k + 1-
tuple of functions (fo,..., fx) € E¥ or F¥, we may define the glued operator
Do#R, - - #Rr, Dk and glued function fo#rg, - - - #r, fr via the same formula
(4), replacing u; [_g, r,,,) thereby ©; and f; g, r,,,], respectively, where
Ji,|-R;,Ri4q) 18 the truncation

Jil=Ri,Rita) = Bl-Ri,Ri 1) (8) fis
where B_g, r,,,)(s) = B(2s/Ri +2)B(2 = 25/ Rit1),

with Ro, Ry 1 understood as —oo, o0, respectively, and 3_q g)(s) := B(2 —
23/R)7 /8[—R,oo) (8) = 6(28/R + 2)
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Let K;, @ =0,...,k be subspaces in E or F. We denote by
Ko#R, - - #r, K1 the subspace of E/ or F' defined by

KO#Rl #RkKk = {fO#Rl o #kak | fl S K’Lvl - 07 7k}

In parallel, let ©1 = 95 + Ai(s),...,Dr = 05 + Ak(s) be a k-tuple of glue-
able Floer-type operators, with A;(—o00) = Ag(co). We call such oper-
ators cyclically glueable. In this case, we may define the cyclically glued

operator and functions ©1#Rg, - #r, Pr# Ry, [1#R,  FRe 1 JkF#R, €
F(SQIZ‘ g, X Y;p3V) via formula (5), with similar modifications. The sub-

space K1#R, -+ #Rr,_ Ki#r, C F(SQIZVRZ- x Y;p5V') may also be similarly
defined. Furthermore, gluing and cyclic—lgluing extend in an obvious way to
stabilized Floer-type operators.

We denote by L;EK ;j the subspace

L;ng =R, *H#Rr;_ Kj#R; % #Rr_x C Ki#r, - #Rr_ Kk
or * #Rl Tk #Rj71Kj#Rj Kooweox #Rk C Kl#R1 T '#kalKk#Rk

depending on the context. Notice that when Ry, ..., Ry are sufficiently large
and the subspaces K are finite-dimensional, then L‘;# are injective for all j.

Given f e T(R x Y;p3V) or T'(S* x Y;p5V) and ¢ € R or S, let
resc(f) = f|{c}><Y-

For a subspace K C I'(R x Y;p5V) or T(S! x Y;p3V), let res, K denote
the subspace {flyxy | f € K} CT(Y;V).

Lemma (Glued K-models). Let ©1,..., Dy be a k-tuple of glueable Floer-
type operators, and [D;: K; — C;|p, be K-models such that resg |k,: K; —
resg K; is an isomorphism, and let resy B; C resg E be a complementary
subspace to resg K;. Set

By = {f‘ resg (7_22;;11 ij) €resg B;,i=1,... ,k}.

(la) Suppose for R > 1 and R:= (Ri,...,R._1) € [R,00)k1,

k
() Dypi=Di#r, - #r, , Dy is Fredholm of index > indD;, .

i=1
and K#R' = K1#R, " #r,_, Kk, C#R = C1#R, - #r,,_,Cr. Then
[Z)#E Ky — C#R]B# forms a K-model. In fact, these form a fam-
ily K-model for the family of operators {”D#ﬁ}ﬁ. In particular, when
D; are surjective Vi, the glued operator has a right inverse bounded
uniformly in Ry, ..., Rx_1.
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(Ib) The same holds for R:= (R1,...,Ry) € [R, 00)*,
Dyp=D1#R, - #R_ Dk Ry

Kyp=Ki#R, - #R K # Ry

Cugr = C1fR, - # R Ot Ry,

if, in addition, D1, ..., Dy is cyclically glueable with
k
ind D,z =) ind D,
i=1

(2) Furthermore, the projection 11 ; . (with respect to the decomposi-
#Ci

tion F = @le L;ﬁCZ- @ Q#E(B#)) approzimates Ilc; o B_gr, | r;]©

T o5l gy where the projection Ilc; is with respect to the decomposi-
i=1 "

tion ' = C; © @j(Bj).

There are many other ways of choosing the B-space B4 for the statement
of this lemma to hold [cf., e.g., [4], Proposition 9]; the one described above
is that which we shall stick to for the gluing constructions in this article.
Notice that with this choice of By, the projection HL; K, (with respect to

the decomposition E = P, L%Ki @ By) is given by
HL;Kj = (resp |Kj)_1 0 Ilyesy i; o TESH OT SRy

where the projection Iles, f; is with respect to the decomposition resp £ =
resg K; @ resg Bj.

This gluing procedure also generalizes to family situations to construct
family K-models for glued family of operators from family K-models of the
family of operators to be glued.

Example (K-models of deformation operators at glued trajec-
tories/orbits). Let {dq,...,uxr} be a broken trajectory and u; be centered
representatives of 4;. Then

EUO#Rl'“#Rk“k = Eu(foo,le]#Rl T #Rk’E'U[Rk,oo)'
When Ry, ..., Ry are large enough, [ker E,,, coker E,, ] is a K-model for

E“i,[— iRy )" Furthermore, viewing ker £, as the solution space of the

first-order linear differential equation E,;{ = 0, we see that resp |ker Eu, is
an isomorphism. Take B; = {f|reso(f) € ker Ejz} By the above lemma,

[ker By #g, - #r,, ker Ey, — coker Ey#g, - #r, coker Ey,|p,

is a K-model for EUO#Rl'"# Ry Uk Similarly, in the case of broken orbits,
we obtain a K-model for the deformation operator at the glued orbit by
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cyclically gluing the standard K-models of the deformation operators at the
component trajectories.

1.2.5. Proof by contradiction and excision for right-invertibility.
Though Lemma 1.2.4 above is standard, we shall include a proof here,
since it showcases the typical arguments for establishing the (uniform) right-
invertibility of ©,, required by Step 2 of gluing. In simple situations, one
may construct by excision a right inverse to D, from right inverses of the
deformation operators ©,,, associated to the gluing parameter x [see, e.g.,
2,3,5]. In more intricate situations, such as those frequently encountered
in this article, it is often convenient to use an indirect, nonconstructive
method, which we refer to as “proof by contradiction.” This method starts
by choosing a codimension ind ®©,, subspace B, C E. By the Fredholm-
ness of Dy, , if Dy, |B, is injective, then D, has a bounded right inverse
P, F — B,. Suppose otherwise that there is a sequence of unit length
§x € By, such that D, £, — 0. One then shows that this is impossible by
estimating ||£, || in terms of ||Dy, &y ||, showing that the former must go to 0
as the latter does so. This estimate is usually obtained by breaking &, into
summands &; supported in different regions and bounding the summands
using the surjectivity of ©,,.

Proof of Lemma 1.2.4. (1). The proofs of (la) and (1b) are almost
identical, so we shall focus on (la). We follow the proof by contradiction

framework. First, fix R and omit it from the subscripts to simplify notation.
Let ¥;: C; — F' be the inclusion, and let Dy,,: B; C;& By — F be defined
by

Du, (V1,0 &) =Dyl + Vi(v1)#R, - #Ry_y Vi (k).

Choose Ry, ..., Ri_1 to be large enough so that dim Ky = ) dim K; and
dim Cy = ), dim C;. We have the decomposition £ = Ky & By by con-
struction. To show that [D4: Ky — Cy]p, indeed forms a K-model, it suf-
fices to show that Dy, is surjective, in view of the definition of Ky, Cy, By
and the index constraint (7). Since Dy, is Fredholm of index 0, it is equiv-
alent to show that it is injective.

Suppose the contrary that there exists (v1,...,v, &) € @j C; @ By with
unit norm such that

(8) Q\I/#(Ula"'vvkhg) = 0.
The fact that [D;: K; — Cj]p; is a K-model implies that the operator

Dy,: C; @ B; = F, (v,n) = Djn + ¥;(v)



398 Y.-J. LEE

has a bounded inverse, and hence
15 (Bl-R;_1.r;) © T_p 5091 g, JEl
< CID;j(B-ry_1.r;) © T_gyoi=1 g )€+ V5 ()]
) < OIBrs k) 0 oyt )Py (01 vk )
I8 n, myas-t g )N+ O = Aoy W5 (05)]
< 1,

using the assumption (8) for the first term, the fact that ﬁ[,—Rj_l,Rj] <

C(Y>; R;') < 1 for the second term, and the facts that ||¥;(v;)| is bounded
and R; are large for the last term. Meanwhile, observe that the supports of
Bj =1, sl Rﬂ[—Rj_hRj] are disjoint for different j, and write

i=1 "7

k k—1
1=D =2 %
j=1 =1
where ; is a nonnegative function supported on
-1 -1
Ry Ry
GZ&_232&+2>
i=1 i=1
Choose Ry, ..., R to be large enough so that over the support of ¢;, ©; =

D141 = 0s+ Aj(00). Since by assumption s + A;(00) has a bounded inverse,
we have

i€l
< '[9 + Ay(00)) (@i8) |
< C'le®@w, (v1, .- v, )l + C @il

+1
a2 Z Tosi—l R, (ﬂ[*ijl,Rj]\Ilj (vj))
j=l

(10)

< 1.

Summing (9) and (10) for all j and I, we obtain the desired contradiction
that

(w1, o O <D 1w, BON+ D el < 1.
j 1

To see the assertion about family K-models, replace (v1, ..., v, &) above by a
sequence of unit vectors {(v{,...,v},£")}, with HQ\I/#EV (vf,..., v, &) —
0. This is impossible by the same estimates, since the above estimates do
not depend on the specific values of Ry,..., Ri_1.
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(2) We now switch to the excision method. Let x; be a smooth cutoff
function with value 1 on the support of 8; and vanishes outside the support
of pj_1 + ¢; (with g := 0 =: ¢1). Let x; be a smooth cutoff function with
value 1 on the support of ¢; and vanishes outside the support of Zé‘:z—1 Bj.
We choose these cutoff functions such that [x}|, [Xj| are both bounded by
min; R; ' /4 for all j,1. Let &y, = (gu,,Gy,): F — C;&Bj and G F » E
be the inverses of Dy ; and ds+4;(00), respectively. Let Qﬁfpj = (g@j, G(I,j) =

(gq;jT72zg;11 Ri,7'2zg;11 RiG\PjT*QZz;ll Ri) and set 6\1;#: F— @j C; ® By
to be

6\11# = (961/817 SRR 796kﬁk7ZXjG7‘l-/]5] + Z)Zlél(Pl)'
j l

A straightforward computation shows that Dy, &y, = 1+ E, where E is
small in operator norm, and so the inverse of Dy, is &y, (1+Z)~1. Now, the
projection from F' to L]#Cj is given by ll¢, &y, (14+=)~! while the projection
from F' to Cj is given by Ilg;&y,. Claim (2) of Lemma 1.2.4 follows from
comparing these two. a

1.2.6. Generalizing the gluing map. Suppose the deformation operator
D, has a K-model [K — C] with nontrivial C, the construction of gluing
map in Step 3 of Section 1.2.1 may be generalized as follows.

Write in local coordinates near w,, as in Section 1.2.1, and project (1) to
the subspaces ©(B), C' C F, respectively, while decomposing

=Py +&k for g € K, P, € B,
where Py: ©(B) — B being the left inverse of D, |g. We have

Nx + H’D(B) (Sj(wx) + gwng) + H’D(B)wa (SK + Pxnx) =0,
e (F(wy) + Duy &) + Nuy (Ex + Pyiy)) = 0.

If £k is sufficiently small, the contraction mapping theorem (Lemma 1.2.1)
applies to the first equation above to obtain a solution of 7, depending
on &x. Substitute this into the second equation, we obtain a finite rank
equation in {x, which is itself in a finite-dimensional space. (The function
on the LHS of this equation is the “Kuranishi map.”) Thus, the solution
space of ¢ is now an analytic variety in C. If [K' — C] is a fiber of a family
K-model [K= — C=] for {Dy, }yez, this describes the local structure of
moduli space near the image of the pregluing map as an analytic variety in
the finite-dimensional vector bundle C=. C= is the so-called “obstruction
bundle,” and this is essentially the “obstruction bundle technique” pioneered
by Taubes.

In general, it is difficult to understand the structure of this analytic vari-
ety. An example from this article is the case of gluing a broken trajectory or
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orbit involving m Type IT handleslides, where m > 1 (cf. Section 6). Accord-
ing to Lemma 1.2.4, in this case the glued K-model has an m-dimensional

generalized cokernel. Our inability to describe the local structure of J\A/[g’l’Jr

near the stratum 7Tppsm or that of Mg’1’+ near the stratum 7o psm is pre-
cisely due to the lack of understanding on the relevant analytic variety in

this bundle of generalized cokernels.

1.2.7. Typical arguments for Step 4 in Floer theory. Typically, it
follows directly from the discussion on Kuranishi structure in Step 2 that the
gluing map is a local diffeomorphism. For example, let x = {ao, ..., 4} X
(Ri,...,Rk_1), and x = {up} X - - x {ug} for corresponding representatives
u; of 4; given in the Remark of Section 1.2.2. When #; are all nondegenerate,
Lemma 1.2.4 asserts that ker ®,, is isomorphic to

ker Dyo# - - - # ker Dy, ~ TRE(S) ~ T\ E(S) x Rul,,

where the first isomorphism in the above expression is the differential of
the pregluing map, and the second isomorphism is due to the remark of
Section 1.2.2 and the fact that D (twy) = w;(. On the other hand, the
pregluing w, is close to the corresponding image of the gluing map, w. Thus,
ker D, =~ ker D, = TwMp. These together imply that the differential of
the gluing map is an isomorphism from 7} Z to Tpr.

To show that the gluing map is actually surjective to a neighborhood of
S in MJ]S, one starts with the following simple consequence of the implicit
function theorem.

Lemma. In the above situation, let Ty C Ty, Bp = E be the image of the
differential of the pregluing map at x. Suppose the following hold for all
X €=

e J,, and w;( vary smoothly with x;

e I subspaces By, C E forming fibers of a bundle B — =, such that

E decomposes as E = B, ® T, © Rw;(, and the projections to the
summands are bounded uniformly in .

Let exp(wy,by) € Bp denote the element of coordinates b, in the local
chart centered at w,. Then there is a diffeomorphism from a small tubu-
lar neighborhood of {((x,0),0)} C BZ x R to a small tubular neighborhood,
Ue = {exp(trwy, &)| ||€l|lE < €} C Bp defined by

((x: by), 7) = Tr(exp(wy, by)).

In other words, B= gives a good coordinate system of a slice of the
R-action in U.. In our context, B, is the B-space defined in Step 2, and
the projection Ilp, = Py®,, . Proofs of analogous statements in the harder
gauge-theoretic context, where the R-action is replaced by the action of an
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infinite dimensional gauge group, may be found in [2, Section 7.3], and [3,
pp. 97-99].

Together with the contraction mapping theorem stated in Section 1.2.1,
this lemma implies that the gluing map surjects to a tubular neighborhood
(in E-norm) in the moduli space. However, the moduli space of broken tra-
jectories is endowed with the coarser chain topology instead. Thus, a major
task in Step 4 is to show that any flow line in a chain-topology neighborhood
of S in fact lies in U.. This requires a decay estimate of the flow lines near
the connecting rest points.

In the case where the connecting rest points are nondegenerate, the rel-
evant exponential decay estimate is akin to the decay estimate for flows
ending at y, which has been used to derive (global) compactness of Mp
from Gromov (local) compactness. Proposition 4.4 of [3] is recommended
for a well-written account of this estimate (in the gauge-theoretic context).

1.3. Gluing flow lines ending in degenerate critical points. To verify
the prediction of (RHFS2c, 3¢) on the corner structure of M%LJF or Mé’1’+
near Tpqy, Jp, or To g, one needs to glue flow lines ending at a degenerate
critical point.

Now let (J* X*) be an admissible (J, X)-homotopy, and let (0,y) €
PAdeg(JA XM, In Sections 2-4, we set S = T pdb or To gn, which consists
of broken trajectories or orbits with all the connecting rest points being
y. In Section 5, S is the subset in Jp consisting of connecting flow lines
starting or ending in y. The space of gluing parameters in both cases will
be Z(S) =S x S, where S is an open interval in A with left or right end 0.

The gluing theory in these cases differ from the “standard” case outlined
in Section 1.2 in many aspects. Much of the additional complication arises
from the fact that, instead of the usual configuration space modeled locally
on Sobolev spaces or exponentially weighted Sobolev spaces, the moduli
spaces of flows to y now embed in configuration spaces modeled on the
polynomially weighted W,-norm, and the deformation operator is between
the W, and L,, spaces introduced in Section I.5. The main difference between
working with these polynomially-weighted spaces and the more commonly
seen exponentially weighted ones is that the range space L, now has larger
weights in the longitudinal direction than the domain space W,,. This often
implies that all the estimates in the gluing theory need to be particularly
precise in the longitudinal direction, especially near y, where the weight is
large. Below is a quick outline of the strategies adopted in Sections 2-5.

1.8.1. Constructing pregluing. Let x = ({t1,..., U}, A) € Z(S). Due to
the aforementioned problem with large weights in the longitudinal direction,
one needs a more delicate pregluing construction instead of the typical one
explained in Section 1.2.1.
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Let uy; be a centered representative of #; or a suitable cutoff version
of it (to be specified later). Noticing that a variation in parameterization
(by s) of an element in Bp or Bp gives rise to a variation of the element
in the longitudinal direction, a natural solution to the above problem is to
find (A-dependent) diffeomorphisms ~,,: I; — R, such that

e Setting the pregluing w, (s, t) = uy;(vu; (s),t) over I; x S', the error
F(wy) projects trivially to the longitudinal direction (i.e., the direction
of w,) where wy (s, -) is close to y, and 7;,, = 1 elsewhere.

o 5; < s;if s; € I;, s; € Ij, and i < j, and the closures of I; x St cover
the domain of w,, ©.

The above condition gives an ODE which determines +,,. Furthermore,
from the ODE one may derive various behaviors of ,,, which will be impor-
tant for the estimates throughout the proof. For instance, the length of I; is
of order |\|71/2 if w; is not the first or last component of a broken trajectory.

1.3.2. A-dependent W-norms and partitioning of O. In these settings,
the gluing map to be constructed takes values in parameterized moduli
spaces endowed with the ordinary L{-topology. However, instead of the
ordinary L¥{-norms, we shall work with certain weighted norms W,, L,,
because the right inverses of the deformation operator at w, is not bounded
uniformly in the ordinary Sobolev norms. These weighted norms are defined
similarly to the W,-and L,-norms in Section 1.5.2, and are in some sense
a combination of the W,,,- or L,,-norms of the components w;; thus, when
u; are all nondegenerate, the right inverse of the deformation operator at
wy is expected to have a uniform bound in terms of the norms of the right
inverses of the deformation operators at u;. They are all commensurate with
the usual Sobolev norms, though dependent on the gluing parameter y.

When performing estimates, we typically partition © into several regions
depending on whether 'V:u is close to 1 and estimate over each region sep-
arately. Over the region ©,,, the values of v, is close to 1, and hence w;
approximates O0,u(7), the W,-norm approximates the W,,-norm, and the
deformation operator at w, may be approximated by that at u;. The length
of these regions are typically of order |[\|~'/2 or infinite, and the estimates
over these regions are similar to those in Section I.5.

In the case considered in Sections 2-4, the other regions are ©,;. They
have lengths of order |A|~1/2, and estimates over these regions often use
the facts that on ©,;, wy(s,-) is close to y (of distance < C|\|'/? for some
positive constant C') and that v, (s) grows polynomially as positive multiples
of (JA|(t—s))~".

In the case considered in Section 5, the other regions are ©,+. These are
of infinite length, but ~/, and hence also w;( decay exponentially in the form

(o exp(xui\)\ll/zs), Cy, i+ being positive constants of O(1). In addition
to this, we also often use the fact that over this region, w,(s,-) is close to
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the new critical points yy+ (of distance < C|\|'/2 for some positive constant
(') and the estimates about yy+ in Section 1.5.3.

1.3.3. K-models. (A) Choosing the triple K,C, B. The deformation oper-
ators for parameterized moduli spaces are stabilizations of those for Mp,
Mo, ®, = E, or Du, respectively. Thus, it suffices to construct K-models
for the latter. Similar to the case in Section 1.2.4, we shall always take
the B-space to be W>'<, the subspace of W, consisting of those £ such that
res, -1 (0)§ is L?-orthogonal to resy ker E,, Vi. The generalized kernel will

be the sum of the subspaces ;. ker Ey, = {v; f|f € ker B, }. The gen-
eralized cokernel is trivial in the case of Section 5, but it is nontrivial in
the case of Sections 2—4. In fact, by additivity of indices, its dimension is
precisely the number of connecting rest points of the broken trajectory /orbit
{ti1, ..., G}

In this case, we choose the generalized cokernel to be spanned by {f;},
where f; is a positive multiple of the product of the characteristic function
of ©,; with a unit vector in the longitudinal direction. If one requires f;
to be of unit L,-norm, the L>®-norm of f; would be of order |\|'+1/(2P),
Heuristically, this choice is natural in the following sense.

(1) In this case, ®r, is modeled on the operator

%: LY ([7ar, (0) 7, (0)]) = LP ([ (0), 7, (0)])

while B = W;( models on the subspace of functions vanishing at the
points v, (0). Thus, ©(B) models on the space of functions integrat-
ing to 0 on all the intervals [71;1(0),71;1+1(0)]. A natural choice for
the complementary space C' is the subspace spanned by characteristic
functions over these intervals.

(2) Let A\, X' be, respectively, in a small death/birth neighborhood of 0,
x = ({@,..., 4}, A), and @; € Mpy be the flow line close to u;,
7y € Mpy be the short flow line from yy 4 to yy_ close to the con-
stant flow line g(s) = y Vs. Let 7™ (s) := (—s). There is a glued
trajectory or orbit wy = W HG™ #UoF#G ™V # - - - that approximates
wy. Note that ker Ejinv >~ coker Ey, coker Egjinv =~ ker Ejy; the former
being trivial, while the latter approximates the 1-dimensional space of
constant functions in the longitudinal direction (cf. Section 5.3.1 ).
Thus, the glued K-model for E,, constructed in Example 1.2.4 also
form a K-model for E, , in which the general cokernel is spanned by
{*# - x#ker Eg# *---}, which approximates {f;}.

(B) Proving the isomorphism. To verify that the above choices do give
rise to a desired K-model, we need to show that the following operators are
isomorphisms with uniformly bounded inverses:
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e in the case of Section 5, Dy, [w;: W, — Ly,
e in the case of Sections 2-4, the stabilization D, : R™ & VV;< — Ly,

@wX(Ll, vy tmy &) =D E Zj Lifs-

The general outline of the proofs follows the “proof by contradiction” frame-
work sketched in Section 1.2.5, estimating over different regions in © sepa-
rately according to the partition outlined in Section 1.3.2 and incoporating
several extra ingredients including:

e variants of Floer’s lemma (cf., e.g., Lemma 3.3.1), which gives a L°-
bound on |\|~/2¢ over ©,;. This is useful for ensuring that, in spite
of the potential problem with large weights, the extra term 3'&r intro-
duced by the cutoff function (as in (9)) when estimating the transversal
component &r is still sufficiently small. (A different method is needed
for the longitudinal component, where the problem with large weights
is worse.) This estimate is also useful for bounding the W,-norm of
fT over @yj.

e estimates for ¢; and £, over ©,;. In contrast to estimates over ©,,, the
estimates over ©,; differ substantially from the stereotype exemplified
by the proof of Lemma 1.2.4, especially for the longitudinal direction,
since 0s + Ay is not surjective, or even Fredholm. Since Dy, in this
region is modeled on Js, a basic tool of these estimates is a simple
lemma (Lemma 3.3.3) bounding the LP-norm of a real-valued function
f over an interval I in terms of the || f'||z»(r), the value of f at an end
point of I, and the length of I. The latter are in turn bounded via
[Dwy (t1, - -+ s tms €|l > the vanishing of £z at the points v, (0), and
the length estimate of ©,;.

(C) Understanding the Kuranishi map. As explained above, in the case
of Sections 2—4, the Kuranishi model is more interesting, as the Kuranishi
map is nontrivial. To understand the Kuranishi map, one needs a better
description of the projection Ilo. In general, this is not easy to compute
when the decomposition C®®(B) is not orthogonal. Fortunately, due to the
special property of our ® and our choice of C', there is a relatively simple way
of computing Ilo: very roughly speaking, modulo certain typically ignorable
terms and multiplication by positive scalars, Ilz. is given by integrating
the longitudinal component over the interval ['yqjjl_ 1(0)7;]_1(0)}. (see Lemma
4.1.1 for the precise statement). Notice that this conforms with the heuristic
picture sketched in item (1) of part (A) above.

1.3.4. Surjectivity of gluing map. As explained in Section 1.2.7, the
main task of this step is a decay estimate for the flow line near y, which
has to be particularly precise when y is degenerate, due to the polynomially
weighted norms adopted. This will be done via various refinements of the
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decay estimate in Section 1.5. Given w = exp(wy,{) € Mp in a chain-
topology neighborhood of the pregluing w,, we estimate the transversal
and longitudinal components of  separately. First, reparameterize w, to
get w, such that the difference between w and @ is transversal near y.
This difference satisfies a differential equation which is used to obtain its
pointwise estimate. On the other hand, comparing this parameterization
with ,,, which was used in the definition of w,, one may estimate the
difference between the two parameterizations via an ODE, which in turn
gives a pointwise bound on the difference between w, and @ (note that
this is longitudinal). The desired bound on |||/, is obtained using the
transversal and longitudal pointwise estimates above.

2. Gluing at deaths I: pregluing and estimates

The following three sections give a detailed proof of Proposition 2.1 below,
following the outline in Section 1.

This section contains the pregluing construction, the definitions of the
Banach spaces as the domain and range of the relevant deformation operator,
the error estimates, and estimates for the nonlinear term. Namely, Steps 1
and 3 of the gluing construction sketched in Section 1.

2.1. Statement of the gluing theorem. The following Proposition
describes the appearance of new trajectories and closed orbits near a
death—birth bifurcation, by gluing broken trajectories and broken orbits at
a death—birth. These trajectories all appear for A in a death-neighborhood;
for this reason, we call this a “gluing theorem at deaths,” in contrast to the
gluing theorems in Section 5, where the images of the gluing maps project
via II5 to birth-neighborhoods.

Proposition. Let (J*, X*) be an admissible (J, X)-homotopy connecting
two regular pairs, and X,z be two path components of PM\PMe8. Then:

(a) a chain-topology neighborhood of Tpap(x,2;R) in
J\A/[j;’lﬂr(><,z;Wt,w%erp < R) is l.m.b. along TRdbA(x,z; R);

(b) a chain-topology neighborhood of To an(R) in Mg’1’+(wt,<y>’e
is I.m.b. along To qn(N).

, <)

Furthermore, 11y maps these neighborhoods to death-neighborhoods.

We shall focus on the proof of part (a), since the proof of part (b) is
very similar: in fact, only the discussion in Section 4 on gluing maps needs
slight modification. The necessary modification for part (b) will be briefly
indicated in Section 4.3.

Recall that the admissibility of (J*, X*) implies that elements in PA-des
satisfy (RHFS1i), and lie in standard d-b neighborhoods, namely, satisfy
the conditions described in Definition 1.5.3.1. Thus, by possibly restricting
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to a sub-homotopy and/or reversing the orientation of A, we may assume
without loss of generality that P48 contains exactly one point, y, which is
a death. Namely, the constant

C, >0
in Definition 1.5.3.1 (2b). We may also assume without loss of generality
that
[Mpy = 0.
We now begin the construction of a gluing map from Z(S) to
J\A/(/;’l(x, 23 Wh_(y) ep < R), where in this case
S=Tpan(x,2;R); ZE(S) =S x(0,X9) for asmall Ay > 0.

As Tpap(x,2z;R) consists of finitely many isolated points, we may focus
on a broken trajectory {do,..., U541} in Tpap(x,2z;R). As usual, u; will
denote the centered representative of ;.

2.2. The pregluing. Let x := ({do, ..., Urt1},A) € Tpan(x,2; R) x (0, Ao).
Choose the representatives u;, i = 0, ..., k+1 such that u;(0) lies away from
the neighborhood of y mentioned in Definition 1.5.3.1 (2a) and (2d). Let

5V = Vx, — Vx,.

By Definition 1.5.3.1 (2a), this is given by x, — fx, when A\ < \g is suffi-
ciently small. That is, when Aq is so small such that Jy is constant in \ for
A € (—Ao, A0). We choose Ag so that this is the case and shall simply write
Jy = J for such .

2.2.1. Lemma. Let [g = —o0, [1 = 0, and [0 = co. Then there exist
l,eR,i=2,...,k+ 1, and homeomorphisms

Yoyt ([ia[i—H) —R Vie {O,...,k—l— 1},

so that the configuration w, € Bp(xo, 20) defined by

A1) w.(s) = {uz-(m(s)) for s € (L livr), i =0,... k+1;

X Y fors=1;, j=1,...,k+1
satisfies
k+1
ny (A @ =0 on (B2 0)97L, 0)
=0

Vo, =1 otherwise.
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Furthermore,
CA V2 <l —L<CNY2 Jori=1,2,... k.
Crat A2 <yl (0) = oy < Gl A2
Notation. To avoid confusion, we write u, = dyu and reserve u’ = u, for

Os.
Yu; Will also be used to denote v, x id: (I, l;+1) x St — R x St

Proof. We will focus on the case of i = 0, since the cases with other i’s are

similar. From the definition, 7, (s) satisfies

L 00() = oy (a(5))

where hy,: R — R is defined as:
(13)

oo () 1= | (@01 Grxyu0) Maall(wo)y (W7 +1 when v 20

1 when v < 0.

Our choice of the representatives u; ensures that h,, is continuous. ;From
the decay estimates in Proposition 1.5.1.3 and the fact that y is in standard
d-b neighborhood, for large v we have

(Orx,)u0(7) = B3V (0(1) = Tyy() (AChey ) + OO0 +0(N2).

On the other hand, (ug),(v) approaches the direction —e, for large v;
therefore, there are A\-independent positive constants A, A’, such that

(14) AMYE > hyy(7) > ANY? for v > 1.
We see that the inverse function of vy, (s), given by integration

00 0
(15) / _ / ds’
5 huo (’Y) 5(Yug)

uo
is well defined where 7, is large. On the other hand, h,, is always positive
and goes to 1 when ~,, becomes negative; we see that v,,(s) defines a
homeomorphism from R_ to R. O

2.2.2. Definition. The pregluing associated with the gluing data x above
is (A, wy) € BA(x,2), where

Wy = eRﬂRJr(O,QX; A, 0),
er_,r, are defined in I.(62), and
Ro =7, (=OX"'%); Ry =7 (C'A7?)
for fixed positive constants C,C".
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Remark. In general, more complicated pregluing constructions are needed
if Definition 1.5.3.1 (2b) is not assumed.

The following estimates for Ry in terms of A will be very useful.

2.2.3. Lemma. C’j[)\_l/2 < Ry < C:A Y2 for some M-independent posi-
tive constants C+, C'y.

Proof. We shall only demonstrate the inequalities about R_, since those for
R are similar.

Choose a large enough 7y such that when s > =g, the decay estimate in
Proposition 1.5.1.3 for ug(s) and u(s) holds, and

193V (uo(s)) = Ty un(s) (Aey)ll2.e < CroAlluo(s)l|2,e-

This implies that when v > A "1/2, A'Ay2 > Ry () > AMy? > 1 for
some A-independent constants A, A’. Thus

_ _ _ o dry _
1 A2 < ALy 212 </ — N2,
( 6) Cy B (’YO ) = o172 A)\’72 Gy

On the other hand, dng(s) = huo(Yuo (8)) = 1 always, so
Yao (OATHZ) = H(=CATI2) < Coa 712,

Combining the above two inequalities, we get the claimed inequality for R_.

O
2.3. The weighted norms. Define the weight function o\: R — R by
[[w, (5) |5 when ,.1(0) <5 <., (0);
(17) ox(s) = q [l (vag ()5 when s < 7,1 (0);
lwl (v, (Ol when s > 4L (0).

Let § € I'(w} K), define its “longitudinal” component as

€(5) = B(s — Yy (0))B(7a,, (0) = 8)ox () (w) (), ()2, (5),

where 3: R — [0, 1] is the smooth cutoff function supported on R™ such that
B(s) =1Vs>1 (cf. 1.3.2.3).
The norms for the domain and range of Ey,, are defined as follows.

2.3.1. Definition. For ¢ € T'(w} K),
1€l == lloy/%€llp + llox€ellps

I€llw, = o 2Ellpa + loxELllp-

As usual, we also use W,, L, to denote the Banach spaces which are
(C°°-completion with respect to these norms.
We shall extend the norm W, to a norm on T()\7wX)B]/§(x, z) =Re W, in

a way such that E( Awy) 18 uniformly bounded (cf. Lemma 2.5.1).




REIDEMEISTER TORSION IN FLOER-NOVIKOV THEORY, II 409

2.3.2. Definition. Define the following norm on Wx =R @ W, (denoted
by the same notation):

(@ E)llypr, = N€llw, + A~ EP al.

2.4. The error estimate. The main goal of this subsection is to obtain
the following estimate.

2.4.1. Proposition. In the notation of Sections 2.2 and 2.3,

185, 33wy || 1, < CAY2H/CP),

Proof. By direct computation, 0 7, X, Wy is supported on (—R_ — 1, R, +
1) x S, on which it is given by

(18) Tw w, (ﬁi;(&;ﬂ?(wx)) +7rx(z,2), where

® Ty w, is as in Notation 1.5.2.6;
e 7)\(z,2) is a “remainder term” supported on

(-R_ —1,R, +1)\(-R_,R;) x S!

which consists of terms involving (—R_ — S)Eg’%‘, B(s — Ry)Z,

and their derivatives (cf. 1.(62) for notation);
o letting Hf;, (s) denote the LZ-orthogonal projection to the orthogonal
—X

Ow,

complement of Rw;(s)’
i, = Mg fors € Da (0,921, (O
) Id otherwise.
To estimate the terms in (18), note:

2.4.2. Lemma. When —R_ < s < R, there is a constant C' independent
of A and s, such that

||0X(s)f[j;;<5>\\7(wx(s))Hoo,t < CAY2 Y sufficiently small X.

Combining this lemma with Lemma 2.2.3, one may bound the contribu-
tion to ||0, x,wy ||z, from the first term in (18) by CyNV/2=1/Cp),

The contribution from the second term can be bounded by C, using the
C? bound on J and X, and the following estimates:

1

O?i
sup |[okal (s
k=0 SE€[-R——1,—R_] 2,1t
1
< Oy + C3 Z sup | 105 14(5) ||2,1.0

k—0 SE[-R——1,—R_
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< ChA + Chem O
< CpA,
where pi(s), (§ are defined by exp(w,(s), u(s) = zo, exp(zo,zz) = (.

and the second inequality follows from the exponential decay of w, to o,
and the estimate for R_ in Lemma 2.2.3. Similarly,

1

0w
sup ‘ 852)\1”"(8)“ < CLA.
o0 SE[R+,R1+1] 2,1;¢
These together imply the proposition. O

Proof of Lemma 2.4.2. By Sobolev embedding, it suffices to estimate the
L%t norm. Again we will estimate only the s < 0 part, since the other parts
are entirely similar. Let 9 be as in Lemma 2.2.3. Consider the following
two cases separately. Case 1: —R_ < s < y,.1(70); Case 2: v, (70) < s <0.

Case 1: In this region, Hf[i‘u, (0AV(wy(5))]]2,1,6 < CA. On the other hand, on
X ~
this region, o, < C; in sum, we have |0 ILL, (63 V(wy(s))]|2,1.4 < C3A.
X

Case 2: In this region, the fact that y is in a standard d-b neighborhood plus
the decay estimates in Proposition 1.5.1.3 imply that for small enough A,

Iy, (8390 () ) 2 < ACOUIT ), Ty @sll2 + 1)
<A1 = (14 CEb0o) I3 7HY2 + Cr!
< A(C1IOrug) 2 + C"2)
< CiM gy s

2.t)

where p,b are defined by exp(y, (7)) = uo(v), b(y) = Ile,u(7), as in Sec-
tion 1.5. Meanwhile,

RILTRN O
< 100V (w0 ()2, + || (T Y3V at0 ()

< AC (119w (uo Dl + 7B (u0) () 2.

< CG/\’}/;Ol.
On the other hand, we have from direct computation:

2t

o3 (5) = Wi (s)ll2e

= M o (33 V0 () 1110} (g (5))
when ~7,.1(0) < s < 0. In particular,
(20) C' (A + 70 (5) ™) 2 [[wl (8)ll2.6 = Cr(A + 7uo (5)77)

(19)
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when 0 > s > v, 1(70).
In sum, in Case 2

-1
< M < 09/\1/ 2
2,16~ A+ Y (8) 72
The last step above is obtained by a simple estimate of the critical value

of the rational function. Combining the two cases, we have proved the
lemma. O

I 3V (5))

ox(s)

2.5. Bounding linear and nonlinear terms. In the previous subsection,
we obtained the estimate for the O-th-order term of the expansion (1). We
estimate the linear and nonlinear terms in this subsection. In our context,

this means bounding EA(A’wX) and 7y u,)- These are done, respectively, in
Lemmas 2.5.1 and 2.5.2 below.

2.5.1. Lemma. With respect to the norms WX, L, of Section 2.3, the defor-
mation operator Ey ., ) 15 bounded uniformly in A.

Proof. The uniform boundedness of E,, follows from simple adaptation of
1.5.2.3. We therefore just have to estimate the L, norm of

E()x,wx) (L 0) = YV()\,wX)a

where Y() ., ) is as in 1.(63). By the properties of Y(, ,, ) listed following
1.(63), Y(xw,) is supported on (—R_ — 1, R + 1) x S1, over which it has
a A-independent C>° bound. Also, from (19), we have o, < CA~!. These,
together with Lemma 2.2.3, imply

1B ) (1,0) [, < C'ATHHEP) = C1)|(1,0)] -

for a M\-independent positive constant C”. O
Given («,§) € T(/\,wX)B/IE(Xa z), let Ny w,) (@, §) be
T;xlve(/\»wx;aﬁ)éjl‘vx"()‘ +a,e(\ wy; o, €)) — dg x, w0y — E(A,wx)(a7 £).

2.5.2. Lemma. There is a A-independent constant C,, such that for any
§= (8,0 =(a',n) € Wy,

17 0) (€) = Ay @z < Cl€llir, + NAllyi MIE = Al -

Proof. These follow from direct computations, via the CZ°-bounds of J, X.
First, observe the pointwise estimate

|ﬁ()\,wx)(£) - ﬁ()\,wx)(ﬁ”
< CLlEl+ D€ =0l +1V(E = n)]) + C2(IVE] + [Vn]) [ — 0l

+ (lof + |/ (e = /)| Zxal + ((Ia\ +1a/DIE = nl +la = /|(1€] + In\))IZAw\,
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where Zyy, Zx, are both supported on (—R_ —1, Ry +1) x S', over which
they are 930x, (wy), 0rVlx, (wy)/2, respectively, up to ignorable terms.
Estimating similarly to the proof of Lemma 2.5.1, we have

o Zallp + lox Zaullp < C'ATI /0,
Thus
17000 ©) = Aras (D1 < |73 (A2 = R0 @)
< Cu(loy/2€loo + o nlloo)IIE = nlw,
+ Call€llwy + Il lok/(€ = n)lloo
+ OO (ol 4 o/ ) (|a — o))
+ OV (o] + 10 DIIE = lloo + o = o/ (IElloo + o) )
< Cullléll, + Illy € = Al

using a Sobolev inequality to bound the L*-norm by L{-norm. O

3. Gluing at Deaths II: the Kuranishi structure

The purpose of this section is to introduce a K-model for the operator E, .

By stabilization, this also yields a K-model for E'( Awy)- The main result is
summarized in Proposition 3.1.3.

3.1. The generalized kernel and generalized cokernel. Given y € P,
we denote by g the constant flow y(s) =y Vs.

We first partition the domain © = R x 8! into several regions, over which
w, approximates either one of u; or ¥.

For a subdomain ©' C © and some norm L, we denote by [|{||.e) =

e 1z

3.1.1. Definition (Partioning O). Fix a small positive number € > .
For:=0,...,k+1, let

v = (20, €) 2 (\CY) Y2,

where C,, is the constant in the bound ||u}(s)||2 > Cy,/s? (cf. 1.5.1.3). For
j=1,...,k+1, define

Oy =[sj—,5;+] x S*,  where
sio = (o), s =7 ().
Let ©,, denote the (i + 1)th component of ©\|J; ©,;, and let ©; =
(Yot (vt = 1), 75, (=v5 + 1)) x ST D Oy
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Notice that the “length” of the region ©,;, 5,4 — s;_, is bounded as
(21) 01(6)\)_1/2 < 5j4 — 55— < 02(6)\)_1/2.

These inequalities follow from the arguments leading to (16), using, respec-
tively, inequalities of the type of the left and the right inequalities in (14).
The length of @fyj satisfies similar bounds, with the constants C7, Cy above
replaced by different constants C7, CY.

3.1.2. Definition (Bases for generalized kernel/cokernel). For i =
1,...,k+1, let

eu, 1= Yo, Us € Wy.
For j =1,...,k + 1, define the following elements in L,:

fj = Ci AT P w! w5y,

where Yo, is a characteristic function supported on ©,; and C}; are con-
stants chosen such that [|f;]|z, = 1.

Let
Kx = Span{eui}ie{ov”karl} < WX;

KX = Span{(l, 0)7 (07 eui)}ie{o,‘..,kﬂ} C Wx§
Cy := Span{f;}, and

Wy = {€ [ () €(0),m(0)2 = 0¥ € ker By, Vi € {0,1,... .k +1}}
C Wy

(Note that linearly independent elements in ker E,, restrict linearly inde-
pendently to the circle s = 0, since they satisfy a homogeneous first-order
differential equation.)

A quick computation shows that the W,-norm on K, and the L,-norm
on Cy are commensurate with the standard norm on Euclidean spaces with
respect to the bases given above.

These are, respectively, fibers of Banach spaces bundles over the space of
gluing parameters Z(S), K=, K=, CE,W'E, and W'E.

Obviously, Wy = K, & W} and W, = K, & W.. Let W, := RF1 & W/,
with the standard metric on R¥*!. (As usual, we denote the norm on it by
the same notation.) Let

k+1

Ey: Wy = Ly, Ex(t1, . 0e41,€) o= Eu £+ ) 15f;.
j=1

A quick computation using (21) shows that this is a bounded operator. The
rest of this section is devoted to proving the following.
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3.1.3. Proposition. For sufficiently small o, the triples K=,C=, W'E,
and K=,C%, W'E are, respectively, K-models for the families of operators
{Buydyezs) ond {Egw) byeze) ) i

In particular, there is an inverse Gy: L, — W, of E,, which is bounded
uniformly in .

We shall concentrate on proving the existence of a uniformly bounded @X,
since the rest of the assertions follow in a straightforward manner. The proof
follows the “proof by contradiction” framework outlined in Section 1.2.3;
since Ex is Fredholm with ind Ex = 0, it suffices to show that there exists
a A-independent constant C', such that ||§~HLX < CHEXéHWX VE € Wy,

Suppose the contrary that there exists a sequence

{6 = (- sterin &) € Wi}, with [[€3 ], =1 and

(22) IE 3w ()L, =:€p(A) =0 where A — 0.

We shall estimate £, in terms of ez(\) over the various domains introduced
in Definition 3.1.1 to obtain a contradiction.

3.2. Estimates over O,,. Given a diffeomorphism ~: I — R, let
= (v ) Tuww: T(O, 0" K) = T(v(8), (v ) w*K).

w7w'

By construction, for § € T'(w} K), ‘Izjiiwxﬁ eI'u/K).

Since the discussion in this subsection holds for all i, we shall often drop
the index i. For instance, u = u; for some 1.

In this subsection, the “transversal” or “longitudinal components” shall
refer to the respective components of elements in I'(u*K).

3.2.1. Comparing W,, L,-norms and W,, L,-norms. According to
computation in the proof of Lemma 2.2.1 and the definition of ©,, in this
region |hy(v,) — 1| < e. Thus, o, and o, are close in this region, and by
direct computation we have the following lemma.

Lemma. Suppose £ € F(w;K) is supported on O, and let e, \ be as in
Definition 3.1.1. Then

(1 =2)IEllw, < 1T w Ellwa < (14 26) €]l
(1 =20)Ellzy < 1T, EllL, < (1 +26)[€]|L,,

and for some constant C,
HE(A,wX)(Oé,S)‘

> (142¢)7! HEum;ﬂXé) +aTh o Yy

Ly

= O+ €l
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Remark. The fact that y is in a standard d-b neighborhood (more precisely,
the condition Definition 1.5.3.1(2c)) is used here. In general, the last term
on the right-hand side of the above inequality would be larger.

3.2.2. From {, € W} to Eun EW, . Fori=1,... k and &, € Wy, let

(Y )*Ex = Bil (vurg™ ) *EN)T
;L 05 (v )0 — civuf) — 0i (7)) )1 — ciuy)
(23) gui,/\ = on (—ti,ti) » Sl

0 outside.

where

e [(3; is a smooth cutoff function in s supported away from (—v;+1,t;—1),
being 1 outside (—t;,t;).

e 0,1 are characteristic functions of (—oo — ;) and (s;, 00), respectively.

e ;1 are constants defined by

(24) (V)60 L) = izt (F15).

For ¢ = 0 or k + 1 and similarly defined constants cg, cx+1, let

i Tt € — B(s — vo + )(‘.leew Er
Sup\ 1= — 0(s — 7o) (Tunlw, E3) 1 — coup)
0 outside;
Tukil €y — Blers — 1 — 8)(Turksl &7

—0(tpy1 — S)((‘Tu;;k,+1 L — Ck+1uk+1)

on (—o0,t) x S*

:
S, n (tpy1,00) x St

0 outside,

where (3 is the smooth cutoff function as in Part I and Section 1.2.2, 6 is the
characteristic function of R*.

Remark. The point of the above definition is to introduce cutoff on &},
while keeping the extra terms (arising from the cutoff) in E,(£,) ignorable.
The usual smooth cutoff works for the transversal direction, but not for the
longitudinal component, over which the weight function is greater. Instead,
we replace the longitudinal component over the cutoff region by a suitable
multiple of u’ determined by the matching condition (24) and make use of
the fact that E,(u") = 0.
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3.2.3. Estimating Eugu,)\. The estimate for all 4 is similar. Taking ¢ = 0,
for example, a straightforward computation yields:

Euy(€upn) =(1 = B(s = v0 + 1)) Bug (Tu s, )
+ (1= 6(s = t0)) Eug (T, L (v0))
—B'(s =0 + 1) T 2w, &t
= 3(s = v0) (T, Sz — coup) )
The last term above has vanishing L,-norm because of the condition (24);
by Lemma 3.3.1, the L,-norm of the penultimate term can be bounded by

Cep(A), which goes to 0 as A — 0. Thus, by the previous lemma, we have
for small A\ that

HE’LLE’LL,)\HLU('YU(@,M))
(25) < HEu(‘J?j;,wfo)HLU(%(@u)) + Ceo(N)

< (14 20| Bu Ly () + (CA+ ) [€xllws o, + Ceo(N).

In the last expression, the first term goes to zero because of (22) and the fact
that over Oy, Ey{\ = By, &). The second term is small since [|§)][w, < 1.

3.2.4. Estimating &,, ). Since &, , € W), where

Wi = {€l€ € Wa, (u(0),6(0))2 = 0},
by the right-invertibility of E,, ||&ux]lw, < CllEuéunllL, < €. In particular,
(26) [T

X:wngHWU('Yu(@u)) < e, when X\ < ) is sufficiently small,

where ¢, is of the form
gy = Ceg(N) + Co(A+€) + 2ep(N),
which can be made arbitrarily small by choosing the small constants €, A

appropriately.

3.3. Estimates over ©,;. The estimates over ©,; for different j are simi-
lar, so we shall drop the subscript j in the discussion below.

First, note that from the computation of (20) there exist constants
Chr, Cy, independent of A such that

(27) Cou At <oy(s) <COyA™t on O,

We may therefore replace (modulo multiplication by a constant) the weights
in the W, and L,, norms by A~!.



REIDEMEISTER TORSION IN FLOER-NOVIKOV THEORY, II 417

3.3.1. Estimating the transversal component. In the transversal direc-
tion, the estimates are again similar to the standard case: By looking at the
limit of (ay, &)), one has:

Lemma (Floer). Let (ay,&)\) be as in (22). Then for all sufficiently
small \,

167l o< o) < eo(A)A/?2
where €9(N) is a small positive number, limy_,oeo(A) = 0.
Proof. Let (sy,tx) be a maximum of [§y] in ©y. Consider a slight enlarge-
ment of ©, Oy D O, and let C' > 0 be such that
[—CHeN) V2 7 eN) T x St c oy
Define
a(s,t) == XV2B(C(eN)25) Ty yér(s + sn,1) on O,

where B is a smooth cutoff function supported on (—1,1) which equals 1
on (—1/2,1/2). By (22), ||sallp,1 is uniformly bounded and thus by Sobolev
embedding ¢, converges in Cj (taking a subsequence if necessary) to a g,
which satisfies Eyqp = 0. (Note that the term involving ¢ dropped out

because of the assumption |o] < A'T1/(2P))) Such a ¢y must be identically
zero cf. pp. 542-543 of [6]; so

lsallzee(j=1,1)xs1) = 0 as A =0,
and thus ||| L~ (ey) < 20(M)AM. 0

Remark. In fact, one may be more precise about the longitudinal compo-
nent: by part (a) of Lemma 3.3.3, ||£)\LHLOO(@§J) < CNV/241/ @)1/ (20) =172,

Lemma 3.3.1 tells us that ||Ey (8,63)7]|L, — 0, where 3, is a smooth
cutoff function supported on G)’y’ with value 1 on @;, since contribution from
the extra term due to the cutoff function goes to zero. Thus since Ey,
is right-invertible (being close to a conjugation of Ejy) on the transversal
subspace,

(28) 1E)Tlwy (o) < Cer(A) +C'eg(A) =0 as A — 0.

3.3.2. A useful normalizing function. The estimates for the longitudi-
nal components hinge on the observation that, after certain normalization,
E., behaves like the simple operator d/ds over the longitudinal components.

Definition. Let ¢(s) be the positive real function such that
(29) (W), Bu, (lew))2: =0 and 0(v' (0)) =1, where

ew(s) = [[wlly; (s)w) (s).

X
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Lemma. The function £ is always positive, and there are positive constants
C1,Cy independent of \ such that

(30)  0<Cr<ls)wyllza(s)™h < Co Vs € [, (0), 7y, (0]
Furthermore, over [s;_,5;4] V],
(31) 0<CIA<L<Cox; 0] < CIAY2 0.

Proof. ¢ satisfies a first-order linear differential equation, so its existence and
uniqueness is obvious. It also follows that ¢ has no zeros, because otherwise
it would be identically zero. The condition that ¢(v,'(0)) = 1 therefore
implies that ¢ is always positive.

Equation (30) follows from the mnext claim by observing that
€||w;<||2_i (Vo (0)) is A-independent.

Claim. Let so4 := 7, (0); Spq2— = %jklﬂ(()). Then

In(efjwll2,e(r1)) — In(ef|w) [l2,¢(r2))| < C

for a constant C' independent of r1,r9, and A when 71,79 are both in

(a) [si+,8i+1—] for some i € {0,1,...,k+ 1} or
(b) [sj—,s5;4] for some j € {1,2,...,k+1}.

Proof of the Claim. In case (a), set u = u; and drop the index i. In this
case, |yu| < CiA™Y2, 4! is close to 1, and |w} |l2,¢ can be approximated
by ||ty (Yu)ll2,t. We will therefore estimate €||u7|]2_% instead. In this region,
rewrite (29) as

d _ d _
2o (el ll2)) = (v, = 1)%(110 lull2e)

and integrate over s. Using the estimates in Section 2, it is easy to see that
in this region, the L°°-norm of the right-hand side of the above equation can
be bounded by CAly| < C’A/2. On the other hand, the distance between
r1 and r9 can be bounded by a multiple of A2 50 the claim is verified in
this case.

In case (b), set w = uj_1 or u; depending on whether s is smaller or larger
than [;, and again drop the index j — 1 or j. In this case, |v,| > CiA~1/2,
and A||w;<||£t1 can be bounded above and below independently of A (cf. (27))
in this region, so it suffices to estimate the variation in ¢. We write (29) in
the form:

d _
2o 0) = —luslly (um)r
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in this case and again integrate over s. The claim then follows from the
bound

(32)

%(m z)’ < Cylya| 7t < CHAL2

and bound of the distance between 1 and 9 can be bounded by C4>\_1/ 2.0

Continuing the proof of the lemma, the first inequality in (31) is the
consequence of (30) and (27). The second inequality of (31) follows directly
from (32) and the first inequality. O

3.3.3. Estimating the longitudinal direction. It is convenient to intro-
duce the following.

Definition. For j = 1,...,k + 1, let the R-valued function f;(s) be the
unique solution of
wa (fjgew) = f]/‘gew = fja
(33) (fi(sj-) = 0.
Also, let ¢x(s), ¥ i(7) be the R-valued functions defined, respectively, by
Lor(s) = (&x(s), ew(s))2,t,
Ui (1) = (Tudw E3(7) €u ()2, where ey, = ||ufl|5 ]

The estimates for the longitudinal components will be based on the fol-
lowing elementary lemma.

Lemma. If q € LY([0,1]), then
(2) llglloc < CL*MP|I¢/ [l + Cal =17l
If furthermore q(0) = 0, then in addition:
() lalloe < CPV7I ¢
(©) llally < CHiqllp-
The positive constants C,C’,C1,Cy are independent of q and I.
Let ¢ j := ¢r+tr;fj- Then by (31), (27), (21), and part (c) of the above

lemma,

”( )L+L)\j€fjewHWX i)

<O (A /2H<75/\,JHLP 0, T ”¢>\]HLP yJ)

<0y <€_1/2”¢)\3||LP(®“)+)‘ 1/2-1/(2p) .—1/(2p) [Unj—1](tj— 1))

< Gy (TNEEL) Lo, + A2y (550))
<0, (6_1/2€E+6—1/2 1/(2p) \1/2— 1/(2p)50)

n A‘”Q‘”@p)e‘”@p)!w];l!(tj_l)).
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In the last line above, ¢y comes from Lemma 3.3.1 and an estimate for
(Ew,éxr)r via a computation similar to 1.(47). To estimate the last term
above, note that from Lemma 3.2.1, we have
HEU'L (w%ieuz‘)HLui([O,ti]xsl)
< (1429 | Ex(@)llz, + (CA+ )l + C'l|Tasiw Ex lw, (0.0 x5
<Ce, —0 asA—0.

In the above, we used (26) to estimate szuzf,wxfTHWu. ([0,e:] x51)- On the other
hand,

[ Ew; (¥xi€u) | L, (0,611 x51) = Cll 0w, (Va5 o o.e))-
Using Lemma 3.3.3 (b) and the fact that ¢, ;(0) = 0 (because { € WJ),
the previous two inequalities imply:
[na(e)| < CAe) Pl
< O A\V/2H1Y/(2p) (1/2-1/(2p) o

(3

(35)

Combining this with (34), we have
1)L + e ilfiewllw, o,
< Cs (671/2€E 4 2m1/@p) \1/2-1/(20) o 4 (/21 gt ) _

Uj—1

(36)

3.4. Estimating ¢; and f;. This subsection fills in the last ingredients
for the proof of Proposition 3.1.3: estimates for ¢; and f; (Lemmas 3.4.1
and 3.4.2 respectively). Combining these estimates with the estimates
obtained in previous subsections, we finish the proof of Proposition 3.1.3
in Section 3.4.3.

3.4.1. Lemma. Let A\, € be small positive numbers as before. Then

|L)\7j‘ < gbaj()‘ﬂ 6)7
where €, ; > 0 can be made arbitrarily small as X — 0 by choosing € appro-
priately.

Proof. This lemma follows from a lower bound on /f;(s;4+), and a upper
bound on ¢y j¢f;(s;+), given, respectively, in (37), (38) below.

Note from the defining equation for f; and (31) that |f}| > CAY(P) for
some A-independent constant C. Therefore by (21), (31), and the initial
condition of f; (33),

£f(s54) = £(s5) (filos4) — (o))
> OO (g, — 550 )
Z Cj671/2A1/2+1/(2p)'
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A similar calculation establishes an analogous upper bound, and we have
(37) C§€—1/2A1/2+1/(2p) > (fi(si1) > Cj€—1/2)\1/2+1/(2p).
On the other hand,
e l€fi(s54) < Poaj—1(vj—0)] + | = g (w)] + [€oa(s54) — %A(ﬁj—)‘-

The first two terms on the RHS are already estimated in (35); the third
term can be bounded by

e(s5) (Ba(s54) = (i) ) | + | (¢lss4) = £0s5-) ) Ba(s;-)
in which the first term may be bounded via (31), Lemma 3.3.3 (b) by

CA(ex)~1/2H1/2r) 163N 2o s, - 14
S C/>\1/2+1/(2p) (6—1/2+1/(2p)€E 4 6_1/2)\1/2_1/(2p)€0)?

)

according to the computation in (34), lines 3-5.
The second term, via (35), the initial condition (33), and (31), may be

bounded by
O \V/2+1/(2p) (1/2-1/(2p) o/

Uj—1"°
Summing up, we have
- |xj10f5(854) < Coe AN/ G,
(38) (eV/PPep + (N 4 €)e! TP L gq(NV/271/@p) 4 (1=1/Cr))y,

Comparing with (37), we have an estimate for ¢ ; as asserted in the lemma,
with

(e, \) = Cl(el/@p)gE + M+ E)61—1/(210) + EO()\1/2—1/(217) + 61—1/(213))),
which can be made arbitrarily small by choosing A, € appropriately. O
3.4.2. Lemma. Forj=1,...,k+1,

/\_1/2H€fjewHLP(9yj) + A_l“(efj)/ewHLP(@yj) < 03/‘/6_1/2_1/(2}))-
Proof. Note that since f; = 071 ey, §j)2¢ > 0, f; is increasing, and thus the
estimates leading to (37) imply that
||€fj||L°°(@yj) < 016—1/2)\1/2+1/(2p)‘
On the other hand, this and (31) yield
1€f)) IL=(o,;) < 1efilleo,,) + 1€ fyillL=(o,,)
< CoATVEP) L X2t 1o, )
< Cye 2N/ @P),

These two L>°-bounds together with the length estimate for ©,; imply the
lemma. U
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3.4.3. Concluding the proof of Proposition 3.1.3. Now we have all
the ingredients to finish the proof of the proposition.

By Lemmas 3.4.1 and 3.4.2 the (-terms in (36) are ignorable as A — 0.
They are bounded by expressions of the form

Cilege 2 + (M + €)e/271P 4 oo (AV/271/Cp)=1/2-1/Cp) 4 (1/2=1/py),
which can be made arbitrarily small by requiring, e.g.,
A = A(e) is small enough such that
(39) A< e ep(N) +eo(N) <€, and
e — 0.

Applying the comparison Lemma 3.2.1 to (26) for all 7, and adding them
to (28) and (36) for all j, we see that

[Exllw, < Ca(e™%ep + A+ e+eg(l + e /2 EN/271/0))) « 1

by the same choice (39). Combining this with Lemma 3.4.1, we arrive at a
contradiction to (22). O

4. Gluing at Deaths III: the gluing map

Sections 4.1 and 4.2 finish the proof of Proposition 2.1 (a): by further analyz-
ing the Kuranishi map associated to the K-model of last section, we obtain
a smooth gluing map, which is a local diffeomorphism. We show that this
gluing map surjects to a neighborhood of the stratum S in Section 4.2.

In Section 4.3, we discuss the minor modification needed to obtain part
(b) of Proposition 2.1, which glues broken orbits at A = 0 to create new
closed orbits for small A > 0.

4.1. Understanding the Kuranishi map. In the previous section, we
constructed the K-model for the family of deformation operators, [K= —
C=]. According to the discussion in Section 1.2.6, this yields a local descrip-
tion of the moduli space as the zero locus of an analytic map. In this sub-
section, we analyze this analytic map in more detail; this analysis enables
us to show that the moduli space is in fact (Zariski) smooth.

Recall that Proposition 3.1.3 shows that we have decompositions:

(40) Wy = PRey, @ W, Ly = PRf; & Bu, (W),
( J

and the (nonorthogonal) projection of L, to the f; direction is given by
Pfj = HjGX’

where II; is the projection to the jth R-component of WX. By Proposition
3.1.3, Py, has uniformly bounded operator norm. However, we need a finer
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estimate for Pfj to understand the Kuranishi map. The next lemma is a
useful tool for this purpose.

4.1.1. Lemma (Projection via integration). Let n € L,, and as usual
denotes
1

1, () == [wi(s)llof (wi(s),n(s))2s  fors € [Yug (0), Yap,, (0)]-
Then the projection Pfj77 18 bounded above and below by expressions of the
form

(41) Cr\/2-1/29) /
Yy, (0)

Ya; (0)

07y, ds — Cox V27|l

for A-independent constants Ci+, Coy.

In our later applications of this lemma, the second term in the above
expression is typically dominated by the first term, and hence ignorable.
Proof. In accordance with decomposition (40), write

k+1

(42) n=Eul+ Y i

j=1
for (e1,...,t641,8) € Wx- Thus

Sj+
/ s Lj
S

Jj—

u, (0) Y (0)
(13) =Gy AT </ s = [ fl(wa@LdS)
Y Y

—1 —
L0 )

—1 —1
o 'Yuj (0) _ ’Yuj (0) _
— C] 1)\ 1 1/(213) </y )Z lﬁLds _/'y ) /¢ I(wagT)L ds | .

iy (0 w1 (0)
The second identity above is due to the fact that §L(fyqjj17 (0)) =0 =
fL(%jjl(O)): writing £(s) = qu)w;{Hw;Hitl(s), we see from the definition
of ¢ that Kﬁl(wagL)L = ¢/. Now integrate by parts, using the fact that

since £(s) # 0Vs, ¢(v,.",(0)) = 0 = ¢(v,.1(0)).
By (31) and (21), we have

Sit
(44) CpA 3% < / T lds < oA

S;—

on the other hand, a computation similar to that leading to 1.(47) yields

! (Butr), |(5) < C(olus 7 (0 + Dl 1llae +A) erlza(s)
< Coll€rll2,4(s),
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where v = u;_1 or u; depending on whether s < [; or > [;. So by the
estimates for [Jw/ ||2,; and Yu, (0) = 75,1, (0), and the uniform boundedness

of éx,
%I;(O) .
/1 14 (wagT)Lds
w;1(0)

< Colloy s, o sy, < Callnlz,

(45)

where ¢! := 1—p~!. Putting (43), (44), (45) together, we arrive at (41). O

Next, applying the recipe of Section 1.2.5 to the K-models given by Propo-
sition 3.1.3, we look for solutions («, ¢o, ..., pr11,§) € Wy @R @ RF+2 of

P <5JXAU/X + E(/\,wx)(% £)

k+1 k+1
(46) 3 Bt + i (aﬁzm» o

=0

k+1
Pfj <8JX)\U)X + E (Awy) < Z (Pzeu,>
k+1
(47) +TAL()\7wX) (0476 + Z goieui>> =0,

c._ 1 _ )
where P¢:=1—3%", Pfj‘
4.1.2. Lemma (Solving the infinite-dimensional equation). Given

@ = (o, 0, -, Prs1) € RERM2 with |42 := |A3/2a)? + Z i < 1,
(46) has a unique solution £(p), with

(48)  [IE(@)]lw, < CLAVETHED 4 CoAlZH B g 4 CuAT T P2,
Furthermore, the solution £(¢') corresponding to another @' = (o, ¢j, .. .,
©h.1) satisfies

(49) 16(2) = E(@N)Iw, < CaX2HEPp — ).

The significance of the factor |A\|>/3 associated to « in the definition of ||
will become clear in (70).

Proof. To apply the usual contraction mapping argument (Lemma 1.2.1) to
(46), we need to estimate the “error” F and the nonlinear term N, and to
show that the linearization has a uniformly bounded right inverse.
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In this context, the error F consists of

k+1 k+1
PCaJX,\wX + P° Z (piEerui + O‘PCYv()\,wX) + Pcﬁ()\,wx) <a7 Z (Pieui> )
i=0 i=0

which we estimate term by term below. We shall drop all P¢ from the
terms, since by Proposition 3.1.3, it has uniformly bounded operator norm,
and thus only affect the estimate by a A-independent factor.

For the first term, note that ||0yx,wy||z, is readily estimated by Propo-
sition 2.4.1.

For the second term, we claim:

(50) 1B s, ()|, < CAVZTH/ER),
We shall again suppress the subscript ¢ below. Note that

(51) wa%juv = ('Ylu - 1)“77(’Yu) + Z(u)uv(’}’u)a

where Z arises from the difference between X, and X, and hence we have
|Z(u)||oc < CA. Thus, by 1.5.3.1 (2¢) and routine estimates, the L,-norm
of the second term above is also bounded by C’\.

For the first term, note that the length of [y, 1(—70), v, 1 (70)] is bounded
independently of A; therefore, the L,-norm of it in this region is bounded
by CA. On the other hand, the length of the intervals where |vy,| > 7 is
bounded by C’A\~1/2. When s is in these intervals, by the computations in
case (2) in proof of Lemma 2.4.2, ||oy (v, — 1)ty () loo < C3A/2. Together
with the length estimate above, we see that the L,-norm in this region is
bounded by C”\/2=1/(P), Equation (50) is verified.

For the third term, recall the following estimate obtained in the proof of
Lemma 2.5.1:

(52) laYin w2, < Cll(@,0)lly, < CAVZHEP|g).

For the last term in the error, we have

k+1
172Xy (a, Z @ieui) Ly

=0
k+1
<o 3" (s (piew) I, + lagiVe,, Yiruwy Iz, )
=0

+ CéoazHa,\Y(A’wx)HLx + higher order terms

k+1
<Gy > (Agil? + 1A, ) + Chlaf2r =71/
=0

< CuM|gl*.
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For the first inequality above, we used the fact that for different i, j, ey, ey,
have disjoint supports. For the second inequality, we used the invariance of
the flow equation under translation, which implies

(53) n X0 (pi(ui)y) =0 V; € R.

Next, the linear term in (46) is of the form E}¢, where E} is E, per-

turbed by a term coming from 72y ., )(c, Zfiol pity, +&), which has operator
norm bounded by

k+1
C <Z il +A‘1/2al> < Olg).

1=0

Thus, with the assumption that |3] < 1, E} is uniformly right-invertible as
Ey,, is. By contraction mapping theorem and the error estimates above, we
have an £(¢) satisfying (48).

The estimate for the nonlinear term is not very different from that in
Lemma 2.5.2, which we shall omit.

Finally, to estimate & — &', where € := £(); & := £(¢'), notice that it
satisfies

k+1
Ew, (-¢)=-p° (Z(Sﬁz - 90;)waeul') + (a — O/)Y(A,wx)

=0
k+1 k+1

(2 wy) (%5 + Z @ieui> MM wy) ( &+ Z %%)) :
=0

Thus, by Proposition 3.1.3,

k1
1§ = &'llw, <7 (Z |00 = Pilll By euslly + | = /[ Vx Il
=0

k1 k1
+ ﬁ(A,wX)(Oéf%-Z%eui)— N\ wy) ( 3 +Z%9uz>

=0

Ly

for a A-independent constant C’. The first two terms inside the parenthe-
sis may be bounded by Cy\/2-1/(2P)|¢ — /| according to (50) and (52).
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The third term, by direct computation and (53) again, may be bounded by
I€llwy, + 1€ Iwy, + (laf + /DA™

AR - Cal|€ = &l
+ > (il + [@iDllew: w, :

=0
N ki (IIEIIWX + 1€l + (o] + | DA™
(54) 0 + Al + loiD llew;
A2 (IElwy + 1€ Tw, ) + ATV ED (] + o))

+ ktl - Cyla — o
+) (il + 1A lew, llwy
=0

> - Csllew, lw, lvi — @i

< Chell€ — € llw, + CENVZH )| — )|,

where 0 < ¢ < 1, and we have used (48) and the fact that |@| < 1 above.
Now, the first term in the last expression above can be got rid of by a
rearrangement argument, and we arrive at (49). Il

Next, substitute £(¢) back in (47) to solve for ¢. To understand the
behavior of the solutions, we estimate each term in the Kuranishi map in
turn.

4.1.3. Lemma (Terms in the Kuranishi map). Let ¢! == 1 —p

Then:
(a) ‘Pf‘gJXwa| < C'A\Y4 for any j € {1,...,k+1};
J
(b) For anyi€ {0,...,k+1}, j€{1,...,k+ 1},
|Pr Eueu,| < CNVT if j#1i ori+1;
—C' \V/(29) > Pf_(Eerui> > _C_)\l/(Zq);
C'+>\1/(2q) > Pﬁ+1(Eer“i) > C+)\1/(2q)_

(c) Let ¢, ¢, & :=&(p), & :=&(¢) be as in the previous lemma. Then V7,

k+1
ry (o (e S
=0
k+1
—N(\wy) <O/, &+ Z (P;'eui> )
=0

Proof. (a) Apply (41) with = d;x,wy. The integrals in the first terms
vanish because by our definition of pregluing, dyx,w, has no longitudinal

< C Ao — .
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component in this region. On the other hand, [z, < CA\Y/(29) by Propo-
sition 2.4.1.

(b) Let n = Ey, ¢y, in (41). By (50), the second term of (41) (multiple of
/\1/(2‘1)|]77HLX) contributes a multiple of A'/9. If j # 4,4 + 1, the first term of
(41) (multiples of integrals) vanishes, because 7 is supported away from the
interval of integration. These together imply the first line of (b).

For the other cases (u = u; or u;_1), we shall show that

Yuj (0)
+C' < /1] 6_1waeuL <+C (- when u = uj, + when u = u;_1).
Yuj_q (0)
This would imply that the first term of (41) is bounded below and above by
positive multiples of £AY/(29) dominating the second term. The other two
cases of (b) would then follow.
To see this, recall the computation of E,, ¢, from (51), and note that the

longitudinal component of the second term vanishes because of 1.5.3.1 (2¢).
Thus,

Y (0) . Y, (0) L
/y 14 EeruL:/y 14 <7u_1)u"/’Y<7u)L'

w1 (0) w1 (0)
To estimate the integral on the RHS, note that on the interval of integration,
Vujs Vuj_, Are€ negative/positive, respectively. Also,

0 Dty | < C1A when [y | < yo;
CoMval < 107, — 1)ML| < O] when o < || < €/2A71/2;
Chlyul ™t < 1671 (7l = Dugn, | < Calyul ™ when |y| > /20712

Furthermore, when |vy,| > 70, the sign of £=1(y! — l)qu is the sign of
Yu- Thus, the contribution to the first integral from the two regions where
[vu| = 70 is bounded above and below by expressions of the form

1/2)—1/2 00

sign(v,) Cy ( /

Yo

M)y + /

)T dv)'
€l/2)\—1/2

By our estimate for 4/ in Section 2, this is in turn bounded above and below
by sign(7,)C, where C' > 0 is a A-independent constant, and the sign is
— when u = u;; + when u = w;_;. Meanwhile, the contribution from the
region where |y,| < 7o is bounded by C’}; therefore ignorable. In sum, we
have the claimed estimate, and hence the assertion (b).

(c) Let 17 = 7(xu) (e, §+Zfiol cpieui)—ﬁ()\,wx)(a/,§’+Zfiol @ley,) in (41).
The second term in it, by (54) and (49), is bounded by CA/ (2O \1/(0) | /|
On the other hand, by Holder inequality and the same direct computation
that appeared in the end of the proof of last lemma, the first term of (41)
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can be bounded in absolute value by writing I; = (’y;]{ L(0), 7@1(0))

oA/ (2 (Z |05 — wé\(k(\%! + !wé\)/}_ﬁ_l\\(uz‘)v!@,tds

J

+(al+1a') [ 0w, ds)

+ (lI€llw, + ||§’||WX)(||§ _ £/||WX>\_1/2+1/p

3l = 2wy iy sty + o = ) 172 2agry)

(3

+la—d] ((|oz| + o)) /1 tds + Z(|<Pz’| + l¢il) /] E_I%Ld&)

+ llE = &llws, (- eil + D2 g, sy

7

+ww+WMfWum»>

< O (VD)o — &) 4 (21 + C"AY @) ¢ — €'y, )
< CsA1p - ¢,

In the above we again used (49), the estimate for ¢ in Lemma 3.3.2, and the
estimates for 7, and oy in section 2. Summing up, this gives us assertion (c).
g

4.1.4. Constructing the gluing map. It follows immediately from the
previous lemma that the linearization of the Kuranishi map is surjective,
and hence the moduli space is (Zariski) smooth. More precisely, choose

QX = Spaﬂ{ema SR euk+1} - KX QE = UQX
X

The reductions of the K-models [Ky — CyJwy, [KX — Cylw; by Qy give
respectively the standard K-models for Ey, and E( Awy)

[ker By, — *]QXGBW;(’ [ker Evuwy) = *]QXEBW;C-

Indeed, from Lemma 4.1.3 (b), we see that the (k + 1) x (k + 1)-matrix
E = (Eji),

Eji = X"TYCOP (Byen,), i,5€{L,... . k+1}
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is, up to ignorable terms, of the form

-0 - -0
+ — 0 e 0
+ . .0 (4+/— denote positive/negative numbers of O(1)).
0 . .o
o --- e + —

Thus, it has a uniformly bounded inverse, denoted (Gj;). Restricted to @
(i.e., setting o = g = 0), (47) can be rewritten in the form

(55) 952 \IJ(SBL where 6:: (@17"‘790]64-1)7
and ¥: R¥1 — RF+1 i the map given by

k+1 k+1
(W(@): =~y GyA /CIpy (ajxxwx T (5@ + Zwew» |
=1

j=1
Note from the uniform boundedness of (G;;) and Lemmas 4.1.2, 4.1.3 (a)
that

WO < >NV (1B By + [ (EO))]1, )
J

56 _ -
(56) < CATVROOI 4¢3,

< OOV D) « 1,
On the other hand, Lemmas 4.1.2 and 4.1.3 (c) and the uniform boundedness
of (Gj;) again imply:
1U(3) — U(¢)| < K|@— /| for a positive constant K < CAY (29 « 1.

Thus by the contraction mapping theorem, we have a unique solution of (55)
among all small enough .

To summarize, for sufficiently small Ay > 0, there is a universal positive
constant C,,, such that for all x € Z(S), there is a unique

(Prr&x) € Qy @ Wy with [[&y [y, + [Fy[* < Cu,
which solves (46), (47). In fact, the solution satisfies

[1€x + Z@x,ieuz'HIQ/VX < ”fx”l%vx + CI‘SBX‘Q < CAVA,
(2

because of (56) and (48).
We define the gluing map to be the map from Z(S) to J\A/[% sending
k+1
X — exp (wx,§X + Z@X,ieui)-

=1
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4.2. Surjectivity of the gluing map. With the gluing map constructed
above, the standard arguments outlined in Section 1.2.7 shows that it is
a local diffeomorphism onto J\A/[/}(x,z) N U,, the intersection of the moduli
space with a tubular neighborhood U; of the image of the pregluing map in
B-topology.

As our goal is instead to show that the gluing map is a local diffeomor-
phism onto (the interior of) a neighborhood of S C M%’Wx, z) in the coarser
chain topology, we need to show that the latter neighborhood in fact lies in
U.. This is done via the following variant of decay estimates for flows near y.
4.2.1. w in terms of & and &. Let (), o) € J\A/[ED_)‘O’/\O)J(><,z;wt,w%efP <
R) be in a chain-topology neighborhood of S C J\A/[/}’Jr (x,2z). Namely, |\ < 1,
and there is a broken trajectory x := {ug,u1,...,ux+1} € S, which is close
to w in chain topology. Let x := (X, A) € E(S). We may find a representative
w of w, such that 3

w(s) = exp(i(s), &(s)),
where w, w are chosen such that
e W(s)=yats= 0,... ,ka; h<lh<--< fk“ subdivide R into k+2
open intervals I;, ¢ =0,1,...,k + 1;
o w(s) = u;i(Yy,(s)) over I;, where ¥,, : I;; — R are homeomorphisms
determined by:

sy (el =T Cs) for s € Uifia! 0030 (<0l
Yo (8) =1 for s € R\ U; 7.1, (00), 7' (—70)];
with ¢, ¢ given by w(s) = exp(y, {(s)), w(s) = exp(y, ((s)), and 7o the

large positive constant in Section 2.4.
[ ]

(58) Ya (0) = Fag (0): {(10)(0), 75, €(0)) 2,6 = 0.
Because of elliptic regularity and the fact that (A, w) is close to S in chain
topology, we may assume without loss of generality that

1) loorne + 1€(5)llocne < Vs for A2 < < 1;
Vg (0) =7 (0) > et Vie{l,....k+1},
4.2.2. Estimating §~ Because of the large weights near y, we need the
following more refined pointwise estimate for £ near y.

Lemma. Let (\,w) € M% be close to S in chain topology, and let y be a
death as before. Then X\ > 0. Furthermore, in the notation of Section 4.2.1,
there is a small positive constant eg = 50(70_1, e) independent of w, such that

(59) () 12,26 + 1€' () 12,16 < €0 (I Te, C(5) 13,1, + A])
for all s € U; [3.", (00), %' (—70)]-
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Proof. Let s € Uj[%jjlil(’yo),’?al(—ﬁyo)] throughout this proof. In fact, it
suffices to consider only one j.

To estimate &, it is equivalent to estimate ( — C~ , which we denote by c.
The assumption (57) implies that ¢ € ker AJ-

Write b 1= Ilier 4, C, and let Z: ker A, — ker Al be such that ( =
(14 Z)b. Similar to L (38), 1.(39), the flow equatlon can be rewritten as:

dc A -
60) %= (1 V2 Ay + Thar 4,0, (MC )
dc
(61) —£ = AyC — VbZ()\C;ey)

+ (1 — Ier Ay — VpZer Ay)(ﬁ‘(o,y) ()‘7 5 + C) - ny(g))
Taking the L?—inner product of (61) with ¢ and rearranging like the proof
of Sublemma 1.5.1.7, we get (adopting the notation of 1.5.1)

ez :
SR > pillesllae = exliellze = CoN Iz

dje—|l2,
ds
Subtracting a suitable multiple of the first inequality from the second, one

obtains:

(lle- 2 < =l lle—]l2 + CLAg Al
Taking convolution product with the integral kernel of d/ds + p’_ on both
sides, one gets

o e_x—1 .
el — € [leq |20 < Coge ™ T 000)  ga Ly

and similarly,

< —p-le-ll2p + e

rra—1
< Cyce (uy (=70)=s) | C A

let 2,

Adding the above two inequalities, we get
r(x—1
||CH2t < C5< (5 ’Yu] 1(’70)) + efﬂ ('Yuj (*’YO)*S)) + C//’)/O_l‘)\’

This may be improved to give a similar estimate for ||c||2,1,+ using (61) by the

same elliptic bootstrapping and Sobolev embedding argument as in 1.5.1.7.
On the other hand, write b(s) = b(s)e, as usual, and notice that by taking

Myer 4, of (60), b(s) satisfies:

(62) —V(s) = AChey + Mier 4,7(0.4) (A, C + ).

Integrating this equation, it is easy to see that A < 0 would contradict the
fact that, due to the proximity of w and w,

b(Fo,t (0)) >0, (3o, (—70)) <0, Aot (h0) < A, (—70)-

Thus, A must be positive.
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On the other hand, as A > 0, (62) implies that b(s) decreases monotoni-
cally with s. We now claim that

e*#’(sf"?zfjl,l(v'o)) + e*#’(‘hfjl(*vo)*s) < Co(b(s) + |A)).

Combined with the above estimates for ¢, this would then imply the second
assertion of the lemma.

To prove the claim, note that by symmetry and the decay/growth behav-
ior of the two terms on the LHS, it suffices to show that

1(x—1
bi(s) > Cre 0w (51079 when —1 < b(s) < —|A|V/%;
/ ~—1

bA(s) > Cae 7745100 when 1> b(s) > |AY/2
for s-independent constants C7,Cy. We shall only demonstrate the second
inequality since the first is similar. When b(s) > |A|*/2, (62) together with
the above estimate for ||c||2,1,+ imply that

(b4)/ > —M/Q4 . Cb€4e_4ﬂl(5_5/;j1,1(’70))'

Taking convolution product with the integral kernel of d/ds + p/, we get in
this region

bi(s) > Cge ™ (-1 00) _ o o= (s, (0)

and hence the claim. O

4.2.3. From ¥ to w,. Next, notice that w differs from the pregluing w,
by a reparameterization. We shall estimate the difference between w and
wy by estimating the difference between ’y;il and fy;il.

Similar to 7,, (see Section 2.2.1), 7,, satisfies:

<Uv('~yui)a _(:Y;Z - 1)“7(:71“) + AY(O,vJ;) + Ewé"‘ (A, £)> 0,

2%
where 7 is some nonlinear term in , €. By (57), when J,(s) > |7ol,
vy (Fu) 124 1 {1y (Fuss ) B + 7N, €))at]
< Cs(l€llz1e + 1€ 12:8) /Fui + Cx(IIE]l2,1,6 + ).

Write x4, = Y, in (11) to emphasize the parameter A used in the defi-
nition, and let

Asi(Y) = Yam (V) = Fur (0)-
Comparing the defining equations for vy ., and 7y ,,, and using (59) and the
(uy () B + n(A, €))2,4], we find that for

above estimate for Huw(:yul)HQ_%
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all i € {0,...,k},
|As,i(7+) - As,i(’)/—)‘ <
7 0E) + 0 dy | < Cre 0 < e <

’ S CrlerO+ ™) + (A 7742y dv‘ < Coe if 90 < 74,7 < w35

o0 Cs(eyMy” D+t~ )2y dy
ftq‘, (T+x1y2)2 < C¥45

(63)

if v, - 2>

Similar estimates hold for negative v;,vy- when i € {1,...,k + 1}. For
i = 0 and any two negative v4, v—, or for i = k + 1 and any two positive
Y+, 7—, the estimate in the first case above holds.

Combining this with the initial conditions from (58):

As0(0) =0;  Agim1(00) = Ayi(—00) Vi€ {1,...,k+1},
we have
|Agi(v)| < Ce Vv,i for a Ad-independent constant C' > 0.
Applying the mean value theorem and the estimate for w;( in (20), and
recalling the assumption (58), we see that W = exp(wy, &) for an &, with:
((u0)4, (0), (%0) £x(0))z t=0'
6 elas <C'O+en?) onIin Uil 0. ] (ol v

4.2.4. From pointwise estimates to WX estimates. Recall that our goal

is to show that given (\,w) € J\A/EIIE in a chain-topology neighborhood of S,
as prescribed in Section 4.2.1, we may write

(65) \w) = e()\/,wxz; ay, &)
for some X' = (x,\') € E(S), x := {70, - - ., Ukg1}, with (o, &) satisfying
(66) W e, &), = Ces (2) (ay, &) € By,

where C'is a A-independent constant, and B,/ is the B-space chosen so that
[ker B,y = *]Bx’ forms a K-model for Ex . )-

Lemma. Suppose the (ay, &) given in (65) satisfies
|| < C'NY%;

67 ey llons < CLO+2722) onmU  (70) 7 (—0)] Vi

for A-independent constants C',CL. Then (66.1) holds.
3
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Proof. First, notice that the assumption on a,, implies [(ay/,0)[; , <
X

C1A\/2-1/@P)¢. On the other hand, the assumption that (), ) is close to x’
in chain topology implies that over ©°:= ©\ |, [7;]_1_1(70), 7;]_1(—70)] x St

HgX’HWX/(@C) < CQH&X’HL’I’(@C) < (Cs¢ for A-independent constants Co, Cs.

Thus, it remains to estimate ||£,/|| n g1y We shall focus
X

[y (v0) v (=70)]
on estimates on the region [y,'(70),7,, (00)) x S for an i € {0,...,k},
since estimates on the rest are similar.

By the definition of ,,, on this region the flow equation has the form:

(68)  (Dux,y W) + By ) (s E0) + Ry (s ) = 0.

(T, here means the transverse component with respect to w;(/, in contrast
to Ty below).
Subdivide the region again into [y, (t;), 7, (00)) x S* and the rest.
Over the first region, namely when 7,, > t;, in place of § and its

W,.-norm, it is equivalent to estimate

X
o =T, 5év € I'(y*K) in the norm
ol = (A) T2 1€ollp + (V) I (Eo) 2, N

where (§0)r,(s) = (ey, &o(s))2,tey is the “longitudinal direction with respect
to y.” Notice that e, differs from the original longitudinal direction
T, X,(Smw;(,(s)||w;<,(s)||2jt1 by an ignorable factor of C(N/e)'/2. Let the

w.
transversal direction T}, and the Lél—norm be similarly defined.
Rewriting the flow equation in terms of the above transverse and longi-
tudinal directions, we have:

EQ(gOTy) = Ty (wa’@}/()\:wx/))Ty + ZTy + TTy
- (TU)X/ ,gjﬁ()\’,wxx) (O[X/, gx/))Ty )
Eﬂ(&)Ly) =~y (TwX»QY()\vwx’))Ly + ZLy + TLy

- (wa’ ,yﬁ()\’,wxf ) (ax/ ) éx’ ) ) Ly>

(69)

where

e Zr,, 72, come from the difference between Ej and wa,. Thus, their
Lit—norms are bounded by C’Hﬁxr_Hoo,l,t'y;il;

e T, T are terms coming from (9 wax’)Tw- The computation in the
proof of Lemma 2.4.2 shows that ||Yr,[[2,1,; is bounded by Cl)\"y;il,
while | Yz, [|2,1,+ is bounded by Cg)\’q/;f.
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Now, the length estimate for [y, '(t;),7, (c00)) x S* (cf. (21)) and the
assumption (67) yield

(X)~12 (HﬁoHLp([»y;;(ri),»y;il(oo))xsl) + HgoHLP(['y;il(ri),'y[il(oo))><Sl)>
< Cl()\/)l/2—l/(2p) < €.

In addition, the second line of (69) and the above estimates for terms therein,
combined with (67) and the length estimate for this region yield

(A,)ilugéLyHLP([’YJ;(Y'L),'Y;;(OO))XSI) < O, (WYY@ « o
In sum, we have
1w (i e i eonesy = Crll€ollwy iz e i o sy <
To estimate on the second region, namely on [y, ! (70), 7., (t:)] x S*, let B (s)
be a smooth cutoft function with:
e support on ['yu_il () —1,(1+ e)v@l(ti)] =: @,@{H
e value 1 over [v,!(70), 7, (t:)], and
o [(BF)1 < C'AV2on [y (), (1 + )y, (v4)-
Notice that (v;1)*(8;¢) € W, and since Ey,|w; an isomorphism, we
have from Lemma 3.2.1 and (68) that
185 & lwy < 1B, (B &),
< e |18 Yonwo) oy + 18 (0rx, w7l
1B Ay (s &), + 18l

By assumption (67) and the length estimate v, ! (t;) =7, (70)| < C'(N)71/2,
we may bound each terms on the RHS as follows:

e The first term may be bounded by Cy|N/|1/2-1/(2),
e The second term is already estimated to be small in Proposition 2.4.1.
e The computation in the proof of Lemma 2.5.2 shows that

[CAY U G011
II(Oéx/vO)H%X, + [l )l - 185" € lws
=l s oy el <o, )+ 156w lw,
< O (CL V2PN 1 CN|2YCR) gt 4 XV B €, )
e By the defining properties of ﬂ;r ,
18wl < CIN[H21/ G0,
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Collecting all the above and rearranging, we obtain

ng' HWX’(['Y”:il (»yo),%:il (t;)]x S1) < Ciz’f.

Now that we have the estimates for the W, /-norm over all the various regions,
we conclude fo’HWX/ < (¢, and hence the claim of the lemma. O

4.2.5. Concluding the proof of Proposition 2.1 (a). Recall from Sec-
tion 4.1.1 the K-model for Evw ) [ker E(/\/ ) *]Bx” where B,, was

chosen to be the following subspace of Wx :

By = {(07@«) ((10)1(0). () € (02 = 0},

)
Thus, setting X' = X and X' = x, (ay, &) = (0,&), and & can be
expressed in terms of & (cf. Section 4.2.3) and € (cf. Section 4.2.2). In
particular, by (58) and the first line of (64), (66.2) holds. On the other
hand, combining Lemma 4.2.2 and the second line of (64), we see that the
assumption (67) holds, and therefore Lemma 4.2.4 implies the validity of
(66.1). The arguments in Section 1.2.7 then complete the last step of the
proof of Proposition 2.1 (a). O

4.3. Gluing broken orbits. We now discuss the modification needed for
the proof of Proposition 2.1 (b).

Given a broken orbit {ay, g, ..., 0} connected at y, and an A € (0, Ag),
the pregluing w, associated to x = ({41, s, ..., U}, A) € Z(S) is given by

Wy = w,,

where w, is given by the same formula (11), except that now i € {1,...,k}
only, and instead of taking values in R, s now takes value in R/T)Z, where

TX = [k+1.

With this explained, the material in Sections 2 and 3 transfers directly to
the case of broken orbits, but the discussion in Sections 4.1 and 4.2 above
requires the following modification.

4.3.1. Constructing the gluing map. At a closed orbit (A, (T,w)) €
BA = A x Bo, the deformation operator is D( MTw): Ra®R,® LY (w*K) —
LP(w*K),

Doyt (@, 0,€) = adrbx, + Dir.u)(0,€),
namely, it is a rank-2 stabilization of D,, (cf. Section 3.3.1). (R, R,

above, respectively, parameterize variation in A and in the period T'). In our
context, this operator is a map between the weighted spaces

Wy =Ry ®R,® W, and L.
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Let K, = Span{e,, }*_;, Cy = Span{j; ;?:1. The analog of Proposition 3.1.3
shows that [K, — Cy] forms a K-model for D,, , which induces a K-model
for lA)(,\,(TXMX)) by stabilization.
However, since s is now periodic instead of real, the matrix

A~1/241/(2p) (Pf] Dy, ¢y;) is no longer (approximately) triangular, and hence
not clearly uniformly invertible. Consequently, it is no longer clear that, with
the choice of @, in Section 4.1, reduction by @, gives another K-model for
the deformation operator. Instead, use the following subspace Qo C WX:

Qo =Ry @ * @ Span{e,, ?:—11_
Note that from (52) and the uniform boundedness of Pfj
C,_\/271/Cp) < )‘3/2Pfj8AéXA (wy) < Ca+)\1/2*1/(2p)

for constants Cp4 > 0 independent of A. Supplementing Lemma 4.1.3 (b)
with this additional estimate, we see that the matrix representation of the

operator

)\_1/2+1/(2p)HCXb()\,(TwiX)) |Qo,x

with respect to the bases

{0%2,0,0),0,0,e1), ., (0,0,e5 1) b, {f,- fe

is, modulo ignorable terms, of the form

+ - 0 -+ 0
+ + - 0 0
+ 0 + .o (4+/— denote positive/negative numbers of O(1)),
+ 0 -+ 0 +

which is easily seen to have a uniformly bounded right inverse. Thus, the
rest of Section 4.1 may be repeated with @, replaced by Qo,, to define a
gluing map in this case, which is also a local diffeomorphism.

4.3.2. Surjectivity of the gluing map. As the choice of (), is changed,
the definition of the B-space B,s changes accordingly. In this situation,

By = {(o/,o,fx/) ((ur)(0), (72, ) & (0))2e = o} c Wy

(Note that in the case of broken orbits, i € Z/kZ, thus uy = ux.) The work
in Section 4.2 needs corresponding modification.

Given a (A, (T,w)) € Mg close to the broken orbit {ai,...,ux}, one
may define w and 7, in essentially the same way as Section 4.2.1, and the
estimates in Section 4.2.2 still hold. However, for x = ({41,..., 4%}, ),
the period T, of the pregluing w, differs from those of w or w. Thus,
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instead of comparing with w,, we compare w or @ with w,s, where x’ =

({@1,..., 0k}, N), and X = A+ o/ is chosen so that the period of w,s agrees

with the period of w (which is also the period of w). With this choice of x/,

assumption (58), together with the definition of B,, above, implies (66.2).
Moreover, the length estimates in Section 2.2.1 show that

C AN Y2<, <CNV2

combining with the estimate for the difference in periods of w and w, given
by (63), we have:

(70) '] < ON3/2%e.

For such X' = X\ + o/, the difference ’y;,lui — ’y;il satisfies estimates similar
0 (63). Thus, (67) holds for this choice of x’, which in turn implies (66.1),
via Lemma 4.2.4.

5. Gluing at births

The purpose of this section is to prove Proposition 5.1 below. The proof is
in many ways similar to the proof of Proposition 2.1, but simpler in Step 2,
since here we glue only a single flow line, and the generalized cokernel in
this case is trivial.

5.1. Statement of the gluing theorem. The next proposition verifies
part of (RHFS2c, 3c) for admissible (.J, X )-homotopies.

Proposition. Let (J* X*) be an admissible (J, X)-homotopy connecting
two regular pairs, and X,z be two path components of PM\PMAE. Then a
chain-topology neighborhood of Jp(A,x,z;R) in J\A/[IIXD’I’JF(X,z;vsit,w)’efP <R)
is L. m.b. along Jp(A,x,z;R).

Furthermore, IIx maps these neighborhoods to birth-neighborhoods.

We shall restrict our attention to
€ M (%, [w), (2, [v])) N Tp(A, %, 2 ),

where one of x) and zy is a death-birth, and gr, ((xx, [w)]), (2x, [vA])) =
gr((x, [w]), (z,[v])). The other cases follow either from standard gluing the-
ory or from structure theory of parameterized moduli spaces, since the flow
lines decay exponentially to the critical points in these cases.

Without loss of generality, assume as in Sections 2—4 that A = 0, that
zy = y is in a standard death-birth neighborhood, and that the (J, X)-
homotopy is oriented such that Cz// > 0. Under these assumptions, a birth
neighborhood is (—\g,0) C A, for a small Ag > 0.

Our goal is thus to construct a gluing map from Z(S) to
J\A/[/;’l(x,z;wt,<y>7€? < R), where

S = My (x,y: W (g ey < R); E(S) =S x (=X0,0) for a small Ao > 0.
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We shall again focus on a single @ € S, since in this case S also consists
of finitely many isolated points. Notice that when x¢y = y, @ can be the
constant flow at y, y. The argument required for this case is somewhat
different from the other cases. We discuss this case in Section 5.3, and the
other cases in Section 5.2.

5.2. When u # j. Assume without loss of generality that g # y is nonde-
generate, so that we may concentrate on the region where s > 0.

5.2.1. Pregluing. Let y := (A, @) € Z(S) as above, and let u be a centered
representative. Write
u(s) = exp(y, u(s)) for large s,
and as in 1.5.3.2, let
Ya— = exp(y,mr-) € Pa

be the critical point near y of index ind_(y). Note that (ey,u)2:(s) >
0 is a decreasing function for large s, sending (sg,00) to (C,0) for some
positive numbers sg,C. Since (e,,n\—)2; is a small positive number, it

equals (ey, 1(s))2, for certain large s = 4. From the estimates in Lemma
1.5.3.2 and Proposition 1.5.1.3, we have

CIATY2 < 4y < O V2,

Let R <4, — 1 be a A-independent large positive number such that u(s)
is close to y for s > R, and set Ry = :I:C’0|/\|*1/ 2 for some M-independent
constant Cy > 0. Define uy € I'((—o0,¥y) x S, p3Ty) by
er_,r, (0,u; X, 0) when s < R/2,

(T wls) = {eXp (,(5) + B(s = R)I,, 4, )  when s > R/2,

Lemma. There is a function v,(s) defining a homeomorphism from R to
(—00,%y), such that

{<w;<(s),aJ,XAwX(s)>2,t =0; when s € [y1(0),00);

(72) < .
Ty =1 otherwise.

Proof. Write C%X = h(7y), where

b o {1 ()5 Dy (w)2all(wn)s 53 when s € [151(0), )
v) = ) .
otherwise.

We now examine the behavior of ) 7x,ux(y) near v = 7. Here since uy
is close to yx—, expanding Oyx, about yx_ and writing exp(yr—, ur(7)) =
ux(y), we have

Tunn O1x,un(7) = (1) + Ayy_pix + 1y, (100).
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By definition, i (¥,) = 0; hence h(¥,) = 0. Thus,
B() = ((n)y (1) Ton— Ay Tyl (G = 1))y (1)), 1) ()27

* O<|PVYX B 7|2H(W>'¥<’Y)||2,1,t)

By the estimate for minimal eigenvalue of A,, in 1.5.3.2, this is bounded

above and below by multiples of [\['/2(¥, —~). Integrating like (15), we see
that for large s

1/2 1/2
(73) Cée—célk\ 125 < Hy =y < 056—06|)“ / 5,

while on the other end v, (s) = s + ¢\ for some constant cy. We define 7,
such that 7, (s) = s for s <0. O

Definition. The pregluing w, corresponding to gluing data x = (A, u) is
wy (8) == ux(7x(8))-

5.2.2. The weighted norms. The norms W,, L, here are defined by the
same formulae in Definition 2.3.1, with the weight function o, replaced by

[l (" (0))llz;  when s < 4;1(0),
ox(s) = { [[wl(s)ll2z when 7,1(0) <5 <9, (ty),
[wl (i ()l when s > 7! (xy),
where t, = t,(\,€) = C-(\/e)~/2 < ¥, is chosen such that 1 — h(s) < ¢
where s < v, for a small positive number e.
We shall frequently call on the following useful facts.
(a) In this case, 7, < 1.
(b) T, Ay?])\,HQ,Qﬂg < C|A| by L.(55), Lemma 1.5.3.2, and the decay esti-
mates in Proposition 1.5.1.3.
(c) o < CIA7L.
In particular, Fact (b) often implies that in addition to estimates analo-

gous to those in the proof of Proposition 2.1, the extra terms introduced by
the cutoff function § in the definition of u) is usually ignorable.

5.2.3. Error estimate. Proceeding to Step 1 of the gluing theory, we have
Lemma 5.2.3.

Lemma. HéJXwaHLX < ON/2-1/(2p)

Proof. Consider the two regions (a) v '(—R-) < s < '(R), (b) 7y H(R) <
s < oo separately. The point is to expand 0;x, wy(s) = ﬁi; (D7, ur(15(8)))
differently in the two regions: expand wy about w in region (a) and about
Y in region (b).
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In region (a), modulo terms coming from B(vy, — R)II:, A, M- the esti-
mate of the norm is entirely parallel to that in Proposition 2.4.1. The time
w, spends in this region is

1 H(R) — A HRo) < CINTYE

the L°°-norm of axéjkax can be estimated as in Case 1 of Lemma 2.4.2,
with vg replaced by R.

On the other hand, since o, has a A-independent uniform bound in this
region, and the L-norm of the contribution to dy X, Wy from the extra terms
introduced by SIIL A,M— can be bounded by O, A, M=z < C'|A,

the contribution from these terms to ||y 0 x, wy |, is thus bounded by C|A|.
For region (b), w, spends infinite amount of time here; however

H(Llu)va]x*u/\(ﬁy) - Hé‘/\)W <(57)Ty)\7:u>\Ay>\ (Tysun) ™~ (un)y (7))
 Tyn iy () Ty )™ (1) (7))

where 0y 1= §y —7; 7 <7 < J5. On the other hand, in this region, oy (s) <
C|A|~!. Thus by Lemma 1.5.3.2, on this region ||, x, wy||, is bounded by
Ol N2 < CIAH2-1CP), since 6y < Cre O s by (73). O

5.2.4. Existence and uniform boundedness of the right inverse
Gy: Ly — W, of Ey, . We now proceed to Step 2 of the proof. In this
case, Wy C W is

W, = {{ e W, | (V(O),ﬁ(’y)zl((])»gt = 0 for all v € ker Eu},

and we aim to show that there is a uniformly bounded isomorphism
Gy: Ly — W>/< which is a right inverse of Ey, . Assume the opposite that
there is a sequence {£) € W} }, satisfying

[ExlIwy, =15
(74) | Bwy Xz, = €p(A) =0 when A — 0.

Divide © = R x S into two parts Oy, 0,_, separated by the line s =
Y (ty). Let O = (=007 (ty) + 1) x St D Oy; O = (7 (ry —
1),00) x St D O,_.

On %, we define &, ,, € I'(u*K) by

Tu,u)\g)\,u (’YX(S)) = 5)\(8) :

Let (§x4)r be the projection of £y, to the direction of v’ and let (€x,)r =
Exu— (§xu)r- Let By, be a smooth cutoff function supported on v, (©7,) with
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value 1 on 7, (©,). Arguing as in the proof of Proposition 3.1.3, one obtains:
€W, @.) < Cllénullw, (e (©u))
< CNBuEuérullLuve©,)) + ClBLEN) T Lo (v (02,))
(75) < C'(1426)[|Euy (€) | Ly(or) + C" (e + M) I€0]Iw,
+ CllBr(Exa) T Lo (v (01))
< 20"ep + C" (e + |AV?) + C¢p.

(Note in comparison with (25), the second term in the third line above has

a worse factor of |\|'/2 instead of |A|; this arises from the difference between
u and uy.)
On the other hand, on ©;_ we consider §) , € T'(y}_K) defined by

Tg)\f y Wy g)\7y— = g)‘ :

Let e,, be the unit eigenvector associated with the minimal eigenvalue of
Ay, , which goes to e, as A — 0. By 1.(57), e,,  differs from

Ty s ',/ | [l2,4(s) by O(|A\|'/?) for s € 0. Let

(fA,y—)L = Hey)_ Eny— = (gA,y—)Ley)\,7

and (& y— )7 = & y— — (§0,y—) - The above observation about e, , together
with the fact that in this region o, is bounded above and below by multiples
of |A|~!, implies that to estimate 1€l e, or I€llz,(e,-), it is equivalent
to estimate [|&y—[lw, (o, ) or [§y-Ilz, (o, ), Where

1€y—llw,— = INTY2 1€y llpa + INTHIE-) N

1€y=I1z,— = T2 1€~ lpa + I E-)rllp

We have a refined version of Lemma 3.3.1 in this case.

Lemma (Refining Floer’s lemma). Let &y be as in (74). Then for all
sufficiently small X,

A CP[Ex gl Lo(er ) + I1(Eny=)zllzee(er, ) < co(A)A[YZHH/EP),
where £0(A) is a small positive number, with limy_,oeo(A) = 0.

Proof. The estimate for |y ,—|| Loo(@:/yi) follows easily from the argument

for Lemma 3.3.1. The longitudinal component has a more refined bound
because it has a better bound on the Sobolev norm. Let

O(r) = ATVEE (g ) (AR (T 4 5y) over [1,00),

where sy are constants chosen such that \™1/2(1 + sy) = 7;1(tx —1). Then
by (74), [I<xl[ 27 ((1,00)) 18 bounded (note the rescaling contributes a factor of
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(A)71/(P) to the LF-norm). Thus (again after possibly taking a subsequence)
¢\ converges in Cp to &y, and sy — sg. o satisfies an equation of the form
dgo = —v'r
(76) o + xS =0, where x ~C1+ Coe™"7.

T

(The assumption of being in a standard d-b neighborhood is used to simplify
the differential equation above. Notice also that (£))r does not appear in
this equation, because by the L{® estimate for &y, its contribution vanishes
as A — 0.) Thus, [|S]lcc < [S0(1)]. Meanwhile, (1) = 0 since by the
argument for (35), [[(63)L (v (ty — 1)) lloo,t < CA\/241/@2p)g, | O

Let 8, be a cutoff function on R which vanishes in (—oo,t, — 1] and is
1 on [ty,00). We may estimate the longitudinal component as:

ATl zo, ) + N2 1E )2 oo, )
< By (By- () (Eny-)1) (e, )
< CI 1By~ (1) (Byy_ (éxy-)2)zll ooy )
+ ' AHBy= )y () Eny- )l ige
(77) < C1|By- o VXwagAHLX(G)gk)
+ Col A28y (y)e N D 6 ) ey
+ A H(ﬁy—)W('YX)'Y;((gA,yf)LHLP(@;_)

_ —1/2(g_~21
+ Cs|By- (v e @D (& e
< Ciz’:‘E + Céé‘o.

The first inequality above follows from the eigenvalue estimate for A,, in
1.5.3.2. The second term in the penultimate expression above comes from
the difference between E,, and (a conjugate of) E,, , while the last term

arises from (Ty;l_,wXwaTﬂxf,wx (&xy—)1)r- (Note that this term would have

an extra factor of |A|71/2 if 1.5.3.1 (1c) is not assumed.) We have also used
Lemma 5.2.4 and the estimates that in this region,

[(By-)17] < CINY2 exp(—CoIA[ (s = 7y (1)) and that
la G () a2 < CIAM2 exp(=Co AY2(s = 75 (1),

which in turn follows from the computation in the proof of Lemma 5.2.1.
Similarly, the transversal direction can be estimated by:

‘)“71/2(”(&/\,y*)él‘HLP(G)y_) + 1(€xy—)rllro,-))
(78) < ClIBy- () Ewyxllryer ) + C/IA[M27H @)y (N)
< C”€E + Cl’)\’l/Q*l/(Qp)EO.
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Combining (77), (78), and (75), we obtain [|§]|w, <1 for all large enough
A, and hence the desired contradiction.

5.2.5. Surjectivity of the gluing map. Estimates for the nonlinear terms
required for Step 3 in this case are not very different from those discussed in
Section 2.5, and hence will be omitted. The argument in Section 1.2.1 then
defines a gluing map, which is a local diffeomorphism onto a B-topology
neighborhood of the image of pregluing map. Again, we need to show that
the latter neighborhood contains a chain-topology neighborhood of S.

To adapt the proof in Section 4.2, given (A, w) € MLA(X, ya_) close tou €
S in the chain-topology neighborhood, we may again choose a representative
w and W as in Section 4.2.1, satisfying conditions similar to (57) and (58).

o W(s) = ux(Yy(s)), where ,: R — (—00,%y) is a homeomorphism
determined by
(79) Ie,Cn(s) = e, ((s) Vs € 3 (R + 1), 00),

and ¢, C are defined by w(s) = exp(y,((s)), @(s) = exp(y,(r(s)) as
in Section 4.2.1.

© 7 H0) =31 (0); (uy(0),75£(0))2 = 0.
Equation (59) is in this case replaced by the following lemma.

Lemma. Vs € [j;' (R + 1), 00),

IE(s) 22,6 + N1€"(5) 12,1,

< C(Al + [Te, (Ga(s) = G (00)) 113 ) ITLe, (C(5) = Ca(00)) 12,
Proof. Write u(3,(s)) = exp(y, {(s)), and let b(s) := Heyf(s), c(s) :=((s)—
5(5) Note that Heyf = Hey(}\, and on this region ¢y — ¢ = n\_ Vs. The

functions b(s), c(s) still satisfy (62), (61). However, we want to estimate
instead

(80)

ca(s) = ((s) = Ca(s) = e(s) — iy 4, M-
From the definitions, estimates for ¢; would imply similar estimates for £
Let by(s) := (ey, (x(s) — Cr(00))2,45 ba(s) = by(s)ey. Noting that

— ATy 4,77
= (1= Tier 4, = Voo ZThker 4,) (20,0 (A, C(00) + (50)) = my ()
~ V(o) Z(ACyey),
we see that (61) may be rewritten in terms of ¢4 as:
—y = Ayea = V4,2 (AChey + T 4, (0, (0 Gr(00)) =y (((0))))
(81) R(0,9) (s Ot ca) — ”y(g) )

(1= s 4, = V2Tl ,) ( ~ iy (A a(00)) + my(((o0))
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By the nature of u, uy, and (g4, this leads to the familiar estimates:

lcarlla > villear ll2e — e llcallz,e — Cy | Abgl;
(82) |ca— 2.t +€—||call2, + C—[Abg|.

/2,t < —v_|leg-
Subtracting the two inequalities, we get
(leatll2e = llea—ll2e)" = v'(llearllze = llea—l2.4) — C”|Abyl-

Taking convolution product with the integral kernel of d/ds — v/, we find
that for s > sg

2,4(5) — llca—ll2,t(s)

> (lleatll2e(s0) = lleazll2,(s0))e” 570) — C// |Aby(s)]e” “72) ds,
50

”Cd+

and since by(s) > 0 decreases with s, this implies that for all large enough s,
(83) leasll2.6(s) < llea-ll2.4(s) + C|Aba(s)],

otherwise ||cg+||2,¢(s)—||ca—||2,¢(s) would be growing exponentially as s — oo,
contradicting the fact that by construction, lims_,« ||ca(s)|2,: = 0.
Plugging in this back to (82), we get

(84) llea-lla, < —v-llea—ll2e + CLIAbyl,

where 1/ is a positive numbers close to v_. Taking convolution product
with the integral kernel of d/ds + v/,

(85) lea—(s)

24(s) < Coe ™% + / Albg(s)e” =) ds.
50
We claim that there is a positive constant v” slightly smaller than v/ such
that
(86) by(s) < 2by(s)e”~(5=9/% for 59 < s < s.
Using this in the integrand in (85), we arrive at
lea— () l2,4(s) < Coe™=* + Cg|Albg(s)
< Caba(s)(b(s) + A]).
(In the second step above, we used (86) again to bound
eV = (e < Cgby(s)t for large s.)
Combining with (83), we obtain a similar estimate for ||cq(s)| 2+
(87) lea(s)llze(s) < Cre™=* + C1[Alba(s)
< Clba(s)(b3(s) + |A]).
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We now return to verify the claim (86). To see this, note that projecting
the flow equation to ker A,, we have

by = Tier 4, (710 (0 & + €a) = Aoy (0, Gr(00)) ).
Then the properties of 7 ), ¢ A(00) and u again give the estimate:

(88) by = —€"(by + llcall2,e)

for a small positive constant €”. Subtracting a small multiple of this from
(84) and using (83), we have

(lea—l2,e — €1bg) < —v"(llca— 2.t — €1bg)-

Taking convolution product with the integral kernel of d/ds + ", we have
lca—ll2,e < e1bg + Cre™ %,

Plugging this back in (83) and (88), we get
!
ij > *Z@d —eg9e” "

//S
Now taking convolution product with the integral kernel of d/ds + " /4, we
have for s < s:

11 4 11 1 17
bd(s) > bd(ﬁ)eu (s—s)/4 _ ﬁ(e—?w s/4 e—3u s/4)e—1/ s/4

1 1!
> §Qd(§)ey (s—s)/4

To obtain the second inequality above, first use the first inequality and the
fact that s > s > so > 1 to obtain by(s) > Ce™"*; then use this (with s
replaced by s) to estimate

%(e—3ul’§/4 o e—3l/”s/4) < bdés)eu”s/4‘
Claim verified.

Next, to get estimates for higher derivatives of ¢4 from (87), we need to
elliptic bootstrap using (81) and apply Sobolev embedding as in the proof
of Lemma 1.5.1.7. To obtain the estimates claimed in the lemma, we need
to bound the average of b; in an interval about s in terms of b,(s). This is
obtained using (86) and the fact that b, is decreasing. O

Next we compare w(s) with the pregluing w,(s) to get a pointwise esti-
mate of £(s), as in Section 4.2.3. In this case, the first two formulas of
(63) are still valid (with v; there replaced by t,) by arguments similar to
those in Section 4.2, but the third needs to be modified. In this region
(where v > t,), we need to expand about y, instead of uy as in the proof
of Lemma 5.2.1, keeping in mind that s is of order A'/2 while (uy), is of
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order A\. Recall that ~, satisfies the equation ’y; = h(vy), with h given by
(73). The function 7, satisfies a similar equation:

22 (133 (300, By T n€(5) + (€9 l21.))

)

!/

:YX = h(:)’x) + H(/M)'y(ﬁx)

By (80) and (79), the absolute value of this can be bounded by
N2 (G131, + D A () 12,16
< Col AP (Fy — ) (1 + X2 (i — 7))
Recall also the estimate for h from Section 5.2.1; we then obtain

Y 3/2(x, _ 2% 3
As(7) = Ay(ry)] < Cs / \W (i rx&)v(jj%zm %) |

T
o o Y
< G2 (X3 = )2 + (i — 7))

x

Using this and the facts that in this region
W ll2,2, < O\ e~ CoN 2= () ang

89
i By — Yo (5) < CLIATH 26 CoM 25 ()

we can bound

1€ ll2.2 < €7|)\|e_c‘/3|)‘|1/2(8_7;1(tX))a
where &, is defined by w(s) = exp(wy(s), & (s)) as in Section 4.2. Recall
also that w(s) = exp(wy(s),&y(s)). Combining the above estimate with (80)
and the other two lines of (63), we have

1€x(5)ll2,2.¢
o) [Erem BRTEETEED) it s € [yt (e, 00),
< q es|A if s is between ;' (v, ) and v, '(R),
e(A) otherwise.

So over (—o0,7; (ty)] x St C O, we can estimate [|&|lw, by the same
argument as in Section 4.2. The estimate over ©,_ := [y !(ty), 00) x S is
replaced by the following. By (90),

91) ATl zro, ) + ATl oo,y < ealAIVETHEP < 1.

Next, to estimate £}, it is equivalent to estimate &| ,_, which is obtained by
expanding the flow equation about y,_. Here, we have an equation similar
to (69), with ¢ replaced by yx—, and o = 0. Using the error estimate in this
region in the proof of Lemma 5.2.3, (89), Lemma 1.5.3.2, we find

M2 e lro, A &y Ellzse,-) < ColAI2HEP < 1.
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This together with (91) shows that [|{y[lw, e, ) < 1. Now one may follow
the argument in Section 1.2.7 to complete Step 4 of the proof of the gluing
theorem.

5.3. When u = y. We now assume that 2o = zp = y, and u = ¥, the
constant flow at y.

5.3.1. The pregluing. Let b (s) be the solution of
(92) —(@) = CyA+ Cy(13)?,  with b3(0) =0,

where Cy’CZ/J are as defined in 1.5.3.1. In other words, there are positive
M-independent constants Cy, C’, such that

(93) B(s) = Co| A2 tanh(C'|A|Y/2s).
Let b} (s) := b3(s)ey. Denote by b0F = lim,_, 1o b3 (s) = £Co|A|'/2. Let

On =03+ Be(mag — B3) + B (e — B3,

where 7). are defined by exp(y,m+) = yax, and B_(s) = BN~ + s);
Bi(s) = B! = s).
We define the pregluing w) in this case by

wy = exp(y, ().

5.3.2. The weighted norms. Recall the definition of W, _, L,_ from Sec-
tion 5.2.4. Let Wy, L, and W, L, be similarly defined for elements in
['(73,K) and T'(y*K), respectively, with longitudinal directions given by
ey,, and e.

Via the map Ty ,: I'(§*K) = I'((wy)*K), the norms Wy, L, on I'(7*K)
induce norms on I'((wy)*K'), which we denote by Wy, Ly. The associated
spaces shall be the domain and range for E,, .

By the estimates for n4, it is easy to see that the induced norms on

I'((wy)*K) via Ty, w, from Wy, Lyt are commensurate with W, L.

5.3.3. Error estimates. Divide © into three regions: ©,, 0, and ©. cor-
responding to s < —|\|, |s| < |A|, and s > |)|, respectively. We will expand
5JXA’LU)\ around Yy, Yy, yr—, respectively, in the three regions.

Over Oy, using (92) and the fact of y being in a standard d-b neighbor-
hood, we have

(Tywx) ™ Dax,wa
= EyQ A+ 1y (O0) + (Tyun) 103V (w)
=B (g — 3T + 8L (e = 037) + B Ay (g — 03F)
+ B Ay (- = B7) + Cyley, 208 + 8)2,46 + T, O((IGall2,1, + [A)?),

where 6 := 3y (nay — bY") + B (- — b3).

(94)
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From the estimates for 7y4 in the proof of Lemma 1.5.3.2, one sees that
(95) INTHI0L 2,16 + A2 )187]l20 < CIAY2 s,
and therefore from (94)
10.1x, (wx) | Ly (o) < CIAM271P.

The estimates on ©, and ©,. are similar, so we shall focus on O.. In this
region, writing wy(s) = exp(ya+, r+(s)), we have

(96) (Ty,wx)_ngXAw/\ = Ey>\+iu>\+ + Ny, (#A—i—)-
p1t < O[S = 83(5)llp,1.e- So by (93),

From the definition of pyy, |[uxs(s)
(96),

185, (W) £y 0.y < CIATY2HPe=CAT 50 as A — 0.

5.3.4. Existence and uniform boundedness of right inverse to
Ey,: Wy — L. In this case, let

Wy = {& € Wi[€.(0) = 0}.
Again assume the existence of a sequence {£\ € W} satisfying (74), with
the obvious modification.

Divide © into three regions ©,, ©,+ corresponding, respectively, to the
three possibilities: |s| < [A~Y2, s > |X\|7Y/2. Let 0, D O, be the region
in which [s| < (14 &)|A|7"/?; let ©)+ D Oy+ be the region in which +s >
(1 — )|A\|""/2, where 1 > & > 0. Instead of estimating ||£x]lw,, we shall
estimate

§A7y = Tw>\,y§)\a g)\,yi = Tw)\,y:l:g)\
in W, or Wy4+-norm over ©, and ©,4, respectively. First, observe the fol-
lowing analog of Lemma 5.2.4 over ©, and O+ .

Lemma (Analog of Floer’s lemma). Let ) be as in (74) with W, W} L,
replaced by Wy, Wy, Ly respectively. Then for all sufficiently small X, there
is a small positive number, eo(\), limy_,0e0(A\) = 0, such that

(@) AP [6ny lloe (o) + I (Exg) Ll (oy) < o (WIAIY2HH/EP);
(0) A CPEx gt | oo o) + [ (Engee) 2l o (@1, ) < E0(M)[A[/2HH/CP).

Proof. The Lg®-estimate for £y (and hence &, and & 4+ ) is now routine.
The estimates for the longitudinal components follow the rescaling argument
in the proof of Lemma 5.2.4, with the following modifications.

On ©;,, one may similarly define a sequence ¢y of LP-bounded functions
on [—1,1], which converges to §, which satisfy also an equation of the form
(76), but now x ~ C tanh(C’'7). Because (£\)r(0) =0, $(0) = 0, and thus

¢o = 0. This proves part (a) above.
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On @fyi, we have another version of ¢y and §y (which are now functions
on [1,00), (—o0, —1], respectively), and the argument in the proof of Lemma
5.2.4 again gives a bound on ||$y||cc by |o](£1), which vanishes by the esti-
mate for ||(§A)L||Loo(@;) obtained in part (a). This proves part (b). O

We now return to estimate [[€x ,[|w, (©y) and [[Ex y+llw,. (Oy).

On @fy: let x, be a smooth cutoff function which vanishes outside (-1, 1)
and let 3,(s) := xy(s/|\|71/?). Since (&1,)r(0) = 0, applying Lemma 3.3.3
(c) to the longitudinal component, one may estimate:

1Byéryllwy,@,) < ClIlEG(Byéxy)llLyer)
< C1l| Buyéallnacey) + Coa A2 118y llwior)
+ 18y (Exy) Ll (o)) + CsllByéallLyer)
< Crep + Ca(IAY? + &0).

(97)

In the above, the second term in the penultimate line came from the differ-
ence between E,, and the conjugate of E,, using the fact that ||()[loc,1,t <

C|A\|/2. The last line used Lemma 5.3.4 (a) and the equation for (£, ,)z.

On @;;i one may estimate similarly. Let 8,+ be smooth cutoff functions

supported on ©, with value 1 over ©y+ and |3}.| < C|A|'/2. By the

eigenvalue estimate for A,,, in 1.5.3.2,

18y+éay£llw,s < CllEy, . (By+&nyt )Ly

The RHS can be estimated like (77), (78) using Lemma 5.3.4 (b) below.
Finally, from the estimates for &) , and §) ,+ above, we obtain the desired
contradiction that [|&y|lw, < 1.

5.3.5. Surjectivity of the gluing map. We have the routine estimate for
the nonlinear term to define the gluing map. The main isssue is again to show
that the gluing map surjects to a neighborhood of S in the parameterized
moduli space of broken trajectories.

Let (\,w) € J\A/[ﬁ’l(yhy_) be in a chain-topology neighborhood of 3 €
J\A/E/]i’lﬂr. Choose a representative w of w such that writing

w(s) = exp(y,((s)),  wa(s) = exp(y,{(s)),

the difference 1 := ¢ —( satisfies n7,(0) = 0. Writing w(s) = exp(wx(s), £(s)),
we want to show that ||€|lw, < 1; equivalently, it suffices to estimate 7.

Let € > |A\|'/? be a small positive number. Consider the three regions
OF = (—oo, —€|\[TYx S, ©f = [—¢|A 7L €A x ST, 0F = [¢[A| 7L, 00) x
S1 separately.
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From the flow equation and the definition of wy, we find that ng,nr
satisfy, respectively:

98) 1, +CyCy + ¢ my = O((IN + () )? + 1631 )
(99) () + Ayr(s) = O((IN + 1¢l210)%)

(In the usual notation, n, =: 1, ey; (L =: ¢, ey.)
Equation (99) and the fact that n(co) = n(—o0) = 0 imply:

(100) Inrll22: < CLAl + [I¢Lllo)? Vs

The argument to get this estimate should be by-now familiar to the reader
(cf., e.g., the proof of Lemma 5.2.5): Take L?-inner product of (99) with nr_,
Nr+, respectively, and integrate over s, one obtains

Inrll2 < Co(IA] + sup [[CL]l2:(5))%:

Then apply the usual elliptic bootstrapping and Sobolev embedding to get

estimates on higher derivatives. Finally, observe that on the 1-dimensional

subspace of longitudal direction, the various norms are all commensurate.
On the other hand, (7, satisfies

¢+ G2+ O = O((A + Il + 167l + ICIE.1.00?),

with (7 (00) = 0 = (7(—00) (so when [¢, |(s) reaches maximum, ¢} = 0).
Combining this with (95) and (100), we have

CLloe < CLIMY2.
Plugging this back in (100), we get
(101) In7ll2.2.0 < C1lAl-
Using these L> estimates for nr, (;, and multiplying (98) with n ;» We obtain
_Cl|)\‘2 < |ﬂL|, + Cy@L +£L)|QL| < C|)‘|2

Now since éL, QL are both > 0 when s > 0, and are both < 0 when s < 0,
we see that

|QL|’ < C|\? when s> 0;
7|QL|’ < C|A\?* when s <0.
Integrating using the initial condition that n7,(0) = 0, we see that
(102) 12l oy < Cre AL
Combining this with (101), we get

u < O @ IN/2-1P 0 as A — 0.
1€l o1
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We now turn to estimating £ over @g’ and @g’. We shall only consider
@s since the other works by analogy. On this region, writing wy(s) =
exp(ya—, (r—(s)), we have from the definition of w) that

1Ex—|l2.2.4(s) < C|AP/2eColN2(s=¢'NI™Y 4 termsg involving 6.

We may ignore the terms involving § since by (95), its contribution to the
W-norm is at most of order |A|'/2. On the other hand, by standard esti-
mates w(s) has the same exponential decay behavior in this region, and so
combining the estimate for ¢y_(¢/|\|7!) above and (101), (102), we have on
this region

16 l22,4(5) < Cae[Aem GO =T,
where (_ is defined by exp(ya—,(y—) = w(s). Together with the previous

expression, we obtain a pointwise estimate for £(s) on this region, which,
when combined with (98), (99), yields

6. The handleslide bifurcation

The purpose of this section is to verify the bifurcation behavior at handle-
slides predicted in 1.4.3, namely, Propositions 6.1.1, 6.1.2 below.

6.1. Summary of results. Combined with the previous gluing theorems:
Propositions 2.1, 5.1, the following proposition completes the verification of
(RHFS2c), (RHFS3c) for admissible (J, X )-homotopies.

6.1.1. Proposition. Let (J* X*) be an admissible (J, X)-homotopy con-
necting two regular pairs, and x,z be two path components of fPA\'.PA’deg.
Then:
(a) a chain-topology neighborhood of T pns.s(x,2z;R) in
J\A/E/;’lﬂr(x,z;wt,g,eUJ <R) is L.m.b. along Tppss(x,2;RN);
(b) a chain-topology neighborhood of To ps-s(R) in J\A/[/O\’I’Jr(wt_y,eﬂ, < R) is
l.m.b. along To pss(R).

The proof follows the standard gluing construction outlined in Section 1.2,
and shall be omitted. A description of the relevant K-models will be given
in Section 7.3.2 and 7.3.3. A result analogous to part (a) above is also given
by Proposition 4.2 of [6].

The rest of this section will be devoted to the proof of Proposition 6.1.2.

6.1.2. Proposition. Let (J*, X) be an admissible (J, X)-homotopy, and
u € Mg’o(x,x). Then (NEP) holds for u.

Without loss of generality, we restrict our attention to a J|X-homotopy
without death—birth bifurcations throughout this section.
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6.2. Nonequivariant perturbations on finite-cyclic covers. This
subsection contains the main body of the proof of Proposition 6.1.2. We first
discuss a simpler situation in which the nonequivariant perturbation may be
obtained from a vector field on a finite-cyclic covering of M. In general, we
need to resort to nonlocal perturbations.

6.2.1. A special case: local perturbations from finite-cyclic covers
of M. If a finite-cyclic cover C»™ — C is (a path component of) the pull-
back bundle of a finite-cyclic cover M — M viaes: € — M (cf. 1.3.1.1), then

a nonequivariant function or vector field on M may induce a nonequivariant
function or vector field on C¥*™.

Example. Assume the conditions of Corollary 1.2.2.5 (namely, M is mono-
tone, f is symplectic isotopic to id, and g is the trace of a point under
the symplectic isotopy). We claim that in this case, for any m € Z* not
dividing div([u]), there exists a u-breaking m-cyclic cover of € via the above
pull-back construction. Thus, in this case, Proposition 6.1.2 may be proven
by simply repeating the argument for Proposition 1.6.2.2 for nonequivariant
Hamiltonian perturbations over finite-cyclic covers of M. (In fact, only
Lemma 1.6.2.5 needs to be redone.)
To see the claim, recall that in this case,

9= H(6Z) =mo(M) & Hi(M;Z), and e, =06id

with respect to this decomposition. Notice that ey.([u]) is a nontorsion
element in Hy(M;Z). Otherwise, by the commutative diagram from I.(12),
klu] = b € ker ¢ for some k € Z7.
ma (M)

But then by monotonicity of M,
[x](k[u]) = w(b) — eFbx (k[u]) =0,

contradicting the fact that u has positive energy.

Thus, for any m € Z* not dividing div([u]), one may simply set
v € HY(M;Z) to be a primitive class with va(ef.([u])) = div([u]) and
take CV™ = e’}M vM>y™  RFurthermore, such a finite-cyclic cover is always
$H-adapted, and u-breaking if m does not divide div([u]).

However, this simple construction does not give all the u-breaking finite
covers we need.

6.2.2. The general case: nonlocal perturbations. Let C*™ be a u-
breaking, $-adapted m-cyclic cover of C introduced in 1.4.4.5.
We shall often make use of the following convenient description of C*™™:

e = { (2, [u) | 2 € € p: [0,1] = € p(0) = 70, (1) = 2}/ ~,
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where (z1, [p1]) ~ (22, [u2]) iff 21 = 22 and v([p1 — p2]) = 0 mod m. Such
an equivalence class shall be denoted by a pair (z, [i]m).

Recall that v € Hom($),Z). The fact that €™ is u-breaking implies that
v is nontorsion. Thus, one may find a class v, € H? (T¢;R) extending v by
linearity, that is, satisfying vs((ig ker v) ® R) = 0, and va(iglu]) = div(u)
where ig: $ — Ho(T; Z) is the inclusion. Let w, be a smooth closed 2-form
on T in the cohomology class vs.

The 2-form w, defines an R-valued function €, on €, by setting

L= [ e
[0,1]x ST

This induces an R/mZ-valued function on €*", which we shall denote by
the same notation.

Definition (A class of nonlocal perturbations). Let x: R/mZ — R be
a smooth function, and let P € H. We define the formal vector field p,p
on C”™ by

(103) PxP (2 [1lm) = Xx(Q (2, [1]m) )V P(2).
For a path (u(s), [1t(s)]m) in €™, let

_p _
I (u, [1]m) = Orxu+ oy p(u, [1]m)-

Similarly, for a smooth function x*: A x R/mZ — R and P € 3", one

may define a path of formal vector fields {p,, p, }aea and the section 552?,\\

on B% or Bg.

For the rest of this section, a “xP-perturbed flow” or simply a “perturbed
flow” will refer to a solution of 8§§(u, [tt]m) = 0. One may define the moduli
spaces of such flows, Mp., n(J, X;x, P), Mo.wm(J, X; x, P), etc., and their
parameterized versions, in the usual manner (cf. 1.2.1.2, 1.4.3.1). Notice
that if one chooses P € VF(J, X) and P* € V;;A;k’”(JA,XA), then

P(X;x, P) = P(X); PAXANA PY = (XY,
and in both equalities, the former is nondegenerate iff the latter is. We shall
show in the next subsection that in this case, when y, x* are sufficiently
small, and if (J,X) is regular and (J*, X*) admissible, then the moduli
spaces of yP-perturbed flows and their parameterized versions satisfy all

the usually expected regularity and compactness properties, as described by
(FS2), (FS3) and (RHFS2*), (RHFS3*).

Proof of Proposition 6.1.2. Let ® € Rt and €™ be fixed as in the statement
of (NEP). Without loss of generality, assume ITpu = 0.

The admissible (J, X )-homotopy (J*, X*) induces a homotopy of formal
flows on C*", which satisfies all the properties listed in 1.6.2.3 for admissi-
bility, except for Property (8) (injectivity of 1Ty 9521}\3,0): at A = 0, there are
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m distinct elements in M%(J A, X2), which are precisely the m different lifts
of u.
We write this induced homotopy of vector fields as {V*"™(Jy, X))} rea-
To achieve Property (8), we shall consider homotopy of vector fields on
C»"™ of the form

{VT(Tx, X xon Pa) baea := {V7™ (I, X)) + Oy, Py FAeAs
where
(104) PN e VNER (A XM,

In fact, since M%’O(J AXxA, Wt_(y) e < J) consists of finitely many points,
each projecting under ITp to distinct values, we may assume that

(105) Py, =0 for AeA\S,
where S is a small interval about ITj(u) = 0, so that
SN (Adb U HA(MI;7O(JA,XA;W‘C,<9>7€? < §R)\{u}) = 0.

Such perturbed homotopy of formal flows might no longer be co-directional;
however, Properties (1)—(6) of 1.6.2.3 are preserved. Moreover, we shall see
in the next subsection that as long as x is sufficiently small in Ce-norm, the
parameterized moduli spaces remain R-regular (i.e., R-truncated version of
1.6.2.3 (7) holds).

We now describe an explicit choice of x*, P* among all those satisfying
both (104), (105), so that 1.6.2.3 (8) may be achieved. For this purpose, the
argument in the proof of Lemma 1.6.2.5 is revised as follows.

Replace u,, there by u, let B be a small neighborhood in Q1NQy C Rx S™.
Let Py € V¥(Jo, Xo) be supported in a small neighborhood B C T, such
that «~ (%) C B, similar to the definition of H, in 1.6.2.5. Let P be an
extension of Py satisfying (104) and (105), which is in turn the analog of
H" in 1.6.2.5.

Let w1, ..., U, be the m distinct lifts of u in C*™. With the above choice
of Py, the perturbation p,,p,(%;(s)) is nontrivial only when s is in the small
interval

Ip := pry (B)a
where pr; : R x S* — R denotes the projection. By construction, the values
of Q, at different lifts of a point in € differ by multiples of m. Thus if Ip
is sufficiently small, the image €, (@;(/p)) forms disjoint intervals in R for
different ;. We denote the interval corresponding to @; by J; and choose xq
such that
Xo(p) =C; when ¢ €3;, i =1,2,...,m,

where C; are distinct constants and yg is very small in Ce-norm. With this
choice,

©xoPo (Ui(s)) = C;V Po(ui(s)),
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and the analog of I1.(71) now reads
Eﬁi§ + OziYﬂi + szpo(ﬂl) = 0,

this, together with the contraction mapping theorem, shows that w; per-
turbs into a ¥;, so that IIp9; — IIpyu are, up to higher order correction
terms, proportional to C;. Hence the perturbed flows have distinct values
under IIy.

As remarked before, the regularity of R-truncated moduli spaces is unaf-
fected by this perturbation, and thus {V*"™(Jy, Xx;xa, Pr)}ren satisfies
all the R-truncated versions of 1.6.2.3 (1)-(8). In particular, it has all
the R-truncated versions of the properties (RHFS*), except for (RHFS2c),
(RHFS3c), and (RHFS4).

To see that the remaining properties also hold, we need to verify that
the gluing theorems proven in previous sections still hold. (The arguments
for (RHFS4) to appear in Section 7 below depend on the perturbation only
through the existence of Fredholm theory, and the linear gluing theorem in
Section 1.2.4.)

By construction, SN Agp, = (). Thus, no gluing for births or deaths (as in
Sections 2-5) is necessary.

The proofs of standard gluing theorems such as Proposition 6.1.1, Lemma
1.2.4 do require updates. However, because of our choice of PA, ©x» Py
vanishes near the critical point x). Thus, we have the usual exponential
decay of flows to critical points and the same error estimates. Only two
facts need to be verified for the standard arguments sketched in Section 1.2
to go through:

(1) Fredholm theory and surjectivity of the perturbed version of deforma-
tion operators E%)L\,XMXA,PA’ EgMXMX/\yP)\
flows to be glued;

(2) the usual quadratic bound on the nonlinear term Ny, , namely, (3).

, Where 4, ¥ are the perturbed

We shall verify these in the next subsection.
O

6.3. R-truncated moduli spaces of perturbed flows. The structure
theory of the moduli spaces of such perturbed flows is not covered in the
literature or in the discussion of Part I. We need to start from scratch and
check the foundation of this more general theory. The major components of
the expected structure theory are examined in turn below.

We have already mentioned the following basic fact:

6.3.1. Fact (Exponential decay). A perturbed flow decays exponentially
to a nondegenerate critical point.

This is due to our choice that P} & V:;A;k’“(JA,XA), in particular, Py
vanishes up to kth order at the critical points. In fact, this also shows
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that a perturbed flow decays polynomially to a good minimally degenerate
critical point as described in Section I.5. However, we do not need this fact.

6.3.2. Fredholm theory. Consider the linearization of 9% P(u, [1t]m). We

denote it by E{ )[(/j‘ ) O D&”[ij" ) depending on whether (u, [u],,) is an con-

necting flow line or an orbit. In addition to the well-understood E(’ [M]m)(é )

or D&”[(#] )(f ), it has the following extra terms due to g, p:

X(Q (u, [1]im)) VeV P(u)

(106) (0w [l) /Sl w, (&, Oyu) dt V P(u).

Observing that the first term is a 0-th-order multiplicative operator, and
the second term is a mixture which is infinitely smoothing in ¢ and 0-th-
order in s, this implies that D{ ?Bjd; is still Fredholm. To see that EE] )[ij‘ )
is Fredholm, we use in addition Fact 6.3.1 above, and the usual excision
argument for Fredholmness in this situation.

The deformation operators for parameterized moduli spaces are finite-
rank stabilizations of the above operators, and their Fredholmness is thus

evident from the above discussion.

6.3.3. Estimating the nonlinear term. The contribution of the pertur-
bation to the nonlinear term N ({j[;]’j(g) is

X (u, [14]m)) VeVeV P (u)

+2((2 (1 [iln) [ w(600) &t Ve P(w)

X ) ([

Sl

X (@) [ w606 @ VP,

2
wy (€, Oyu) dt) VP (u)

It is straightforward to check that each term above may be bound by
Clieleollelly < ClEl-

We omit the straightforward estimate for the parameterized version.

6.3.4. Compactness. Let us go over the main ingredients in the usual
proof one by one.

o FElliptic regularity. By the above estimate on the nonlinear term, and
the form of (106), the elliptic bootstrapping argument still hold, pro-
vided a C? bound can be established. The latter relies on the Gromov
compactness.
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o Gromov compactness. Going through the rescaling argument, we note
that the extra term @, p disappears in the limit, and therefore again
(local) compactness is lost only through bubbling off honest holomor-
phic spheres. This possibility is eliminated via transversality as in
Section 3 of Part I.

e Energy bound. With this definition of nonlocal perturbations, there
might not be a good action functional for the perturbed flows.! How-
ever, we still have the requisite energy bound for perturbed flows with
weight < R. Let (u, [1]m) be such a xP-perturbed flow. Then

E(u, [u]m) = [|9sull3

= awt g ey s ) + [ (Dot (2 ) VP @), (5) .
On the other hand,

(107)

Lemma. Let (u,[p]m) be a xP-perturbed flow (either a connecting
flow line or an orbit). Then there is a constant C independent of s or
(u, [4]m), such that

IVP(u)ll2,:(s) < Clldsull2(s) Vs.

Proof. This follows from the L{°-boundedness of P, the fact that P
vanishes to up order k > 2 at the critical points, and the following.

Palais—Smale condition. There exists an g’ > 0 such that for any
(2, [1]m) € €™ with [|J(2)0ez + 0x (2) + pxp (2, [1lm) |2 < €', there is
a critical point zy such that z = exp(z0,§) for a small &, and

17(2)84z + 0x (2) + pxp (2, [1m)ll2¢ >
Cill€ll2+  when zo is nondegenerate
C’ngH%’t when zy is minimally degenerate
in a standard d-b neighborhood.
This in turn follows from the Ascoli-Arzela argument as in the unper-

turbed case, since by our condition on P, p,p can be ignored near
critical points. O

Thus, if [|x||c. < e, the absolute value of the last term in (107) can be
bounded by Ce||dsul|3, and by rearranging,

E(uy [ulm) < (1 — Cs)_la W‘c_<y>,eg>(u7 []m) < (1 — C’e)_la%.

e Global compactness (for J\A/[p,J\A/[[IE). As in the unperturbed case, to go
from local compactness to global compactness, we just need in addition
Fact 6.3.1.

"We may easily modify the definition of oy p so that there is; however we would run
into difficulty with Gromov compactness.
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6.3.5. Transversality. The transversality arguments in Part I uses a
unique continuation theorem extensively. However, Aronszajn’s theorem or
the Carleman similarity principle used in [7] is no longer applicable as the
nonlocal term is introduced. While it might be possible to prove a unique
continuation result in this situation, we choose not to develop a general
theory here. Instead, for the purpose of proving Proposition 6.1.2, we only
need the following.

Claim. Let (J,X) be regular, x be sufficiently small (in Ce norm), P €
V(sk(J,X) andi < 2. Then for M = Mp or Mo, M;m(J,X;X, Piwt_ ) e <
R) is (Zariski) smooth. Similarly for the parameterized versions.

Take Mp, for example; the arguments for Mo or the parameterized ver-
sions are similar. Due to Lemma 1.2.4, for regular (J, X) and u in a neigh-
borhood of a lower-dimensional strata of J\A/[i.fl’Jr(J,X;wt,(:p%e? < R), the
deformation operator E, has a uniformly bounded right inverse. Combin-
ing this with the compactness of M?1’+(J,X;Wt,<g>>76? < R), there is a
small number § > 0 such that any element in {D|® — E/X|| < §,v €
J\A/E?I(J, X Wty ep < R)} is surjective. In particular, there is a &' = §’(9),
such that for any element w in

{xD(0,) [ €lloo < &', v € N (J, X5 wt_ip) 0 W),

JX;xP
(w,[pw]m)
0’. Thus, the claim follows from the following.

is surjective for any lift (w, [fty]m) of w in €™, Vx with || x|lc. <

Lemma. Fiz P, i, and R as above. Then tfzej"e is an ' > 0 such that for all
X with HX”Ce < 6/7 any element (u? [M]) € Mz_l (JaX;Xv Pﬂ Wt—(ﬂ’),eg; < §R)

P;vym

is close to J\A/[Z;I(J, X, wt_(p) e < R) in the sense that
(*)  u=-exp(v,8), [|€lloc,1 <& for somev € J\A/[j;l(J, X, wh_(3) e < R).

Proof. Suppose the contrary. Then there exists a sequence {x,} such that
lim,, o [ Xnllc. = 0, and a sequence

{(Uru [#n]m)}n C Ml]g,m(*]a X;x, P; Wt—(?),e? < §R)
such that none of them satisfies (*). By Gromov compactness theorem,
such a sequence {(un, [ftn]m)} must weakly converge to an element v in
J\A/[’I%(J, X5 wh_(3) e < R) together with some bubbles. Since by the regular-
ity of (J, X), there is no such bubble, (uy, [ttn]m) are close to v, contradicting
our assumption. O

This also shows that when x is sufficiently small and (J, X) regular, these
xP-perturbed flows avoid pseudo-holomorphic spheres, as in the case before
perturbation.
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7. Orientation and signs

In this section, we tie up the last loose end of this article by addressing
all orientation issues so far ignored: we verify (FS4) for the Floer theory
described in Section 1.3 and show that an admissible (.J, X)-homotopy sat-
isfies (RHFS4).

In Section 7.2, we show that the various moduli spaces Mp(z,y), Mlo and
their parameterized variants are orientable; furthermore, we introduce the
notions of coherent orientations for Mp, M/IE and grading-compatible orien-

tations for M} ,Mg’2 and show that these moduli spaces may be endowed
with such orientations. This completes the verification that the formal flow
associated to a regular pair (J, X) forms a Floer system. The coherence
of orientation is determined by linearized versions of the gluing theorems
proven in the previous sections; this is, in fact, why we have postponed
this discussion. Compared with the full gluing theory, major simplifications
for these linearized versions arise from the fact that we may substitute the
complicated polynomially weighted Sobolev spaces used in Sections 2-5 by
larger, exponentially weighted versions, due to the removal of constraints
from nonlinear aspects of general gluing theory. Furthermore, deforma-
tion operators between these exponentially weighted spaces are conjugate
to deformation operators between the usual Lg spaces with perturbation by
asympotically constant 0-th-order terms, making it possible to work only
with the ordinary Sobolev norms throughout this section.

In Section 7.3, we verify the signs in the expressions for Tpgp, ..., To hs-s
given in (RHFS4) (cf. Section 1.4.3.7). This is obtained by examining the
orientations of the K-models used in the proofs of the gluing theorems in
previous sections. With this done, the verification that admissible (J, X)-
homotopies satisfy the assumptions of Proposition 1.4.6.3 is complete, which
in turn implies the general invariance theorem, Theorem 1.4.1.1.

7.1. Basic notions and conventions. We first review some basic mate-
rials to fix terminology and conventions.

7.1.1. Orientation for direct sums and exact sequences. Given a
direct sum of an ordered k-tuple of oriented vector spaces, £ = E1®- - - D E},
we orient it by ey A --- A e € det E, where e; € det E; orients F;.
An exact sequence of finite-dimensional vector spaces
0B SR A3 "5 B, %F, -0
determines an isomorphism ), det Ej, ~ ), det F},, by writing
Ey=BE®j,Bf |, F.=i.BF o Bf
for appropriate oriented subspaces BE ,B]f , over which ¢y, ji restrict to
isomorphisms.
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7.1.2. Orientation for determinant lines and K-models. Given a
Fredholm operator ®: E — F, the determinant line

det ® := det ker © ® det(coker D)*.

It is well known that for a continuous family (in operator norm) of Fredholm
operators, the determinant lines above form a real line bundle over the
parameter space, namely the determinant line bundle. We use ot(®) to
denote the space of possible orientations for det ® when it is orientable,
and similarly, ot(®%) denotes the space of possible trivializations of the
determinant line bundle for the family ®* when it is orientable. These are
affine spaces under Z/2Z. If ©,,,®, are elements of the family of operators
DA we say that 01 € or(D),) and 0g € or(D),) are correlated via D! if they
are restrictions of the same trivialization © € ot(®"). They are said to be
of relative sign p € {£1} (with respect to D), denoted [01/02], if 01 and
pogy are correlated.

It is convenient to describe the orientation of det ® in terms of K-models.
Recall the definition of oriented K-models and the exact sequence (6) from
Section 1.2.3. This exact sequence induces the isomorphism:

det ©® ~ det K ® det C*.

Thus, an orientation of a K-model for ® decides an orientation for det 2.
Given an orientation of det ©, an oriented K-model [K;C] of © is said to
be compatible with this orientation, if the orientation of [K; C] induces the
orientation of det ©.

Two K-models of ® are said to be co-oriented if they give rise to the same
orientation of det ©. Let [Dy,: Ky, — Cx/]p,,» [Pt K, = O], be
fibers of a family K-model for ®*. They are said to be mutually co-oriented
via the family ©% if they are, respectively, compatible with orientations of
det ©,, and det ®,, correlated by DA,

7.1.3. Induced orientation of a stabilization. Let @\yi RF®E - F
be a stabilization of ®: E — F’; recall the definition of stabilized K-models
from Section 1.2.3.

Given an orientation o € ot(®), we define the induced orientation 6 €
ot(Dy) from o as follows. Given an oriented K-model [®: K — C]p compat-
ible with o, let 6 be the orientation given by the stabilization [’}5\1, K — Clg,

where K is oriented as

IA( — (_1>k’ ind © Rk D K.
7.1.4. Reduction of oriented K-models. Let the K-model [K' — (']
be a reduction of another K-model, [K — C], by @ (cf. Section 1.2.3).
Then the orientation of one K-model induces an orientation of the other via
writing

K=K&Q; C=CaldQ)
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as oriented spaces. Note that changing the orientation of ) results in a
co-oriented K-model.

7.1.5. Orientation for glued K-models. Recall the definitions and nota-
tions in Section 1.2.4. Given an ordered k-tuple of finite-dimensional sub-
spaces K1, ..., K in E or F, and sufficiently large R, ..., Ri, we orient the
glued space K1#Rgr, - #r,_,Kir or Ki#Rg, - - #r,_,Kir#r, by its natural
isomorphism with K1 ® Ko ® --- & K.

Let 1, ®2 be an ordered pair of glueable Floer-type operators, and
let ® be a cyclically glueable Floer-type operator. Given 01 € ot(Dq),
09 € O‘C(QQ), 0 € 01?(@), we define 01# Roo € Ut(gl#RQQ), Oyp € O‘C(Q#R)
as follows. Let [K1 — C4], [K2 — C3], [K — C] be oriented K-models
compatible with 01, 09, and o, respectively. Then the induced orientation,
01#fro2 and oxp, are, respectively, the orientation given by the oriented
K-models

(108) [(—1)““““(01)'ind DK #rKo — 01#302}, [Kygr — Cyrl-

The orientations for the generalized kernels and generalized cokernels of
stabilized, reduced, or glued K-models given above are chosen such that
co-oriented K-models give rise to co-oriented stabilized, reduced, or glued
K-models. Thus, we have well-defined homomorphisms of affine spaces under

7]27:

sp: ot(D) = ot(Dy),
gr: ot(D1) X 0t(D2) — 0t(D1#rD2),
sgp: ot(D) = ot(Dyr),

sending o to 0, 01 X 02 to 01#R02, and o0 to o4p, respectively. We call sy
the stabilization isomorphism, and gr, sgp the gluing homomorphisms. As a
consequence of the independence of K-models, the above constructions also
work in the family setting to define induced orientations for the determinant
line bundles of stabilized or glued operators. In addition, the gluing homo-
morphisms above may be extended to be defined for arbitrary k-tuple of
glueable or cyclically glueable Floer-type operators, by observing that any
glued operator or cyclically glued operator can be obtained by a combina-
tion of translation and the two gluing operations discussed above. Morever,
with the above definition, it is straightforward to check that the oriented
K-model for the same glued operator obtained from different combinations
are actually the same.

Remarks. (1) Alternatively, one may define induced orientation for stabi-
lization by the oriented K-model [R¥ & K — C] instead. We have so chosen
our definition because in our context, det Dy gives the orientation of a fiber
bundle, where R¥ corresponds to the tangent space of the base. We prefer
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the “fiber-first” convention for orienting a fiber bundle. With our defini-
tions, the gluing homomorphism commutes with the (rank k) stabilization
isomorphism on ®5, but commutes with stabilization on ©; modulo the sign
(_1)k ind D2

(2) The definitions of the orientation for a stabilization and glued operators
in [4] differ from ours. Their definitions have the following disadvantage.
Given an orientation of a determinant line bundle for a family {D)}xea,
the stabilization isomorphism of [4] gives a possibly discontinuous, nowhere
vanishing section of the determinant line bundle of the stabilized family
{@ A0 aca- Furthermore, the gluing morphisms in [4] commute with stabi-
lization only up to a sign depending on the dimension of R”.

7.2. Orienting moduli spaces. This subsection addresses the orientabil-
ity issues required by (F'S4) and (RHFS4).

By an orientation of a moduli space M = Mp or Mo, we mean the follow-
ing. Notice that the configuration spaces B% (z,y), Blé parameterize families
of deformation operators, {E, |u € B%(z,y)}, {D(Tvu) | (T,u) € BE}. Thus,
they carry determinant line bundles, which we denote by LB’IE(QT, y), LBo.
The moduli space M C B = B'I‘;(w,y) or 3’5 parameterizes a subfamily
of deformation operators, and thus carries a determinant line bundle LM,
which is the pull-back of LB. An orientation of M will mean a trivialization
of LM. In this article, this will always be the pull-back of a trivialization of
LB, and we shall therefore focus on orienting LB for various configuration
spaces B. Similarly, parameterized moduli spaces M” will be oriented by
orienting LB". Since the deformation operators for M* are stabilizations of
those for M, this also orients the fiber moduli spaces My for A € A.

Notice that the above definition does not require nondegeneracy of the
moduli spaces M, and hence we make no such assumptions in this subsection.
Nevertheless, when M is nondegenerate, the determinant line for the relevant
deformation operator det ®, = det T, M at any v € M. In this case, this
definition agrees with the usual definition of the orientation of a manifold.

We do, however, assume nondegeneracy of the spaces of critical points.
Namely, we assume (FS1) for a Floer theory (C, $,ind; Y,,Vy), and assume
(RHFS1*) for a CHFS throughout this subsection.

We now begin with some general discussion on abstract Floer theories in
Sections 7.2.1-7.2.4.

7.2.1. General strategy for orientability. Below we roughly outline a
scheme to establish orientability of LB, which is particularly useful for sym-
plectic Floer theories, when the configuration spaces have complicated topol-
ogy. To begin, construct a map

m: B — ¥/G,
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where Y is a contractible space parameterizing certain operators and G is
a suitable automorphism group. The map m is typically defined by identi-
fying the deformation operator at u € B to an operator in X, after certain
trivialization is chosen. G is usually the group of automorphisms relating
different possible trivializations.

The space X parameterizes a trivial determinant line bundle LY,
over which the action by G extends. Moreover, (LY)/G = L(X/G) and
LB = m*L(¥/G). One next shows that G induces trivial actions on the
determinant lines. Thus L(X/G), and hence also LB, are trivial.

In family settings, B and ¥ above are both replaced by bundles B», ¥4
over the parameter space A, and m above will be a bundle map.

In the case B = Bp(z,y), in order for the deformation operator to be
Fredholm, x, y € P have to be nondegenerate. More generally, one may
consider exponentially weighted versions of deformation operators Eq(fl’az)
(cf. Section 1.3.2.3) instead of E,. When z, y are, respectively, oj-weighted
nondegenerate and oo-weighted nondegenerate, this defines another determi-
nant line bundle over Bp(z,%), which we denote by L(“72)B p(z,y). Under
this weighted-nondegeneracy condition on z, y, the determinant line bundle
L(o1.02) B p(z,y) is independent of small perturbations to the weights oy, 0.

These weighted versions are useful for dealing with the case when one
of x, y is minimally degenerate: in this case, the deformation operator E,
is defined as a map between complicated polynomially weighted Sobolev
spaces (cf. Section 1.5). However, we showed in Section 1.5.2.5 that Ej,

has identical kernel and cokernel as qu—a,a) for any small positive . As
we are only concerned with the linear aspect (Kuranishi structure) of the

Floer theory, there is thus no harm in replacing E, by the simpler El(fa’o):
the orientation of Mp(z,y) in this case will be given by an orientation of
LEoDBp(x, y).

Turning now to the family situation of a CHFS {V)} ca satisfying prop-
erties (RHFS1*), given x,y € Nj and an interval S C A, let B}i(;, y) =
Uxesnaxna, Br(zx,yx). Under the assumption (RHFS1¥), one may choose
a set of intervals {S;} covering A, such that each S; contains at most one
death-birth, and all overlaps S; N S; for different 7,j contains no death—
birth. Over each S;, one may choose appropriate weights o, ;, o,; with
small absolute value, such that x) is o, ;-weighted nondegenerate and yy
is 0, ;-weighted nondegenerate for all A € S; N Ax N Ay. An orientation of
L("I’“"yi)B% (x,y) determines an orientation of M}q}' (x,y) as well as ones for
its fibers Mp, A(x,y), which agree with our previous discussion on orienting
Mp(x,y) for nondegenerate or minimally degenerate z, y. Note again that
the precise values of the weights o ;, 0 ; are immaterial; in particular, when
S; contains no death—birth, they can be chosen to be 0. Otherwise, only the
signs of these weights matter.
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Lastly, we may patch up the determinant line bundles L(%i"’yz‘)B}qj (x,y)
for all intervals S; to define a determinant line bundle LB%(x, y) over
B%(;, y), by observing that, since for all A € U” S; N Sj, xx, Yy are nonde-

generate, determinant line bundles with different weights over 'B}imsj (x,y)
can be identified. N

More concretely, in Section 7.2.5 we shall apply the above general scheme
to the specific Floer theory described in Section 1.3. See also [8] for its
application in other versions of symplectic Floer theories. In gauge-theoretic
settings, the configuration space B itself has the structure of A/G, where A
is an affine space and G is the gauge group, which is often connected under
the assumption of simple-connectivity of the underlying manifold. Thus,
much of the above scheme also carries over to this context.

7.2.2. Coherent orientations for LBp. Assuming the orientability of
LBY%(z,y) and LB%”CH(X,y) for any pair of x,y € P or x,y € Xy and any
k € Z, we explain in Sections 7.2.2-7.2.3 how the orientations of all these
should be related, so as to endow the moduli spaces of broken trajectories
with a correct oriented manifold-with-corners structure.

Notation. Given a determinant line bundle L@ over a parameter space
@, LQ\zero section contracts to a Z/2Z-bundle over @), which we denote
by Ot(LQ). LQ is orientable if Ot(LQ) is trivial; in this case, the space
of sections of Ot(LQ) is denoted ot(LQ): this Z/2Z-torsor is the space of
possible orientations for LQ).

Recall the continuity of the gluing homomorphism g (D1, D2) in D1, D2,
and R. Thus, it defines a gluing homomorphism

g: ot(LBY (21, 22)) x 0v(LBR2 (29, 23)) — ot(LBHTF2(2y, 23))
for any z1, 29,23 € P and ki, ko € Z. We write g(o01,02) = 01#03.

Definition. Let (C,$,ind;Y,,V,) be a Floer theory satisfying (FS1); in
particular, P consists of finitely many nondegenerate elements. A coherent

orientation of
LBp = H H LBY(z,y)
kE€Z zyeP

is a section, s, of Ot(LBp), so that for all k1, ks € Z, 21, 29,23 € P,

(109) 5|BI;31 (21722)#5|3’1€32 (22,23) = 5‘:Bllil+k2 (21,23)"

A moment’s thought (or cf. [4]) reveals that coherent orientations always
exist. Fixing an x € P, a coherent orientation for LBp is determined by

choosing an element in Ot(LB%(m,y)) for each y # x and an integer k =
gr(z,y) mod 2Ny, and in the case when Ny # 0, an additional element of

ot(LB?DN‘” (x,)). The cases of card(P) = 0, or card(P) =1 and Ny, = 0 are
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excluded: in the first case, B p is empty, while in the second case, there is no
nonconstant connecting flow line. Thus, there is nothing to orient in these
cases.

The following fact is immediate from the definition of coherent orientation,
but shall be important later.

Lemma. Lets be an arbitrary coherent orientation of LBp. Then for any
xeP, 5|93§L(a:,x) is the canonical orientation of LB (z,x).

In the above, the canonical orientation of LB%(x, x) is that determined by
the canonical orientation of det Ez, the latter being due to the identification
of the kernel and cokernel of Ez = d/ds + A, via the facts that ker Ez =
ker A., coker Ez = coker A,, and that A, is self-adjoint.

Proof. The coherence condition (109) requires the gluing maps
805l (pays )7 OF(LB(2,)) = ox(LB(z,1)):
8(—8lp0 (40): 0T(LBH(2,7)) = ov(LBR (2, 7))
to be the identity map. O

7.2.3. Coherent orientations for LB/}. Given a CHFS
{(C, 9,ind; Yx, Vi) }ren satisfying (RHFS1*), we aim to orient LBIIE, where

Bp=11 11 35"y

kEZ x,y ERp

There is a natural projection map Ily: (B/} — A, whose fiber over
A€ Ais:
e Bp)= H Bp(zx,yr), when A is not a death—birth,
TxYAEPA
e Bp) = H Bp(xx,yr), when Py contains a unique

oA EPAN {2 fU{zat2a-}
minimally degenerate critical point z).

The elements z), zy— should be regarded as the end points of the two path
components z,z_ of PM\PA4e8 connected at zy, with ind(z;) = ind (2),
ind(z_) = ind_(z) respectively. We write

LBP($)\,Z)\:‘:) = p}iL'B%(g, Z:I:) = L(U””’:FG)'BP(x)\,Z)\), for 0 <ok 1,

where py : Bp — fBﬁ is the inclusion.
First, observe that it is also useful to identify det E192) with det ELUI’UQ],
where

Bl = ¢ B (¢712) T = By + (025(s) + o15B(—s))’
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is a map between ordinary Sobolev spaces. With this identification, one may
extend the gluing homomorphism to the weighted case:

g: ot(LID B (21 20)) X ot( L2 BR (2 23)) — ov(LO0oR) BRIk (5 o)),
For any triple z1, z9, 23 € N with I_le OI_XZZ OI_XZ3 # (), and any pair of inte-
gers ki, ko, one has also the parameterized version of gluing homomorphism
A Ak Ak Nk1+k
g% ot(LBp ' (21,27)) X ov(LBp (29, 23)) — ov(LBp™ (2, 23))
extending the gluing homomorphism g over the fibers LBp .

Definition. Given a CHFS satisfying (RHFS1*) as above, a coherent ori-
entation of L%% is a section, s, of Dt(LB%), so that:
(1) For any triple z1, 22,23 € Rpy with Ay, N Ay, N Ay, # 0, and any pair
of integers k1, ko,

5’327’@1 (zq @2)#5&2,1@2 (z2:23) - 5|32’k1+k2 (z4 723);

(2) For all Y € :])A,deg’ 5‘3}3(y+’y7))

L(*”"’)'B}D(y)\, yy), namely, the orientation given by the oriented
K-model [Eé;‘w): Re,, — *|p.

Again, it is easy to see that such coherent orientation always exists. When

Ny # 0, there are card(Xp) possible coherent orientations. When Ny, = 0,

there are card(N)—1 of them. Condition 2 in the above definition is imposed

so that the short flow line between the two new critical points y)4+ described
in Section 5.3 has positive sign.

is the standard orientation of

7.2.4. Grading-compatible orientation for LB%). The definition of our
invariant I involves both Mlo and M};, which are related by gluing elements
in M%(z,z) during a CHFS. It is thus crucial to orient M%(x,z) and M},
consistently. The notion of “grading compatible orientation” describes such
a suitable compatibility relation. More generally, one may consider com-
patibility conditions relating the orientations of higher-dimensional moduli
spaces MQOkNwH, and Mp(z, z)?*N, but this does not concern us, since our
invariant involves only low-dimensional moduli spaces.

Let BE, C Bo be the subset consisting of elements (T,u) with gr(u) =
k—1, and LB’& be the determinant line bundle of the family of deformation
operators D(Tﬂ). Assume that L%b is orientable.

Recall that the relative grading gr in a Floer theory is typically defined
via spectral flow by identifying deformation operators A, with elements in a
space of self-adjoint operators ¢ (cf. Section 1.3.1.4 for the version relevant
to this article). On the other hand, the orientation of LB}, is defined by
a map mo: BIO — Zlo /Go, where EIO is a space of Fredholm operators of
index 1, which includes rank-1 stablizations of the operator

DA;T =05 + A, se S%v
for any surjective A € ¥ and T € RT.
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Definition. For a Floer theory (C,$,ind;Y,,V,), the grading-
compatible orientation of LB}, or more generally LY},/Go (also called the
orientation compatible with the absolute Z/2Z-grading ind), is the orienta-
tion given by the canonical orientation of det ﬁA,T, where lNDA,T € Yo is the
rank-1 stabilization of Dy 7 by the zero map, and A is a surjective operator
in Y of even index.

In the above, the canonical orientation of EA,T is the stabilization of the
canonical orientation of Dy 7, which in turn is defined in the same way as
the canonical orientation of Ez (cf. Section 7.2.2). Note that the choice
of A and T" do not matter in the above definition: as on varies T, Dp 1
remains surjective; on the other hand, the independence of the choice of A
is a consequence of the following basic Lemma.

Lemma. For any two surjective operators A, A’ € Yo, the canonical ori-
entations of det Dy and det Dy 1 are of relative sign (—1)gr(AA/) with
respective to the family {Dy r|A € ¢}, where gr(A, A’) denotes the relative
index between A and A’.

An immediate corollary is as follows.

Corollary. Suppose that LE})/GO is orientable. Then for any surjective
A €Y and T € RT, the relative sign between the grading-compatible orien-
tation of LY} /Go and the canonical orientation of det Dy is (—1)md 4.

7.2.5. Orientability in symplectic Floer theory. We now apply the
general strategy described in Section 7.2.1 to establish the orientability of
moduli spaces for the specific version of Floer theory considered in this
article.

(1) Orienting LBp. This follows from [4], which we now review in our
terminology. Let J € J%, X be J-nondegnerate (cf. Section 1.3.2.1), and
¢ be as in Section 1.3.1.4. Given two self-adjoint, surjective operators
A_ Ay €3¢, let Xp(A_, AL) be the space of operators of the form:?

Os + J(5,8)0 + v(s,t): LY(R x ST;R*™) — LP(R x S R*™),

where J is a smooth complex structure on the trivial R?”-bundle over R x S,
compatible with the standard symplecic structure on R?". v is a smooth
matrix-valued function, and both J and v extend smoothly over the cylinder
[—o00, +00] x St that compactifies R x S'. Furthermore, over the two circles
at infinity,

J(—00,t)0 + v(—o0,t) = A_;  J(00,t)0 + v(oo,t) = A4

2%p(A_, A}) is basically the space © in Proposition 7 of [4].
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The contractibility of ¥p(A_, A ) follows from well-known contractibility
of the space of complex structures, and the fact that v lies in a vector space.
Next, denote by ¥, the space of unitary trivializations of x*K for x €
P and let T = [[,cp Ty This is a C°°(S*,U(n))-bundle over P. Fix a
g € C*(SY,U(n)) and a section ®: P — T, such that the inclusion &: =
{¢*®(z) |k € Z,x € P} — T induces an isomorphism i,: & = my& — 1T.

Recall from Section 1.3.1.4 that we have a bundle map (over P) from P
to moT: from a fixed unitary trivialization of ;K and a path w C C from
Y to x € P, we extend the trivialization over w* K to obtain a homotopy
class of trivializations of z*K. If w’ is another path in the same equivalence
class, i.e., im[w — w'] = 0, then (w —w’)*K is trivial, since c{(im[w —w']) =
0. Hence w,w’ induce the same homotopy class of trivializations of K.
Composing this map with i~!, we have a map assigning to each (z, [w]) € P
a trivialization @, [, € 6. Let

e fu)) = P u) Az Py [y
We have a map mp: By ((z, [w]), (4, [v])) = Sp(Aw ), A1) /G P, defined
as follows.

A u € Bp((z,[w]),(y,[v])), together with a trivialization ®, of the
symplectic vector bundle u*K that restricts, respectively, to @, [,y and
Py, v)) at the circles at —oo and oo, assigns an element in ¥p. Namely,
Ey i= @y B, P,

The space of such trivializations ®,, is an affine space under

Gp = {\p ‘ U € C([—00,00] X S, 9pn), Ul (tooynst = 1}.

Let mp(u) be the Gp-orbit of E,. It is shown in Lemma 13 of [4] that
any orbit of Gp in Ov(LXp (A4 [w)), Ay,[v)))) is contained in a single-path
component of Dt(LZP(A(z,[w})’A(y,[v}))); thus, L(ZP(A(%[w]),A(%M))/Gp)
is trivial; hence so is LB p((z, [w)]), (y, [v])). )

Notice that by definition, for any (z1,[v1]), (22, [v2]), (22, [v3]) € P,
(El, Ez) S EP(A(Zl,[Uﬂ)’ A(zQ,[vz}))) XZP(A(ZQ,[vQ])aA(Z3,[v3}))) is glueable. This
gives rise to a gluing homomorphism

or(LBp((21, [v1]), (22, [v2])) X or(LBp((22, [v2]), (23, [vs]))
— or(LBp((z1,[v1]), (23, [v3]))-

Lastly, observe that if gr((z, [w), (y, [t])) = ex((z, [w/], (5, [])) = &, the
spaces X p (A, w]), Ay, [o))) and Zp(A g w)), Ay, [v)))) may be identified via
conjugation by g for some i € Z and g € C*°([—o0, 00] x S1,Sp,,), g(s,t) :=
g(t). Thus, the above discussion in fact verifies the orientability of LB (z,y)
for any x,y € P, k € Z, and the gluing homomorphism above gives the gluing

homomorphism g described in Section 7.2.3.
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(2) Orienting LB%. Suppose (J*, X*) generates a CHFS satisfying the
properties (RHFS1*). Let (x,[w]), (y,[v]) be two path components of the
space PA /PAdeg

The deformation operator of M’IE at uy, EAM, may be regarded as a sta-
bilization of E,,. Because of the stabilization isomorphism for families, to
orient the determinant line bundle det{E,, Fus B ((x,[w]), (y,[v]))> 1b 18 €quiv-
alent to orient the determinant line bundle

LB%(@Q W), (v, [v]) = det{EUA}uXE‘B (x,[wW)]), (v, [V]))"

This can be oriented by repeating part (1) above, replacing X p by the param-
eterized version:

SPALAYD) = SrAw ) Agai):
AEAXNAy

which is a ¥ p-bundle over Ax N Ay. In the above, A, 1s,)) V(2x, [wa]) € P
is defined via a smooth section ®*: PA — TA FA .= Uz epr Tay- This is
again a contractible space, since it is a bundle with contractible fibers and
base.

Asin (1), this in turn demonstrates the orientability of LBM*+1(x, y) and
defines the parameterized version of gluing homomorphism g* described in
Section 7.2.3. Now one may follow the arguments in Section 7.2.3 to define
a coherent orientation of LBIAD.

(3) Orienting LB}, and Lﬁg’g. Since [?(T’u) is a rank-1 stabilization of
D 7,,), it is equivalent to orient LB} = det{D(T,u)}(T,u) Bl -
Similarly to parts (1), (2) above, we introduce a map mo: TBIO — EIO/GO7
where X}, is the space of rank-1 stabilizations of operators of the form:

Dyt = 05+ J(5,0)0 + v(s,t): L¥ (St x S R*™) — LP(S} x S5 R?™)

for some T € R*, with J, v defined similarly to part (1). The determinant
line bundle LE}) is canonically oriented as follows. Note that E}) contracts
to the subspace consisting of complex linear 0 707, which we denote by X,.
However, LY, is canonically oriented by the complex linearity of kernels
and cokernels. Next, note that u*K is trivial for any (T,u) € B},. Given a
(u,T) € B}, and a trivialization ®,, of u*K, one has

D(7u) == Pux D(7,0) @y} € To,

where @;*1 = 1@ ®,! as an endomorphism of R & L} (S x S1;R?"). This
defines mo.

It is not hard to see that Go acts trivially on the Z/2Z-bundle Ot(LX})
by conjugation: by continuation (cf. the commutative diagram in p. 28 of
[4]), it suffices to check this for Ot(LX(,). However, for Ov(LX},)), this is
obvious, again by the complex linearity of elements in X,.
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The orientability of LBg’2 follows immediately from that of LBlo, since
By? = BL x A by definition.

Finally, note that for this version of symplectic Floer theory, the canonical
orientation of LZ%) /Go is compatible with the mod 2 Conley—Zehnder index
ind: the former is given by the canonical orientation of det DAO,T, where Ay
is such that Dy, 7 is complex linear. By the definition of Conley-Zehnder
index (cf. Section 1.3.1.4), CZ(Ag) is even.

7.3. The signs. It was shown in [4] that with a coherent orientation for
Mp, the Floer complex indeed satisfies 512; = 0. In this subsection, we gen-
eralize this result to the setting of CHFSs and verify the second statement
of (RHFS4). Namely, we show that with M% endowed with coherent ori-
entations and Mg’2 endowed with the grading-compatible orientation, the
various O-dimensional strata Jp, Tphss, Tpdp in J\A/[‘/IE’LJr and their analogs
for broken orbits are expressed in terms of products of O-dimensional moduli
spaces, with relative signs given by the formulae (1.28-1.33).

As the signs for Jp, Jo given in (I1.28, 31) follow immediately from the
definition of coherent orientation, we shall concentrate on the signs for
Tphss> Tohss, Trdb, and To gp: the formulae (1.30, 33, 29, 32) are, respec-
tively, rephrased in terms of the gluing theorems Propositions 2.1, 6.1.1 in
Lemmas 7.3.2-7.3.5 below.

We assume throughout this subsection that LY p/Gp, LYo /Go and their
parameterized versions are endowed with coherent orientations/grading-
compatible orientations, and all the oriented K-models are compatible with
these orientations, unless otherwise specified.

The results and arguments in this subsection apply to general Floer the-
ory, in which the relevant moduli spaces are oriented according to the scheme
in Sections 7.2.1-7.2.4 above.

7.3.1. Preparations. (1) Signs of flowlines. The sign of a flow in a
0-dimensional reduced moduli space, & € M! /R, in general, means the rela-
tive sign [u]/ ker @, for any representative u € M! in the unreduced moduli
space, where ©,, is the deformation operator of M'. It will be denotedy by
sign(u).

(2) Trivializations of deformation operators. Instead of working with the
deformation operators F,,, [?(Tm and their parameterized versions, it is often
more convenient to work with their corresponding operators in ¥Xp or Yo
via lifts of the maps mp, mo. These will be denoted by boldface letters such
as E,, D(T,u). When LY p/Gp, LY o/Go are orientable, the choice of liftings
does not matter. We shall also omit specifying the class [v] in A, () =: Ay,
when the precise choice is immaterial.

For the symplectic Floer theory discussed in this article, this means
replacing the deformation operators by their conjugates by trivializations

y,[v]
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of u*K, namely ®,, (cf. the definition of E,, D, in Section 7.1.5). We write
(o == Pusf, e.g., f = for u € Bp or Bp.

The families of operators considered in the rest of this subsection will
always be subfamilies of various versions of Yp, ¥p. Thus, we shall refer
to the correlation and relative signs of orientations of determinant lines, or
mutual co-orientation of K-models without specifying the family.

The following consistency conditions on the choice of liftings will be
assumed in the following discussion:

(a) for a subfamily U C B, the lifting m: U — X is continuous;

(b) the liftings are “coherent” in the sense that they are consistent with
gluing.

7.3.2. Signs for Tpyss. To verify the sign in (1.30), we need to examine ori-
ented K-models for the gluing theorem, Proposition 6.1.1 (a). Let (J*, X*)
be an admissible (J, X)-homotopy, for any x;,x3 € Xy and Ry > 1, the
(omitted) proof of Proposition 6.1.1 (a) defines a gluing map

Glpns(x1,%x2; R): Tppss(x1,x2;R) x (Ro, 00) — M%’Q(XLXQ;Wt—y,e? <R).

Let (Ao, 1) € J\A/[%’O(x,y; JA, X)) be a handleslide. Without loss of general-
ity, assume A9 = 0. Let q,z € Nj be of indices ind y + 1 and ind y — 1,
respectively. Let

- € Mb(qo, z0; Jo, Xo), 0+ € MB(yo0, 205 Jo, Xo)
and v_,v4,u be centered representatives of v_, 0y, 4, respectively. Let
wy—(R) = v_#pu, wyy(R)=usros
be the pregluings defined in Section 1.2.2, and let

(A-(R),w—(R)) := Glpns(a, y; R) ({0, a}, R),
(A+(R), wi(R)) := Glpns(x,2;R) ({4, 04+ }, R).
be the images of the gluing map obtained by further perturbing wx_ (R) and

w4 (R), respectively. To simplify notation, we shall omit R when there is
no danger of confusion.

Lemma. Let u,vy, (Ay,w) be as above. Then

(1) — sign(A_)sign(w_) = sign(v_) sign(u)

(110) (2) sign(Ay)sign(wy) = sign(u) sign(vy).

Proof. We shall focus on case (1) below, since case (2) is entirely parallel.
According to Sections 7.1.3, 7.1.5, and the choice of coherent orientation,
we have the oriented K-models:
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(i+) [E(va#i) : K#i — Cy], where

Ky =-R® (ker B, #pg ker E,), Cyu_ = ##g coker E,;
Ky =R® (ker B #p ker E,,), Cyy = coker E,#p *.

(ii) [E(Qu): R & (ker E,) — coker E,].

Since v is by assumption a nondegenerate element of M%’l, the standard

oriented K-model for IAE(Oyu) may be viewed as a reduction of the oriented
K-model (ii) by —R, taking

coker E, = —R(Y{g))e and
ker E, = ker IAE(OM = sign(u)R(v) g

as oriented spaces. (Recall that Y{q ) is a cutoff version of 9,V appearing
in the definition of ]E(O,u)a cf. 1.6.1.5.)

Next, decompose K 4— into the direct sum of the ordered triple of oriented
subspaces

x @ (ker E,_#prx), R&x, and x ®(x#gker Ey).

A

By Lemma 1.2.4 (2), for large R, the restriction of Ilc, E(g, ) to the first
and last subspaces are small, while its restriction to the second subspace
approximates the multiplication by Il.oker Euf/ (under the natural identifi-
cation of the domain and range spaces), where Y is another cutoff version
of 9\V which agrees with (Y{o,))e except in the region where s < —1.
Let Y, := v(Yo.u))e + (1 — V)Y for v € [0,1], and K, be the rank-1 stabi-
lization of E, by multiplication by Y,. By the surjectivity of ds + A, and
Ry = E(0,u), and an excision argument (as outlined in Section 1.2.5), [E, has
uniformly bounded right inveres. Thus, we may conclude that Il.oker Euf’,
and hence also HC#_IAE(07w#7)\R@*, are positive of O(1). This implies that
the reduction of the oriented K-model (i—) by —R @ * is equivalent to the
standard oriented K-model of IAE(O’w ), which is in turn equivalent to the
standard oriented K-model of IAE(,\ﬂwi), due to the the proximity between
w— and wx_. In other words, the projection

g, : ker E(A_,w_) — ker E,_#gker IAE(OM) =: K#,.

#

is an orientation-preserving isomorphism. We have the following ordered
bases compatible with the former and latter oriented spaces above:

{sign(w_)(0.u’), (9pA-) " (OpA- Opu) .
{ sign(v_)(0,v"), sign(u)(0,u") }
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Observing that sign(dpA_) = —sign(A_), and recalling the description of
I K, in Section 1.2.4, one finds that with respect to these bases, I, is

a matrix of the form

Cysign(w_)sign(v_) Cfsign(A_)sign(v_) , y i
< Cosign(w_)sign(u) —C%sign(A_)sign(u) for €, €1, €, Gz € RT.

Equation (110.1) follows from the requirement that this matrix has positive
determinant. O

7.3.3. Signs for Tp pss. To verify the sign in (1.33), we examine the ori-
ented K-model for the gluing theorem Proposition 6.1.1 (b). Let y, u be as in
Section 7.3.2, but now assume that the handleslide w is of Type II, namely,
x =y. Let wg(R) = ugpr be the glued orbit introduced in Section 1.2.2,
and let (A(R),(T(R),w(R))) := Glons(t, R) be the image of the gluing
map obtained by perturbing wy(R), where Glo ns: To nss(J) X (Ro, 00) —
J\A/[g’l(wt_%efp < R) is the gluing map in the (omitted) proof of Proposition
6.1.1 (b).

Lemma. In the above notation, sign(w) = (—1)"4 ¥sign(\) sign(u).

Proof. According to Corollary 7.2.4, sign(w) = (—1)"4 ¥[(w')g] /ker® D(T’w),
where ker® Iﬁ)(ﬂw) denotes ker H~)(T’w) endowed with the orientation corre-

lated to the canonical orientation of ]ﬁ)Ay,T- We compute [(w')]/ker® ]]S)(T’w)
in two steps.

Step 1. The relative sign [(w')s]/ ker® D(A,w)' Let l,)(/\w) be the rank-1
stabilization of D,, defined by

Dy (@, €) = a0\Va(w) + Dut.

Performing cyclic gluing to the oriented K-model [IAE(%U): R @ kerE, —
coker E,], we obtain an oriented K-model for Dy, 4> @ rank-1 stabilization
of Dy, by multiplication with a cutoff version of 9\V(wy). The argument
in Section 7.3.2 shows that a reduction of this oriented K-model by R is
equivalent to a standard K-model for Dy 4> which is in turn equivalent to

a standard K-model for ]]j)()\,w)' Moreover, according to the continuity of
gluing homomorphisms and Lemma 7.2.2, the orientation of this standard
K-model is correlated to the canonical orientation of ]D)A%T. In other words,

()] /kex® By o) = sign(u).

Step 2. The reilative sign ker® E(A7w)/ker°y f)(T’w). Notice thz}t the oper-
ators Dy ), Drw) have a common stabilization, namely Dy (1.w)) =
(O\V, (—w'/T, Dy,)). The 2-dimensional space ker D( A (T,w)) 18 spanned by
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{9r(\, (T, w)), (0, (0,w'))}. This means Heoger 1, (OR)@)\VA—i—ﬁRT(—w’ /T))
= 0, and hence the relative sign is computed by
ker® D(,\’w)/ker% lN?(wa) = —sign(0r\)/ sign(OrT) = sign(A).

Finally, the Lemma is obtained taking the product of the relative signs
obtained in Steps 1 and 2 above with (—1)1d Y. O

7.3.4. Signs for Tpgqp. To verify the signs in (I1.29), we need to analyze
the orientation of the K-model for the gluing theorem Proposition 2.1 (a).
Let A, ug,...,ur+1 be as in Section 2.2, and let (A, w) be the image of
({wo,u1,...,uxs1}, A) under the gluing map defined in Section 4.1.4.

Lemma. Under the assumptions in Section 2.1 and in the above notation,

k+1
sign(w) = (—1)F*1 H sign(u;).

Proof. As explained earlier in this section, since we work with the ordinary
Sobolev norms instead of the complicated polynomially weighted ones, it
is convenient to replace the delicate pregluing w, defined in Section 2.2 by
ordinary glued trajectories or orbits. Choose R;, R, i € {1,...,k+ 1} and
L appropriately so that:

Wy = T, (u(]#R1g#R/1u1#R2 #R;€+luk+l)

is pointwise close to w and w,: more precisely, wx(s), w(s), wy(s) are
Ce-close to each other Vs, and

Wy (Y, (0)) = wy (7, (0)).
As explained in Sections 7.2.1 and 7.2.3, the deformation operator in Xp
corresponding to wx is:
EZ} :_]EOO']# E[U, O]# E[ oo}#RQEZ[jOﬁU}#R,, Hp R [~0o,0]

ko Uk+1

for a small o > 0. Let & (s) := ¢~ 77(s)ey, and recall that

ker E%_U’U] = coker E?[;’_U] = Rej; coker E%_J’J} = ker ng’_a] = %
Then by Lemma 1.2.4, we have the following oriented K-model for E

Wy
compatible with the coherent orientation:
[E%,: Ky = Cyl, where Cy = «#p Re[#p, * - #pg *,
Ky = (-1 ker B4 g, # 4, ker BL 7 4 g, « #p, - # gy ker B[ 70

On the other hand, in Section 3, we constructed the following K-model:

[Eu,: Ky = Cy) = [Reyy @+ @Reyy,, - Rf; &+ @Rfk+1].
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(Ey, is now considered as an operator between ordinary Sobolev spaces. As
remarked before, the polynomially weighted spaces are commensurate with
the ordinary Sobolev spaces, and we do not need uniform boundedness of
right inverses in this section. We have also suppressed the subscript ¢ and
written ey, = (ey;)a,f; = (f;)o above for simplicity.)

Using the descriptions of IIx, and Ilg, given in Section 1.2.4 and
Lemma 4.1.1 and the proximity between E¢, " and [E,, , one may easily check

that the oriented K-model [K4 — Cy] is equivalent to

k+1
{(—1)“‘l H sign(u;) Ky, — Cy |,
i=0
implying that the latter is also compatible with the coherent orientation.
Next, observe that (w’)g projects positively to all e,,. This, together with
the form of Ilg, Ey |k, given in Lemma 4.1.3 (b), implies that the reduction
of the above oriented K-model,

k+1
[(=1)F+ T sign(u) R(w)o — |,
i=0
is equivalent to the standard oriented K-model for E,, , which is in turn
equivalent to the standard oriented K-model for E,,, due to the proximity
between w and w,. These observations immediately imply the lemma. [J

7.3.5. Signs for To qp. To verify the sign in (1.32), we examine the orien-
tation of the K-model in the proof of Proposition 2.1 (b). Let {u1,...,u}
be a broken orbit, u; be the centered representative of 4;, and (A, (T, w)) be
the image of ({@1,..., U}, ') under the gluing map defined in Section 4.3.1.

Lemma. Under the assumptions in Section 2.1 and in the above notation,
' k
sign(w) = (—1)nd-v+k H sign(u;).
i=1
Proof. As argued in the proof of Lemma 7.3.3,
(111) sign(w) = (—1)™1- ¥ sign(\) () / ker®~ Dy ),

where the superscript o,— indicates the orientation correlated with the
canonical orientation of DAy+O—7T. (Recall the definition ind_ y = ind(A, +
0).) According to the assumption of Section 2.1, sign(\) = 1.

Instead of working with the standard K-model for DAy+U,T7 we find it
easier to work with the following mutually co-oriented K-model: [Dy:
— (ey)o — #|, where ]]j)y is the stabilization of Dy, v by multiplication with
(ey)a. To see that they are indeed co-oriented, observe that the interpolation
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between them, D, = ((1 — v)(ey)o, DA, +vo,T), is surjective Vv € [0, 1] and
has the following continuous basis for the kernel: &, := (vo, —(1 —v)(ey)as).

We now consider mutually co-oriented K-models for two operators approx-
imating ]]jD( Aw) and Dy, respectively. The proximity of the operators implies
that these K-models also form mutually co-oriented K-models for to ]]j)( Aw)
and Dy, respectively. Choose an glued orbit

wy = TL(JH# R W H# R FH R, H R HR,)

appproximating w and w, pointwise in the sense of Section 7.3.4, and let
DF, = (3AVA(U)#)’ EX T g, B0 g B g B "'EL;"’”]#R;)

Since [IEQ[;.U’J]: ker EL:U’U] — x| and [E%_U’U]: Rej — *| are mutually co-
oriented K-models (by coherent orientation), the continuity of gluing homor-
phisms and stabilization imply that we have the mutually co-oriented K-
models [DF ,: Kyy — Cyl®, [DF 4t Ky — Cy]®, where

Ky =(—1)"'R @ (s#g, ker B 7V pr x4, ker EL 770 ker L 77145, )
Cy =(Ré))#n, x#r, (Rey) -« #r,
Ky =(=D)*'R @ (stn, (RE))#r; * #5,(RE)) - (RE])# ).

Note that the orientation of these K-models is different from the grading-
compatible orientation or the o,_ orientation. We call it the “glued orien-
tation,” indicated by the superscript gl above.

We now compute the sign of (w')g relative to the gl-orientation above.

As in Section 7.3.4, this is done by comparing the glued K-model above
to [D(A,wx): K, - Cy] =Ry ®Rey, @--- B Rey, — Rfp & - & Rfyl,

’ A~

constructed previously in Section 4.3. In this case, we find [D7 e Ky —
Cw#]® equivalent to

[D(WX): (— )R (sign(uy)) Ky — Cy].

On the other hand, in Lemma 4.1.3 (b), HCwaX|KX is computed in the
bases {1, ey, ... ¢y}, {f;} to be of the form:

+ — 0 B

+ + — 0 N 0

+ 0 4+ . -0 (4+/— denote positive/negative numbers.)
0 O

+ 0 + -
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modulo ignorable terms. Combining this with the fact that, in terms of the
same basis,

HKX(’LU/).@ = (07 +, 4 7+)7
we see that

k
(112) [(w)o] /ker® Dy oy = — | [ sign(u:).
=1

Next, we need to find the relative sign between the gl and o, orienta-
tions. For this purpose, we compute explicitly the form of the operator
HC#Dy#’f(y#' In terms of the bases {1,e1,...,¢ex, } and {f;}, where

€i i= *F Ry * - * HREGFR % * H R
fi = *#R * o x Hp_ €HR * ok Hgy,

it has the following form:

0
+ - 4+ 0 -~ 0
+ 0 - . -0
+ 0 --- 0 - +
Combining this with the facts that, in the same basis,
Hky#(_(ey)é) = (0’ T Ty _)7

we have by the proximity between Dy# and Dy that

sign(o,—/g1) = [(e,)o] /kext B, = (~1)*™.
The Lemma now follows by combining this with (112) and (111). O
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