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Let P(z) be a monic univariate polynomial over C, of degree n and having roots 1, ..., (n.
Given approximate roots z1,...,2zn, with {; >~ z; (i = 1,...,n), we derive a very tight
upper bound of |(; — z;|, by assuming that ¢; has no close root. The bound formula has
a similarity with Smale’s and Smith’s formulas. We also derive a lower bound of [¢; — 2;]
and a lower bound of min{|¢; — z;| | j # i}.

1. Introduction

Let P(z) be a monic univariate polynomial over C, of degree n, having roots
(1y.--,Cn, and let z1,...,2, be its approximate roots determined numerically.
There are many researches on error bounds for zi,...,z,. Kantrovich studied
Newton’s method for differentiable function F(z) in 1948 and determined a com-
plex disc Dk which contains only one root of F(z) (see [4] or [5]). The Dy is
defined with several constants which are determined by data over a region. For
old results, see [5]. In 1970, Smith presented a very useful formula [7]. Let D;
(1 <i < n) be a disc in the complex plane, with the center at z = z; and the radius
ri =n|P(z)/ [Tz — zj)|. Smith’s theorem asserts that the union Dy U---U D,
contains all the n roots of P(z), and in particular if D = Dy U --- U D,, is dis-
connected with D,,41 U---U D, then D contains exactly m roots. Smith’s discs
are closely related with Durand-Kerner’s method for computing all the roots si-
multaneously; Durand-Kerner’s iteration formula is z; = z; — P(2;)/ [ [ 4, (2 — 2;)-
Hence, Smith’s formula over-estimates the errors by about n. Since then, many
authors improved Smith’s formulas, see [2] for example, but this over-estimation is
not resolved. We call such formulas Smith-type formulas.

In 1980’s, Smale studied Newton’s method for analytic function A(z) and de-
termined a disc Dg centered at z = z;, which contains only one root of A(z) [6, 1].
Smale developed his theory by using an auxiliary rational function with the follow-
ing constants (below, A®*) denotes the kth derivative of A).

A(k)(zi) 1/(k=1)
k!al

a1 1AV (z)], o max{

k:2,3,...}. (1.1)

Smale’s error bound is very tight. Since then, many authors derived similar formulas
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which we call Smale-type formulas. The tightest bound now is obtained by Wang
and Han [9]; the same bound was obtained by Inaba and Sasaki from a simple
different approach [3].

Then, the following question naturally arises: is there a formula which bounds
the errors as accurately as Smale-type formulas by using the numerical roots z1, .. .,
zn, simultaneously? In this short article, we derive such a formula; the idea is simple
and the derivation is elementary. The error bound obtained is quite tight and has a
similarity with both Smale’s and Smith’s ones. Using the same idea, we also derive
a lower bound of the error |(; — z;| and a lower bound of min{|(; — z;| | 7 # i}.
These bounds are also quite tight.

2. An inequality for the error

We assume that the numerical roots z1,..., z, satisty z; ~ ¢; (j = 1,...,n).
We express P(z) as

P(z) = P(2) + A(2), P(z) = (z — z1) -+ (2 — ),
deg(A) <n — 1, [ (2.1)

1P|

We assume further that ¢; has no close root. By A®)(z) we denote d*A(z)/dz".
Put {; = z; + ¢, then we have

~ 15(1)(21)5 P(2)(Zi)€2 I:’(")(z,)en
Pete) ==~ +t =1
Define positive numbers p; and p as follows.
_ P 1/1 P (2 1/(n—=1)
5 PO 5 maxd |2 [ PT(E) 22
2'p1 n'p1

Note that p; # 0 because we have assumed that (; has no close root. Assuming
2ple| < 1, we bound |P(z; + ¢€)| as follows.

B P@) (5. n—1pn) (.
Ples+ 91 2 el {1 - EE el

2y nl p1

. N e _ _ 1 —2pe]

> pilel {1 =ple| — - = p" e > ple| ——.
el -{ le] le[" ™"} ||1_p|5|

Since P(z; +¢) =0 = P(z +¢) + A(z; + €), we obtain the following inequality.

1 - 2je]

pilel -

This is our basic inequality. In the next section, we will obtain a polynomial
inequality by bounding |A(z; + £)] suitably.
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3. A tighter upper bound of |e|

Define positive numbers &g and dg as follows.

A(l)(zl) 1/1
1!4g

A("_l)(zi)
(TL — 1)' 50

60 A=), do & max{]

yoeeey

1/(n—1)
}. (3.1)

We assume that oy # 0 because if 6y = 0 then z; = ¢; hence € = 0. However, |do]
may be very small hence dy may become very large. Therefore, we consider the
following three cases.

CaseE 1:  When |A(z)| = O(||4|]). Assuming dyle| < 1, we bound |A(z; + €)|
as follows.

[eAM (z)] e A D ()]

Al <g L dpplee E e A \E)]
Az + 2)] < 6 { G e
do

<do-{1+d o4 (d n-l —_—.
< - {1 dolel -+ (ol ™'} < =g

Substituting this into (2.3) and clearing the denominators, we obtain
2p1pdole|® < 8o — (P1 + Pdo)le| + P1(25 + do)e]*. (3.2)

Since |e| is assumed to be small, the above |e|?-term will be very small, so we discard
it. Then, since |¢| must go to zero as || A|| — 0, we obtain the following upper bound
of |e|; note that, since the |¢|3-term is positive, the discarding of |¢|3>-term loosens
the bound by a little.

e] < 7! def (P1 + Pdo) — \/(B1 + Bdo)? — 4p1(2p + do)do
! 2p1(2p + do)

(3.3)

Using inequality v/1 —2 > 1 — x/2 — 22/2, which is valid for 0 < z < 1, and
assuming p; > pdp, we bound | as follows.

do D1(8D + 4do)do def 0o 1+ (8p + 4dp)dg

!
ry < 1+ <ry = = -
! D1 + Pdo D1

— — — — 3.4
p1 + pdo (p1 + pdo)? (3:4)

We note that Durand-Kerner’s correction term is dp/p; and Durand-Kerner’s it-
eration converges quadratically. This means that |e| = Jo/p1 + O(Je]?) if do < 1,
which is completely consistent with (3.4). Therefore, r; is a very tight bound of ||
practically. In the next section, we will derive a lower bound of |e|, too, which will
also show that the above bound is very tight.

In deriving (3.3) and (3.4), we set the following conditions.

2ple| < 1, dole| <1, (p1+pdo)? —4p1(2p+ do)do >0, p1 > pdo.  (3.5)

By assumption, gy is small. Hence, in the above third condition, we discard small
term p207 and replace the condition by a stronger one p? — p1(6p + 4dg)dp > 0, or
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Condition-1: py > (6p + 4dg)do. The fourth condition is satisfied by Condition-1.
Using inequality 1 —2z > 1 —2 (0 < x < 1), we find 7] < 28o/(p1 + pdp). This
inequality and Condition-1 give 1} < 2/(7p + 4dp), hence the first and the second
conditions are satisfied.
CASE 2: When |A(z)| < |[AM(z;)] = O(]| A||); this case occurs rarely.

Define positive numbers §; and d; as follows.

1/1 n—1 1/(n—2
AT () [ )}. (3.6)
(n — 1)' 61

goeeey

) (2,
5 1A )],y maxd |22
216,

Assuming d;|e| < 1, we bound |A(z; + €)] as follows.

Az + )] < 0 + 81zl - {1+ dale] + - + (i)™} < 8 +511|€d||5|.
—d
Substituting this into (2.3) and clearing denominators, we obtain
2p1pdy e < 6o — (1 + Pdo + dibo — 61)|e]
+ {120 + d1) + B(d1do — 01)}[e[*. (3.7)

Discarding the small |¢|3-term as in Case 1, which loosens the upper bound by a
little, we obtain the following upper bound of |e|.

|€| < ’I"l déf B —/B? _4A50 A:ﬁl(Qﬁ"r‘dl) +]5(d150 —61), (3 8)
2 24 ’ B = 1 + pdo + d16o — 01. :

Here, we assumed that A > 0 and B > 0. Using V1—2 > 1 —z/2 — 2?/2
(0 < x < 1), and assuming p; — d1 > (p + d1)do, we bound 74 as follows.

do 4A0¢ def 0 446,
7”<<1—|— ><T = — {l—l- -~ } 3.9
*"B B2 2T -6 (p1 —61)?2 (3.9)

In deriving (3.8) and (3.9), we set the following conditions as well as A > 0
and B > 0.

2le| <1, dile| <1, B%—4A35, >0, p1— 01> (p+ dy)do. (3.10)

We have B? —4Ad8y = p1{p1 — (6p+2d1)50 — 261 } + (pdo — d1 50+ 61 ). Discarding the
small term (pdy — d16o + 61)%, we replace the above third condition by a stronger
one, Condition-2: p; > (6p + 2d1)dp + 261. Inequalities A > 0, B > 0 and the
fourth condition are satisfied by Condition-2. Using v1—2 > 1—2 (0 < 2 < 1),
we find ry < 260/{p1 + (p + d1)dp — 61}. This inequality and Condition-2 give
rh < 200/{(Tp + 3d1)do + 01} < 2/(7p + 3dy). Hence, the first and the second
conditions in (3.10) are satisfied.
CaSE 3: When |A(z)],|AM (z;)] < ||A|; this case occurs very very rarely.
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There exists an integer m, 2 < m < n — 1, such that |AU)(2;)| = O(8) for every
§ <m—1and |A)(z;)/m!| > . Define positive numbers d,, and d,, as follows.

1/(n—2)
. (3.11)

1/1 A(nfl)(zi)

(n—1)14,,

geeey

@) (2,
S 1AM (2], d max{ ‘ AQ' 6(21)

Assuming d,,,|e| < 1, we bound |A(z; + €)] as follows.

Omle]

A )l < o+ dmlel - {1+ dinle] - (dle)"™*} < do + 7757

Substituting this into (2.3) and clearing denominators, we obtain
2p1pdnm |e|* < do—(P1+D60+dm b0 —0m ) el +{P1 (25+d ) +P(dimbo—0m ) }He|*. (3.12)

Then, as in Case 2, we obtain the following bounds.

, aet B — VB2 — 445, A= 51(25 + ) + P(dimdo — ),
lel < rg = ; SV (3.13)
2A B:p1 +p50+dm5075m7
/ 60 4A60 def 50 4A50
— (1 = 1 . 14
Ty < B< + 2 > < r3 I +(I51—5m)2 (3.14)

In deriving (3.13) and (3.14), we set the following conditions as well as A > 0
and B > 0.

2le| <1, dplel <1, B*—4A8, >0, p1—0m > (p+ dm)do. (3.15)

As in Case 2, these conditions are satisfied by Condition-3: p; > (6p+2d,, )50+ 20,,.
Let us compare the bounds in (3.4), (3.9) and (3.14). We have ||A] < ||P||
practically, hence g < 1. Then,

/ 50 / 50 ’ 60
7‘1 >N 7'2 ~ — — s 7"3 ~ — — .
P1 + Do P1 + pdo + d1do — 01 P1+ Pdo + dmdo — Om

We see 1y, < 7} only when dijdg — 61 > 0. On the other hand, r} was derived by

assuming g < 0;. Therefore, bounds in (3.9) and (3.14) are scarcely useful in
practice, so we employ only the bound in (3.4).

THEOREM 1. Let py1, p, etc. be defined as above. If p1 > (6p + 4dy)dy then
the root (; of P(z) is contained in the circle of radius r, located at z = z;, where

5 _
po 0 [y (8p +~4do)5o .
D1+ Pdo D1
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4. A tighter lower bound of |e|
Bounding |P(z; + €)| and |A(z; + €)| oppositely, we obtain a lower bound of

le|. Assuming ple| < 1, we bound |P(z; + ¢)] as follows.

D ~ ~ ~n— n— ~ €
|P(2i + o)l < pulel - {1+ ple| + -+ + 5" el 1}<P11_|;|E|- (4.1)

Assuming 2dgle| < 1, we bound |A(z; + €)| as follows.

1—2d0‘€|

|A(zi +€)| 2 b0 - {1 —dole| —--- —dg~ e[* 1} > 501—7d0|5|'

(4.2)

Bounds (4.1) and (4.2) give inequality p;|e|/(1—ple|) > do(1—2dple])/(1—dole]), or
(]51 + 2ﬁ50)d0|6|2 — (f)l +Z~)50 + 2d050)|6| + 50 < 0. (43)

This inequality and /1 -2z < 1 —z/2 (0 < = < 1) give the following lower
bound of |g].

. dof do
el>r = ———. 4.4
el > 7 D1+ Poo + 2dpdo (4.4)
Combining (3.4) with (4.4), we have 7 < |g| < r, and
8P+ 6dy o .
r —r>~ f(s lf 5 < 1. 45
' (P1 + pdo)? 0 0 (4.5)

Therefore, formulas (3.4) and (4.4) bound |¢] in a very narrow domain in practice.
In deriving (4.4), we set the following conditions.

Plel <1, 2dgle| <1, (P1+ pdo + 2dodo)* — 4(p1 + 2p6o)dodg > 0.

The first and the second conditions are satisfied by Condition-1 given in the previous
section. The third condition can be rewritten as p1(p1 + 2pd) + (p — 2dg)?62 > 0,
hence it holds always. Thus, the above lower bound is valid under Condition-1.

THEOREM 2. Let py, p, etc. be defined as in 8. If p1 > (6p+ 4dy)do then the
root (; of P(z) is outside of the circle of radius & /(p1 + pdo + 2dodo), located at
z=Zj.

REMARK. In Cases 2 and 3, we can bound |A(z; + €)] as
el
1-— d1 |€‘ ’

lel
1—dpnle|

|A(z; + )| = 00 — dule| - {1+ dyle| +--- + (d1|€|)"72} > 0p — 01

|A(z; +€)| > 00 — Omle| - {1+ dmle| + -+ (dm]e))" 2} > 60 — Om
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Then, we obtain the following lower bounds, respectively.

do

> %
P1 + Do + d1dg + 61

> — .
P1 +p50 + dm50 + 5m

le]

le]

Once again, these lower bounds are not much different from # in (4.4).

5. A lower bound of the distance to other roots

Inequality in (3.2), with the |¢|3-term discarded, gives the following lower
bound of |e]; note that the discarding of |¢|3-term loosens the lower bound by
a little.

(1 + o) + /(P1 + pdo)2 — 4p1 (2 + do)do

el > R —
el 2p1(2p + do)

(5.1)

In deriving the above bound, we assumed the first three conditions in (3.5) which
are satisfied by Condition-1 given in 3. In addition to the first two conditions in
(3.5), we require

2R <1 and doR < 1. (5.2)

Since ry + R’ = (p1+pdo)/p1(2p+ dop), we bound R’ as R’ < (p1 +pdo)/p1(2D+ dp).
Then,

1+ pdo/p1

1+42p/dy

1+ pdo/p1

9pR < —LNOPL
P 1+ do/2p

doR/ <
Hence, the inequalities in (5.2) are satisfied so long as pdy/p1 < do/2p and pdy/p1 <
2p/dg, respectively, or p1 > (2p%/dg)do and p; > dodp/2. Combining these condi-
tions with Condition-1, we obtain p; > max{6p + 4do, 2p*/do} x do.

We next show that the bound in (5.1) is a lower bound of the distance |(; — z|
(V4 # 1). Suppose the origin is moved to z = z;, and put

15(,2 + ) def D1z Q(z) =p1z-(Il+qz+--+ qn,lz”_l).

We see p1 = P (z;) and p = max{|q:|*/*, ..., |gn-1|"/"V}. Suppose further that
we apply the scale transformation z — z/p to Q(z), then we obtain

-z ) ) . . .
Q(ﬁ) =1+qz+-+Gp2 17 maX{|q1""'v|Qn71‘} =1

A formula which bounds the roots from below tells us that any root ¢ of Q(z/p) is

not less than 1/(1 + max{|g],...,|dn—1|}) = 1/2. Hence, we have |{| > 1/2p for
any root ¢ of Q(z). Note that the roots of Q(z) are z; — z; (j # 4). Consider the
limiting case A — 0, which means P(z) — P(z) and ¢; — z; (j = 1,...,n), we

have { — 0 and R’ — 1/2p. Since the roots move continuously as A goes to 0
continuously, R’ must be a lower bound of |(; — z;| (V) # ).
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Using inequality /1 —2z > 1—2 (0 < 2 < 1), we can bound R’ as follows.

2 P1 + pdo _ 2p1(2p + do)do o pdef 1 1 (4p + 2do)do
P1(2p + do) (P1 + Pdo)? 2p + do i

(5.3)

THEOREM 3. Let p1, p, ete. be defined as in 3. If p1 > max{6p + 4d,
2p%/do} x 8o then any root (; (j # i) of P(z) is outside of the circle of radius
{1 —(4p+ 2do)do/P1}/(2p + do), located at z = z;.

6. Concluding remarks

Although the error bounds obtained in this article is very tight, they will be
not useful practically, because the bounds are time-consuming to compute; from
the practical viewpoint, Smith’s formula is most useful. The idea in this article,
however, will be useful because it is quite simple. In fact, the author has applied the
idea successfully to bounding the error of close roots computed numerically in [8];
suppose P(z) has a well-separated cluster of m close roots and let C'(z) be a factor
of P(z) corresponding to the m close roots, then the error |e| of any close root can
be bounded by the size of the close-root cluster and the quantities determined by
only C(z).
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