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In this paper, the anisotropic curvature flows with driving force are considered. The exis-
tence of traveling curved fronts is shown by constructing supersolutions and subsolutions.
By the advantage of this method, their global stability is also proved. In the last section
the profiles of the traveling fronts are discussed when the anisotropy becomes strong and
converges to a non-smooth function.
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1. Introduction

The dynamics of the phase boundaries is one of the interesting problems in
applied mathematics. The interface between the two physical states is mainly
controlled by the surface free energy and the energy difference between two bulk
phases. The surface free energy usually depends on the orientation: it is represented
by a function ¥ (6) with period 7 and where 6 is the angle between the x axis and
the normal vector (cf. [11, 14]). Let denote by I} the interface at time ¢, V,, the
normal velocity of the interface and k its curvature. In this paper we consider the
following moving boundary problem in two-dimensional space (N = 2):

Vo =—%(0) (¥(0)+¥"(9)) k+ a¥(0)

(1.1)
Ii|i=o = I,

where a is a constant which corresponds to the energy difference between the two
states. This equation was considered by Angenent and Gurtin [1] (also see [3, 4, 11]
for instance). The anisotropic curvature flow (1.1) fits to a Finsler metric, see
Section 2 for more details.

Through this work, we assume that

(H1) ¥ € C?*(R) is w-periodic and ¥ is a globally Lipschitz function,
(H2) there exist positive constants A; (i = 1,2, 3,4) such that for all § € R

M <T0) <o, A3 <T(0) +T"(0) < M
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If the interface I} is represented by the level set of U, that is,
Ft = {(‘Tay) | U(:Cayat) = 0}7

then U satisfies the following degenerate parabolic equation:

82950 02U
_ _ 50
U, = —3°(VU) § 8p18p] axiaxj” (1.2)

where @° is a function related to ¥ (see Section 2). Moreover, if I} is a graph, then
we may set U(z,y,t) =y — u(z,t). Denoting the angle between the normal vector
(—ug, 1) and the z axis by (u,) and setting

G1(ug) =P (0(us)) (¥ (0(ua)) + " (0(us))) ,  Ga(uz) = a¥(0(usz)) /1 + uZ,
we see that u satisfies the following parabolic equation:

G1(uz)

2
Uz,

1
u(, 0) = uo(x) in R.

up = Uge + Ga(uz) In R x (0,00)

_|_

(1.3)

In this work, we are mainly interested in traveling curved fronts of (1.3) when
a > 0 and the initial function enjoys linear growth conditions at x — +oco. We
prove that for any pair of two asymptotic lines at infinity there exists a traveling
curved front solution of problem (1.3), which is a solution of the form ¢(z—c;t)+cat
with suitable constants ¢; and ¢;. Then we prove that this solution is stable in the
following sense: if u is any solution possessing two asymptotic lines, it converges
for large time to the traveling curved front which has the same asymptotic lines
as u. The existence of the traveling curved fronts and the global stability for the
isotropic case ¥ = 1 are studied in [8, 12].

The organization of this paper is as follows: in Section 2, we recall the definition
of a Finsler metric. Then, in Section 3, we derive an existence result for problem
(1.3) as well as a comparison principle. The main section of this paper is Section 4
where we prove the existence of a traveling curved front solution and study its
stability. In Sections 5 and 6, we give two applications of our main result: first we
prove a stability property of the traveling curved front in the class of non graph
solutions; then we prove existence of traveling curved front solution in the case of
non-smooth convex anisotropy.

2. A Short Overview on Finsler Geometry
We first recall the definition of a Finsler metric.

DEFINITION. A continuous function ® : RN — [0,00) is a Finsler metric if
(i) @€ C*(RN\ {0}) is convexr and V2® is locally Lipschitz;
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(ii) @? is strictly convex;
(iii) P is even and positively homogeneous of degree one:
B(s€) = |s|®(&) forall s€R and &€ RY; (2.1)
(iv) @ is a bounded and coercive map:
N[ < B(6) < A€, (2.2)
for all € € RN and for two positive constants A and A.

We recall that the dual function defined by @°(£) = sup{¢* - £ | ¢(£*) < 1} is
also a Finsler metric and it holds that for all £ € RY

P (s¢) = [s]@°(¢), (2.3)
Alg] < @0(¢) < A%, (2.4)

with A\ = 1/4 and A° = 1/\.
In the particular case of dimension N = 2, (2.3) implies that for all £ # 0 we

have
£
() =l (&),
€]
and that there exists a w-periodic function ¥ satisfying

2°(¢) = lgw (), (2.5)

where 6 is the angle between £ and the x axis. Moreover, the regularity properties
on @Y directly implies (H1) and (2.4) gives the first inequality in (H2). One proves
the second inequality in (H2), using

v(g)+w"(0) ( sin? 6 —sinf cosd )

g (26)

@25(5) - —sinf cos 6 cos? 0
See [4] for more details.

Next we derive the parabolic equation for motion by anisotropic mean cur-
vature. If I is a smooth hypersurface of RY and n its outer normal vector (in
the Euclidean sense), the @-normal vector and the #-mean curvature are defined
respectively by

ne = @g(n), Kg = divng.

N -1

The level set formulation is the following: if U is a smooth function with non
vanishing gradient such that I' = {x € RY | U(x1,...,2zx) = 0}, and U changes of
sign along I', then

vU

= = ®Y(VU

1 VU 1
ﬁleW, Rep = 7d1V¢E(VU),

e N_1
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on I'. If N =2, (2.6) implies that
ke = (U(0) +¥"(0)) k. (2.7)

We also define the normal velocity and the anisotropic normal velocity by

U, U,
Vo=——t ' Veeo=——t—, 2.8
VU T T P0(VD) (28)

respectively. Then we can get the natural moving boundary problem
Voo = —(N —1)ks +a,
especially, in dimension N = 2,
Voo = —Ke + a. (2.9)
By (2.5) and (2.7), (2.9) is transformed into
Vo, =—9(0)(Z(0) +9"(0)) k+ a¥(0).
Using the level set formulation, we can also obtain (1.2).

3. Existence and Comparison Principle

In this section, we use a result of Barles, Biton, Bourgoing and Ley [2] to prove
the existence as well as a comparison principle for Problem (1.3) when the initial
function ug has a limited growth at infinity (see condition (H3) below). To that
purpose, we use viscosity solutions of (1.3). We refer to [7, §8] for a definition of
such solutions. Note that a classical solution is a viscosity solution (see [7, §1] for
instance). The same remark holds for supersolutions and subsolutions.

First, let define the continuous function o by

o(p) = 5

-
+
=

and we check that the hypotheses of [2] are fulfilled. Namely, we prove that there
exist two positive constants Cy, Cy such that for all p,q € R

gy < Cilp—dl
lo(p) —a(g)| < L (3.1)
|G2(p) — G2(q)| < Calp — gl (3.2)

Note that

= rccos ;p
0(p) = A ( m) ,
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is a globally Lipschitz continuous function. A simple computation shows that
0'(p) = 1/(1+ p?). Then, by (H1), it holds that the function p — G1(p) is globally
Lipschitz. Note also that p — Ga(p) is globally Lipschitz so that (3.2) is satisfies.

Proof of (3.1). First, by (H2), there exists ¢ such that for all p € R
)\1)\3 S Gl(p) S )\2/\4. (33)

Then for all p,q € R, it holds that

B __1Gi(p) — Gi(9)| 1
Ve -Vl = —Zo s < 5

and we deduce from the fact that Gy is globally Lipschitz that

Gi(p) = Gi(g)l,  (3.4)

1VG1(p) — v/Gi(q)| < Calp — ¢ (3.5)

with some positive constant C3. Also remark that there is a positive constant Cy
such that

IV1+p2— 1+ <Culp—q| (3.6)

Without lost of generality we may suppose that |p| > |¢|. By (3.5), (3.3) and (3.6),
we have

lo(p) — o(a)| = “Gl(p)‘ml(q)ﬂﬁca(q)( ! ! )‘

V1+p? Vitp? 1+
< Glp—dl Cslp — q
T V1 O+ + )
Cslp — 4|
~ 1+ pl+al’

where the last inequality comes from
(1+Ipl+la)?* < (1 +2Ip])* < 6(1 + [p|*),
and
(1+Ipl +laD)* <31+ 0" +¢°) <3(1+p*)(1+ ).
This proves the equation (3.1).
Now, we give the precise hypothesis on the initial function wug:
(H3) There exist v € [0, (14 v/5)/2) and a modulus of continuity m such that

uo(z) —uo(y)] <m((L+[z] +|y[)"|z —y[) forall z,yeR

where lim,_, yom(s) = 0 and m(s +t) < m(s) +m(t).
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Finally, we introduce the space Cpop, of functions on Rx [0, 7’| which have polynomial
growth at infinity. More precisely v € Cpopy if there exists £ > 0 such that

v(z,t)
1+ |z|¢

— 0 as |z| — 4oo uniformly with respect to ¢ € [0, T].

Then we deduce the following Lemma from [2, Theorem 2.1 and Corollary].

LEMMA 3.1. The following hold.

(i) Comparison principle. If ug satisfies (H3) and if @ € Cpon (resp. u €
Cpoty) 1s @ supersolution (resp. subsolution) of (1.3) with a(x,0) > ug(x) for
all z € R (resp. u(z,0) < wug(x)), then

(ii) Existence result. Let ug satisfies (H3). In Cpoy, there exists a unique
continuous viscosity solution of (1.3).

4. The Traveling Curved Fronts
Consider the solution of

G1(ug)

T+ u2 Uy + Ga(Ug). (4.1)

Uy =

DEFINITION.  We say that a solution u of (4.1) is a traveling curved front if it
holds that u(z,t) = @(x—cit)+cot for all (x,t) € Rx [0, 400) where there exist 0 <
0_ < 04 < such that the function ¢ has two asymptotic lines y = tan(6y —w/2)x
as T — Fo0.

The function ¢ is called the profile of the traveling curved front and the vector
¢ :="(c1, ca) is the velocity of the front. The profile ¢ satisfies

_ G’ @)e"(@)

1+ ¢/ (2)2 + Ga(¢'(2)). (4.2)

C2 — 01<P/(9€)

Let 6(z) be the angle between the z-axis and the normal vector to the graph
of ¢ at the point . Then we have

¢'(z) = tan (9 - g) , (4.3)

and (4.2) reduces to
0'(z) = f(0), 4.4
0(—o0) = 6_, (4.5)



Anisotropic Curvature Flows 89

where

__c1cosf +cosinf —a¥(6)
1(0) = U(0)(W(0) +w"(0))sinh

First we show the following lemma.

LEMMA 4.1. For any 01 (0 < 6_ < 04 < =), there exists a unique pair of
constants (cy,ca) such that

f(0+) = 0.
Moreover, if a # 0, then f(0)/a does not depend on a and

@>0 for 0_ <6 <04,

@<0 for 0<0<60_, 6.<0<m, (4.7
a
!/ !

PO 10
a a

Proof. By (4.5) and (4.6), ¢; and cg are uniquely determined as follows:

()= o) ()
e (ke ) (B))

Thus f(0)/a does not depend on a. Note that ¥(0)(¥(0) + ¥"(0))sinf > 0 for all
0 € (0,m). Then we set

h(0) := c1 cosf + casin @ — a¥ ().

Since

h"(0) = —c1 cosf — casinf — a¥” (),

we have that

—1"(6) — h(6)
h(0+) = h(6-)

a(P"(0) +w(9)),
0.

Let K(6,&) be the Green function, that is,
sin(f — 0_)sin(f; — &)
sin(64 — 6_)

sin(€§ — 0_)sin(0; — )
Sin(9+ — 9_)

for 0 < ¢,

K(@, 5) =

for £ <0,
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so that h is represented as

0+

h(#) = a ; K(0,8)(P"(&) + ¥(&))de. (4.9)

For £ € (A_,604), it holds that K (6,£) > 01if 6 € (/_,0,). Since ¥"(€) + ¥ () > 0,
it implies that if a > 0 (resp. a < 0) then h > 0 (resp. h < 0) in (0_,0,). Also, we
deduce from the Hopf Lemma that A'(_) > 0 and A'(6+) < 0 if a > 0 and that
h(6-) < 0 and h'(f+) > 0 if a < 0. In the case where 8, < 6 < 7 and a > 0,
we have h/'(0;) < 0, h(64) =0 and h"(0) + h(d) < 0. It follows from the Strum
theorem that h possesses no zeros between 6, and 7, which implies that h < 0 on
the interval. We can show the other cases too. The equality

h' (1)

1'02) = @0 + 07 (0)) bz

(4.10)

proves the last two inequalities of (4.7). O

Angenent and Gurtin [1] already proved the above lemma in the context of
the Finsler metric. See [1, Theorem on steady motions, p.349] or [11, Section 9.2,
p. 65].

LEMMA 4.2. Ifa > 0 and 0 < 0_ < 04 < m, then there exists a unique
traveling curved front u(xz,t) = p(x — c1t) + cot satisfying

lim (p(x) —xtan(64 — 7/2)) =0,

T— 00

lim (p(x) —xtan(f_ — 7/2)) = 0.

r——00

(4.11)

Moreover, the following holds:

(i) ¢"(x) >0, 0 < (@) —z¢'(z) < ¢(0) forx €R.

(i) sup,cz ¢/(2)] < oo,

(iii) The vector ¢ = t(cq,c2) belongs to the cone starting at the origin and delimited
by the vectors t(cos(0y — 7/2),sin(0, — 7/2)) and *(cos(f_ — 7/2),sin(0_ —
7/2)).

(iv) For all x € R, it holds that ¢(z) > ztan(fr — 7/2).

Proof. Lemma 4.1 implies that there exists a unique solution 0 of (4.4)~(4.6)
up to translation. Let § be any solution. Then, 6(z) € (6_,04), 6, > 0. By (4.7),
there exists aq, as > 0 such that

0(z) — 01| < are™ 21"l as z — +oo. (4.12)

Then, by setting
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one can easily check that ¢ satisfies (4.2)—(4.3). By (4.12), there exist two constants
C4 such that

lim [p(x) — xtan(fy — 7/2)] = Cy. (4.13)

r—to0

Let *(p1, p2) be the intersection between the two lines y = ztan(fx — 7/2) + Cy,
then one can easily check that ¢(x) = @(x + p1) — p2 is the unique solution of
(4.2)—(4.3) satisfying

lim [¢(z) —xtan(fx — 7/2)] = 0.

r—+oo

In the sequel we will denote by 6 the solution of (4.4)—(4.6) such that

o) = p(0) + /033 tan(f(s) — 7/2)ds.

Then (4.3) gives that

neoy 0'(x)
?7) = 0w =7 2)

>0,

and since (¢(x) — 2’ (x)) = —x¢”(z), we have that
¥ ¥ ¥

lim (p(z) —2¢'(2)) < p(z) — 2 (x) < $(0).

|| —+o0
By (4.3) and (4.11), it holds that

lim (¢(z) —2¢'(z)) = lim (¢(z) —xtan (x —7/2)) =0, (4.14)

|| =00 || =00

which concludes the proof of (i). Note that (iv) directly follows from (i). Thus, (ii)
follows from (4.3) and the fact that 6(z) € (6_,0,). Also, the definition of *(cy, cz)

implies that
( “ > : ( cos b ) — aW(6s) > 0,
Co sin 6

which proves (iii). O

In the rest of this section, we assume that a > 0.
Next we consider the asymptotic stability of the traveling curved front. As in
[13], we search for a supersolution and a subsolution of the following type:

ant) = pla(i(e = ait) + ot + A1)
Putting

z = a(t)(z — art),
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we have
Lv] := v — % — Ga(vy)
= 2L (2) — 9(2)) — 1 () + e+ iy — aGl((p/(Z))‘P;,(Z) — Ga2(¢'(2))
« 1+ ¢/(2)
= 250 (2) = @) + i+ (1= ) fez — a1/ (2) = Gl (2))}
o p o’ By —a)a? , ,
= 042{280 -+ Of 4 (1 at) (c2 — 19" — Ga(p ))} (4.15)

By this calculation we can construct the supersolution and subsolution.
LEMMA 4.3. Let vy(z,t) be defined by

1

plax(t)(z —cit)) + cat + B+ (1), (4.16)
ax(t)

ve(zx,t) =

where

ai(t) = 1F e,

7 <a;<o> - afa)) ‘

Then, for any &, v are positive constants, there exists a mon-negative constant
o0(7,9) such that

Bx(t) :

lim o¢(v,d) =0, (4.17)
7—0
and vy is a supersolution of (1.3) and v_ is a subsolution for o > oo(v,d). More-
over, vy (x,t) > v_(x,t) for any x € R and t > 0.

Proof. By (4.15), we have

Sye 7t a?
Llvy] = + ryoﬂi {zgp' —p+o+ Ti(CQ -1 — Gg(gp'))}.

Set
(1-9)*

00(7, ) = sup {—w’(Z) oz - (2 - ergl(2) - G2<¢<z>>>} .

z€R
Lemma 4.2 (i), (ii) and Lemma 4.1 immediately imply that vy is a supersolution
when o > 0¢(v,d) and that v_ is a subsolution. Letting z — foo, we see that
Uo(’y, (5) > 0.
Next we shall show that for any ¢ > 0 and § # 1, there exists a positive
constant 7y such that

(1-9)

p(2) —z2¢/(z) <e + (c2 — 19/ (2) = Ga(¢'(2)))
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for 0 < v < vy and z € R, which in turn implies (4.17).
First, by (4.14), there exists a positive constant R such that

o(z) —2¢'(z) <e for |z] > R.
It follows from (4.2) and Lemma 4.2 (i) that, for |z| < R,

Gi(¢'(2))¢" (x)
— "(z) — Ga(y' =——"-=>Cr>0
Co —C1p (Z) 2(@ (Z)) 1+ SO/($)2 — VYR
for a suitable positive constant Cz. Then, Lemma 4.2 (i) implies that, for v close
enough to 0,

o(2) = 29/(2) < pl(0) < e + U ;5)20R,

<e+ d —76) (ca — c1¢'(2) — Ga(¢'(2))).

Next, we will show that v; > v_. The simple calculation leads us to

Oé_(O) 1 ,
ﬁ(go —z¢")da > 0.

vy (z,0) —v_(x,0) = /

a4 (0)

Since v, is a supersolution and v_ is a subsolution, we have proved that vy (x,t) >
v_(z,t) for t > 0. O

By the supersolutions and subsolutions in Lemma 4.3 we can show the local
asymptotic stability of the traveling curved fronts by the similar argument to [13]
which is based on [5, 6].

THEOREM 4.4. Assume that ug(x) satisfies

rEr:Eoo |ug(x) — ztan(fy — 7/2)| =0, (4.18)
up(x) > xtan(0L — w/2) for x>0, (4.19)
up(x) > xtan(0_ — w/2) for x <O0. (4.20)

Then,
lim sup |u(x,t) — @(x — c1t) — cat| = 0.

t—oo r€R

Note that, by Lemma 4.2 (iv), v4 (z,0) also satisfy (4.19)—(4.20) and that the
global existence of the solution u(z,t) of (1.3) in time is guaranteed by the local
existence of solutions of (1.3) and the existence of supersolutions and subsolutions
in [0, 7] for all T > 0.

Proof. We shall show that, for any € > 0, there exists a large time 7" such
that

plr —c1t) + cat —e <z, t) < ol — ert) + cot + €, (4.21)
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for t > T and =z € R.
We first prove the upper estimate. By (4.18), there is a positive constant R
such that

lug(xz) — ztan(0x — 7/2)| < for |z| > R. (4.22)

c
3
Lemma 4.2 (iv) and (4.22) imply that, for |z| > R and § < 1,

v (z,0)+ - = (1—=0)x)+ - >xtan(fL — 7/2) + = > ug(x).

Wl m
Wl ™

1-57

wlm

Note that by Lemma 4.2 (i), mingcg ¢(z) > 0 and choose § close enough to 1 so
that

1
—— mi < R.
T Win p(x) for |z| <R

IN

uo(x)

Then we have that for |2| < R

0e@0)+ S = (1= B)a) + 5
1 €
= Tty
> ug(x).

Since by Lemma 4.3 vy + £/3 is also a supersolution, we have proved that for
é close enough to 1 and for all v > 0

u(z,t) <wvy(z,t)+

OJI(T)

Then take v so small that

500(73 5) < E

(1-06)2 "3
and choose o such that oqg(7,8) < o < g(1 — §)?/(35). By setting z = z — ¢t and
by the definition of vy, we have

UA%ﬂ—¢@%mﬂ:Cjwwwﬁﬂ@_ﬂ@+a<aim—aiﬂ)
- ]Qi@)¢(aZ)_;gZ¢%O%)da'%(1f?$y
< o)+
< o T

For t > T1 := In[(3p(0)6)/((1 — §)2¢)] /v and for all x € R, we have

u(z,t) <vy(z,t) + % <z —cit) + eat + ¢, (4.23)
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which proves the upper estimate. Note that inequality (4.23) is still establish even
if ug does not satisfy (4.19)—(4.20).

Next we show the lower estimate. By Lemma 4.2, there is a positive constant
R such that

o(x) — ztan(fy — 7/2)| < % for || > R. (4.24)
For all 6 > 0 and all |z| > R, it holds that |(1 4+ §)x| > R and then (4.24) implies
that
v_(z,0) — % = 17—1—690((1 +0)x) — % < ztan(fy — 7/2) < up(z),

where the last inequality follows from (4.19)—(4.20). Moreover, for |z| < R, using
Lemma 4.2 (i), it holds that

€ 1 €
v (@,0) = % = Tl +8)a) - S
1 €
< — / S
< 77500 2 (1+8)2) - 2
1 €
<— —7/2) — <.
< 1+5<p(0)+xtan(9i T/2) 3

Then let § be so large that ¢(0)/(1 + J) < &/3, then (4.19)—(4.20) implies that for
|z < R,

v_(z,0) — % < up(z).
Now, choose v and o satisfying

500(77 5) <

€ (1+9)e
140 3’ ’

oo0(7,0) <o < %

Since v_(x,t) — /3 is also a subsolution, Lemma 4.3 implies that, for t > 0,

v_(z,t) — g < ufzx,t).
Similarly as the upper estimate, we have
() + eat —v_(,) = 9(2) ~ ——pla(1)2) e —
—u — = la . _
7 2 O P IR a_(0)  a_(b)
a_(t) _ /

< / plaz) — azy'(az) do+ do

1 042 1 + 5
oo
< by
< @(0)oe " + 5

If T, is large enough, it holds that o(z — ¢1t) + cot — e < u(z,t) for t > Ty, which
proves inequality (4.21) for all 7' > max(Ty, T»). O
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Theorem 4.4 directly implies that the local asymptotic stability for the initial
data satisfying (4.18)—(4.20). The assumption (4.18) is essential. It is shown in [13]
that some solutions do not converge to the traveling wave, if (4.18) violates. The
conditions (4.19) and (4.20) can be relaxed by introducing another subsolution as
in [13].

LEMMA 4.5. There exists €9 such that for any e € (0,eq), there exist positive
constants px and two traveling curved fronts y = @% (x — c1t) + cat satisfying

@ (z) is defined on [—p4,00), and p* (x) is on (—oo, p_] respectively,
lirjrzl (¢%i(z) — wtan(fy — 7/2)) =0,

d
li — 7 ==
L ¢k (x) = oo,
¢1(0) =2 (0) = —¢.
Furthermore, it holds that
(¢1)"(2) <0 and 0<z(pL) (2) — ¢L(z) <e. (4.25)

Proof. Using Lemma 4.1, one shows that there exist solutions 6% of (4.4) such
that

(0°) = f(87), 0" (p-) =0, 6 (—00)=0_,
(03) = £(85), O(—ps) =, 67(00) = b,

By an appropriate shifts in z and y, we can easily check the existence of ¢} .
Moreover, by denoting by 67 the orbits such that

(¢3)" = tan(6} — 7/2),

it holds that
Ly (0

—— <0
cos? (0% —m/2) <%

and the equality (¢4 (2) — z(¢%) (%)) = —2z(¢%)” implies that
03 (2) = 2(p1)'(2) 2 —¢,

which concludes the proof. O

Note that tan(6* —7/2) < tan(f_ — 7/2) and that tan(0’ —7/2) > tan(f; —
m/2) so that

0 (2) = ¢ (0) —|—/ tan(0} — m/2)ds > —e + ztan(6, —7/2) for z >0,
0

P (z) =" (0)+ /OZ tan(0* —m/2)ds > —e + ztan(f_ — 7 /2) for z <O0.
(4.26)
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Using ¢’ we can construct the following subsolution.

LEMMA 4.6. Let v~ be defined by

PO O —at) Fat+ B0, for s—at>0
v (x,t) = )
a*(t) o (a*(t)(w — c1t)) + cot + B*(t), for x—c1t <0
where

af(t) == 1—8%e 7,

il (a*1<o> - a*1<t>) |

For any positive constants *, v*, there exists a positive constant ojj(vy,d) such that
v~ is a subsolution of (1.3) for o* > o§(v*,6*). Moreover,

=)
*
—~
~+
~—

lim og(v*,0%) =0. (4.27)

y*—0

Proof. We consider the case on [—p4,00). It follows from (4.15) that

(o)

—z(p}) + el +o0" + 7(—02 +a(el) +Ga((e1)) ¢

(a*)?

so that L[v~] <0 for all o* > of(~*,*) where

Lv™] = -

k[ k ok * * (1 - 5*)2 * *

a6 = sup {a(0) - ot = U2 et + Gallh )}
zE

By letting z — 400, we see that o (y*,0*) > 0. To show (4.27), we need to prove

that, for any €’ > 0, there exists ~ such that

* * (1 - 5*)2 * *
z(<p+)/ —pi < e+ T(*@ + (‘P-ﬁ-)l + G2((‘P+)/))
for 0 < v* < 75 and z € R. By the similar argument in the proof of Lemma 4.3,
we see the above inequality.
We can perform a similar computation for ¢* . Then, the lemma follows from

the fact that the maximum of subsolutions is also a subsolution. (]

We give a simpler proof of the global stability than in [13].

THEOREM 4.7. Let ug(x) satisfy (4.18) and u(z,t) be a solution of (4.1) with
u(z,0) = ug(x). Then,

lim sup |u(x,t) — p(x — c1t) — eat| = 0.
t—00 R
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Proof. 1In view of Theorem 4.4, we only need to show that, for any € > 0,
there exists a time T such that

ztan(fy — 7/2) <u(x + 1 T,T) — T + 3¢ for z €R. (4.28)

To that purpose, we use a similar argument as in Theorem 4.4. Let € > 0 be
small enough and take ¢% as in Lemma 4.5. First, we can choose R > 0 such that

ztan(fr — 7/2) —e < wug(x) for |x| > R. (4.29)
Then, choose 1 > 0 so that % (+z) < —/2 for all 0 < z < 1. Define

Mg = sup |uo()]
z€[—R,R]

and choose 6* € (0,1) close enough to 1 so that

5
1-90" ——— > Mg.
(1-0")R<mn, and sa—o = Mr

Then, if || < R, it holds that |(1 — §*)z| <7 and then by Lemma 4.6

1 —€
=5 X5 = Mr < uo(z),

— 1 * *
v (2,0) = - @i ((1 = 6%)2) <
1-946
which together with (4.29) and (4.25) implies that
v (2,0) —e <wg(z) forall zeR.

Then for all positive constants v* and o* such that o* > o§(y*,6*), Lemma 4.6
implies that

v (x,t) — e < u(x,t) (4.30)

for any x € R and ¢t > 0.
By (4.27), we can choose v* and o* small enough to satisfy

205(+",6%)8" _ 20%0"

-0 ~ 15 °F
Using (4.26), we have, for x > 0,
— 1 * * *
v (x4 ety t) — ot = ) (o (t)x) + B7(t)
> L (—e+a*(t)ztan(fy — /2)) — Al
= o () T 1- 6
> ztan(0y —7w/2) — c o0

ar(t)  1—0%
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Then, for ¢t > (In36*)/v*, it holds that
v (z+ ity t) — cot > xtan(0y — w/2) — 2e. (4.31)
Similarly it holds that, for x < 0 and ¢ large enough,
v (x + et t) —cot > xtan(_ —7w/2) — 2e. (4.32)
Combining (4.30)—(4.32) immediately implies (4.28). O

5. Level Set Methods

In this section, we give an application of our result to movement by anisotropic
curvature in the plane. More precisely, let I be a curve in R? satisfying:

I'y possesses asymptotic lines y = ztan(f+ — 7/2) as x — +oo.

Namely, we suppose that there are two functions (7,(s € C(R) such that (1, (o
satisfy hypothesis (H3) and

Iy C {(z,y) € R? | Q1(2) <y < (o)},
lim (¢i(x) — ztan(6+ — 7/2)) =0,

r—Fo0
lim ((o(x) — wtan(f — 7/2)) = 0.

r—+o0

Let Uy be a continuous function such that

{(mvy) € RQ | UO(:E7y) = 0} = F07
UO(m7y):1 if ZUZ@(Q?)"’L U0(1‘7y):—1 if ySCI(m)_la

and such that there exist v € [0, (1 + v/5)/2) and a modulus of continuity m such
that

Uo(@,y) = Uo(a,y)] < m (14 J2] + |2 + |yl + [y[)") (Jo = 2'[ + [y = y/])

for all z,y € R.
Then, we prove the following result.

THEOREM 5.1.  Let Iy be as above and U be the unique solution of (1.2) with
U(xz,y,0) = Up(z,y). Set

I = {(z,y) e R* | U(z,y,t) = 0}.
Then, for any € > 0, there exists T > 0 such that for allt > T

I C {(z,y) €R? | |y — p(z — c1t) — cot| < e}
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Note that the existence of a solution as well as a comparison principle is already
known (see [2, 10] for instance).

Proof. Let u~ be the solution of (4.1) with v~ (x,0) = (1 (x). Since v, satisfies
(4.18), by Theorem 4.7, it holds that

lim sup |u™ (z,t) — o(x — c1t) — cot| = 0.

t—o0 z€R

Moreover, setting U (z,y) = sup(y — (1(z), Up(x,y)), we have that U (z,y) >
Up(x,y) for all (x,y) € R2. If Ut denotes the solution of (1.2) with UT (x,y,0) =
Uy (z,y), the comparison principle for (1.2) implies that Ut (z,y,t) > U(x,y,t) for
all t > 0.

Since Uy (x,y) = 0 if and only if y = (1 (z), it holds that

0= {(a.y) € B2 | U (2,y,) = 0} = {(2.) € B? | y = u™ ()},

so that
U (z,u (z,t),t) <0. (5.1)

Similarly, one can construct a solution u™ of (4.1) such that

lim sup |[ut(z,t) — p(z — c1t) — cat| = 0,

t—o00 zER
and such that
U (z,u"(2,t),t) > 0. (5.2)

Then, for all ¢ > 0, the equations (5.1) and (5.2) imply that if (z,y) € I; then
u™(x,t) <y < u'(z,t) which by letting ¢ — oo concludes the proof. O

6. Singular Limit of Traveling Curved Fronts and Crystalline Motions

In this section we consider the profile of the traveling waves when ¥ includes
the small parameter £ > 0.

We assume that ¥ = ¥(0,¢) is a m-periodic function in § which belongs to
C?(R x (0,20],R) N CO(R x [0,0],R) with some positive constant e and satisfies
(H2) where A; and Ay are independent of £ and A3 and A4 depends on . We also
write f(6,¢) instead of f(0) to emphasize the dependence on £. Assume furthermore
that

(H4) There exist 0 < 6 < 0 < -+ < 6, < 27 and positive constants m; such
that

m

U(0,e) + Wyp(0,e) — Z m;d(0 —6;) in the distribution sense as € | 0,
j=1

m{@(0,2) + Vo (0,)] =0 if 0 ¢ {6,)7y,

€l0
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(H5) There are positive integers j; and js such that 1 < j3 < jo < m and
0_ < 9]'1 < 9]'2 < 9+ and 9]'1_1 < 0_, if 1> 2, and 9+ < (9j2+1, if
jg S m — 1.

Since the velocity (c1,c2) given by (4.8) also depends continuously on &, we will
also write (c§, ¢5). We also write Cy, p; and ps as in the proof of Lemma 4.2 with
f=7f(0,e) by C5, p5 and p§ respectively.

In [9, Corollary 1.3], it was proved that the motion by crystalline energy (6.4)
below is a limit of the regularized problem (1.3). More precisely, the evolving
solution of (1.3) with the periodic boundary conditions converges to the admissible
solution of (6.4) locally uniformly as € | 0 provided that the initial function u§
converges to u) uniformly. For the traveling wave solutions of (1.3), we can show
that they converge to those of the corresponding crystalline motion in the following
sense.

THEOREM 6.1. Assume (H1)—-(H5). Let p(x,€) be a traveling curved front
given in Lemma 4.2 and L; (j =1,...,j2 — j1 + 1) a positive constant given by
M, 1%(0545,-1,0)

L; = - . 6.1
J C(l) C089j+j1,1 +Cg Sln0j+j1,1 —GW(9j+j1,1,0) ( )

Then there exist constants xy,...,Tj,—j,+1 with
Tj41 — X5 = Lj sin 9j+j1,1 (62)

such that o(x,e) converges to p(x) as e | 0 where

tan(f_ — 7w/2) (—o0, 21],
P(x) = tan(lpj—1 —7/2) (zj,250),  (G=1..ijoa—g1 if 1 <J2)
tan(9+ - 7-"/2) (x]é —Ji+1, OO)
(6.3)
Moreover, if j1 < ja, then the normal velocity V; of the facet between (z;,P(z;))
and (zj41,P(xj41)) (J=1,...,752 — j1) satisfies the following crystalline motion
V= (M) 0005,1.0) (6.9
J

Proof. For simplicity, we set
dj = Lj sin 9j+j1—1~

First consider the case where j; < jo. It follows from (4.4) and the definition of f
that

0
~ d
x=x(6,¢) ::xl—i—/ o
(05, +0-)/2 f(s,¢)
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where 1 is specified later. By (H4), we have

/91+-71‘1+5 ds /9.7‘+J‘1—1+5 U(s,e)(¥(s,e) +WP"(s,e))sins
047,15 f(s,e)  Jo 5 cos s+ ¢§sins — a¥(s,€)

ds

j+ii—1—0

W(9j+]‘1,1, O)WLj sin 6‘j+]‘1,1

p = d'a
cf cos 0,1+ c§sin b -1 — a¥(015,-1,0)
as ¢ tends to 0 for sufficiently small positive d. It turns out that
T ((9_ <§< 9j1),
11H1£L'(97E) = Z; (9j+j1*2 <9<9j+j1*1>7 (j:2,7j2—]1+1)

|0 ~
Tjy— g1 (05, <0 <01),

where 711 == z; +d; (j=1,...,j2 —j1+1). Thus, the inverse function 6(z, ) of
x(6,e) converges to

N 0_ (x < 1),
161&)16(%,6): 0j+j1*1 (xj<x<xj+1)v (.7:17’]2_.71)
0+ (Zj—jit2 < ).

Recall that 3(z,¢) can be defined by 6. By (4.10), (4.9) and (H5), we have

i !/
lim inf & >0, limsup M
€l0 a €l0 a

< 0.

These inequalities and the fact that
x
CS = lim (tan(@(s,e) —7/2) — tan(0y — W/Q)) ds.
z—xto0 J,

imply that C5 converges to C? as e | 0. Since p continuously depends only
on C§ and 04, p5 also converges to sz as € | 0. Thus the traveling wave p(z,¢)
converges to the segment with the slope tan(6;,;, -1 —m/2) in the interval [z, zj11]
(j=1,...,J2—j1+1) and 2 is uniquely defined by p} (j = 1,2). Each facet between
(xj,P(x;)) and (z11,P(xj41)) ( = 1,...,j2—j1+1) moves with constant velocity.
The length of each facet is L; = d;/sinf;,;,—1 and its normal vector is

[ o8O
TL] = . .
sin b4, -1

The normal velocity is

By (6.1), we have

0 0
Vi = cjcosbjyj—1+cysinbjyj, 1

= (M + a> lI/(GjHI,l, 0)
L;



Anisotropic Curvature Flows 103

This shows that the traveling front of (1.1) converges to the traveling faceting (6.3)
governed by the crystalline motion (6.4) (see [1, Section 10.3] or [11, Section 12.5]).

In the case where j; = js, the similar argument implies the existence of x; and
X9 satisfying (6.2). This completes the proof. O

In this situation, every juncture point moves with the constant velocity (c?,¢9).
We remark that if there are no 6; between (0_,6,), the traveling wave converges
to the faceting curve with two facets max{z tan(0_ — 7w /2),x tan(6y — 7/2)}. We
also note that the facets on (—oo, 1] and [z;,,00) are not admissible, because 64
do not belong to {6,} by (H5). It is different from the situation on the periodic
boundary condition obtained in [9].

We consider the following example. Set

= \/cos2(0 — 7/4) + ¢ + y/sin?(0 — 7/4) + <. (6.6)
Then,

e(1+e¢) e(1+¢)
(cos?(0 — m/4) +¢2)3/2  (sin®(0 — m/4) +€)3/2°

U(0,e) + Ppo(b,e) =

Setting

T+2(— D7

ej = 4 ’ (j:1727374)a

we get

e(l4+¢e) e(1+¢)
(1+¢)3/2 T

Using the change of variables sin s = /e tann, we can check that

1) arctan(sin 6/4/€)
1
/ &d :/ (+E)COST)d —2 as €¢—0

s
_s (sin® s +¢)3/2 — arctan(sin §/v/2) y/1 — € tan?

LD(Gj,s) + Weg(gj,€) =

— 00 as € — 0.

10

-0.6 -0.4 -0.2 0.2 0.4 0.6

-10 -7.5 -5 -2.5 2.5 5 7.5 10

(a) (b)
Fig. 1. The traveling curved front with (6.6). (a) The frank diagram
|€] = 1/¥(0); (b) the corresponding traveling curved front. The

arrow indicates its velocity.
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for small 6 > 0. This implies that (H4) and (H5) hold and that m; = 2. The
traveling faceting curve with _ = 7/6 and 6, = 97/10 is in Fig. 1.
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