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HOMOLOGY OPERATIONS AND
COSIMPLICIAL ITERATED LOOP SPACES

PHILIP HACKNEY
(communicated by J. P. C. Greenlees)

Abstract
If X is a cosimplical E, 1 space then Tot(X) is an E,41
space and its mod 2 homology H.,(Tot(X)) has Dyer-Lashof and
Browder operations. It’s natural to ask if the spectral sequence
converging to H,(Tot(X)) admits compatible operations. In this
paper we give a positive answer to this question.

1. Introduction

For each n > 2, let C,, 11 be a fixed E,, 1 operad. In this paper we extend the results
of [6] to the setting of cosimplicial C,1-spaces. In particular, using the indexing
convention on the homology spectral sequence so that E%S’t =m Hy(X;Z/2), we
prove the following:

Theorem 1.1. Suppose that X is a cosimplicial object in the category of Cp11-spaces.
Then there are operations in the mod-2 homology spectral sequence associated to X :

Qm:E,, = E melt,t—s+n]andn>s
Qm:E" ;= Ep o 4o m € [t — s, min(¢t,t — s + n)]
where
r m=t—s

w={2r—2 met—s+1,t—r+2]
r+t—m melt—r+3,t

(noting that some of these intervals may be empty). These are homomorphisms unless
s=0and m =t — s+ n. There is also a Browder operation

/\n: Eis,t X Eis’,t’ — Eis—s’,t—i—t’-ﬁ-n
and, if s =0, then
Q" (w +y) = Q" (x) + QT (y) + Anla,y).
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2 PHILIP HACKNEY

This theorem is the E,.; analogue of a theorem of Turner (see [1I] and also
our paper [6]). Prior to Turner’s work, Dyer-Lashof operations were constructed in
Eilenberg-Moore spectral sequences in [I] and [g§], though in both cases only the
“vertical” operations were given. The theory of Steenrod operations, on the other
hand, has a rich literature. Appropriate starting points are [5] and [10, Chapter 7].

As expected, the operations of Theorem [[LT] are consistent for various choices of
n < co. Namely, it will be evident from our construction that, given C,,+1 — Cp2,
the operations are compatible with the forgetful functor

(C,th—spaces)A — (CnH—Spaces)A.

In addition, we show that the operations converge to the usual Dyer-Lashof or
Araki-Kudo operations in the homology of Tot(X). The precise statement is given in
Theorem [ZJl We also show convergence of the multiplication (Theorem [[3]) and of
the Browder operation (Theorem [4]). These convergence results are similar to those
proved in the case n = oo in [7].

Much in this paper relies on its companion [6], and the overall scheme is similar. We
work with simple Bousfield-Kan universal examples, which we think of as cosimplicial
spheres. We construct, for each n, external operations for these examples and use the
universal property to transport these operations into the spectral sequence for an
arbitrary cosimplicial space. When that cosimplicial space is actually a cosimplicial
Cn+1-space, we then obtain internal operations by combining the external operations
with the Cp,41(2)-structure.

1.1. Notation and conventions

We generally work over the field k = Z/2, and all modules should be interpreted
as being k-vector spaces. For a chain complex C, we write (£C)q41 = Cy for the
suspension, sk(C) for the brutal truncation with

Cr k<t

ki (C)g =
skt (C) {O k>t,

and C" for the bicomplex with

(Cv)ab _ Cy a=0
’ 0 a#0.

If B is a bicomplex, we will always consider the suspension as operating vertically,
so that (XB)gp+1 = Bap. If A is an abelian category, we write N: AR Ch>o(A)
for normalization and C': A® — coCh?"(A) for conormalization, with the convention
that

CY? = coker (édk: Dy - YP).
k=1

If A happens to be the category Ch of chain complexes over k, then we interpret
C' as landing in the category of (left-plane) bicomplexes. If Y is a cosimplicial chain
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complex, the indexing is given by
C(Y)—p,q = C(Yg)".
Given a bicomplex B, we will let T B denote the product total complex
TBy =[] Bjm-y
J
together with the filtration by columns
Fp = 1] Bim-;-
J<k
The spectral sequences used in this paper are derived from this filtration. In par-

ticular, the spectral sequence associated to a cosimplicial chain complex Y is, by
definition, the spectral sequence associated to the above filtration for the bicomplex

B=CY.
The Bousfield-Kan universal examples (see [3] for the universal property) are
cosimplicial simplicial pointed sets defined by
Do) = Y% coker (sks_1 Ay — ske 1AL,

where ¥ is the Kan suspension and A, is obtained by adding a disjoint basepoint to
each cosimplicial degree of the standard cosimplicial simplicial set A. We also define
a cosimplicial chain complex

D,gt := X% coker (sky_1 Ay < skgppq Ay) NKkD ;5 1),

where A, is the normalization of the cosimplicial simplicial k-module kA. The spectral
sequence associated to D, is given in Figure[I} in [6] we established the following
universal property.

" (2) e Ht+r—1

T

4 4

—(s'—i- T) =S

[ ¥ +t

Figure 1: Pages 2 through r of D,

Proposition 1.2 (Universal Property). Let Y be a cosimplicial chain complex and
y € Z", (Y). Then there is a map

—s,t
®y5 Drst —Y
with E7(,)(1) = [y].

Except in section [l we are not concerned about what type of spaces we use
(simplicial sets or topological spaces), and consequently the mod-2 chains functor
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Ss: Spaces — Ch will mean either the normalized simplicial chains functor Nk or
this functor composed with the singular functor Top — Set2” . The spectral sequence
associated to a cosimplicial space X is defined to be the spectral sequence associated
to the cosimplicial chain complex S, (X).

1.2. External operations
Since we work mod 2, the basic strategy for understanding operations follows that
from [9], rather than the more complicated picture that occurs at odd primes as in [4].
We notice that C,,41(2) ~ S™ in the category of m-spaces (where 7 := Xy = {e,0}).
Recall the definition of W:
Wi:{ei'ﬂm i>0

0 1 <0
dle;)=(1+0)e;—1.

The chain complex W is a model for S, (Coo(2)) ~ Sy (Em) ~ S,.(S°°), and its brutal

truncation sk, W with
W; 1€ [O, Tl}
0 otherwise

(Skn W)l = {

is a model for S,(S™) ~ S.(Cn+1(2)) (where all equivalences are as m-modules). We
define, for a chain complex C,

EM(C) =5k, W @, (C®C).
If Z is a C,1-space, then, as in [6], there is a map
EM(S.(Z)) = S«(2)
induced from the structure map
Cr1(2)x (Zx2)—=Z

and the m-homotopy equivalence S™ ~ C,,+1(2). The usual Araki-Kudo operations are
obtained by defining chain maps@ (of degree m)

q": C — E(O)
Cr em_)e @CRCH+ emp1—|e| @ c®dc

and then post-composing with the map £"(C) — C, provided it exists. We will call
the homomorphisms H(¢™): H,(C) = H.1m(E™(C)) external operations.
Suppose Y is a cosimplicial chain complex, and consider £"(Y):
A% chEs Ch.

We regard the (homology) spectral sequence associated to £"(Y") as the correct target
for external operations. Indeed, if X is a cosimplicial C;,41-space and Y = S, (X), then

!'Notice that these are not additive until one passes to homology; in the formula one should consider
all terms containing ey, for k ¢ [0, n] to be zero.
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the levelwise structure maps
Crnt1(2) x (XP x XP) — XP
induce a map of cosimplicial chain complexes
EMY) =Y.

Thus, for this application, it is enough to construct external operations with the
indicated target.

As in [6], we construct external operations for the Bousfield-Kan universal exam-
ples D,:. Sections PH4] are devoted to computations in the spectral sequence of
E™(D,st). In sections B and [ we use these calculations to define external opera-
tions for an arbitrary cosimplicial chain complex Y. Finally, in section [1, we extend
the results of [7] to give compatibility of our operations with those in the target.

2. Calculation of E' and E?
In this section we begin the calculation of the spectral sequence for
5n(Drst) = (Skn W) Qr (Drst ® Drst)a

following closely the calculation for n = oo in [6]. We assume throughout that r > 2,
n > 2, and s,t > 0.

Let us first give a basis for E'. If Y is a cosimplicial chain complex, then we have
an isomorphism (of complexes of graded modules) E}(Y) = H,C(Y) = CH,(Y) by
[3, 3.1], where H,.(—) refers to taking homology in the “chain complex direction.”
The first step toward computing E1(E"(Y)) is thus to compute H,(£"(Y)). By [9}
1.1], we have an isomorphism of functors out of chain complexes

H.(E"(=)) = Ho(E"(Hi (),
so we have an isomorphism of cosimplicial graded modules
H.(E"(Y)) = H.(E"(Ho(Y)))-

Let us collect the necessary ingredients to compute the right-hand side in the case
Y =D,y

We need the following calculation from [9] 1.3].

Lemma 2.1. Let K be a k-module with totally ordered basis {x; |j € J}. Let AC
K ® K have basis {z;@x;|jeJ} and BC K ® K have basis {zj, ® z;, | j1 <
Jo, where j1,j2 € J}. Then

H(sk, W ®, (K ® K)) = (éei@@A) ®(eo®B)® ((1+0)e, ® B).
=0

We now give a brief indication of why this lemma is true. For a kr-module M
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(such as H,(DP) ® H.(DP)), the complex sk, W ®, M is just

0-MES oM S S 0.

Thus the homology is

M/(1+0) i=0
Hi(skp, W @z M) =< ker(14+0)/im(l+0) 0<i<n
ker(1+ o) i=n

and zero otherwise.
Recall that in [6] we let

Al ={el|e:[r] = [pl,e(0)=0} C A,

which was used to give a basis for H,(D,ss). Specifically, [6] 2.3] states that (for s > 0
and r > 2) the homology of DP__ is given by

T8Ss

kAP, k=s+r—-1
(D)= {knr k=

0 otherwise.

Since Lemma [Z.]] mentions an ordered basis, we might, for concreteness, define an
order at this point. We associate to e: [m] < [p] the word of length p + 1, whose 7*!
letter is 0 if ¢ ¢ ime and 1 if ¢ € ime. For a fixed m we declare the order on injections
to be given by the reverse lexicographic order on their associated words. We then
define an order on the basis A2 UAY  for H,(DP) by insisting that A2 < AL, .

Theorem 2.2. The E' page of the spectral sequence associated to E"(Dys) has a
basis consisting of bigraded sets (column, bottom, top, middle)

¢, ¢’ B, BT, 3¢ M, and M.
We give an ezhaustive list of their elements. For m € [0,n], we have

em ® id[s] ®id[5] € C s 2+m

em @ 1d[s4r) @id[s1r] € (€D) s r 20427 4m—2.
For each pair e < e’ € AP and [p| = ime Uime’ we have

eg Ve = %_p’gt

(1+0)en®@e®e €T _porin.

Here —p is between —s — 1 and —2s.
Fore e A2,y € AY,, and [p] = ime Uim~, we have

S

eo®e®YE (ml)fpﬁwrrfl

(1+0)en®e®y € (M) _p 2tgrin—1

which live in degrees with —p between —s — r and —2s — 7.
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S

For~vy <~" €AY, and [p] =im~Uim~" we have
co®7®7 € (BY) parrar2

(1+0)en ®7©7 € (T partr2rin-2
with —p between —s —r — 1 and —2s — 2r. If r = oo then the basis only consists of
¢, B, and ¥.

Proof. Applying Lemma 2] the homology of £™(H..(D?

P.+)) has a basis given by the
disjoint union of the following sets:

{em®@e®e|ee€Al,me[0,n]}
{em®@v®7y[v€ A§+r7m €[0,n]}
{eo@e®e |e,e e Al e<e}
{eo@e®@y|eecAb,ye A, }
{eo@v®7 | 7,9 e Al ,v<7}
{(1+0)e,@e®e e, €Ale <}
{Ql+o0)en@e@y|eeAl,ye AL, }
{l+0)en®@y®9 [7,7 € AL v <7}
Now conormalize H,(E™(Dyst)) as in [6]. O
It is helpful to visualize this page. There are five potential pictures for E' that
can be drawn, depending on the relationship between n and r. One such picture (for

the case n > 2r — 2) is given in Figure[2] where we have indicated modules with rank
greater than zero by snaky lines and modules of rank equal to 1 by straight lines.

[AVAVAVAVAVAVAVAVAVAVAVAV A
AN\N\NNNNNA
AN \N\N\N\N\NNNA 2t +n
[AVAVAVAVAVAVAVAVAVAVAVAV e, 2t +2r — 2
ANNNNNNN~ 2t +7r—1
\N\N\N\N\NN\NN~ 2t
: : : : — A
—2s—2r —2s—r —2s —s—=r —S

Figure 2: EY(£™(D,s))

The basis elements with eg and e,, give us up to six interesting rows to talk about.
There may be overlaps of snaky segments when n =r — 1 or 2r — 2, but this does
not affect the calculation of the homology of §!.
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It turns out that we have already computed the homology of each of the six snaky

line segments in [6], and we now recall three families of complexes from that paper.
First, we have

Qs = C(Hs(Dooss) @ Hy (Dossrs))-
When s = s’ there is an action of 7w, and we then have the associated complexes
Qs = Q5 /m
and

Ts=ker(l1+o0: Qs = Qs).

The following proposition is a conglomeration of [6, 5.3, 6.2, 6.3].

Proposition 2.3. Fiz s,s’ > 0. The cohomologies of Qs s, Qs, and Y5 are given by

k = ! _ k 2
Hsts’: P S—F.S HPQS: pe[s,.s}
’ 0 otherwise 0 otherwise

k pels+2,2s], s>1
k p=0=s

0 otherwise.

HP(T)

Using our current notation, [6, 5.2] asserts that we have isomorphisms of complexes
Q, = (k(BUC_,2),0")
Qg sr — (k(OM'), ") (1)
Qsir — (k(%d u (Cd)fsfr,2t+2r72)7 51) .
This takes care of the identification of three of the six snaky line segments. For the

other three, we have

Proposition 2.4. There are isomorphisms of complexes

T, = (k(TUC_52t4n),6")
Qs e — (k(O?),6")
TS+T — (k(gd u (Q:d)—s—r,2t+2r+n—2)a 61) .

Proof. The map

HS(DTSS) &® Hs+r71(Drss) — H*(gn(H*(Drss)))
ey = (1+o0)e, ey

induces the middle isomorphism, as in the proof of [6, 5.2]. Furthermore, if M*® is one
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of the cosimplicial modules
Hs(Drss) & Hs(Drss) or Herrfl(Drss) ® Hs+r71(Drss)7
then we have a cosimplicial map

ker(l +o: M — M) — H*(gn(H*(Drss)))
(@ = e, ®(R(.

This is an inclusion by Lemma 2] and remains so after conormalizing. Finally, it is
easy to see that the conormalized map

T — EYE™"(H,.(Dyss)))

has the appropriate image. O

All of the work to compute E? has now been completed. Figure Plbecomes Figure Bl

[
2t+n
2t +2r — 2
[ )
2t
: : : : — A
—2s—2r —2s—r —2s —s—=r —S

Figure 3: E2(£"(D,4)) for n > 2r — 2

Theorem 2.5. Suppose s > 0. Then a basis for E*>(E™(D,.)) is given by the disjoint
union of bigraded sets ¢, ¢?,b,b% t,t%, m', and m?, which consist of a single element
in each of the indicated bidegrees:

¢ {—s} x[2t,2t + n —1] ¢ {—s—r} x[2t+2r — 2,2t +2r +n — 3]

b:[~2s,—s — 1] x {2t} b :[~2s — 2r, —s — 1 — 1] x {2t +2r — 2}

t:[—2s,—s — 2] x {2t +n} t4:[-2s—2r,—s—1r — 2] x {2t +2r +n -2}
m! (=25 — 2t + 7 — 1)} m? (=25 —r, 2t +n+r—1)}

If s =0 then the statement is the same except that ¢ is also nonempty in bidegree
(—s,2t +n) (and of course b =0 =t). If r = oo then the basis is given by ¢, b, and t.
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Proof. Ignoring the vertical grading, (E*, ") is the direct sum of the complexes
( (% L Q:,S Qt) (51) (k( 577’,2t+27“72)7 61)
(]k TUe_ s 2t+n) (51) (k(‘z —s—7,2t+2r+n— 2) 61)
n— n—1
(thfs,QtJri;O) (ke —s—r2t4+2r—2+i, 0)
i=1 =1
(kom', 6") (kom?,6") .
The result now follows from Propositions 23] [Z4] and (). O

A variation of the proof of [6] 8.6] gives that
Proposition 2.6. If r is finite then TE®(E™(Dyst)) = HTC(E™(Dyst)) = 0.

In [6] (the case n = o0), the structure of E?, combined with the vanishing of £,
determined the higher differentials in the spectral sequence. This is not the case here.
Considering naturality would allow us to compute the higher differentials, but even
a statement along the lines of [6] 9.1] is horrendously complicated with many cases.
Luckily, we will only need partial information about the differentials in this spectral
sequence. We make some computations in section dl but before that we restrict to
the case r = oo where we are able to give a complete answer. Section [ is also an
important component of the convergence results in section [7l

3. Special case: r = o0

In Figure d] we visualize the statement of Theorem when r = oc. Notice that
E? # E*> when n < oo and s > 0. The reason for this is that there are n + 1 nonzero
terms on E*°, but E? has 2s +n — 2 nonzero classes. To justify the first part of this
sentence, notice that an easy variant of the proof of [6l 8.3] gives the next theorem.

2t +n

—2s -8

Figure 4: E?(£™(Doost))
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Theorem 3.1. Let 2 <r < o0 and 0 < n < oo. Then
H.TC(E™(Drst)) 2 TE®(E™(Drst)).
Let [ = b L ¢ denote the generating set for the lower right portion of E?(£"(Ducst))-

Since there is some overlap in total degrees, we need to check that the terms that
survive to £ are all in L.

Theorem 3.2. Consider the spectral sequence for £"(Deost). The classes from E?
that survive and are nonzero at E> are exactly those of | in total degrees

[2t — 25,2t — 25 + n].
Proof. By [6l, 8.4] we know that (sk, W)" @, C(D ® D) = C(sk, W ®, (D ® D)), so
according to Theorem [3.I] it is enough to compute the cohomology of
T((sk, W)? @ C(D ® D)),
where D = D ... If we set
by = dim H,,T((sk, W)’ ®, C(D ® D)),

we already know from Theorem B1] that
s f e
For r > 2 we have, by [6], 4.3], that

E"(D)® E"(D) = E"(D® D) = E"(sko ®(D ® D)).
Thus, Theorem [B.1] gives that

W 1 m=0
™10 m#£0.

We will now use comparison and induction to interpolate between these two extremes
and show that

o 1 mel0,n]
™ 10 otherwise.
We have two exact sequences of complexes
0= sk, W —=W = X""W =0 (2)

and
0—skgW — sk, W = Xsk,_1 W — 0, (3)
where the first map is the obvious inclusion in both cases. Freeness of W; over kr tells

us that if we apply (—)” @, C(D ® D) to either of these exact sequences we will still
have a short exact sequence of bicomplexes. Furthermore, taking products is exact,
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so applying T we again get short exact sequences of complexes; write
Bn = T((Skn W)U ®7|- C(Dooss ® Dooss))-

We first apply T((—)" ®, C(D ® D)) to SES[B)). The short exact sequence of com-
plexes

0—B"—B"-¥B" ! >0

gives us a long exact sequence in homology, so we have

H,,B® — H,,B" —— H,,XB" ' —— H,,_1B°

I I I
0 H,y, B! 0

for m — 1 > 0. If we assume inductively that
el — I mel0,n—1]
m 0 otherwise

then we see that b7, is zero for m € [n + 1,00) and one for m € [2,n].
Next we apply T'((—)" ®- C(D ® D)) to SES([), so we have

0— B"™ — B® - ¥""'B> 50
and in the long exact sequence in homology we get

Hyp 1S B® —— H, B® — H,, B® —— H,,, 5"+ B>

| I
Hm—nBOO Hm_n_lBoo

This tells us that b}y = b5° for m < n, since there b2°_, =0="5b°__ ;.
We thus know b7, for m € [2,00) U [0,n — 1], so for n > 2 we know it for all m.

The only thing we are missing is b}, but this follows from the exact sequence

0 H,B! H,%B° HyB° HoB' ——0

l l I
k k k
O

The following corollary says that there is only one way for something in t to be hit
by something in [. Recall that [ = b LI ¢ and t consist of at most one element in each
bidegree.

Corollary 3.3. Consider the spectral sequence for E™(Deost). If
a € max(n+1—s,0),n—1],
then examination of bidegrees tells us that
C_s2t4+a = {C} and  to—s—n—12t4n = {V}
are nonempty. The element ¢ survives to E"t17% and

"= e = [v] # 0.
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Ifaen+1,s—1], then
ba—2s,2¢ = {c} and  te—25—n—1,2t4n = {V}
are nonempty. The element ¢ survives to E™t! and
8"+ el = [v] # 0.

Proof. When s = 0 this corollary says that there are no nontrivial differentials, which
is obvious since E? consists of a single column.

Assume s > 0 and t = 0. First note that [ lives in total degrees [-2s, —s +n — 1]
and t lives in total degrees [—2s + n,—s + n — 2]. All differentials out of t are zero,
so those elements in total degrees (—2s+ n, —s + n — 2] must be hit by something
(Theorem B2). Thus elements of [ in total degrees (—2s+n + 1,—s+n — 1] have
some nonzero differential. Collectively, these classes hit the classes of elements of t
in total degrees (—2s + n,—s 4+ n — 2]. The classes that are unaccounted for are the
elements of [ in total degrees [—2s, —2s 4+ n + 1] and the element of t in total degree
—2s + n. The element ¢ which lives in total degree —2s + n + 1 of [ doesn’t survive
to £, and since it lives in the second page it cannot map to something in [. Hence
there is a nontrivial differential

0#6%([c]) = [v]
where v € t is in total degree —2s + n. The statement then follows by passing from
total degree to bidegree. O

4. Remaining pages, case r < oo

We now turn our attention to partial external operations. For a cosimplicial chain
complex Y, these are operations whose target is the spectral sequence for

ENY)=sk, W@, (Y ®Y).
They are of particular interest when we have a map
EMY) =Y,

such as when Y = S, X, where X is a cosimplicial F, _1-space.

Let us first recall the construction from [6]. There, we were working in the case
n = o0, and the Fy and E, pages of £%°(D,s) were equal and took the form of
Figure Bl The idea was that the the lower “I” in the spectral sequence for £°(D,.s;)
should map to the external operations on [y].

We can mimic this construction here, instead using Figure [3l We first define oper-
ations on r-cycles. Recall that ©, is the universal map given in Proposition

Definition 4.1. Let
QM: ZL, (Y) = E"(E"(Y))
be the functions defined, for y € Z7 _ ,(Y'), by

Q' (y) = E"(E"(0y) (u—sm1) m € [t,t —s+n]
th(y) = E"(£"(Oy))(Um—s—t,2t) m € [t — s, min(¢,t — s+ n)l,

where up g € E2 (£"(Dygt)) is nonzero.
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12t + 27 — 2

. 2t +r—1

2t

A

—25s—2r —2s—r —2s —s—r —s

Figure 5: E?(£°°(D,.st))

Unfortunately, this definition does not make any sense yet. Why should the indi-
cated u survive to page r? How do we know that there is only one generator in the
indicated bidegrees? This section is devoted to these questions.

We expect that the top operation will not be additive, so we cannot immediately
carry out the program given in section 12 of [6] to induce operations on the spectral
sequence. We will define the Browder operation in section [l in order to study the
deviation from additivity of Qt_s+". Proposition below shows that the Qm are
well-defined, while the computations which follow will be used in section [l to show
that the Q™ induce operations at the spectral sequence (rather than cycle) level. In
particular, we compute enough of the differentials of the spectral sequence associated
to E™(Dyst) to give a partial analogue to [6l, 9.2].

The main tool is the comparison

¢: E™"(Dyst) — E°(Dyst)
induced by the inclusion
sk, W — W.
Proposition 4.2. Letn > 1 and co > r > 2. The kernel of ¢ on the second page is
ker(E2(¢)) = k(tU ¢ Lm?).

Proof. Note that the map C(¢) is just an inclusion. At E! the representatives of
T, %4, and M2 are all vertical boundaries, so k(t U t? LU m?) C ker(E?%(¢)). Comparing
representatives in [6] 3.3] with the representatives in Theorem gives that this
inclusion is equality. O

Define a set of integral lattice points L = L, by
[-2s —2r,—2s — 2r + n] x {2t + 2r — 2}
if n<s+r—1,and by
([—25 — o —s—r—1] x {2t +2r — 2})
U ({—s—r} X [2t+2r—2,2t+r—s—2—|—n])

ifn>r+s.
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Proposition 4.3. If (p,q) € L, then
E? (E"(Drst)) =k.
Proof. We know that 1 is a lower bound for dimension since at each of these lattice
points there is an element of 4. The only classes at E? that might share a bidegree
with [? (and hence with L) are t and m2. Notice that the lattice points of L cover the
following range of total degrees:
[2t — 25 — 2,2t — 25+ n — 2],

while by Theorem we know that m? lives in total degree 2t —2s+mn —1 and t
lives in total degree 2t — 2s + n and above. O

Lemma 4.4. Consider E*(£™(D,4)) and let
{c} = m1—23—7',2t+7'—1
{v} = bizs—2r,2t+2r—2~
Then
8"[e] = [v] # 0.

Proof. Assume that ¢t = 0. We list the ranges of total degrees of each of the various
subsets which constitute a basis for E? (when s > 0):

[:][-2s,—s+n—1] (€:[-2s—2,—s+r+n—3
t:[—2s4+n,—s+n—2 th: 254+ n—2,—s+r+n—4
m!: {—2s -1} m?: {25 +n—1}

Then element v is in the smallest possible total degree —2s — 2, so must be hit by
something in total degree —2s — 1 since E°° = 0 (Proposition [Z6). The only elements
that are in total degree —2s — 1 are ¢ and, if n = 1, the element in t¢,, 5. . ; (here
we use that n > 1). Examination of bidegrees indicates that the second of these could
only hit v via 8%, so we have the stated result for s > 0. The proof for s =0 is
similar. O

For convenience, we recall the following computation of all nontrivial differentials
in the spectral sequence associated to £°°(D,.s;) from [6], 9.1].

Proposition 4.5. The following differentials in the spectral sequence associated to
E®(D,st) are nontrivial:

. Is Is
0" Blog yopipo1 — El o orottor—2

2r—1 ., 2r—1 2r—1
0 ’ Ep,2t - EP*2T+1,2t+2r72 p € [-2s,—s —1]
2r—1-b, p2r—1-0b 2r—1—b
Y ' E_372t+b - Eb+1—27"—s,2t+2r—2 be [Oa r—= 2]

0" Bl oy = Bl roiqpir be[r—1,00)
Proposition 4.6. Suppose that v € | has total degree in
[2t — 25,2t — 25 — 1 + n]
and j is such that 67[¢v]; # 0. Then
0 # & v); € 1.
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Proof. Assume t = 0. If [v]; makes sense (that is 6*[v], = 0 for k < j), then

@8’ [v]; = 67 plv]; = & [pu]; # 0,

so ¢7[v]; # 0. Proposition @3] coupled with Proposition then tell us that it must
land in the stated place.

We now show that 6¥[v], =0 for 2 < k < j. By Lemma 4] we know that v does
not hit m! nontrivially. The differential of v is in the following range of total degrees:

[-2s—1,-2s+n—2],

so we see (as in the proof of Proposition [£3) that v cannot hit any of the bidegrees
spanned by t or m?. On the other hand, t? lives in the following range of total degrees:

[2s+n—2,r—s+n—4],

so it’s possible that v hits something in t¢ if it has total degree —2s — 1 + n. But t? is
so far away that this must happen on a page bigger than j (see Figure Bl on page [@).
To be precise, the differential would be one of (writing ¢ € t_2s_2, 27 4n—2)

52r+s[v] =[] ifvece s _s—14n
52r+n—1[v] _ [C] ifve b—23—1+n,0a
whereas j < 2r — 1 by Proposition H

This proposition tells us that the spectral sequence for £"(D,.;) vanishes in the
bidegrees of L at the same time as in £ (Dyst). This is precisely what we will need
to help us show that the Q™ vanish on appropriate boundaries.

5. Additivity and the Browder operation

We would like to mimic section 12 of [6], but at first glance it appears that [6]
11.1] fails when m =t — s + n because of the classical formula [9] 6.5]

En(@ +y) = &u(®) + &nly) + An(z, ),

where ), is the Browder operation and &,(z,) = Q77" (x). Surprisingly, additivity
holds for the top operation as long as s > 0. We will see in a moment that this
happens because the Browder operation lands in a lower filtration degree, but first
we prove the additivity statement.

Proposition 5.1 (Additivity). Let r > 2 and

t—s+n s>0
t+n—1 s=0.

The functions
Q:Jn: Zis,t(y) - Eis,ert(gn(Y)) m e [tV b]
Qs 20, u(¥) = By (EM(Y)) me[t— s min(t,t — s+ )]

are homomorphisms.



HOMOLOGY OPERATIONS AND COSIMPLICIAL ITERATED LOOP SPACES 17

Proof. As in the proof of [6, 11.1], we have
El(Skn W ® Drst ® Drst) = H*(Skn W) ® El(Drst) ® El(Drst)7
which is nonzero only in the following list of bidegrees:

(—2s,2t),(—2s —r, 2t + 7 — 1), (=25 — 21,2t + 2r — 2)
(=2s,2t +n),(—2s —r,2t+r—14n),(—2s — 2r,2t + 2r — 2+ n)

since H,(sk, W) = keg @ k(1 + o)e,. The only possible overlap with bidegrees of the
operations are (—2s,2t), which is the external square, and, if s =0, (0,2t + n). But
this last bidegree corresponds to the operation Qfﬁ‘" (when s = 0), which is the one
operation that is excluded from the statement of the proposition. O

Definition 5.2 (Browder Operation). Let Y be a cosimplicial chain complex. Con-
sider k as a chain complex in degree 0. Using the map k — X" sk,, W that sends 1
to (1 + o)e, for the middle arrow below, we consider the map of bicomplexes

c)ecy) 2oy oY) — 20k, WoY ®Y)
LreEn(y))
Then we have a map
)\n: Eis,t(y) ® Eis’,t/(y) — Eis—s’,t+t/+n(5n(y))7

which we call the external Browder operation.
There is a discrepancy in bidegrees. Our top operation for an element in Z” ; is
in bidegree (—s,2t+n — s) or (—2s + n, 2t), whereas the Browder operation of two

elements in E”, is in bidegree (—2s,2t +n). When s =0 the Browder operation
still measures the deviation from additivity of the top operation.

Proposition 5.3. Suppose that x,y € Zj (V). Then
2 (@ +y) = QL (@) + QU (y) + Anll [yl
Before beginning the proof, we make note of the following variation of [6l 11.2]:

Lemma 5.4. Let X and Y be cosimplicial chain complexes. Then
E"XaeY)2E"X)a&"YV)e sk, WX RY)

Via

e®rRr+eyy

e ®(x+y)® @ +y)—
(z+y) @@ +y) he @Oy o6 By



18 PHILIP HACKNEY

Proof of Proposition[5.3. Examine the diagram from [6], 11.1]:

rOt — DrOt @ DrOt

where the top map is the diagonal. According to Lemma [5.4] we have the decompo-
sition

£"(D) en(D @ D) 2L en(D) @ £"(D) & (sk, W ® D ® D)

E"(0,)+EM(©,) 1777

EMY) e c (6

where D = D,o;. The image of ug 24, under £"(0;) and £"(0,) give Qfﬂ‘"(m) and
QT (y). We now seek to identify the image of ug 2+, under the composite

E"(D) = sk, W D®D — E™(Y).
For maps f: A — C and g: B — C, the following commutes

sk, Wo Ao B % wececC

| |

En(A ® B) E™(f+9) 5"(0)

where the left vertical arrow is the inclusion from Lemma [5.4l Replacing A = B =
D,o; and C =Y, we extend this to the diagram

c(D) e c(p) —LE2NO) L oy o)
|aw o0 |aw
C(D® D) — CY®Y)
\L 10,60 J/

Y "C(sk, W®D®D) ——————= % "C(sk, WY ®Y)

| . |
SnC(EM(D & D)) —— O senegn(yy)

The composite of the vertical maps on the right is what was used to define the external
Browder operation, so

E"(D) ® E"(D) — E"(Y) ® E"(Y)
ErEn(y))

takes 1 ® 2 to A, ([2]r, [y]r). Furthermore, the Alexander-Whitney map is particularly
simple on elements in cosimplicial degree 0: AW (idjy ® id[)) = idjg) @ id[g). So the
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vertical maps on the left give
CD)®C(D)—— C(D® D) —— X "C(sk, W ® D ® D)
idjo) ® idjg) ——— id[g) ® id[o) —— (1 + 0)e,, ® id[g) @ id]g] -
At E' this coincides with the image of ug 2+, by Lemma O

Lemma 5.5. Let C be a chain complex. Consider the composite
) ER Een(C ) » sk, W C®C,
where the projection map is the one given by Lemma[5.7):

EMXBY)—>sk, WRXQY
em®@@+yY) @ +y)—ren @2y +oe, @2 @y.

Then the homology of the composite sends e, ® [c] ® [c] to (1 + o)e, ® [c] & [c].

Proof. Fix a quasi-isomorphism C' — HC. The following commutes:
HE"(C) —— H (E"(C»C)) —— H, (sk, W C® ()
) ;
H.E"(HC) —— H*E"(HC @ HC) —— H.(sk, W @ HC @ HC)
so it is enough to prove that for a module M,
H.(E"(M)) = H.(sk, W M & M)
sends e, ® m @ m to (1 + o)e, ® m ® m. This is an easy computation. O
Remark 5.6. The formula given in Proposition B3] says that if y happens to be in
Bg ; then
QU (z +y) = QLM (2) + QT (y),
since [y}, = 0. So if we show that Qtf”(y) =0 for y € By, then we will know that

At+n

o™ induces a function

Eg,t(Y> — E6,2t+n(5n(y))-

6. Definition of operations

The proofs of nearly everything in section 12 of [6] now go through, with perhaps
the only subtle point that the analogue of [6, 12.4] relies on the vanishing statement
Proposition

Lemma 6.1. The homomorphisms Q™ vanish on Z:il,tﬂ forr > 2.
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Proof. Writer' =r—1,8 =s+ 1,/ =t+1,andlet y € ZZ/S,7t, (Y) C Z;,(Y). Then
the following commutes:

rst ? Dr/s/t’

\/

If ¥ > 2 then Theorem says that E"(E™(D, sy )) is zero on the ranges {—s} x
[2t,2t + n — s] and [—2s,min(—s — 1,2t +n — s)] x {2t} that we are interested in.
The diagram

E™(E™(Dygt)) E"(E"(Dyrgryr))

ET(Em(Y))

commutes and the rightmost composition takes u, , to zero for (p,q) in the appro-
priate range, so all of the @ must vanish on z. If r = 2 then E?(£"(D144)) =0. O

In particular, this shows that the Q™ vanish on dF 5!, and the proof of the
following is a minor variation of that of the corresponding proposition in section 12

of [6].
Proposition 6.2. The homomorphisms Qm vanish on OF %, Ol
Lemma 6.3. The vertical maps Q. vanish on 8Z£;ir,1,t,r+2 forr > 2.

Proof. Notice that we may assume that n > s, otherwise we have not defined the
vertical maps and the statement is vacuously true. Let ' =r—1, s =s+1—r,
t' =t —r+ 2. We may assume that y € Zizir—l,t—r-ﬂ has the form

s—1 )
S v

j=s—r+1
The following diagram commutes:

CFN
Drst D"‘,S,tl

e% o,
Y

Applying Proposition to (r',s',t"), we see that the vector space EE,Q(S"(DWS%/))
is one-dimensional for p = —s and ¢ € [2t, 2t — s + n|. Furthermore, Proposition
tells us that all of these classes vanish at page ' +1=r. These are exactly the
bidegrees where we have defined vertical operations, so applying E"(£"(—)) to the
above diagram we see that Qv(ay) =0on E". O

Lemma 6.4. If r = 2 then the homomorphisms Q vanish on 0z 14

Proof. As in [6]. O
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Theorem 6.5. The maps above define functions

Qy: B (Y) = E,, (E"(Y)) m E [t,t — s+ n)
Qp: BN (V) > Bl y(€M(Y))  met—smin(tt—s+n)]
where
T m=t—s

w=4q2r—2 me[t—s+1,t—r+2]
r+t—m melt—r+3,t.
They are homomorphisms unless s =0 and m =t — s+ n, in which case there is an

error term given by Proposition [2.3.

Proof. The only missing ingredient is the vanishing of QZ’ on an element Jy where
yE Zi;lr,,l’tf”z is of the form

s—1 )
y= > .

Jj=s—r+1

This is an extension of the proof of Lemma[G.3] According to Propositions 3] and
applied to (r/,s',t'), part of [6, 9.2] applies in the spectral sequence for E™(D;sg4/)
to give appropriate vanishing in the range of bidegrees

[—2s + 1, min(—2s + n,—s — 1)] x {2t}.
In particular,
E;2),T2;2(5n(Dr's't/)) =0
forpe[-2s+1,—r—s+2]NI, and
Byt (€M (Dyy)) =0

forp € [-r — s+ 3,—s] NI, where I = [-2s+ 1, min(—2s + n, —s — 1)]. Furthermore,
Lemma 4] tells us that

Ei2s,2t(5n(Dr’S’t/)) =0.
The statement then follows by going from p to m =t + s + p. O

7. Convergence of operations

In this section, we take “space” to mean “simplicial set,” as we did in [7]. If
X is a cosimplicial space, then the target for the homology spectral sequence is
H,.(Tot X), using a filtration given by Bousfield in [2] that we now briefly recall.
If V is a cosimplicial simplicial module and ¢ < oo, then there is a natural quasi-
isomorphism

N map(sk¢ A, V) TCNV/F~(+D)
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by [2] 2.2]. The composite S, Tot X = Nk Tot X — N Tot(kX) % TONKX is used
to define the filtration on H,(Tot X'), which is given by

F~% =ker(H Tot X - HTCNkX — HT,_1CNkX),
so F~(+1 ¢ F~s_ This gives the abutment map
(F~*/F* Y H(Tot X) — E>=(X;k).
The arguments of [7] may be modified to give
Theorem 7.1. Suppose that X is a cosimplicial space and m <t — s+ n. Then
Q"' [F " Hy—s(Tot(X))] C F™"Hy—gym(Tot(S" xr X*?))

where

S m=>t
v(t,s,m) =
t+s—m t—s<m«<t.

Furthermore, for each m the following diagram commutes:

(F=/F=*"1)Hy_s(Tot X) B 4(5:(X))
|
Q™ Eiov,vferert (Skn w O S* (X)®2)

E‘lisolu

(F_U/F_U_l)Htfs+m<TOt(Sn X XXQ)) —>Eiov,vfs+m+t(s*(5n Xz sz))

The obvious necessary change is to replace, throughout [7], E7 and Bm by S™ =
sk, Em and RP" = sk,, B, respectively. The one other change we must make in
comparison with the proof of the analogous result from [7] is that we must use the
results of section B to get a handle on the E*° term for the spectral sequence of
E™"(Doost)-

In particular, Theorem [Z.I] implies convergence of the internal operations when X
is a cosimplicial C,11-space:

Theorem 7.2. Suppose that X is a cosimplicial C,11-space. Then the Araki-Kudo
operation Q™ has the following effect on the filtration:

Q™[ F*Hy_(Tot(X))] € F~"Hy_spm(Tot X),

where v is given above. Furthermore, for each m € [t — s,t — s+ n|, the following
diagram commutes:

(F~*/F~>=1) H,_y(Tot X) ——— B>, (X)

. -

(F_U/F_v_1> Ht—s-‘rm(TOt(X)) B ESO’U,’U*Serth(X)
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We also note that the results of [7] that are related to multiplication, namely
Theorem 4.4 and Corollary 4.5, may be extended to the present situation with only
minor changes to the proofs that appear in [7].

Theorem 7.3. Fizn > 2, and let X be a cosimplicial space. Then the external mul-
tiplication u: H Tot X ® H Tot X — H Tot(S™ x, X *2) is compatible with the filtra-
tion in the sense that

WF*@F%)c F* %,

Furthermore, we have that the following diagram commutes:

(F~3/F~*"Y)H Tot X @ (F~'/F~~1)H Tot X — E>,(5.(X)) ® B>, (5:(X))

l |

(F=s=s" JF=s=5"“1)H Tot(S™ x, X*2) ————— E=,_ (S (5™ x5 X*?))

If X is a cosimplicial C,11-space, then we have the corresponding internal statement
that the diagram

(F~5/F~*"YYHTot X @ (F~*'/F~¥'~1)H Tot X — EX,(S:(X)) ® B>, (S.(X))

| |

(F~s=s" JF~s=s"~1Y [ Tot X E>_(5.(X))

commutes. O

We now turn to the Browder operation, which is fundamentally an algebraic oper-
ation. Recall that in [7] we proved a theorem that stated that in homology the map
¢¢ is compatible with tensor products, in the sense that the diagram

H(Tot, U) ® H(Tot, V) “E% H(T,CNU) ® H(T,CNV)

| |

H(Toty(U® V) ——2 5 HT,CN(U @ V)

commutes. Regarding kS™ also as a constant cosimplicial simplicial k-module, we can
iterate this theorem to get that bottom of the diagram

H,(Tot, U) ® H,(Tot, V) —— H,(T,CNU) ® H,(T,CNV)
J(H—U)en@—@— # J(1+G)6n®—®—
H,(S") ® H,(Tot, U) ® H,(Tot, V) — H,(S") ® H,(T,CNU) @ H,(T,CNV)

| |

H,(Toty(kS" @ U @ V)) H.(T,CN&S"® U @ V))
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commutes. The left-hand composite
N Tot, U ® NTot, V — sk, W® N Tot, U ® N Tot, V'
Y NkS™ ® Tot, U @ Tot V] — N Toty(kS" @ U ® V)

can be seen a cosimplicial extension of the usual external Browder operation (see [9]
p.184]). The right-hand composite is given by

T,CNU @ T,CNV — sk, W @ T,CNU @ T,CNV
— Ty((sk, W) ® CNU @ CNV)

W T,0(sk, W@ NU @ NV)
S TCNKS " @U V).
The composite
T,CNU @ T,CNV — sk, W @ T;CNU @ T,CNV
— Ty((skn W)" ® CNU @ CNV) Y T,C(sk, W ® NU @ NV)
is equal to

T,CNU ®@ T,CNV — T,(CNU @ CNV)
— Ty[(sk, W)* ® CNU @ CNV] — T,C(sk, W @ NU @ NV).

We see this show up as the the bottom left portion of the commutative diagram

C(NU)® C(NV) ——2% L, C(NU @ NV)

| |

(sk, W) ® C(NU) ® C(NV) 225 C(sk,, W ® NU @ NV)

Our definition of the Browder operation in Definition [5.2]is essentially the upper right
portion of this diagram. Thus we see that our definition agrees with the classical one.

Theorem 7.4. We consider the map

Hk(TOtX) ® Hk/(TOtX) — Hk+k/+n(5n x Tot X x TOtX)
— Hk;+k/+n<TOt(Sn X XX2)>

as the classical external Browder operation. This map descends to filtration quotients
and, furthermore, our spectral sequence version X, from Definition [, makes the
following diagram commute:

(F~*/F~*"Y)HTot X @ (F~ JF~'~1)H Tot X —— E>,(5.(X)) ® B>, (5.(X))

| |-

(F=5=5" JF=s=5"“1) H Tot(S™ x, X*2) ——————— B>, (S.(58™ x5 X*?))

s—s’

Proof. Most of the argument precedes the theorem statement, and the rest is as
in [7]. O
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