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HOMOLOGICAL DIMENSIONS OF RING SPECTRA
MARK HOVEY anp KEIR LOCKRIDGE
(communicated by J. Daniel Christensen)

Abstract

We define homological dimensions for S-algebras, the gener-
alized rings that arise in algebraic topology. We compute the
homological dimensions of a number of examples, and establish
some basic properties. The most difficult computation is the
global dimension of real K-theory KO and its connective ver-
sion ko at the prime 2. We show that the global dimension of
KO is 2 or 3, and the global dimension of ko is 4 or 5.

Introduction

The authors have been engaged in trying to develop homological dimensions for
the ring objects that arise in algebraic topology. These are cohomology theories with
some kind of cup product that is associative up to infinitely coherent homotopy.
These are commonly called S-algebras, among other names, and a standard reference
is [EKMM97].

Such S-algebras are analogous to rings, but they have no elements, and they do not
have abelian module categories. What they do have is a triangulated derived category
that generalizes the derived category of an ordinary associative ring R. Indeed, in this
case, there is an Eilenberg-MacLane spectrum S-algebra H R, and D(H R) is naturally
equivalent to D(R) as a triangulated category.

Thus, to develop the ring theory of S-algebras E, we need to work with their
derived categories D(E). In previous papers [HL0O9b, HL11], the authors have devel-
oped definitions of right global dimension r. gl. dim. £ and ghost dimension gh. dim. £
for S-algebras E and proved that these generalize the usual notions of right global
dimension and weak dimension for rings. We have also studied S-algebras for which
these dimensions are 0.

The object of this paper is to study the homological dimensions of the S-algebras
that arise in nature. After an initial section in which we recall the basics of our
theory of global dimension and ghost dimension of S-algebras, we discuss examples
in Section 2. The sphere, MU, and BP all have infinite global and ghost dimensions,
whereas F,, has ghost and global dimension n. For a commutative S-algebra E such
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that F, is Noetherian and has finite global dimension, such as E,, or K, we have
gl.dim. F = gh.dim. F = gl. dim. F,.

This fails when gl. dim. F, = oo, however. We show that, at the prime 2, gl. dim. KO
is either 2 or 3, and gl. dim. ko is either 4 or 5, whereas both rings KO, and ko, have
infinite global dimension. We also show that gl. dim. ¢mf is finite at the prime 3.

In Section 3 we prove some basic properties of global and ghost dimension. The
most important point is that these dimensions are not Morita invariant. In fact, it is
already true that the global and weak dimensions of ordinary rings are not invariant
under derived equivalences, and we give an example communicated to us by Lidia
Angeleri Hiigel. We have been unable to generalize many of the basic properties of
the global dimension of Noetherian rings, however. This might be because we have
no intrinsic definition of E being a Noetherian S-algebra; we just assume F, is right
Noetherian. So, for example, we do not know whether r. gl. dim. £ = gh. dim. £ when
E, is right Noetherian. We end the paper with a brief section on S-algebras E with
global dimension 1. We had originally thought this would mean F, would have to be 1-
Gorenstein, in analogy with the fact that gl. dim. £ = 0 implies F, is quasi-Frobenius,
and in fact this is true, but only with additional assumptions on F,.
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1. Homological dimensions

The object of this section is to define our various homological dimensions of ring
spectra and to prove basic relations between them. Recall that E is an S-algebra,
and D(FE) denotes the derived category of right E-modules. This is a compactly
generated triangulated category, and when F is the Eilenberg-MacLane spectrum
HR of an ordinary ring R, then D(E) is equivalent to the usual unbounded derived
category of R.

We begin by defining projective, injective, and flat objects of D(E).

Definition 1.1. An object X € D(FE) is said to be projective (resp. injective, resp.
flat) if X, is a projective (resp. injective, resp. flat) F,-module. A map f: X — Y in
D(FE) is said to be ghost if f, =0, and f is said to be phantom if D(E)(A, f) =0
for all compact A € D(E).

The basic properties of these objects and maps are summed up in the following
proposition.
Proposition 1.2. Suppose E is an S-algebra.

1. If M is a projective or injective E.-module, then there is an X € D(E) (neces-
sarily projective or injective) with X, = M.
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2. If M is a flat E.-module, and D(E) is a Brown category (see [HPS97, Sec-
tion 4.1]), for example if E, is countable, then there is an X € D(E) (necessarily
flat) such that X, = M.

3. X is a projective object of D(E) if and only if the natural map
D(E)(X,Y) — Hompg, (X,,Y,)

is an isomorphism for allY € D(E). This is true if and only if every ghost with
domain X is null.

4. X is an injective object of D(E) if and only if the natural map
D(E)(Y,X) — Hompg, (Y, X4)

is an isomorphism for allY € D(E). This is true if and only if every ghost with
codomain X s null.

5. X is a flat object of D(E) if and only the natural map
X* ®E* Y; — 7T*(X NE Y)

is an isomorphism for all left E-modules Y. This is true if and only if every
ghost with domain X is phantom.

Proof. The first part is well-known. In fact, it is proved in [BKS04, Proposition A.4]
that every E,-module of projective or injective dimension < 2 is realizable. We prove

part (3) next. If X is projective, then the universal coefficient spectral sequence
of [EKMM97, Theorem IV.4.1] implies that

D(E)(X,Y) = Hompg, (X,,Y.).

This in turn implies that there are no nontrivial ghosts with domain X. Now, if
there are no nontrivial ghosts with domain X, construct a projective module P, and
an epimorphism P, — X,. This is then realizable, as we have just seen, by a map
P — X, whose cofiber X — Y is a ghost. This map is thus null, so X is a retract of P,
and hence projective. The proof of part (4) is similar. Part (5) is proved in [HL11].

Turning to part (2), suppose M is a flat F,-module. Then M, is a directed colimit
of finitely generated projective E,-modules @;. We can then realize this system by
compact projective E-modules P;, with 7. P; 2 Q;, by part (3). If D(E) is a Brown
category, we can then take the minimal weak colimit [HPS97, Section 4.2] of the
diagram of the P; to obtain an X with X, & colim@Q; = M. O

Once we have projective, injective, and flat objects, we should then be able to define
the projective dimension of an arbitrary object. This is a little more complicated
than in the abelian setting, but has in fact already been worked out by Christensen
in [Chr98]. We note that what we call projective dimension is not the dimension with
respect to the projective class determined by the projectives above, as one would find
in relative homological algebra and in [Chr98], but instead is one less than the length
determined by that projective class. This is unfortunate terminology on our part, but
this choice was made in [HLO9b] and so is difficult to change now. We also think
that triangulated categories are fundamentally different from abelian categories, and
so the abelian theory of dimension should be modified for the triangulated setting.
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Definition 1.3. Let E be an S-algebra, and X an object of D(E). We define the
projective dimension (resp. constructible flat dimension) of X, written
proj. dim. X (resp. con. flat dim. X'), inductively as follows. We define proj. dim. X =
0 (resp. con. flat dim. X = 0) if and only if X is projective (resp. flat). Then we define
proj.dim. X < n+ 1 (resp. con. flat dim. X < n + 1) if and only if there is an exact
triangle

Y 5P X 5 YY

where P is projective (resp. flat), proj.dim.Y < n (resp. con.flat dim. X < n), and
X is a retract of X. We define the flat dimension of X, written flat dim. X, to be
the smallest integer n for which any composite of n + 1 ghosts with domain X is
phantom, or oo if there is no such n. The reader may well wonder why we have two
notions of flat dimension. The answer is that we have been unable to prove they are
equivalent, and the constructible flat dimension is the more obvious one, but the flat
dimension is the more useful one. See Proposition 1.4 below and [HL11] for details.

We can define injective dimension similarly to the way we defined projective dimen-
sion, but it would be more usual to define the injective dimension of X, written
inj. dim. X, inductively as follows. We define inj.dim. X = 0 if and only if X is injec-
tive, and inj. dim. X < n + 1 if and only if there is an exact triangle

Y X 2T Y

where I is injective, inj. dim.Y < n, and X is a retract of X.

The major difference between this definition and the definition of the analogous
dimensions in abelian categories is the fact that X itself need not appear in an exact
triangle with things of smaller dimension, but must only be a retract of such a thing.
Without this condition, Proposition 1.4 below would be false.

Proposition 1.4. Let E be an S-algebra, and let X be an object of D(E).
1. proj.dim. X < n if and only if every composite of n + 1 ghosts

fnJrlofno"'ofl

is null, where the domain of f1 is X. This is true if and only if in the universal
coefficient spectral sequence

E;’t — ExtSE’,i ()(*7 Y*) = D(E) (X, Y)tfs

we have E3* =0 for all s > n and all objects Y of D(E).

2. inj.dim. X < n if and only if every composite of n + 1 ghosts fpy10 fno---0 f1
is null, where the codomain of fn41 is X. This is true if and only if in the
universal coefficient spectral sequence

E;t _ Ethi (Y*vX*) = D(E)(Y7X)t78

we have E3* =0 for all s > n and all objects Y of D(E).

3. flat dim. X < con.flat dim. X, and flat dim. X < n if and only if the following
equivalent properties hold:
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(a) In the universal coefficient spectral sequence
EZ, =Torl; (X.,Y.) = m_o(X ApY)

we have B, =0 for all s >n and all objects Y of D(E°P).
(b) There is an ezact triangle

A= X LW 3A

in which proj.dim. A < n and g is phantom.
(¢) Every map F — X from a compact E-module F factors through a compact
B with proj.dim. B < n.

Proof. For part (1), the first statement is contained in [Chr98, Theorem 3.5]. The
second statement follows from the construction and naturality of the universal coef-
ficient spectral sequence [EKMM97, Section IV.5]. Indeed, suppose E3* = 0 for all
s >mn and all Y, and suppose

Xf—1>X1£>~-~ﬂ>Xn+1

is a composite of n + 1 ghosts. Each of the maps f;: X; — X, has positive filtra-
tion. Therefore, their composition will have filtration > n + 1 by Proposition 1V.4.4
of [EKMM97|, and therefore will be null. For the converse, note that in the con-
struction of the universal coefficient spectral sequence, we construct exact triangles

vlx, = P 2% x My x,

SIX, - P2 X 2 X,

—1 9gj hjt+1
b)) Xj+1 — Pj = Xj —/ Xj+1

where P; is projective and ,g; is onto for all j, and so h;1; is a ghost for all j. A
map has filtration n + 1 if and only if it factors through the composite

h hs hn
X 35X 2 S X

Thus every map of filtration n + 1 is a composite of n + 1 ghosts. Therefore, if
proj.dim. X < n, then every map of filtration n + 1 is null.
Part (2) is then completely dual. Part (3) is proved in [HL11]. O

The following fact is also useful.
Proposition 1.5. Let E be an S-algebra, and let X be an object of D(E). Then
proj.dim. X < proj.dim.g X, inj. dim. X < inj.dim.p X,

and
flat dim. X < con.flat dim. X < flat dim.g, X..

The first two statements of this proposition are obvious given Proposition 1.4, and
the last statement is proved in [HL11].
We can now define our homological dimensions.
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Definition 1.6. Suppose F is an S-algebra. Define the (right) global dimension
of E, r.gl.dim. F, by

r.gl.dim. F = s;p proj.dim. X = s;p inj. dim. X.

These two numbers are equal because they are both equal to the longest nontrivial
composition of ghosts in D(E) (or oo if there are arbitrarily long nontrivial compo-
sitions of ghosts). In case E is a commutative S-algebra, we just refer to the global
dimension, gl. dim. E. Define the ghost dimension of F, gh.dim. FE, by
gh.dim. F = sup proj.dim. X = supflat dim. X.
X compact X

It is proven in [HL11] that the two definitions of ghost dimension given above
coincide.

We then have the following theorem that sums up the basic properties of these
definitions.

Theorem 1.7. Suppose E is an S-algebra.
1. gh.dim. F <r.gl.dim. E.
2. r.gl.dim. F < r.gl. dim. E,, with equality if E = HR for an ordinary ring R.
3. gh.dim. F < w.dim. E,, with equality if E = HR for an ordinary ring R.
4. gh.dim. E = gh.dim. E°P, where E°P is E with the opposite multiplication.

The first part of this theorem is obvious. Part (2) is proved in [HLO09a], though it
is originally in the second author’s thesis. Parts (3) and (4) are proved in [HL11].

S-algebras of global dimension 0, studied in [HLO9b], are called semisimple.
In particular, there are semisimple ring spectra with r.gl.dim. E, = co. Similarly,
S-algebras of ghost dimension 0 are called von Neumann regular, and are also
studied in [HLO9b].

2. Examples

We would, of course, like to compute gh.dim. E and r.gl.dim. F for various S-
algebras E. Some of this was done in [HLO9b], where the authors classified the
semisimple S-algebras FE if either F, is commutative or local. Those spectra are
rather unusual, however. We address some of the more common S-algebras E in this
section, concentrating on the case when E, is Noetherian.

We begin with the sphere spectrum, and the following unsurprising result.

Proposition 2.1. Let S be the sphere S-algebra. Then gh.dim. S = gl. dim. S = co.

Proof. This is due to Christensen [Chr98], who provides bounds on proj. dim. RP™
(which he calls the length). In particular, a lower bound for proj.dim. RP* is given
by the longest nonzero chain of Steenrod operations in its homology, since Steenrod
operations are obviously ghosts. And this longest chain is easily seen to grow without
bound as k grows. O

Corollary 2.2. Let S, be the p-local sphere S-algebra, where p is an integer prime.
Then gh.dim. S(,) = gl. dim. S,y = cc.
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Proof. Use reduced power operations in the cohomology of the skeleta of BZ/p to
replace Steenrod operations in RP*. We do not need to know the exact length of
a nontrivial composition of these operations, we just need to know that this length
grows without bound as we take larger skeleta. O

Recall that the length of the longest regular sequence in a ring is often called the
depth.

Theorem 2.3. If E is a commutative S-algebra, then

depth E, < gh.dim. F < min{w. dim. E,,r.gl. dim. E} < r.gl. dim. E,.

Proof. In view of Theorem 1.7, it suffices to prove the first inequality. Let
L1,T2,...,Tn

be a regular sequence in F,. The main algebraic input we need is the computation
that
Ext%*(E*/(xl, ey Tp), By) =0ifi#n

and is nonzero if i =n. One can prove this by induction on n (or by the Koszul
resolution), using the exact sequences

0= B/(x1,...,x51) = Eu/(z1,...,2p1) = Buf(21,...,2) = 0,

where we have ignored suspensions for simplicity.

We also need the fact that there is a E-module E/(z1,...,x,) realizing the E,-
module E./(x1,...,2,). One can also construct these by induction, using the exact
triangles

E/(.’El,. ..7371‘,1) w—l> E/(xl,...,xi,l) — E/(.Tl,...7$i) — E/(xh...,xi,l),

ignoring suspensions again.
The universal coefficient spectral sequence

Exty' (E./(z1,...,2,), By) = D(E)(E/(21,...,2,), E)
then has only one non-vanishing line, where s = n. It therefore collapses, and so there

is an element in E., of filtration n. Thus gh. dim. E > n, as required. O]

It is tempting to believe that Theorem 2.3 works in the noncommutative case
as well, as long as we take regular sequences in the center Z(E,). The algebraic
calculation works fine, but we do not seem to be able to construct the necessary
maps : M — M for an E-module M and an z € Z(E,). We can construct such
maps for E-bimodule maps z: F — E, but an element in the center of F, need not
give such a map, so far as we know.

Corollary 2.4. We have
gh.dim. MU = gh.dim. BP = oo,
while gh. dim. E,, = gl.dim. E,, = n and gh.dim. K = gl.dim. K = 1.
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Here E,, denotes Morava E-theory, with
En* = WFpn [[ul, ce ,un_l]][u, Uil].

This is known to be a commutative S-algebra by [GHO4]. The coefficient ring has
global dimension n, and p,uq,...,u,—1 is a regular sequence, so Theorem 2.3 gives
the desired result.

This corollary suggests the following more general theorem.

Theorem 2.5. Suppose E is a commutative S-algebra such that E, is Noetherian
with gl.dim. 7, E < oco. Then gh.dim. E = gl.dim. £ = gl. dim. E,.

Proof. The point is that depth R = gl. dim. R when R is Noetherian commutative of
finite global dimension, so the result follows from Theorem 2.3. This algebraic fact
is a corollary of Serre’s characterization of regular local rings, but we cite [BH84,
Section 2] because it contains an interesting non-commutative generalization as well.

O

We suspect that Theorem 2.5 may be true even if F is not a commutative S-
algebra. Much less is known about noncommutative Noetherian rings of finite global
dimension, however.

We now address the global dimension of real K-theory. Unfortunately, we have not
been able to determine the exact value of gl. dim. KO, but we do at least bound it.

Theorem 2.6. Let KO denote 2-local periodic real K-theory and ko denote 2-local
connective real K-theory, both of which are commutative S-algebras. Then

2 < gl.dim. KO <3

and
4 < gl.dim. ko < 5.

Proof. This depends on the results of Bousfield [Bou90] and Wolbert [Wol98|.
Bousfield wrote his paper using naive K O-module spectra, as opposed to objects in
D(KO). However, Wolbert explains why Bousfield’s results hold in D(KO) as well,
and proves analogous results for D(ko). We note that there is an error in Wolbert’s
paper [Sag08], but this error is about the realizability of ko, and KO,-modules and
does not affect this theorem.

Bousfield constructs an abelian category of CRT-modules, which are modules
over the 3-object additive category consisting of {KO,, K., KSC.} and the vari-
ous standard maps between them. Here KSC = KO A C(n?) is self-conjugate K-
theory. There is a functor from KO-module spectra to this category that takes X
to 7CFT (X)), which is the set {m. X, m.(C(n) A X), 7.(C(n?) A X)} together with the
maps between them. He then proves that 7¢%7(X) has projective dimension < 1 for
every KO-module spectrum X. The KO-modules P such that 7¢%7T is projective
as a CRT-module are coproducts of suspensions of KO, K, and KSC, and every
projective CRT-module arises this way. Furthermore, maps between projective CRT-
modules are realizable as maps of the corresponding K O-modules. This means that
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for every K O-module spectrum X, there is a cofiber sequence
0-PLx %y

in D(KO) in which @ and P are coproducts of suspensions of copies of KO, K,
and KSC. Since K = KO AC(n) and KSC = KO A C(n?), we see that any 2-fold
composite of ghosts out of P or @ is trivial. Suppose now that s4 0 s30s5 051 is a
4-fold composite of ghosts out of X. Then sy 051 o f is a 2-fold composite of ghosts
out of P, so is trivial. Therefore, there is a map h with domain %@ such that

hog=s50s;.
But then
8408308208 =840(s3o0h)og

is the composition of a 2-fold ghost out of ¥ with g, so is trivial. Thus the global
dimension of KO is at most 3.

To see that gl.dim. KO > 2, we use an example shown us by Stefan Schwede.
Consider the cofiber sequence of K O-module spectra

KOVY?KOVY'KOVYSKO - KU &5 x

where the first map is determined by the homotopy elements 1,v1,vf and v3. This
map is easily seen to be onto on homotopy, so that f is a ghost. We also consider the
map

Y 4 KU % LoKU

where i is the canonical map (of strict ring spectra, so also of KO-modules) from KU
to its rationalization. Since KU is torsion-free, this map is injective on homotopy, so
g is also a ghost. The composite

fog: Y =X

is therefore a 2-fold composite of ghosts, and we claim that it is nontrivial. Indeed, if
it were trivial, then there would be a map h: LoKU — X such that hi = f. Thus f
is in the image of the map of abelian groups

D(KO)(LyKU, X) — D(KO)(KU, X).

However, the first group is a rational vector space (because Lo KU is a rational spec-
trum), and the second group is a finitely generated abelian group (this follows from
a thick subcategory argument using the fact that KU and X are both in the thick
subcategory generated by KO). There are no nonzero maps from a rational vector
space to a finitely generated abelian group, so we conclude that f is trivial. This
means that KU is a projective KO-module, which is obviously false. Thus g o f must
be nontrivial.

The argument for ko is a little more complicated. Wolbert [Wol98] describes the
connective version of CRT-modules that he calls crt-modules, and shows that if X

is a ko-module, then 7¢"*(X) has projective dimension at most 2 in the category of
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crt-modules. Wolbert then gives a version of the universal coefficient spectral sequence

E;,t — Ext®? (ﬂ_crt(X), ﬂc”(Y)) = D(ko)(X,Y);—s.

crt\’'x *

As before, any 2-fold composite of ghosts has filtration 1 in this spectral sequence
(since k and ksc are 2-cell complexes in D(ko)). Therefore, any 6-fold composite of
ghosts will have filtration 3, but the spectral sequence is trivial above filtration 2.
Thus every 6-fold composite of ghosts is trivial, so gl. dim. ko < 5.

To see that gh.dim. ko > 4, we use the fact that ko A A(1) = HF3, where A(1) is
the usual 8-cell complex with whose cohomology is A(x)/(Sq*>" x|n > 2). Using this,
we can compute D(ko)(HFy, HF5). It is the subring of the Steenrod algebra generated
by Sq' and Sq?. Since every element of the Steenrod algebra is a ghost, the nontrivial
element Sq®Sq' Sq? Sq' is a nontrivial composite of 4 ghosts, and is a self-map of the
compact object HFy in D(ko). Thus gh. dim. ko > 4. O

The proof of this theorem is of course dependent on knowing an awful lot about
KO and ko. We have much less information about higher analogues of KO, such as
the spectrum ¢mf of topological modular forms [Hop02]. However, it is often the
case with such spectra E that there is a finite type 0 spectrum X such that F A X is
a Noetherian S-algebra of finite global dimension. For example, KO A C(n) = KU,
and at the prime 3 there is a 3-cell complex T such that tmf AT is a wedge of two
copies of BP(2) [Beh06, Lemma 2, after Corollary 2.4.6]. Presumably a larger such
finite complex also exists at the prime 2 for tmf, though such a result has not been
proven as yet.

In general, given spectra X and Y, we can define the term “Y can be built from X
in £ steps” in the same way that we defined the projective dimension. That is, we say
that Y can be built from X in 0 steps if Y is a retract of a coproduct of suspensions
of X. We then say that Y can be built from X in ¢ steps if there is an exact triangle

Z-W oY 532”7

where W can be built from X in 0 steps, Z can be built from X in £ — 1 steps, and
Y is a retract of Y.

Theorem 2.7. Suppose E is an S-algebra and X is a spectrum with the following
properties.
1. EANX is an E-algebra, so also an S-algebra, with r.gl.dim.(EA X) = m < co.
2. As an object of D(S), proj.dim. X = k.
3. S can be built from X in £ steps.
Then gl.dim. E < (k+1)({+1)(m+1) — 1.

Note that if Y is in the thick subcategory generated by X, then Y can be built
from X in a finite number of steps. In particular, if X is a type O finite spectrum,
then S can be built from X in a finite number of steps. Hence we get the following
corollary.

Corollary 2.8. Suppose E is an S-algebra and X is a type 0 finite spectrum such
that E N X is an E-algebra with finite right global dimension as an S-algebra. Then
E has finite right global dimension.
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Here is the proof of Theorem 2.7.

Proof. Note that if M is an E-module, then M AX = M Ap (EAX) is an EA X-
module. Similarly, if f is a map of F-modules, then f A 1x is a map of E A X-modules.

Now, let M and N be E-modules. We will prove by induction on ¢ that if f: M —
N is a (t 4 1)-fold ghost and Z has projective dimension ¢, then

fAlz: MAZ—NAZ

is a ghost map of E-modules. Indeed, if ¢ = 0, then Z is a retract of a coproduct of
copies of F, so f Alyz is a retract of a coproduct of copies of f. Thus fAlz is a
ghost when f is. Now suppose that the statement is true for t = n, f is an (n + 2)-fold
ghost, and Z has projective dimension n + 1. Then Z is a retract of a spectrum A
such that there is a cofiber sequence

Y 2P ZYY

where Y has projective dimension n and P is projective. It suffices to show that f A 15
is a ghost; for notational clarity we rewrite Z as Z. Write f=gohwhereh: M — M’
isan (n + 1)-fold ghost and g: M’ — N is a ghost. Then h A 1xy is a ghost. Therefore
the map 7.(h A 1z) factors though some map r: m.(M A Z) — w.(M' A P). Hence
m(f N 1z) factors as a composite
T (MAZ) 5w (M A P) TP o (NAP) = mu(N A Z).

Since g A 1p is a ghost, this map is zero, and the induction step is proved.

Returning to the statement of Theorem 2.7, we see that if f is a (k + 1)-fold ghost,
then f A 1x is a ghost, necessarily as a map of £ A X-modules. Hence, if f: M — N
is a composite of (k+ 1)(m + 1) ghosts, then f A lx is an (m + 1)-fold ghost, and
hence is null as a map of F A X-modules, and in particular as a map of EF-modules.
But then we can proceed by induction on ¢ to see that if Y can be built from X
in ¢ steps, then any (k+ 1)(m + 1)(¢ + 1)-fold ghost f has f A 1y null as a map of
E-modules. Taking Y = S completes the proof. O

Corollary 2.9. At the prime 3, the spectrum tmf of topological modular forms has
finite global dimension.

Proof. As mentioned above, there is a 3-cell complex T" such that
tmf AT ~ BP(2) A S®BP(2)

by [Beh06]. The complex T has cells in dimensions 0, 4, and 8, so is obviously type
0. The spectrum ¢tmf AT is also called tmfy(2), and is a commutative tmf-algebra
(it is the connective cover of TMF((2), which is the spectrum of sections over a
certain stack of a sheaf of commutative S-algebras; see [Beh06]). The homotopy
ring of ¢tmfy(2) is polynomial over Zs (if we use the completed version) on two gen-
erators [Hil07, Proposition 2.3], and therefore tmfy(2) has global dimension 3 by
Theorem 2.5. O
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3. Properties

In this section, we examine some general properties of global and ghost dimension.
Most of these properties concern the relationship between the global dimension or
ghost dimension of an S-algebra E and some other S-algebra F' related to it. We
discuss the cases when F is a smashing Bousfield localization of E, when F is a
free F-module, and when F is Morita equivalent to F. We end with a discussion
of the relationship between ghost and global dimension. We find this particularly
unsatisfactory, however, because we are unable to prove anything along the lines
of the well-known algebraic fact that if R is Noetherian or right perfect (which is
equivalent to flats being projective), then r.gl. dim. R = w. dim. R.

Proposition 3.1. Suppose L is a smashing Bousfield localization functor, and E is
an S-algebra. Then

r.gl.dim. F > r.gl.dim. LE.
We do not know if this theorem is true if the localization functor is not smashing.

Proof. Note first that LE is again an S-algebra [EKMM97, Chapter VIII]. The
main point is that because L is smashing, the category LD(FE) of L-local E-modules
is equivalent to the category D(LE) [EKMM97, Proposition VIII.3.2]. Thus a non-
trivial composite of ghosts in D(LE) is the same thing as a nontrivial composite of
ghosts between L-local objects in D(E). Hence r. gl. dim. E > r.gl. dim. LE. O

The same thing is true for ghost dimension, though we need to assume D(E) is
a Brown category. Recall from Section 4.2 of [HPS97] that this means homology
theories, and morphisms between them, are representable.

Proposition 3.2. Suppose L is a smashing Bousfield localization functor, and E is
an S-algebra such that D(E) is a Brown category. Then

gh.dim. F > gh.dim. LF.

Proof. Because D(E) is a Brown category, every object of D(E) is the minimal weak
colimit of the compact objects mapping to it, by [HPS97, Theorem 4.2.4]. But then
we can follow the proof of [HS99, Theorem 6.2 (b,c)] to show that the compact
objects of LD(E) are the retracts of objects of the form LF, for F' compact in D(E).
Thus, if we have a nontrivial composite of ghosts

Xo=>X1 ==X,

in LD(FE), where X is compact in LD(E), we can write X, as a retract of LF for
some compact object F' € D(E). Then the composite

F—LF — Xog— X4

must be nontrivial, and gives us a nontrivial composite of ghosts out of a compact
object in D(E). O

In general, there is not much relationship between the global dimension of an
S-algebra FE and a general F-algebra F. At one extreme we have the smashing local-
izations discussed above. The other extreme is F-algebras that are free over E.
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Proposition 3.3. Suppose E — F is a map of S-algebras such that Fy is free over
E.. Thenr.gl.dim. E < r.gl.dim. F' and gh.dim. £ < gh. dim. F.

Note that the inequalities in this proposition can certainly be strict, as we can see
by looking at the inclusion of ordinary rings from Z to Z[z], for example. We think
this proposition should hold even if F is only assumed to be faithfully flat over F,,
but have not been able to prove it.

Proof. Consider the extension functor F' Ag (—): D(E) — D(F) and its right adjoint,
the restriction functor. Because F} is flat over E,, the natural map

F, ®p, X. = m.(F Ag X)

is an isomorphism. Indeed, both sides are homology functors on D(E), and the given
map is an isomorphism for X = E, so it is an isomorphism for all X € D(F). This
means that F' Ag (—) preserves ghosts.

In particular, if g is a composition of n ghosts, and F is flat over E,, then F' Ag g
is a composition of n ghosts. If the domain of g is a compact object of D(E), then the
domain of F' Ag g is a compact object of D(F'). However, F' A g may be zero, even
if g is nonzero. This cannot happen if F is free over E,, however, for then F Ap X
is a coproduct of copies of X as an F-module. Thus g is a retract of the restriction
of F Ag g, so if g is nontrivial, so is F Ag g. O

We now discuss Morita equivalence. Recall from the work of Schwede and Ship-
ley [Sch04] that two S-algebras E and F' are called Morita equivalent if there is
a chain of Quillen equivalences from the model category of E-modules to the model
category of F-modules. Schwede and Shipley prove that, if £ and F' are Morita equiv-
alent and cofibrant in the model structure on S-algebras (we can always assume this,
since weak equivalences of S-algebras induce Quillen equivalences of the module cat-
egories), then there is an E-F-bimodule M and an F-E-bimodule N, both of which
are compact both as F and F-modules, so that the functors

O(X)=XAgM and U(Y)=Y ApN

are inverse equivalences, with ®: D(F) — D(F') and ¥ going back the other way.
Furthermore, M generates D(F') and N generates D(FE), in the sense that the smallest
localizing subcategory containing M (resp. N) is D(E) (resp. D(F)).

This is analogous to the usual Morita situation with ordinary rings, with one
important difference. The generators M and N do not have to be projective. This
means that neither ® nor ¥ need preserve projective objects, so that we do not expect
global dimension or ghost dimension to be Morita invariant.

Indeed, we thank Lidia Angeleri Hiigel for the following example coming from
the theory of tilting modules, a reference for which is [ASS06]. Recall that, for an
ordinary ring A, a tilting module is a module 7" whose projective resolution gives an
equivalence of categories from the derived category of A to the derived category of
End4(T) by using the derived tensor product. In particular, a tilting module defines
a Morita equivalence in the above sense between the Eilenberg-MacLane S-algebras
HA and HB. Now, let A be the path algebra of the quiver 1 — 2 — 3, so that A
is isomorphic to the ring of lower triangular 3 x 3 matrices. There are then three
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projective indecomposable A-modules P;, P>, and Pj3, corresponding to the quiver
representations

k=k=k O0—ok=>k and 0—0— k.

There are also three dual injective indecomposables Iy, Is, I3 = P; corresponding to
the representations

k—=0—=0, k—k—0, and k —k — k.

We claim that T'= P @ I; & P is a tilting module. Indeed, like any path algebra,
A has global dimension < 1 (and in fact r.gl.dim. A = 1), so proj.dim.T < 1. We
also need Ext!(T,T) = 0, and this boils down to Ext'(I;, P3) = 0, which is straight-
forward. The last condition for T' to be a tilting module is for there to be an exact
sequence

0—-A—-T =T, =0

where T and T5 are finite direct sums of direct summands of T, so finite direct sums
of P3, I, and P;. But A corresponds to the representation

k—kok—>kdkok

where the maps are inclusions of the obvious summands. Thus we can just take
Ty =11 and Ty = P3 ® P; @& P, with the obvious surjection from 77 to T5.
So we have a Morita equivalence between HA and H B, where

B = End(T).

One can compute B directly. It is a 5-dimensional algebra generated by the orthogonal
idempotents ey, e2, €3 and two other elements «, 3, where the only nonzero products
involving a and 3 are

esa=ae; =a and ey = fBez =pf.

Let M be the right B-module which has dimension 1 over k, where ey acts by
the identity and the other generators of B act trivially. Then one can check that
proj.dim. M = 2, so

r.gl.dim. B > 2 >r.gl.dim. A = 1.

In fact, r.gl.dim. B = 2. Note that both A and B are Noetherian, so their weak
dimensions are also different. Thus HA and H B have different ghost dimensions as
well.

We should mention that the property of having global dimension 0 is Morita
invariant, at least if one of the two S-algebras has commutative homotopy [HLO9b,
Proposition 2.11]. We now prove that the finiteness of global dimension is at least
Morita invariant.

Proposition 3.4. Suppose E and F are Morita equivalent S-algebras. Then E has
finite right global dimension (resp. finite ghost dimension) if and only if F' does so.

For example, this means that the endomorphism S-algebra of any finite type 0
spectrum has infinite global dimension. In general, we expect r. gl. dim. E to be always
infinite if F is a finite spectrum.
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Proof. As mentioned above, we can assume that E and I’ are cofibrant S-algebras,
and we have compact generators M of D(F') and N of D(FE) that are also bimodules,
so that smashing with M and N give inverse equivalences. Now suppose f is a ghost
map in D(E). Then f Ag M has the property that D(F)(M, f Ag M). = 0. Since
M is a compact generator of D(F), F is in the thick subcategory generated by M.
Thus, F can be built from M in finitely many steps (see the discussion preceding
Theorem 2.7). In particular, there is an integer k such that, if f is a composite of k
ghosts in D(E), then f Ag M is a ghost in D(F'). In particular, if F' has finite global
dimension, say n, then if f is a composite of k(n + 1) ghosts in D(E), then f Ag M
is null. Since smashing with M is an equivalence of categories, this means that f is
null, so £ has finite global dimension.

Reversing the roles of E and F' gives the reverse implication. For the ghost dimen-
sion, we repeat the same argument using a compact object as the source of our first
ghost map. This causes no problems since the equivalences of categories preserve
compact objects. O

We now look for a relationship between the global dimension and the ghost dimen-
sion. In algebra, we have the well-known inequality

r.gl.dim. R < w.dim. R + pure gl. dim. R,

where pure gl. dim. R is the pure global dimension of R. This can actually be replaced
by the maximum projective dimension of a flat module. Indeed, in a projective reso-
lution of an arbitrary R-module M, the syzygies M}, are flat whenever k > w. dim. R.
But this means our projective resolution is also a projective resolution of the flat
module My, qim. r, giving us the desired inequality.

One might expect the analogue of the pure global dimension to be the phantom
dimension, defined below.

Definition 3.5. Suppose E is an S-algebra. Define the phantom dimension of E,
phan. dim. E, to be the smallest integer n such that every composite of n + 1 phantom
maps in D(FE) is zero, or oo if there exist arbitrarily long such nonzero composites.

Recall that a phantom map is a map f for which [C, f]. = 0 for every compact
E-module C'. So, if we think of a map whose cofiber is a ghost as the homotopy-
theoretic analogue of an epimorphism, then a map whose cofiber is a phantom is the
homotopy-theoretic analogue of a pure epimorphism, and the phantom dimension
should be analogous to the pure global dimension. Furthermore, the phantom dimen-
sion is obviously invariant under Morita equivalences, since it only mentions compact
objects, which are preserved by any equivalence of categories.

Note that if E, is countable, or, more generally, if D(FE) is a Brown category,
then phan.dim. E < 1 [Nee97, Chr98|]. Very little else about the phantom dimen-
sion is known, except that it can be greater than one (as is shown in the above
papers). The natural conjecture is that phan.dim. HR should be the pure global
dimension of R, but this is false for R =7Z/4, whose pure global dimension is 0
whereas phan. dim. Z/4 = 1. The problem here is the difference between finitely pre-
sented R-modules and compact objects of D(R).

In any case, we have the following proposition.
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Proposition 3.6. Suppose E is an S-algebra. Then
r.gl.dim. F < (gh.dim. F + 1)(phan. dim. F + 1).
In particular, if D(E) is a Brown category, then
r.gl.dim. F < 2(gh. dim. E + 1).

This proposition is quite a bit weaker than the inequality for ordinary rings, men-
tioned above. This is because we cannot construct a resolution of an E-module in the
same way as we can in algebra. But possibly this proposition can be improved.

Proof. Suppose gh.dim. £F = n and phan.dim. F = k. There is nothing to prove if
either of these is infinite, so assume they are finite. Then any (n + 1)-fold composite
of ghosts is phantom, so any (n + 1)(k + 1)-fold composite of ghosts is a composite
of k 4+ 1 phantom maps, and so is null. O

4. Gorenstein rings

Recall that one of the themes of [HLO9b] was that if E is an S-algebra and
r.gl.dim. E = 0, then there are very severe restrictions on F,. In particular, we show
that F, must be quasi-Frobenius, though much more is true. Since quasi-Frobenius
rings are the same as 0-Gorenstein rings, a natural conjecture might be that if
r.gl.dim. £ = n, then F, is n-Gorenstein. Unfortunately, this is easily seen to be
false, since KO, is not n-Gorenstein for any n, as we show in this section. However,
we also show that if r.gl.dim. F = 1 and FE, is a Noetherian domain, then F, is 1-
Gorenstein. We do not know if this statement is true for larger n, though it seems
unlikely.

Recall that a (possibly noncommutative) ring R is called Gorenstein if it is left
and right Noetherian and R has finite injective dimension as a left or right R-module.
This generalizes the usual definition of Gorenstein in the commutative case, which
is much used in algebraic geometry. If R is Gorenstein, the right and left injective
dimensions of R must coincide, and if they are at most n, R is called n-Gorenstein.
These generalizations of quasi-Frobenius rings, which are just 0-Gorenstein rings,
have been the object of much recent study. Chapter 9 of [EJ00] is a good place to
start.

We begin by showing that KO, is not Gorenstein.

Proposition 4.1. The ring KO, is not n-Gorenstein for any n, though it is Noethe-
rian and gl. dim. KO < oco.

Proof. If KO, were Gorenstein, it would be Cohen-Macaulay, which would mean that
its depth would be equal to its Krull dimension. But

KO, = Z(2) [77’ wavvv_l]/(nga 2777w77aw2 - 4U)

The only prime ideals in KO, are (n) and the maximal ideal (1,2, w). So the Krull
dimension is 1. But there are no non-zero divisors in the maximal ideal, so the depth
is 0, and so KO, is not Cohen-Macaulay. O

We now consider the case when gl. dim. E = 1.
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Proposition 4.2. Suppose E is an S-algebra with
r.gl.dim. F =r.gl.dim. E°? =1,

and suppose that there are no nonzero maps from an injective (left or right) E.,-
module to a projective (left or right) E.-module. Then inj.dim. E, < 1 as either a
left or right E.-module. Consequently, if F. is also left and right Noetherian, then
E, is a 1-Gorenstein ring.

Proof. Let R = E,. It suffices to show that inj.dim. R < 1. We do this on just one
side, since the hypotheses are left-right symmetric. For this, we embed R into an
injective module Iy, giving us the short exact sequence

0—>R—>Ip— R —0.

We can realize this uniquely by an exact triangle in D(FE)

E—Jy— M 2% vE

in which dq is a ghost. We can then embed 7, M; into an injective module I, and get
an analogous exact triangle

My — J, — My 2% 5,
in which 0; is a ghost. Now the composite
My 25 vy 2 2B

is necessarily trivial, because r.gl. dim. F = 1. It is represented in the universal coef-
ficient spectral sequence

Ey' = Exty (m.Ms, E,) = D(E)(Ma, E)—,
on the 2-line by the extension
0—-R—1Iy—1 - My, —0,

which is trivial if and only if inj. dim. R < 1. This element of Es is a permanent cycle,
since it represents a map, but it must not survive the spectral sequence. Therefore,
there must be a differential, necessarily a ds, that hits it. The source of such a dif-
ferential is a map w,Ms — E,. But there are no nonzero maps like this, because
M is the quotient of an injective module. Thus, the extension above must be 0, so
inj.dim. R < 1. O

Now consider the case where R is commutative Noetherian. Then every injective
module is a direct sum of copies of the injective hulls E(R/p) of prime ideals p
(see [Lam99, Section 31I]). Every element of E(R/p) is killed by p™ for some n. Thus,
if R is a domain, the only possible injective module that can map to a projective
module is E(R) itself. But E(R) is divisible, so every element can be divided by
every element of R. Thus as long as R is a Noetherian domain that is not a field,
there are no nonzero maps from an injective to a projective module.

We have therefore proved the following corollary.

Corollary 4.3. Suppose E is an S-algebra with r.gl.dim. E =1, and E, is a com-
mutative Noetherian domain that is not a field. Then E, is 1-Gorenstein.
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