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THE ISOMORPHISM BETWEEN MOTIVIC COHOMOLOGY
AND K-GROUPS FOR EQUI-CHARACTERISTIC REGULAR
LOCAL RINGS
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Abstract
One of the well-known problems in algebraic K-theory is
the comparison of higher Chow groups and K-groups. In
this paper, using the motivic complex defined by Voevodsky—
Suslin—Friedlander, we prove the comparison theorem for equi-
characteristic regular local rings.

1. Introduction

Voevodsky—Suslin-Friedlander [8] defined the motivic cohomology CH7, (X, n)
by using equi-dimensional cycle groups Zequi(X x A® x A”/X x A®,0) for smooth
noetherian schemes X over a field and showed the contravariant functoriality for
morphisms of schemes. Friedlander—Suslin [2] proved that CH7, (X, n) = CH" (X, n)
for smooth quasi-projective schemes X over a field, where CH" (X, n) is the higher
Chow group of X defined by Bloch [1]. For smooth quasi-projective schemes X over
a field, Bloch [1] proved that €B,,CH"(X,n) coincides with the n-th algebraic
K-group K, (X) after tensoring with Q. We use the subscript —g to mean — ®z Q.

In this paper, we consider the motivic cohomology groups CH7,.(X,n) for reg-
ular schemes by using an equi-dimensional cycle group [8] and prove that there is
an isomorphism between the K-group K, (X) and the motivic cohomology group
CHy,,(X,n) for the spectrum of an arbitrary regular local ring containing a field
after tensoring with Q.

Theorem 1.1. Let R be a regular local ring containing a prime field. Then the cycle
class map

™ K, (R)S — CHp,.(R,n)g

Zar

is an isomorphism for any n,r > 0, where A" s the cycle-class map constructed
in Section 3.1 and K, (R)(g) is the eigenspace of the Adams operation ¥*: K, (R)g —
K, (R)g with the eigenvalue k" for k =2,3,....

This theorem is proved by using Popescu’s result [6, Corollary 2.7] that says that
any equi-characteristic regular local ring R is a directed inductive limit of smooth
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sub-algebras R, over a field F. Since we may assume that F' is perfect R = @Ra
and K, (R) = ligKn(Ra)7 we can reduce Theorem 1.1 to the case of a smooth
F-algebra R. Then we have to prove that the functor CHy, (—,n)p commutes with
directed inductive limits of algebras, and this is proved by Proposition 2.2.
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2. Motivic cohomology of equi-dimensional cycles

In this section, we always assume that all schemes are regular noetherian and sep-
arated. A morphism p: X — S of schemes of finite type is said to be equi-dimensional
of dimension r, if dimp~!(p(x)) =r for any x € X and any irreducible component
of X dominates an irreducible component of S. In particular, any equi-dimensional
morphism of dimension zero is a quasi-finite morphism and dominates an irreducible
component.

Let Zequi(X/S, r) be the free abelian group generated by closed integral subschemes
of X which are equi-dimensional of dimension r over S. We call Zequi(X/S,7) the
equi-dimensional cycle group of dimension r.

Let X be an S-scheme of finite type. According to [8, Chapter 2, Theorem 3.3.1,
Lemma 3.3.6 and Corollary 3.4.3], for any morphism of regular noetherian schemes
f: T — S, we have a homomorphism f*: Zequi(X/S,r) = Zequi(X xg T/T,r) and
Zequi(X xXg —/—,r) is a contravariant functor for morphisms of regular noetherian
schemes. Furthermore, the functor Zequi(X xg —/—,r) is an étale-sheaf [2, p. 816] on
S, hence this is a Zariski-sheaf on S. We define the motivic cohomology CH7, (X, n)
for finite dimensional regular noetherian schemes X:

Definition 2.1. Let X be a regular noetherian scheme of finite dimension. Write
A™ = SpecZlto,...,tn]/(to+ -+ + 1, —1). Then X x A® is a regular, noetherian co-
simplicial scheme in the usual sense, and Zequi(— x A® x A"/ — x A®,0) is a simplicial
sheaf on X. We define the motivic cohomology to be the Zariski-hypercohomology:

CHEar(Xa ’I’L) = Hy,, (X7 2’7equi(_ x A® x AT/ - XA.7O)).

Zar

Let (T, fap) be a directed inverse system of smooth schemes over a regular
noetherian scheme S with a directed ordered index set I, where each transition map
fap: Tp — T, is affine and dominant (5 > «). Assume that T' = @Ta is regular and
noetherian. Then we have the following:

Proposition 2.2. Let X be a scheme of finite type over T and assume that there
exists a scheme Xg of finite type over S such that X = Xog xgT. Then the canonical
morphism of Zariski sheaves on T

liérl(fzzzequi()(u X Ty _/_a O)Q) - Zequi(X XT _/_a 0)@

is an isomorphism, where fo: X — X, = Xg Xg T, denotes the canonical morphism
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induced by T — Ty, and [} Zequi(Xa X1, —/—,0)q is the inverse image of the Zariski
sheaf Zoqui(Xa X1, —/—,0)q on T,.

Proof. Let T, be the category of Zariski-open subschemes of T,,. Note that the family
of inverse images

{£2'(Ua) | Ua € Tas £33 (Ua) = Ug for B> a,a € I}
is an open basis of X xgT. We prove that the canonical morphism

lim Zequi(Xp x5 Us/Us, 0)g = Zequi(X x5 U/U,0)g
f>a

is bijective. The injectivity is obvious. We prove its surjectivity. Let [W] € Zequi(X X1
U/U,0)g be the cycle of an integral scheme W C X xp U. Since W — U is quasi-
finite, there exists an index v and a closed integral subscheme W, C X, xr, U,
such that W = W, xy U and each W x1. T,y — U, X1, T, is quasi-finite for o' >
by [4, Theorem 8.10.5]. Since W — U and U — U, are dominant, W, — U, is dom-
inant. Hence the cycle [W,] is in Zequi(X,/U,,0). By [8, Chapter 2, Lemma 3.3.6],
J~[W,] is a formal linear combination of irreducible components of W = W, xy_ U,
and by [8, Chapter 2, Lemma 3.5.9] there exists a positive integer m such that

F3IW,] = m{W]. Thus [W] = £ (m=1[W,]). 0

3. The proof of main theorem

3.1. The cycle class maps

In this section, we assume that all schemes are noetherian and separated. Let
CP(X) be the category of bounded complexes of big vector bundles on X. Let F be a
family of closed subschemes of X and CP” (X) the full subcategory of CP(X) consist-
ing of complexes acyclic outside of | Jy;,c » W. We make CP”(X) into a Waldhausen
category by cofibrations and weak equivalences to be degree-wise split monomor-
phisms and quasi-isomorphisms, respectively. (See [7] and [9].)

Assume further that f: Y — X is a morphism of schemes and F’ is a family of
closed subschemes of Y. The functor f* takes CP7(X) to C’PF(Y) provided that
SYW) € Upwrer W for all W e F. Furthermore, for a composition Z Syt x
of morphisms of X-schemes, one has (go f)* = f*og* if f*, g* and (go f)* are
defined.

Let S be a regular noetherian scheme. For any regular noetherian schemes X,
S,CP2(X) denotes the Waldhausen’s S-construction (cf. [9]) of CP<5(X) :=
CPex(Xx29) (X « §) with the family of supports Qx (X xz S) consisting of all closed
subschemes quasi-finite over X. Further, K2°(X) denotes the n-th K-group of
CPY5(X).

For any abelian group A, Be(A) denotes the classifying space of A. For any
small category C, No(C) denotes the nerve of C. If S=A", we define a map
i By (K& (X)) = Bo(Zequi(X x A”/X,0)) of simplicial sets by the formula

df(F)= Y length(Fw)[W],
WCX X A"
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where the sum is over all closed integral subschemes W of X x A" which are quasi-
finite and dominant over a component of X. We consider the composition

" NawSaCPOA (X) = Bo(K2* (X)) 22, B (Zoqui (X x AT/X,0)),
where wS.CP<9 4" (X) is the subcategory of weak-equivalences in S.CP<4" (X), and
wS.CPA (X) = (KOQ’N(X))” is the canonical map of bisimplicial sets. (See [7,
Section 1].)

For any morphism f:Y — X of regular noetherian schemes, f*: KOQ A (X)—
KOQ’A£ (Y)) coincides with the map F > >, (—=1)"Lif*(F), where each L;f* is the
i-th left derived functor of the inverse image f*. Using [8, Theorem 3.3.1 and Lemma
3.5.9], we have that the map B,(clj)) is functorial for any morphism of regular noethe-
rian schemes by the direct calculation. Hence cl” is functorial for any regular noethe-
rian schemes. In particular, cI” commutes with all coface maps and codegeneracy
maps of the regular noetherian cosimplicial scheme X x A®. Thus we obtain the map

" NowS,CP2A (X x A%) = By(K&™* (X x A%))
— Be(Zequi(X x A® x AT/X x A®,0))

called the cycle-class map. Here Bo(A,) is the classifying space of a simplicial abelian
group A,, and Be(A,) is a bisimplicial set.

3.2. Friedlander—Suslin’s spectral sequence

In this section, we consider the case where X is smooth over a field F. Let
K24 (X x A®) denote the n + 1-th homotopy group of the diagonal of a 3-fold sim-
plicial set NowS,CP2A" (X x A®). In the case that X is a smooth scheme over a
field, Friedlander—Suslin [2] proved that there exists a strongly convergent spectral

sequence:
By = CH, (X, —p—q) = K_p4(X)

Zar

by an exact couple (D5 ES? 4, j, k) defined by the following:

Dyt = KoM (X x A%, BP9 = CH,L(X,—p - q),

—p—q Zar
where j is the cycle-class map. (See [2, Section 13].) We have that Friedlander—Suslin’s
spectral sequence admits Adams operations:

Proposition 3.1 (cf. [3, Theorem 7]). Let X be a smooth scheme over a field F'.
Then the spectral sequence
E5? = CHyh (X, —=p — q) = K_p—¢(X)

admits Adams operations W* with the following properties:

(1) The ¥* are natural in Smp.

(2) The WF: KA (X x A®) — KA (X x A®) are compatible with the Adams

operations W* on K,(X) = KA (X).
(3) On the Ey-term CH,L (X, —p — q), ¥* acts by multiplication by k~9.

Zar

Proof. The proof is similar to [3, Theorem 7). O
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Corollary 3.2. Let X be a smooth scheme over a field F. The cycle-class map
" K4 (X x A®) — CHy, (X,n)q induces an isomorphism

™ K, (X)) = CHp,. (X, n)g

for any n,r = 0.

3.3. The proof of Theorem 1.1

By Popescu’s result [6, Corollary 2.7], there exist a prime field F' and a directed
inductive system (R, %gq) of smooth F-algebras of R such that its inductive limit is
R. Since each wga: Spec Rg — Spec R, is affine, we have that @CHT (Ra,n)g =

Zar
CH7,.(R,n)q follows from [5, Theorem 5.7] and Proposition 2.2. By the functoriality
of cycle-class maps and Corollary 3.2, we obtain

Ko (R)y) = lim K, (Ra)§ = lim CHy,, (Ra, n)g = CH,, (R, n)q.

References

[1] S. Bloch, Algebraic cycles and higher K-theory, Adv. in Math. 61 (1986), no. 3, 267-304.

[2] E.M. Friedlander and A. Suslin, The spectral sequence relating algebraic K-theory to motivic
cohomology, Ann. Sci. Ecole Norm. Sup. (4) 85 (2002), no. 6, 773-875 (English, with English
and French summaries).

[3] H. Gillet and C. Soulé, Filtrations on higher algebraic K-theory, Algebraic K-theory (Seattle,
WA, 1997), Proc. Sympos. Pure Math., vol. 67, Amer. Math. Soc., Providence, RI, 1999, pp. 89—
148.

[4] A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des mor-
phismes de schémas. 3°™¢ partie, Inst. Hautes Etudes Sci. Publ. Math. 28 (1966), 5-255.

[5] A. Dold and B. Eckmann (ed.), Théorie des topos et cohomologie étale des schémas. Tome 2,
Lecture Notes in Mathematics 270, Springer-Verlag, New York, 1972 (French). Séminaire de
Géométrie Algébrique du Bois-Marie 1963-1964 (SGA 4); Dirigé par M. Artin, A. Grothendieck
et J.L. Verdier. Avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat.

[6] D. Popescu, General Néron desingularization and approzimation., Nagoya Math. J. 104 (1986),
no. Teor. Chisel, Algebra i Algebr. Geom., 85—-115.

[7] R.W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and of derived cate-
gories, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88, Birkhduser Boston, Boston,
MA, 1990, pp. 247-435.

[8] V. Voevodsky, A. Suslin, and E.M. Friedlander, Cycles, transfers, and motivic homology theories,

Annals of Mathematics Studies, vol. 143, Princeton University Press, Princeton, NJ, 2000.

F. Waldhausen, Algebraic K -theory of spaces, Algebraic and geometric topology (New Brunswick,

NJ, 1983), Lecture Notes in Math., vol. 1126, Springer-Verlag, New York, 1985, pp. 318-419.

[9

Yuki Kato ykato.math@gmail.com
Mathematical Institute, Tohoku University, Aoba, Sendai 980-8578 Japan



