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JACOBI-ZARISKI EXACT SEQUENCE FOR HOCHSCHILD
HOMOLOGY AND CYCLIC (CO)HOMOLOGY

ATABEY KAYGUN
(communicated by Claude Cibils)

Abstract

We prove that for an inclusion of unital associative but not
necessarily commutative k-algebras B C A we have long exact
sequences in Hochschild homology and cyclic (co)homology
akin to the Jacobi-Zariski sequence in André-Quillen homol-
ogy, provided that the quotient B-module A/B is flat. We also
prove that for an arbitrary r-flat morphism ¢: B — A with an
H-unital kernel, one can express the Wodzicki excision sequence
and our Jacobi-Zariski sequence in Hochschild homology and
cyclic (co)homology as a single long exact sequence.

Introduction

Let k be a ground field. Assume we have an inclusion of associative commuta-
tive unital k-algebras B C A. Then for any A-bimodule IV, one obtains a long exact
sequence in André-Quillen homology [12, Thm. 5.1]

+++ = Dpi1(A|B;N) = Dy(Blk; N) — Dy (Alk; N) = Dy (A|B;N) — -+,

which is often referred to as the Jacobi-Zariski long exact sequence [8, §3.5]. In this
paper we show that there are analogous long exact sequences for ordinary (co)homol-
ogy, Hochschild homology and cyclic (co)homology of k-algebras of the form (written
here for Hochschild homology)

- = HH, 1 (A|B) = HH,(Blk) — HH,(Alk) — HH,(A|B) — - - .

We prove the existence under the condition that we have a unital associative (not
necessarily commutative) algebra A and a unital subalgebra B such that the quotient
B-module A/B is flat. In the sequel, such inclusions B C A of unital k-algebras are
called reduced-flat (r-flat in short) extensions. The condition of r-flatness is slightly
more restrictive than A being flat over B, but there are plenty of relevant examples.
(See Subsection 1.5.)

There are similar long exact sequences in the literature for other cohomology the-
ories of k-algebras. The relevant sequence we consider here is the Wodzicki excision
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sequence [13] for Hochschild homology and cyclic (co)homology (written here for
Hochschild homology)

-+ HH,(Z)—> HH,(B) - HH,(A) - HH,_1(Z) - --

for an epimorphism 7: B — A of unital k-algebras with an H-unital kernel 7 :=
ker(m) (Subsection 1.3). The Wodzicki excision sequence characterizes homotopy
cofiber of the morphism of differential graded k-modules m,: CH,(B) — CH,(A)
induced by 7 as the suspended Hochschild complex ¥CH,(Z) of the ideal Z. Our
Jacobi-Zariski sequence, on the other hand, characterizes the same homotopy cofiber
as the relative Hochschild chain complex CH,(A|B) (relative & la Hochschild [6]) for
a monomorphism B — A of k-algebras.

Now, assume ¢: B — A is an arbitrary morphism of unital k-algebras such that
7 := ker(y) is H-unital and the quotient B-module A/im(p) is flat. Under these
conditions, we show in Theorem 4.3 (written here for Hochschild chain complexes)
that homotopy cofiber CH, (A, B) of the morphism ¢, : CH,(B) — CH,(A) induced
by ¢ fits into a homotopy cofibration sequence of the form

$CH, (Z) — CH. (A, B) — CH, (A|B),

which gives us an appropriate long exact sequence. As one can immediately see, we
get Wodzicki’s characterization of the homotopy cofiber when ¢ is an epimorphism
and our Jacobi-Zariski characterization when ¢ is a monomorphism.

Overview

In Section 1 we review some standard constructions and facts that we are going to
need in the course of proving our main result, mostly in order to establish notation.
Then in Section 2 we prove the existence of the Jacobi-Zariski long exact sequence for
ordinary homology of algebras. In Section 3 we gradually develop the same result for
cohomology under certain restrictions on the dimension of the algebra, and then we
remove those restrictions and place them on the coefficient modules. Finally, in Sec-
tion 4, we prove the existence of the Jacobi-Zariski long exact sequence for Hochschild
homology and cyclic (co)homology of associative unital algebras, and then construct
a homotopy cofibration sequence extending both the Jacobi-Zariski sequence and
Wodzicki excision sequence in Hochschild homology and cyclic (co)homology.

Standing assumptions and conventions

We use k to denote our ground field. We make no assumptions on the characteristic
of k. All unadorned tensor products @ are assumed to be over k. We will use @, X
and ), X; to denote respectively the external and the internal sum of a collection of
subspaces {X;}icr of a k-vector space V. The k-algebras we consider are all unital
and associative but not necessarily commutative. We make no assumptions on the
k-dimensions of these algebras unless it is otherwise explicitly stated. We will use .A°
to denote the enveloping algebra A4 ® A of an associative unital algebra A. We will
use the term parity to denote the type of an A-module: whether it is a left module or
a right module. We use the notation XC for the suspension of a differential Z-graded
k-module (C,,d?), where

(2C), =Ch_y and d5¢ = —-d9 |

for every n € Z.
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1. Preliminaries

1.1. Relative (co)homology

A monomorphism f: X — Y of A-modules is called an (A, B)-monomorphism
if f is an monomorphism of A-modules and a split monomorphism of B-modules.
We define (A, B)-epimorphisms similarly. A short exact sequence of A-modules 0 —
X Y 25 Z 5 0is called an (A, B)-exact sequence if i is an (A, B)-monomor-
phism and p is an (A, B)-epimorphism.

An A-module P is called an (A, B)-projective module if for any (A, B)-epimorphism
f: X — Y and a morphism of A-modules g: P — Y there exists an .4-module mor-
phism ¢': P — X which satisfies g = f o ¢

o
g -
5

X—Y —0.

(A, B)-injective modules are defined similarly. Also, a module T is called (A, B)-flat if
for every (A, B)-short exact sequence 0 - X — X’ — X" — 0 the induced sequence
of k-modules

0= XUT =X 4T = X"04T =0
is exact. Note that every A-projective (resp. A-flat or A-injective) module is

also (A, B)-projective (resp. (A, B)-flat or (A, B)-injective) for any unital subalge-
bra B C A.

1.2. The bar complex
The bar complex of a (unital) associative algebra A is the graded k-module

CB..(A) := P A¥"+
n=0

together with the differentials d$: CB,,(A) — CB,_1(A) which are defined by

AP (ag® - @ apy1) = (1) (- @ aja;41 @)
7=0

forany n > 1 and ap ® - - - ® a,, € CB,,(A). The complex
CB.(X;A4Y):=X®4CB,(A) @4 Y

is called the two-sided (homological) bar complex of a pair (X,Y) of .A-modules
of opposite parity. The cohomological counterpart CB*(X;.A; Z) for a pair of right
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A-modules (X, Z) is defined as
CB*(X;A; Z) := Hom 4 (CB.(X; A4; A), Z).

The corresponding bar complex for left modules is defined similarly using
CB.(A; A; X). Since the two-sided bar complex CB,(A) is an A°-projective reso-
lution of the A-bimodule A, the homology of the complex CB,(X;A;Y) yields the
Tor-groups Torf(X ,Y) for the pair (X,Y). Similarly, the Ext-groups Ext’ (X, Z) for
the pair (X, Z) come from the cohomological variant of the two-sided bar complex
CB*(X;A; Z).

To be technically correct, since our tensor products ® are taken over k, the bar
complexes we defined should be referred as the relative bar complezes (relative to the
base field) denoted by CB,.(X; Alk;Y) or CB*(X; Alk; Z). However, since k is a semi-
simple subalgebra of A, the relative (co)homology and the absolute (co)homology
agree (cf. [7, Prop. 2.5]). See also [4, Thm. 1.2].

Now, we define the relative two-sided bar complexes
CB.(X;A|B;Y) and CB*(X;A|B;Z)

similarly for A-modules of the correct parity X, Y and Z, where we replace the
tensor product ® over k with the tensor product ®p over a unital subalgebra B.
Since A ®p A is (A, B)-projective by [6, Lem. 2, p. 248], we see that for any right
A-module X, the module X ®p5 A is a (A, B)-projective module. Then the relative
complexes CB, (X; A|B;Y) and CB*(X; A|B; Z) yield respectively the relative torsion
groups TorAB) (X,Y) and the relative extension groups Ext?A‘B)(X, 7).

*

1.3. H-unital ideals

A not necessarily unital k-algebra Z is called H-unital if the bar complex CB.(Z)
of 7 is a resolution of Z viewed as a Z-bimodule. One can immediately see that any
unital algebra is H-unital.

Our definition of H-unitality differs from Wodzicki’s original definition given
n [13], but is still equivalent. Wodzicki defines another complex CB.(Z) (he uses
the notation B, (7))

CBL(Z) = P zo""!

n>=0
together with the differentials
n—1
dn(l'o R ®In) = Z(*l)J("'®IjIj+l ® )
j=0

CB{(Z) is the differential graded k-module CB,(Z) suspended once and augmented
by Z. The fact that CB,(Z) is a resolution of Z is equivalent to the fact that CB(Z)
is acyclic. Because k is a field and every k-module is free, and therefore flat, the
acyclicity of CB.(Z) is equivalent to Wodzicki’s definition of H-unitality (cf. [13,
p. 592].)
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1.4. The Hochschild complex
The Hochschild complex of A with coefficients in a A-bimodule M is the graded
k-module
CH, (A, M) := P M @ A"

n=0
together with the differentials (traditionally denoted by b)
by: CH, (A, M) — CH,,_1(A, M),

n—1
bn(m®&1®"'an):(mal®Cl2®~"®&n)+2(—1)j(m®-'-®ajaj+1®'~')
j=1

+(-D"axm®@a1 @ @an_1)

defined for n > 1 and m® a1 ® --- ® a,, € CH, (A, M). One can define the relative
Hochschild complex CH, (A|B, M) similarly, where we write the tensor products over
B instead of k.

For every A-bimodule M the Hochschild complex CH, (A, M) can also be con-
structed as

CH, (A, M) = M ® 4 CB,(A),

where A° = A® A°P is the enveloping algebra of A. Since the bar complex CB,(A)
is a projective resolution of A viewed as a .A-bimodule, the Hochschild homology
groups we defined using the Hochschild complex are Tor A (A, M) [8, Prop. 1.1.13].
One can similarly define the Hochschild cohomology groups HH™(.A, M) as the exten-
sion groups Ext’j.(A, M), which can also be computed as the cohomology of the
Hochschild cochain complex CH*(A, M) := Hom 4 (CB.(A), M) [8, Def. 1.5.1].

We will use the notation H H,(A) and HH*(A) to denote respectively HH, (A, A)
and HH*(A, A) for a (unital) k-algebra A.

1.5. Flat and r-flat extensions
Assume B C A is a unital subalgebra. This makes A into a B-bimodule. Now,
consider the following short exact sequence of B-modules

0—->B—-A—A/B—0.

Since B is flat over itself, using the short exact sequence above for every B-module Y
we get an exact sequence of k-modules of the form

0 — Tor¥(A,Y) = TotP (A/B,Y) - BosY - A@pY — (A/B) @Y — 0

and an isomorphism of k-modules Tor? (A, Y) = Tor5(A/B,Y) for every n > 2. This
means the flat dimension (sometimes referred as the weak dimension) of A/B is at
most 1 when A is a flat B-module. On the other hand, when the quotient A/B is a
flat B-module the B-module A must also be flat.

Definition 1.1. An inclusion of unital k-algebras B C A is called a flat extension if
A viewed as a B-bimodule is flat. An inclusion of unital k-algebras B C A is called
a r-flat extension if the quotient B-bimodule A/B is B-flat. A morphism of unital
k-algebras ¢: B — A is called flat (resp. r-flat) if im(p) C A is a flat (resp. r-flat)
extension.
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One can easily see that every r-flat extension is a flat extension. Conversely, if
A is a flat extension over B which is also augmented, i.e., we have a unital alge-
bra morphism ¢: A — B splitting the inclusion of algebras B — A, then it is also a
r-flat extension. In other words, for augmented extensions flatness and r-flatness are
equivalent.

Ezample 1.2. The polynomial algebras B[z, ..., x,] with commuting indeterminates
and the polynomial algebras B{z1,...,z,} with non-commuting indeterminates are
all r-flat extensions of a unital k-algebra B. In general, if G is a monoid then the group
algebra B[G] of G over B gives us a r-flat extension B C B[G].

2. The Jacobi-Zariski sequence for torsion groups

Proposition 2.1. Let Z be an H-unital ideal of a unital algebra B. Assume X and Y
are B/Z-modules of opposite parity. Then one has natural isomorphisms of the form

Tor(X,Y) = Tor5/*(X,Y) (2.1)
for every p > 0.

Proof. We begin by defining an auxiliary differential graded k-module I,.. We augment
CB.(Z) with k as follows:

kT T8 T8 ...,

Since Z is H-unital, the homology is concentrated at degree 0 where Hy(l.) =k
and H,(I,.) = 0 for every ¢ > 0. Then the product X ® I, ® Y is a differential graded
k-submodule of CB,(X; B;Y) since action of Z on X and Y are by 0. Now, we define an
increasing filtration of differential graded k-submodules F¥ C FPTof CB.(X;B;Y),
where for 0 < p < n we let

FP .= Y XeIFYeBeI® - eBI®reY

n
not-ny=n—p

and allow n; = 0. Then we define FP = FP*! for every p >n and let F ! :=0.
Note that F' = X ® I, ® Y and U, F¥ = CB.(X;B;Y). In the associated spectral
sequence of the filtration we get
Ey,=Hy(FY/F; ) =Hy(X®L®Y)2X®Hy(l,)®Y =0 = Eg,
for every ¢ > 0 since Z is H-unital and ® is an exact bifunctor. We also see that for
q<0
0 _ pp p—1 _ n _ poo
Epq = Fpral/ Fpiqg =0=EJ

because FP = FP*! for every p > n. Moreover, for any p > 0 and for any ¢ > 0,

0 _ pp p—1
Ep,q - Fp+q Fp-l-q

~ P XIeB/HRI™ -0 (B/I) eI Y.
no+---+np=q

Again, since the action of Z on X, Y and B/Z are by 0, the quotient Ff/Ff_1 can
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be written as a product of differential graded modules
SP(FP/JFPY)~X®LoB/I)® 91, @ (B/I)RI, QY.

p-times

Our spectral sequence collapses because the homology of I, is concentrated at degree

0. So, we get Ezl,’q =0=E, for ¢ # 0 and for p > 0 we get

Epo=Hy(Ff/FI™") =X @ (B/T)*" ®,

p

which means E}, = CB,(X; B/Z;Y). Hence we get E2, = B3 = Tors/*(X,Y). Our
spectral sequence converges to the homology of CB,(X;B;Y) which is Tor®(X,Y).

The result follows. O

Remark 2.2. An epimorphism of algebras ¢: B — A is called a homological epimor-
phism if the induced morphisms Ext’ (X,Y) — Extz(X,Y) is an isomorphism for
every finitely generated A-modules X and Y [3]. If B is finite dimensional and we
confine ourselves with finitely generated modules, then one has isomorphisms of the
form (2.1) if and only if one has the same isomorphisms for Ext-groups. In other words,
an epimorphism ¢: B — A between two finite dimensional k-algebras is a homology
epimorphism when ker(y) is H-unital because of Proposition 2.1. We would like to
reiterate here again that we make no assumptions on the k-dimensions of the algebras
we work with, neither do we assume that our modules are finitely generated.

Theorem 2.3. Assume B is a unital k-algebra and let B C A be a r-flat extension.
Then we have a long exact sequence of the form

o TP (XY) = TorB (X,Y) = Tor (X, Y) = Tort® (X, Y) — - (2.2)

for any right A-module X and any left A-module Y, and p > 0.
Proof. We consider the two-sided bar complex CB,(X;A;Y) for a right A-module

X and for a left A-module Y. We consider the following increasing filtration on
CB.(X;AY)

P = Y XeB™oA@B™ - ARBTYRY
no+-+np=n—p

for p < n, where we allow n; = 0. We take L} =0 for p < 0 and let L2 = LP*+! for
p > n. Note that the filtration degree comes from the number of tensor compo-
nents which are equal to A. We also see that L? = CB,(X;B;Y) and colim, L} =
CB.(X;A;Y). Then it is clear that L?/L;t = LY = CB,(X;B;Y), and for n > p we
have

LPjrpt = @ X®@B%" @ (A/B)@ B @@ (A/B) @ B¥" ® Y.

no+--+np=n—p

In the derived category, the quotient differential graded k-module L% /L% -1 represents
an (p + 2)-fold product

X ®p (A/B) @5 - @5 (A/B) ®5Y,

where ®é denotes the left derived functor of ®p5. We use the spectral sequence asso-
ciated with this filtration employing the fact that B C A is a r-flat extension and we
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see that the only non-zero groups are on the p-axis and on the g-axis

TorqB(X, Y) ifp=0
Epq = Hpeo(LY/LEY) = § X @5 (A/B) @5 - @5 (A/B) @Y if ¢ =0.

p-times

Now, we observe that the edge ¢ = 0 on the E'-page is the normalized bar complex
of X and Y over A relative to B [9, Ch. VIII Thm. 6.1 and Ch. IX §§8-9]. Then for
E? , we get

2 _ Torff(X,Y) ifp=0
P T AB(X)Y)  ifg=0.

For the subsequent pages in this spectral sequence, the only relevant differentials are
A|B B
d o Tor{P(X,Y) = Torh | (X,Y)
which give us short exact sequences of the form
0— E5% — Tor (X, Y) — Torh_((X,Y) = Eg5,_; — 0. (2.3)

So, eventually in the E°°-page there remains only two classes of non-zero groups: one
on the p-axis the other on the g-axis. The induced filtration L* Torf(X, Y) on the
homology satisfies

Eyy=1LF Tor;:_q(X, Y)/LP~! Tor;‘_i_q(X, Y)

which can be placed into a diagram of the form

0= L0 Tor} (X, Y)—— L' Tor; (X, Y) e LP Tory' (X,Y),
Egp ETp—1 Epo

where the top row is a sequence of injections with quotients given by the appropriate
groups in E°°. Since we only had non-zero groups on the p- and g-axes, we get short
exact sequences of the form

0 — EgS, — Tor){(X,Y) — ES5 — 0. (2.4)

Splicing (2.3) and (2.4) we get a long exact sequence of the form (2.2). O

Corollary 2.4. Assume ¢: B— A is a r-flat morphism such that ker(yp) is an
H-unital ideal of B. Then there is a long exact sequence of the form (2.2) for any
right A-module X and any left A-module Y .

Proof. There is an overload of notations here. Tor*™™(®) refers to the relative Tor
with im(p) is a subalgebra of \A. On the other hand TorB) refers to relative Tor
using ¢: B — A which, by definition, is constructed using the image of . In other
words, if A is viewed as a B-module via a morphism ¢: B — A then A®p A :=
A ®@im(p) A, and therefore TorAm™#) and Tor®) are one and the same. Then
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since ¢ is r-flat, we have a long exact sequence similar to (2.2) of the form

R Tor;’le)(X, Y)— Tor;)m(‘p) (X,Y)— Tor;;l(X, Y)— ToréAlB) (X,Y)— .

The result follows since we have isomorphisms of the form
Tor®(X,Y) = Tori™¥)(X,Y)

by Proposition 2.1. O

3. The Jacobi-Zariski sequence for extension groups

For the time being, we assume A is a unital k-algebra which is also finite dimen-
sional over k, and B is an arbitrary unital subalgebra of A. We will work with
the category of finitely generated A-modules. In the category of finitely generated
A-modules of either parity, every module is necessarily finite dimensional over k. For
these categories the k-duality functor Homy( - , k) gives us an equivalence of categories
of the form

Homy( - ,k): A-mod — mod-A,
where A-mod and mod-.A denote the categories of finitely generated left and right A-

modules, respectively. Using the adjunction between the functors ® 4 and Homy( - , k),
one can easily prove the following lemma.

Lemma 3.1. Assume A is a finite dimensional k-algebra and let Y be a finitely
generated A-module. Then'Y is (A, B)-flat if and only if the k-dual Homy (Y, k) is an
(A, B)-injective module.

Note that the absolute case is covered by B = k.

Proof. Assume Y is (A, B)-flat, that is every (A, B)-exact sequence of the form 0 —
X — X' -+ X" — 0 induce an exact sequence of k-modules the form

0= XY =X ®@4Y 2 X"®4Y = 0.

Since k is a field, and therefore Homg( - ,k) is an exact functor, we get another exact
sequence of k-modules of the form

0 — Homy (X ®.4 Y, k) — Homy (X' ®4 Y, k) — Homy (X" ®4 Y, k) — 0.

Using the adjunction between ® 4 and Homy( - , k), we get

0 — Hom 4 (X, Homy (Y, k)) — Hom 4 (X', Homy (Y, k))
— Hom 4 (X", Homy (Y, k)) — 0

is also exact. This is equivalent to the fact that Homy (Y, k) is (A, B)-injective. Con-
versely, assume Y is (A, B)-injective. Since Homg( - ,k) is an equivalence of finitely
generated A-modules exchanging parity, there is a finitely generated A-module T of
the opposite parity of Y such that Y = Homg (7, k). Moreover, one can easily see
that Homy (Y, k) = T for the same module since the modules we consider are all finite
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dimensional. Assume now, without any loss of generality, that Y is a right module,
and therefore T' is left module. Then

0 — Hom 4 (X, Homy (7, k)) — Hom 4 (X', Homy (7', k))
— Hom 4 (X", Homy (T, k)) — 0

is exact for every (A, B)-exact sequence 0 - X — X’ — X" — 0 of finitely generated
A-modules. Using the adjunction again we see that

0 — Homy (X ®4 T, k) — Homy (X' ®4 T,k) — Homy (X" @4 T,k) — 0

is also (A, B)-exact. Since Homy( - ,k) is an exact equivalence for finite dimensional
k-modules we see that

0> XAT - X' @4T = X"@4T —0
is also (A, B)-exact. This is equivalent to the fact that T is (A, B)-flat. O

Lemma 3.2. If A is a finite dimensional k-algebra and B C A is a r-flat extension,
then for any finitely generated A-modules X andY we have a long exact sequence in
cohomology of the form

(X,Y) = Extl(X,Y) — Ext}(X,Y) = Ext’T L (X, V) = -+ (3.1)

S Ext? s

(AlB)
for every p > 0.

Proof. Assume X and Y are A-modules. Let & and V be a unital k-subalgebras of
A such that V CU. Fix a pre-dual T of Y, i.e., Homg(T,k) 2 Y. Now, observe that
if T is left A-module then CB.(U;U|V;T) is a (U, V)-projective resolution of T', and
therefore Homy (CB,(U;U|V;T),k) is an injective resolution of Y = Homy (7T, k) by
Lemma 3.1. Then

EXt?L[\V) (X, Y) = EXt’&,{‘V) (X, Homk(T, k))
= H,, Homy (X, Homy (CB..(U;U|V; T),k))
=~ H, Homy (CB..(X;U|V;T),k)
=~ Homy (Tor™V) (X, T), k).

We consider three cases now: (i) Y = A and V =k, (ii) Y =B and V =k and
finally (iii) 4 = A and V = B. Then we see that if we apply Homg( - ,k) to the long
exact sequence (2.2) we obtain the result we would like to prove. O

Remark 3.3. Note that in the proof of Lemma 3.1, where we show Homy (Y, k) is
(A, B)-injective when it is (A, B)-flat, we did not use the fact that Y is finitely gen-
erated over a finite dimensional k-algebra A. Indeed, it is true that for an arbitrary
A-module over any k-algebra A (regardless of k-dimension) and for an arbitrary uni-
tal subalgebra B the module Homg (Y, k) is still (A, B)-injective when Y is (A, B)-flat.
Then the result of Lemma 3.2 can be extended to not necessarily finite dimensional
algebras, if instead of the full category of finitely generated .A-modules we consider
the category of A-modules which are finite dimensional over the base field k. The
result we proved in Lemma 3.1 in the direction we need is still true and in the cate-
gory of finite dimensional .A-modules, the duality functor is still an equivalence. These
are enough to prove an analogue of Lemma 3.2 in the case A is not necessarily finite
dimensional over k.
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Definition 3.4. Assume A is an arbitrary k-algebra, and we make no assumption on
the k-dimension of A. An A-module M is called an approzimately finite dimensional
A-module if M is a colimit of all of its A-submodules of finite k-dimension.

Theorem 3.5. Let A be an arbitrary unital k-algebra where we make no assump-
tion on the k-dimension of A. Let B C A be a r-flat extension and assume Y is an
approximately finite dimensional A-module. Then for every A-module X we have a
long exact sequence of the form (3.1).

Proof. We know by Remark 3.3 that we have a long exact sequence of the form

1
- = Bxt{ 5 (X, Z) = Extl)(X, Z) = Exti(X, Z) = Ext{y 5 (X, Z) — -+

for every submodule Z of Y of finite k-dimension for every p > 0. Then we use the

fact Y is the colimit of all of its A-submodules of finite k-dimension and that colimit
is an exact functor. O

Corollary 3.6. Assume ¢: B — A is a r-flat morphism of unital algebras such that
ker(y) is an H-unital ideal of B. Assume Y is an approzimately finite dimensional A-
module. Then for every A-module X we have a long exact sequence of the form (3.1).

4. Jacobi-Zariski sequence for Hochschild homology and cyclic
(co)homology

In this section we assume A is a unital k-algebra and B C A is a r-flat extension. We
make no assumption on the k-dimension of 4. Our aim in this section is to repeat the
argument we gave in Section 2 and Section 3 for the Hochschild homology and cyclic
(co)homology, and prove appropriate versions of Theorem 2.3 and Theorem 3.5. Even
though the filtrations are similar, the associated graded complexes will be different.
So, we need to check the details carefully.

Now we define an increasing filtration on the Hochschild chain complex by letting

GP = Z MeB?"ARB*™ @ --@ A® B®™ (4.1)

no+--+np=n—p

for 0 <p<n. Welet GEL =0 for p<0<n and G, = GE™! for all p > n > 0. Here
again, the filtration degree counts the number of tensor components which are equal to
A and observe that G = CH, (B, M ). Moreover, we see that colim, GY = CH,.(A, M).
The associated graded complex is then given by

GP/GPt T M@ B%" @ (A/B) @ B @ - @ (A/B) @ B
no+-+np=n—p
for any n > p > 1, and at degree 0 we see G0/G; ! = GY = CH,(B, M). But recall
that A/B is flat over B since B C A is a r-flat extension. Then on the E'-page of the
associated spectral sequence we get only two non-zero groups: one on the p-axis and
the other on the g-axis

B}y = Hyg(GL/GL7) =

HH,(B,M)  ifp=0
CH,(A|B,M) ifg=0andp>0,

where CH, (A|B, M) is the normalized relative Hochschild complex [8, 1.1.14]. This
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leads us to the E%-page

2 JHH, (B, M) ifp=0and ¢>0
HH,(A|B,M) itg=0.

p.q

The rest of the argument is similar to the argument we gave in Section 2.

Theorem 4.1. Assume B C A is a r-flat extension of unital, associative but not nec-
essarily commutative k-algebras. Then for any A-bimodule M we have a long exact
sequence of the form

-~ —= HH,(B,M) — HH,(A,M) - HH,(A|B,M) - HHp, (B, M) — ---

forp > 0. If we assume M is approzimately finite dimensional, then we obtain a long
exact sequence in cohomology of the form

- — HHP(A|B,M) — HH?(A,M) — HH?(B,M) — HH?"*(A|B, M) — - -
for every p > 0.
Now we are ready to extend this result to cyclic (co)homology.

Theorem 4.2. Assume A, B and k are as before. Then we have the following long
exact sequences:

-+ — HH,1(A|B) - HH,(B) — HH,(A) —» HH,(A|B) — --- (4.2)
oo = HCpi1(AIB) — HCW(B) — HC,(A) — HC,(A|B) — --- (4.3)
- — HCP(A|B) — HCP(A) — HC?(B) — HCPT(A|B) — - . (4.4)

Proof. In order to prove our assertion for cyclic (co)homology, we first need to
derive (4.2) which is a version of the Jacobi-Zariski sequence for Hochschild homology.
For this purpose, we will need to write a filtration similar to the filtration we defined
n (4.1). So, for 0 < p < n+ 1 we define

Gh= Y BToARB™e---2AeB%m.
no+--+np=n+l—p

We let GP = GP*! for allp > n + 1 and G2, = 0 for p < 0. Observe that the filtration is
compatible with the actions of the cyclic groups Z/(n + 1) at every degree n > 0. The
rest of the proof for obtaining the long exact sequence (4.2) is similar to argument
we used at the beginning of this section for Hochschild homology with coefficients
and the proof of Theorem 2.3. The proof for cyclic (co)homology also follows after
our observation that the filtration G% is compatible with the actions of the cyclic
groups. O

Theorem 4.3. Let ¢: B— A be a r-flat morphism of unital k-algebras such that
T :=ker(yp) is H-unital. Let CH,.(A,B) be the homotopy cofiber of the morphism
v« CH,(B) — CH.(A). Then there is a homotopy cofibration sequence of the form

YCH,.(Z) — CH.(A,B) — CH.(A|B) (4.5)
which induces a long exact sequence of the form
-+ —> HH,41(A|B) - HH,_1(1) - HH,(A,B) - HH,(A|B) — - --

for p = 0. Analogous sequences exist for the cyclic homology and cohomology with no
additional hypothesis.
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Proof. We will give the proof for the Hochschild homology. The proofs for cyclic
homology and cohomology are similar, and therefore, omitted. We consider all of our
Hochschild chain complexes as differential graded k-modules inside (bounded below)
derived category of k-modules. This is a triangulated category. In this category we
have two distinguished triangles: one coming from the Wodzicki excision sequence [13,
Thm. 3.1], and the other coming from our Jacobi-Zariski sequence:

CH,(Z) — CH,(B) = CH,(B/I) — XCH,(T)
and
CH, (B/T) - CH, (A) — CH,(A|B) — SCH, (B/I).
Now consider another homotopy cofibration sequence
CH..(B) 2 CH.(A) — CH. (A, B),

where the last term is defined as the homotopy cofiber of the morphism ¢, : CH.(B) —
CH. (A). We construct

CH,(B) —> CH,(B/I) — SCH.(T) — SCH.(B)

Y

CH, (A) CH. (A, B) —= XCH,(B).

CH. (B)

P

Now, v, exists because the (bounded below) derived category of k-modules is a tri-
angulated category. We also have that the middle square is homotopy cartesian [11,
Lem. 1.4.3]. Moreover, we have a distinguished triangle of the form

»CH, (Z) - CH, (A, B) — CH,(A|B) — X2CH,(T)

since CH,(A|B) is the homotopy cofiber of the morphism CH,(B/Z) — CH,.(A)
induced by the inclusion im(p) C A because of Theorem 4.2. This finishes the
proof. O

One can easily see that Theorem 4.3 gives us the Jacobi-Zariski sequence when
¢ is monomorphism with an r-flat image and the Wodzicki excision sequence when
@ is an epimorphism with an H-unital kernel, for Hochschild homology and cyclic
(co)homology.

Conjecture 4.4. We believe that an appropriate analogue of Theorem 4.2 holds for
Hochschild cohomology when p is large enough. However, due to its non-functoriality,
to prove such an analogue for Hochschild cohomology is not a straightforward task. If
B C A is an arbitrary extension, then we have a homotopy cofibration sequence of the
form CH*(B) — CH"* (B, A) — CH*(B, A/B) coming from the short exact sequence of
B-bimodules 0 —+ B — A — A/B—0. The last term CH*(B,A/B) calculates
HH*(B, A/B), which is Extg.(B, A/B). So, we have HH™(B) = HH"(B, A) for
n > 2 when A/B is an injective B¢-module. If A is approximately finite dimensional
and A/B is B¢-flat on top of being B-injective, then we can use Theorem 4.1 where
we set M = A to obtain an analogue of Theorem 4.2 for Hochschild cohomology but
for p = 2. There are similar results pointing in this direction. See, for example, [1,
Thm. 4.5], [5, Thm. 5.3/, and [10].
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