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The cut locus from a point on the surface of a convex polyhe-
dron is a tree containing a line segment beginning at every ver-
tex. In the limit of infinitely small triangles, the cut locus from
a point on a triangulation of a smooth surface therefore tends to
become dense in the smooth surface, whereas the cut locus from
the same point on the smooth surface is also a tree, but of finite
length. We introduce a method for avoiding this problem. The
method involves introducing a minimal angular resolution and
discarding those points of the cut locus on the triangulation for
which the angle measured between the shortest geodesic curves
meeting at these points is smaller than the given angular reso-
lution. We also describe software based upon this method that
allows one to visualize the cut locus from a point on a surface
of the form (x/a)n + (y/b)n + (z/c)n = 1, where n is a positive
even integer. We use the software to support a new conjecture
that the cut locus of a general ellipsoid is a subarc of a curvature
line of the ellipsoid.

1. INTRODUCTION

The cut locus is a fundamental object of study in global
differential geometry [Berger 00], which has applications
reaching all the way to parasitology [Dujardin and Duriez
95]. It is closely related to Voronoi diagrams [Aurenham-
mer 91], the notion of “ridge trees” [Agarwal et al. 97],
and the medial axis transform [Wolter and Friese 00].
The cut locus also naturally appears in the recognition
problem of computer vision [Pennec 98].

The cut locus from a point p on a surface is the closure
of the set of all points that have at least two shortest
paths connecting them to p [Wolter 79]. A cut point of p

along a geodesic (shortest, or locally length-minimizing
path) passing through p is the first point on the geodesic
where it ceases to minimize its arc length to p, and the
cut locus of p is the set of all cut points of p [Kobayashi
67]. For a more technical definition, see Section 4 of
Chapter III of [Sakai 96].
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At present, Thaw is only capable of handling triangu-
lations in which the sum of the angles at every vertex is
less than 2π (i.e., convex surfaces). We have based our
algorithm upon the mathematical formulation of [Agar-
wal et al. 97], which in turn builds upon the work of
[Sharir and Schorr 86] and [Mitchell et al. 87], where
cut loci (called ridges) on polyhedral surfaces are defined
for convex polyhedra. In the convex case, the cut locus
from a point is the closure of the set of points to which
there are two or more minimizers, where a shortest path
cannot pass through a vertex of the surface (Lemma 4.1
of [Sharir and Schorr 86]). In the nonconvex case, we
have the possibility of the shortest path passing through
a vertex. As Huygen’s principle tells us (see, for exam-
ple, Section 86 of [Coulson 55] for a definition), each point
on a wavefront can be considered as the source point of a
new (initially circular) wavefront. [Kaneva and O’Rourke
00] discuss the nontrivial implementation extensions that
were necessary to allow them to find shortest paths on
nonconvex surfaces. When extending the definition of the
cut locus to nonconvex surfaces, constructing candidate
shortest paths is more difficult because we do not a priori
know the angle through which a candidate path may pass
through any given vertex. All we know is that this angle
is greater than or equal to π (Lemma 3.4 of [Mitchell et al.
87]). However, once the set of candidate shortest paths
has thus been extended, if the definition of the cut locus
remains unchanged as the closure of the set of points to
which there are two or more minimizers, then the cut
locus is not necessarily a one-dimensional graph but can
contain an open set. In other words, it is not obvious
how to extend the definition of the cut locus to general
polyhedral surfaces. We will not attempt to answer this
question here, since we are in fact only interested in the
cut loci of smooth convex surfaces. Our algorithm will
correspond to the definition given above, which is appro-
priate for smooth surfaces and convex polyhedra.

Our restriction to convex surfaces may be removed in
future versions of Thaw, but this first requires the intro-
duction of new elements to emulate Huygen’s principle at
those vertices with angle sum greater than 2π. The al-
gorithms of [Kaneva and O’Rourke 00], [Kapoor 99] and
[Sava and Fomel 98] are of interest in this context. Sec-
ond, it would require a good definition of the cut locus
on negatively curved polyhedral surfaces.

Thaw is, however, already able to approximate the cut
loci of surfaces Loki cannot handle, has already had some
influence on recent analytical work, and has allowed us to
experimentally confirm the conjecture that the cut loci
of general ellipsoids are subarcs of curvature lines (see

the Remark to Proposition 3.5.4 of [Klingenberg 82] for
a definition).

Note that the problem of finding the cut locus of a
solid ellipsoid from its surface has already been solved
[Degen 97], but we are interested in the cut locus on the
surface of an ellipsoid from a point on that surface.

The cut loci from points on the surface of general ellip-
soids have been studied for some time (see Section 3.5 of
[Klingenberg 82]). For example, it is known that the cut
locus of an umbilic point of an ellipsoid coincides with
the antipodal umbilic point, and the cut loci from cer-
tain points on ellipsoids of revolution are known to be
arcs (Remarks to Theorem 2.1.14 in [Klingenberg 82]).

In [Polthier and Schmies 98], the concept of “straight-
est geodesics” was defined, these having the advantage
of being unique solutions to the initial value problem for
geodesics on polyhedral surfaces. They were used, in con-
junction with an adaptive particle propagation scheme
similar to [Lambare et al. 96], to compute the evolu-
tion of distance circles on polyhedral surfaces [Polthier
and Schmies 99]. As we do, Polthier and Schmies also
faced the problem of the local branching of the wavefront
related to the discretization introduced by approximat-
ing a smooth geometry with a polyhedral surface. Their
solution was to use a reasonably fine mesh to suppress
the type of local branching related to the discretization,
and then, when constructing the branched texture map
used to visualize evolving waves, to introduce a threshold
(in Section 5.1 of [Polthier and Schmies 99]) that effec-
tively smoothes the Lagrangian manifold (see Section 4
of [Lambare et al. 96] for a definition). This threshold
applies to both angle and time. Polthier and Schmies
always apply their threshold formula, but, in the case
of smooth surfaces, they also use a finer mesh in order
to enable the threshold formula to work more accurately
and to be able to really distinguish between polyhedral
and geometric conjugate points.

Our work differs from that of Polthier and Schmies
in that their aim was to visualize the geodesic flow and
its branching behaviour, whereas ours is to compute ap-
proximations to cut loci on smooth surfaces. The quite
specific demands of computing an approximation to the
cut locus led us to take a different approach. In partic-
ular, we find that computed approximations to cut loci
are extremely sensitive to any errors caused by the rep-
resentation used to approximate wavefronts.

Given the known weaknesses of particle (or ray) meth-
ods for approximating wavefronts [Lambare et al. 96],
particularly in the presence of conjugate points, we de-
cided to represent the wavefront exactly (up to numeri-
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1. find the closest source image (at distance ρ1 and
angle θ1).

2. for every other source image (at distance ρj and an-
gle θj), compute the colouring

min {arccos(cos(θ1 − θj))/∆θ, 1}2 · ρ1 · ∆θ

10 [ρj − ρ1 + ρ1(∆θ/10)]
(3–1)

and then take the maximum (darkest) over all j.

The result can be seen in Figure 14. In comparing the
left and right illustrations in this figure, one can see that
the artifact is surrounded by white “streamers,” which
quickly disappear as the number of triangles increases.
At the same time, the black lines making up the artifact
also are seen to shorten dramatically with increasing N.
It is quite clear from these illustrations that the “goat’s
beard” is probably an artifact. To that extent, we have
achieved what we wanted with (3–1).

4. THE CUT LOCUS OF AN UMBILIC POINT
OF A GENERAL ELLIPSOID

It is a well-known fact that the cut locus from an umbilic
point on a general ellipsoid consists of only one point:
the conjugate point that is the antipodal umbilic point
[Klingenberg 82]. Our experience with a Zoll surface of
revolution suggests that Thaw has greatest difficulty in
identifying conjugate points. It would, therefore, seem
that approximating the cut locus from an umbilic point
of a general ellipsoid is an excellent test case to examine.
We believe that such difficult tests are vitally important
in establishing the limits of and also confirming the ro-
bustness of our algorithm.

We take the surface( x

0.2

)2

+
( y

0.6

)2

+ z2 = 1 (4–1)

and the umbilic point at (−0.115470, 0, 0.816497) as our
starting point.

Thaw’s output is summarized in Figure 15, and its
performance in Section 7.1. One notices that Thaw does
indeed converge quite slowly, but apparently to the cor-
rect result.

5. THE CUT LOCI OF GENERAL ELLIPSOIDS

We begin with two conjectures, proving the first and pro-
viding experimental support for the other:

Proposition 5.1. For any surface given by (x/a)2m +
(y/b)2m + (z/c)2m = 1, where m is a positive integer,

the cut locus from any point (x0, y0, z0) on the surface
contains the antipodal point (−x0,−y0,−z0).

Proof: Let f : (x, y, z) �→ (−x,−y,−z) be the rever-
sion. Take a shortest geodesic γ(t) from (x0, y0, z0) to
(−x0,−y0,−z0). Note that f(γ(t)) is a shortest geodesic
from (−x0,−y0,−z0) to (x0, y0, z0). Then, γ(t) and
f(γ(−t)) are two shortest geodesics from (x0, y0, z0) to
(−x0,−y0,−z0).

This first arose (for us) as a conjecture from observa-
tions of our experimental data. Once it was proven, we
used it as a check in the development of Thaw.

Conjecture 5.2. On a general ellipsoid (x/a)2 + (y/b)2 +
(z/c)2 = 1, (a > b > c > 0), for any point p;u1 = a, u2 =
b, which is not an umbilic point, contained in the upper
half, the cut locus of p is an arc on u1 = a (a curva-
ture line) in the lower half, where (u1, u2) are the elliptic
coordinates.

See Definition 3.5.3 in [Klingenberg 82] for a definition
of elliptic coordinates. We will use the notation of Section
3.5 of [Klingenberg 82] in the remainder of this section.
In that notation, the surface defined by (4–1) becomes

x2
0

0.04
+

x2
1

0.36
+ x2

2 =
x2

0

a0
+

x2
1

a1
+

x2
2

a2
= 1 (5–1)

(in other words, (a0, a1, a2) = (0.04, 0.36, 1.0)).
We choose a starting point at random:

(x0, x1, x2) = (−0.151128,−0.350718, 0.295520).

This has elliptic coordinates

(u1, u2) = (0.237164, 0.929661).

According to our conjecture, the cut locus should be an
arc on u1 = 0.237164. As Figure 16 quite clearly shows,
the match is striking.

As our second example, we return to the surface given
by (2–1),

x2
0

0.16
+

x2
1

0.81
+ x2

2 = 1, (5–2)

and also use the same starting point given by (2–2). In
elliptic coordinates, this starting point is at

(u1, u2) = (0.7339745189, 0.9863580085).

According to our conjecture, the cut locus should be an
arc on u1 = 0.7339745189. Figure 17 also confirms this.

These, and many other entirely similar examples, have
convinced us that the conjecture is true.
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amount of time, not in its asymptotic behaviour for large
N. On the other hand, see [Agarwal et al. 97, Mount 90]
for an indication of the complexity issues that we must
face. For example, the construction of a superset of the
shortest-path edge sequences on the surface of a convex
polytope would have a complexity of O((4N)6) [Agarwal
et al. 97]. In other words, Thaw appears to be in the
ballpark of what one can expect.

It is, however, worth looking at a more typical exam-
ple. The illustration of Figure 16 is such a one. There,
N = 5 and D = 2. Twenty blocks were allocated, al-
lowing us to calculate the total memory usage as 32,508
Kbytes. The computation required 28,578 seconds (ap-
proximately 8 hours) of CPU time. This is not unrea-
sonable, if one is prepared for such a wait.

Finally, we imagine that Thaw will most typically be
applied to surfaces such as

x4 + y4 + z4 = 1.

See Figure 18. The CPU time and memory requirements
for this surface are shown in Table 3.

The memory usage associated with the allocation of
blocks can be roughly approximated by 41·4N Kbytes. Us-
ing Equation (7–2), this implies the approximate memory
usage

300 + 52.4 · 4N Kbytes (7–4)

and CPU time of

61.0 + 0.007 · 22.2N (7–5)

for this surface.
In all of the more intensive computations (N ≥ 5),

we find that the simultaneous computation of exponen-
tial map and cut locus approximation (discussed in Sec-
tion 2), which allows those triangles which have already
been processed to be deallocated during processing, usu-
ally results in a reduction in memory usage by a factor
of 8 to 9.

N triangles CPU time (sec) memory (blocks)
1 192 61.160 1
2 768 63.100 1
3 3072 139.440 3
4 12288 1,606.620 8
5 49152 35,506.120 26

TABLE 3. Computational costs for approximating the cut
locus on the surface x4 + y4 + z4 = 1.

8. CONCLUSION

We have shown that it is possible to compute an ap-
proximation to the cut locus from a point on a surface
via a triangulation of the surface and provided a work-
ing software tool: Thaw. What is lacking is a theoretical
justification, and this must be the subject of future work.

We have used Thaw to experimentally confirm a new
conjecture: the cut loci from points on general ellipsoids
are subarcs of curvature lines.

Further work should involve extending the software
so that it can handle triangulations in which there are
vertices with an angle sum of greater than 2π. This,
and an appropriate definition of the cut locus on general
polyhedral surfaces, should enable Thaw to illustrate the
cut loci of quite complicated two-surfaces (such as ones
with high genus).
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