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LINEAR AND NONLINEAR EXPONENTIAL STABILITY OF
TRAVELING WAVES FOR HYPERBOLIC SYSTEMS WITH
RELAXATION*

TONG LIT AND YAPING WU#

Abstract. This paper is concerned with the linear and nonlinear exponential stability of trav-
eling wave solutions for a system of quasi-linear hyperbolic equations with relaxation. By applying
Cop-semigroup theory and detailed spectral analysis, we prove the linear exponential stability of the
traveling waves for the quasilinear systems and nonlinear exponential stability of the waves for semi-
linear systems, i.e., the Jin-Xin relaxation models, in some exponentially weighted spaces without
assuming that the wave strengths are small.
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1. Introduction and statement of main results
In this paper, we investigate the following quasi-linear hyperbolic system with
relaxation

up v, =0,

v 9(w)a = —L(v— f(w) (L)

subject to the initial data
(u,v)(z,0) = (ug,v0)(z) = (ug,v1) as x — oo, vy = f(uy), (1.2)
where
g (u)>0 (1.3)
€ >0, and the equilibrium flux f satisfies the strict subcharacteristic condition

(H1) (f'(u))*<g'(u)

for all w under consideration. Assumption (1.3) ensures the strict hyperbolicity of
system (1.1).

Relaxation phenomena arise naturally in many physical situations such as elastic-
ity with memory, gas flow with thermal-non-equilibrium, phase transition, magneto-
hydrodynamics, traffic flow, and water waves.

Using a Chapman-Enskog expansion [14], the leading order of the relaxation sys-
tem (1.1) is

us+ f(u), =0. (14)
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572 STABILITY OF TRAVELING WAVES FOR HYPERBOLIC SYSTEMS

Under the scaling (x,t) — (ex,et), system (1.1) becomes

U+ Vg :0,
{Ut+g(“)w=f(u)—u. (1.5)

Traveling wave solutions for the relaxation system (1.5) are solutions of the form
(u,v)(z,t)=(U,V)(2), 2=z — st, which satisfy

—sU,+V,=0,
(1.6)
{ —sV.+g(U).=f(U)-V
and
(U, V)(2) = (ug,v1), as z— +o00, vy = f(ug), (1.7)

where the wave speed s must satisfy the Rankine-Hugoniot(R-H) condition of (1.4)

(H2a) —s(ug —u_)+ fug) = f(u_)=0.

It was proved in [9] that under the assumption (H1), for any s and uy satisfying R-H
condition (H2a), the subcharacteristic condition:

(H2b) -V g (u) <s<+/g'(u), for anyu betweenu_ andu

and the entropy condition

<0 for uy <u<u_

(H2¢) Q(u)= f(u) = f(us)—s(u—uz) {

>0 for u_ <u<uy,

there exist solutions (U(z),V(2)) of (1.6) and (1.7).
Assumptions (H2a) and (H2c) further imply that

flur) <5< fus).
The results on the existence of the traveling waves can be stated as follows.

LEMMA 1.1. [9] Assume that (H1)-(H2) hold. Then there exists a traveling wave
solution, (U,V)(xz—st)=(U,V)(z), z=z—st, of (1.5) and (1.7), which is unique up
to a shift and satisfies

U,.<0, ifup<u_,
. (1.8)
U,>0, ifup>u_.
Moreover, if
(H3) f(uy)<s< f'(u_): (nondegenerate case),
then
[(U—uy,V—vi)(2)|~exp(—cyil|z|) as z— +oo (1.9)

for some positive constants c+ > 0.
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If
s=f"(uy) or s=f"(u_): (degenerate case), (1.10)
then

1
U—uy,V—v)(2)|~z * asz— 400, or
UV o)) -

[(U—-u_, V—U_)(z)|~z_% as z — —00

for some positive integers ki > 0.

For general hyperbolic systems with relaxation, including the semilinear relax-
ation systems, i.e., Jin-Xin relaxation models [8], there are many interesting research
works on the stability of the traveling waves [2, 8, 17, 19, 24]. The strict subcharacter-
istic condition (H1) is a necessary condition for linear stability [24] and for nonlinear
stability [14]. When the wave strengths |u; —u_|, vy —v_| are small enough, for the
semilinear case, i.e., ¢ is linear in (1.5), under conditions (H1)-(H2) the asymptotic
stability of the waves for cases (H3) and (1.10) were obtained in [12, 13] and [19] by
weighted energy methods, where the authors proved that if the initial values are small
perturbations of weak shocks in some exponentially or algebraically weighted spaces,
then the solutions will tend to shifted traveling waves exponentially or algebraically in
the Lo norm. For the quasilinear system (1.5) where ¢ is nonlinear, under conditions
(H1)-(H2), the asymptotic stability of the waves with small wave strengths for cases
(H3) and (1.10) were obtained in [9] by weighted energy methods.

When the wave strengths are not small, for more general relaxation systems,
using point-wise semigroup approach, detailed Green function estimates and weighted
energy methods, Masia and Zumbrun [15, 17] proved that under the assumptions of
the strong spectral stability and the Evans function condition, the non-degenerate
traveling waves are linearly and nonlinearly orbital stable. For cases where g is linear
and f is strictly convex, the strong spectral stability defined in [17] of strong shock
waves of (1.5) was obtained in [7] by applying the energy method. Also by the energy
method, the strong spectral stability of weak shock waves for more general relaxation
systems were recently obtained in [16]. As far as we know, there are neither results
on the spectral stability of the waves with large amplitudes for system (1.5) when g
is nonlinear or f is not strictly convex, nor results on linear or nonlinear exponential
stability of the waves with large amplitudes for semilinear or quasilinear system (1.5).

In this paper we use the spectral method and Cy-semigroup theories to prove
the linear and nonlinear exponential stability of the traveling waves of (1.5) for non-
degenerate case (H3) without assuming that the wave strengths are small. It is worth
mentioning that the linearization of system (1.5) around the wave is merely related to
a Cp-semigroup, thus the standard stability theories of the waves based on analytic
semigroups [5, 23] cannot be applied to system (1.5) directly. In particular, the
strong spectral stability of the waves for (1.5) does not imply the linear or nonlinear
exponential stability of the waves. There are some interesting research works on the
exponential stability of waves based on Cy-semigroup stability theory and spectral
analysis, such as the asymptotic stability of the solitary waves for Hamiltonian system
[20, 22] and the exponential stability of wave fronts for a forest cross-diffusion model
[25]. In this paper, by applying the abstract Cy-semigroup stability theories [6] and
[25] and detailed spectral analysis, we are able to prove that the non-degenerate waves
obtained in Lemma 1.1 are strongly spectral stable. Furthermore, we obtain results
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on the linear or nonlinear exponential stability of the non-degenerate waves for system
(1.5) in some weighted spaces.
In the moving coordinate z=x — st, the solution (u,v)(x,t)=(u,v)(z,t) of (1.5)
and (1.2) satisfies
Ut — SUy = Vg,
U =80, +9(u). = f(u) =7, (1.12)
(4,9)(2,0) = (up,vo)(2) = (ux,v1) as z— +oo, vy = f(uy).
We shall show that the solution (%,7)(z,t) of (1.12) exists globally and approaches

a shifted traveling wave solution (U,V)(z+x¢) as t — 0o, where x( is uniquely deter-
mined by

/+Oo(u0(x)—U(w+xo))dx:0. (1.13)

— 00

By (1.12) and (1.13), we can rewrite (@,7)(z,t) as
(@,0)(2,t) = (U, V)(z+20) +(02,9)(2,1) (1.14)
where for all z€R
W(z,t)=0(z,t) =V (2+x0)

and

T

bz.t) = / " (alyt) — Uly+20))dy = / (u(y,t) — Uy — st +20))dy

— 00 — 00

which satisfies ¢(+00,t) =0 for any ¢ >0 due to the conservation law in (1.5) and the
initial data (1.13).

We substitute (1.14) into (1.12), by virtue of (1.6), and integrate the first equation
with respect to z, to have that the perturbation (¢,v)(z,t) satisfies

o1 —s¢, +19=0,

P =5+ (g(U+¢2) —g(U))-=f(U+¢z) = f(U) =,
¢(2,0)=o(2) = [ (uo(x) = U(x +w0))dz,

¥(2,0) =10(2) =vo(2) — V(2 +z0).

For simplicity of notation, we assume that the shift o =0 in the rest of the paper.

(1.15)

PrOPOSITION 1.2. (Local Existence for Quasilinear System (1.15)) Assume (H1)-
(H2) hold. If initial data (¢o,10) € H*(R) x HY(R) and if ||¢o|luz2(r), |¢0|lur r) < 6o for
some small 5o >0, then there exists a small >0 such that the initial value problem
(1.15) has a unique solution (¢(-,t),1(-,t)) € C([0,7];H2(R) x H}(R)).

Proof. The proof of the local existence can be found in [3], Theorem 5.1.1.

From (1.14) we see that nonlinear asymptotic stability of the wave (U(xz—
st),V(z—st)) in certain spaces is equivalent to that for small initial values, the so-
lution (¢(z,t),1(z,t)) of (1.15) exists globally and approaches zero as t — oo in the
corresponding spaces.
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The linearization of system (1.15) around (0,0) can be written as

(9),-4(2)

with the linear operator £ defined by

s@ 1
_ 0z
ﬁ(‘(g’(U)aaz)ﬁf'(U)gz Saaz—l) (1.17)

The results and the proof of Proposition 1.2 imply that the linear operator £
generates a Cy-semigroup on H?(R) x H'(R). To prove the nonlinear exponential sta-
bility of the zero solution of (1.15) in some weighted spaces by applying the standard
semigroup stability theories to (1.15), we need to prove that the semigroup gener-
ated by L on the corresponding weighted spaces decay exponentially, in which case
the waves (U(x — st),V (z—st)) are usually called linearly exponentially stable in the
weighted spaces. To prove the desired stability of the waves for quasilinear system
(1.5) in case (H3), we make the assumption

(H4) (F(U))?<g' (U)+sg"(U)U', for any z € R. 0

Now we state the main results of this paper as follows.

THEOREM 1.3. (Linear Exponential Stability of the Waves for Quasilinear Systems)
Suppose that (H1)-(H4) hold. Let (U(x—st),V (z—st)) be the traveling wave solution
obtained in Lemma 1.1. Then (U(x —st),V(x —st)) is linearly exponentially stable in
some weighted spaces. To be precise, for each fized small constant a>0, there exist
constants 0, >0 and My >0 such that L generates a Co-semigroup denoted by T, (t)
on X, satisfying

T (8| 0 —x, < Mye %t forall t>0
where the weighted space X, is defined by
Xa={(6: )| (9(2)wa(2), (2 wa(2) € H'(R) x La(R)}, wa(2) = e
with norm || (6.1 x. = | ($watwa) |y x a(r)-

REMARK 1.4. If g(u) is a linear function, i.e., (1.5) and (1.15) are semilinear systems,
or if s=0 for the quasilinear cases, assumption (H4) follows from (H1) directly. For
the case ¢'(u) >0, ¢"(u) <0, f'(u) >0, and f”(u)>0, we have that s>0 and U’ <0,
(H4) also follows from (H1) directly. In these cases, Theorem 1.3 implies that all
the non-degenerate waves including strong shock waves obtained in Lemma 1.1 are
linearly exponentially stable in some weighted spaces. For the case sg”(U)U’ <0, if
the wave strengths are small enough, (H1) also implies that (H4) holds.

THEOREM 1.5. (Nonlinear Exponential Stability of Waves for Semilinear Systems,
i.e., the Jin-Xin Relaxation Models) Suppose that (H1)-(H3) hold and g(u) = ku with
constant k>0. Let (U(x—st),V(z—st)) be the traveling wave solution obtained in
Lemma 1.1. If

[Pollaz r) + 1o llmy (r) < 01
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for some small 61 >0 and a >0 where
HE (R) = {u|u(2)wa () €HF(R)}, wa(z)=e" e,

then there exists a global solution (¢(z,t),1¥(z,t)) to the initial value problem (1.15).
Moreover, for each fized 0 < <d, there exists constant Cg>0 such that

16, 8) Iz m) + 08l r) < Calllbolluz (r) + %ol r))e ™7, V>0, (1.18)

By (1.14) and (1.18), we have that the solution (u(z,t),v(z,t)) of the semilinear system
(1.12) exists globally and satisfies

a(-,t) = U ()l ry +110¢,) = V)l ) < CUldollnz vy + lvo — VI r) e

for all t >0 and for some C' > 0.

REMARK 1.6. It is easy to check that assumptions (H1)-(H3) assure that the basic
assumptions (U1)—(U4) in [15] and [17] are satisfied. The spectral results obtained in
sections 2 and 3 further imply that (H1)—(H3) are also sufficient for the strong spectral
stability condition (U5) and the Evans function condition (D) in [15, 17] to be satisfied.
Thus, under assumptions (H1)—(H3), by applying the abstract results of [17] to (1.5)
we obtain that all non-degenerate traveling waves for quasilinear system (1.5) are
nonlinear orbitally stable from L;(R)NH?*(R) to L,(R) for any p>2. Note that the
nonlinear orbital stability results in [17] do not ensure the asymptotic stability of the
waves. It is worth mentioning that in [15] and [17], for more general hyperbolic systems
with relaxation including n x n Jin-Xin relaxation systems, the authors used point-
wise semigroup estimates and point-wise Green’s function estimates to prove that the
strong spectral stability of the waves and the Evans function condition imply that the
linearized orbital stability of the waves. Furthermore, by weighted energy methods
and based on the linearized orbital stability results, the authors proved the nonlinear
orbital stability of the weak shock waves in [15] and of the strong shock waves in [17].
In the current paper, for the quasilinear relaxation system (1.5), by using spectral
analysis different from those in [7] and [16], under the assumptions of (H1)-(H4),
we obtain more detailed and stronger spectral estimates of the linearized operator,
which combined with the Cy-semigroup theories will guarantee the linear exponential
stability of the waves for the quasilinear cases and the nonlinear exponential stability
of the waves for semilinear cases in some exponentially weighted spaces.

Under assumptions (H1)—(H3), when the wave strengths are small, traveling waves
of (1.5) have been proved to be asymptotically stable from H?(R) to Lo(R) by
weighted energy methods in [9]. In fact by checking the detailed proof in [9] and
by choosing the weight function w=1, we see that the results of the asymptotic sta-
bility of strong shock waves are still valid when f is strictly convex and g is linear.
In the current paper, by using an approach that is different from [17] and [9], under
assumptions (H1)—(H4), we can prove the linear exponential stability of the waves of
(1.5) in some weighted spaces without assuming the smallness of the wave strengths,
where f can be nonconvex and g can be nonlinear. In this sense, the linear and nonlin-
ear asymptotic stability results stated in Theorem 1.3 and Theorem 1.5 are stronger
than those of [9, 15] and [17].

REMARK 1.7. If the uniform boundedness of the solutions in H*(R) with k> 1 for
system (1.5) can be obtained for initial values close to the waves in H*(R), then by
applying the abstract results in [4] to system (1.5), the nonlinear exponential stability
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of the waves in the exponentially weighted spaces will imply the algebraic asymptotic
stability of the waves in algebraic weighted spaces. However when g is nonlinear and
f is nonconvex, as far as we know the uniform boundedness of the solutions of system
(1.5) in H*(R)) for some k > 1 are only obtained for initial data close to traveling waves
with small wave strengths; see [9, 10]. By combining the results obtained in [9, 4] and
the exponential stability results obtained in Theorem 1.5, we can get the algebraic
stability of all the waves for semilinear system (1.5) with linear g and strictly convex

I

This paper is organized as follows: The detailed spectral analysis on the linearized
operator is given in section 2 and section 3, which proves the spectral stability of
the waves in some weighted spaces. Section 4 is devoted to proving the linear and
nonlinear exponential stability of the waves in the weighted spaces.

2. The location of the essential spectra of the linearized operator
In this section, we always assume (H1)—(H3) hold.
Consider the following initial value problem of the perturbation system (1.15),

d)t :3¢z _wv
Y =51, —(9g(U+¢2)—g(U)). + f(U+¢.) - f(U) =, (2'1)
$(0)=¢0o, ¥(0)=gy.

The linearization of system (2.1) around (0,0) can be written as

(2),#() e

where the linear operator £ is defined as

oo (%% ! (2.3)
(g E) .+ sgE-1) '
It can be verified that under assumptions (H1)—(H2) that £ generates a Cp-semigroup
on H'(R) x L2(R); see [25].
Let X =H!(R) x L2(R). Then £:H?(R) x H!(R) — X.
The asymptotic operators of L at z==+o0 are

o)
P , - (2.4)
—g (us) Fr + [ (us) & s —1

and let

1, [ siT -1
AR (r) = (g’(ui)rz—i—f’(ui)ir siT—1>'
Define curves S* by

SE={AeC|det(\I—Ax(7)) =0, for some 7 €R}

={AeC|(A\—siT)? + A —siT+ ¢ (us)T? + f'(us )it =0, forsome T € R}. (2.5)
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Denote o, (L) the set of all the isolated eigenvalues of £ with finite algebraic multi-
plicities and define the essential spectrum of L as 0ess(L)=0(L)\ op (L) where o(L)
denotes the spectrum of £. By standard spectral theory [5], the boundary of the
essential spectrum of £ is characterized by the curves S*.

For A€ S*, let A=\; +iXe, with A\;,As €R, then \; and A\, satisfy

A2 —(No—s7)2+ XN+ ¢ (ug)T? =0
2201 (A2 —sT)+ Ay —s7+ f/(ug )T =0.

By (2.6) and by detailed computations, we have the following.
(i) If f'(ug)=0, then
St = {/\EC\Re/\:—%}
U{)\EC| ()\1—&-%)24-%)\%:&&@57&0,}.

(ii) If f'(us)#0, by (2.6) it can be checked that A\; and Ay also satisfy

g'(us) 2\, —s7)2 =
(f’(ui))2(2>\1+1) (A2 )= =0.

Let Ao — STéXQ, (2.8) can then be written as

N —(\g—s7)2+

A2+ A1) (1+ 4k 22) = (1 — k1) A3,

with ]Afi = glus)

(f"(ux))?"

(2.6)

2.7)

(2.9)

Subcharacteristic condition (H1) assures that l%i >1. Let l%i =1+k4; we derive
from (2.9) that

2 _kiX% Y
AMFAAN=—""""=", Aa=Xy—5sT,
1+4(ks+1)A3
ie.,
BT SR LSS
1+4(ks +1)A2  ~
A= 5 ,)\QER, ki >0.
Thus

SEC{A=X +idy| —1< ) <0}

Furthermore, it can be checked that

S* =57

HUSG)

where

1+ /1,&%~2
Sy =4 M+t [ A= LARErDY A M ER

2

kt
EESRVE it sy

+
C{A+irz| b1 <A1 <0}, —1/2<h; = —"5——<0

(2.10)

(2.11)

(2.12)
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and

11— /1,&
. N2
S(j;) = A +idg [ A = G2 A, M€R

2

ky
I\ 1=t

C{)\1+i/\2| —1§)\1§h2}, h2:+<—1/2.

Denote 2 to be the simply connected set in the complex plane on the right of
StTUS™ with boundary on STUS™. By standard spectral theory [5], it follows that
Oess(L£) C C\ Q, thus by (2.7) and (2.8) we have

LEMMA 2.1. For the operator L£: H?>(R) x HY(R) — H*(R) x L2(R), defined in (2.3),
we have

Oess(L) C{A| =1 <ReA <0}U{0}, and 0 € 0ess(L). (2.13)

Lemma 2.1 implies that there is no linear exponential stability of traveling waves in
H2(R) x HY(R). In the following, we consider the linear exponential stability of the
waves in some weighted spaces.

For each fixed a>0, choose weight function w(z) =e** +e~“*. Denote

Xo =H,(R) x L% (R) £ {(6.4) € X | (wab,wav) € H! (R) x L*(R)}.
H2(R) x H. (R) can be defined similarly.
Define operator £, : H2(R) x H,(R) — HL (R) x L2(R) as
P(2) ) _ 9(2) r 2 1
La (1/}(2)) -y (w(z)>, for (¢,1) € H2(R) x HL (R) (2.14)

and operator L, : H2(R) x H'(R) — H'(R) x L2(R) as
-1

L (W) ) =wa(2) L (wa EZ;QS((Z)) ) s for (¢,9) € H*(R) x H'(R).

wy H(2)Y(z

Obviously, 0(Ls)=0(Le) and Oess(La) = 0ess(La)-

~

The asymptotic operators of L, at z==4oc are denoted by Eif which are

Y (s(aaz—oz) -1 )
- , (2.15)
=9/ (us) (55 =) "+ f(us) (52 —) s(5z —a) 1

and

7 (s(a‘r)z—i-oz) -1 )
T\ ) (2 ) ) (2 +a) s(Z+a)-1)

Let

o ()
g/ (us) (i — @)+ f(uy )i — ) s(ir —a) -1
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and

A s(it+a) -1
o7 —¢' (u_)(iT+a)? + f (u_)(it+a) s(it+a)—1 ]
Define curves S by
SE={NeC|det(A\I- AZ (1)) =0 for some 7 € R}.

By standard spectral theory [5], the boundaries of oess(Ls) and O’ess(Za) can be
described by the curves SZ.
For Ae S,

A =s(iT+a))A=s(iT+a)+1) —¢'(u_) (it +a)? + f'(u_) (it + ) =0, for someT € R.
Let A=A1 41X, with A1, A2 € R. Then \; and \g satisfy

(A1 —sa)?+ A —sa—(Ng—s7)2 =g (u_)(a®> —72)+ f'(u_)a=0,

(2A1 —2sa+1)( A2 —s7)—2a71¢ (u_)+ f'(u_)T=0.

Let Xl =\ —saq, Xg = \y — s7, then

N —A4g (u) (=) + f(u)a=0 (2.17)
and
(2X1 + DAy —207g (u_) + f' (u_)T=0. (2.18)
By (2.18), we have
“X2(2X +1
po_ (@Ml (2.19)

fr(u-) =209 (u_)’

Note that if f/(u_)#£0, then f'(u_)—2ag (u_)+#0 by selecting a>0 small enough;
if f'(u—)=0, then f’'(u_)—2ag'(u_)#0 for & >0. Thus the denominator of (2.19) is
nonzero.

By (2.17) and (2.19), we have

32, Y 732 o gl(u—)(2X1+1)2
AT HAL =25 [1 (f'(u_)—2ag'(u_))?

] — F(u_)a+g'(u-)a?.

Thus

4 ’(u_)Xg
A+ (1= 250)0) [14 8 S bE 5
~ ’ w_ —2sa 2
=33 [1- Gzl |+ (s = £/ (u)a+ (g (u-) = 52)a?
32
= Fraseaay L (u) —2ag' (u-))? — g (u_) +4g' (u_)(sa+ s2a?)]
+(s—f(u-))a+ (g (u-) —s?)a’.

By (H1) and (H3), for each fixed small a> 0, there exists J;, >0 such that

(s— f'(uo))a+ (g () — 2)a < —3; <0
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and
(f () —20g'(u_))? — g/ (u_) +4g'(u_)(s0+ 5%0?) < —4'(u_)3; <.
Thus
A4 (1-2sa)\ < -6, <0,
which further implies that there is §7% >0 such that
S, C{AeC|ReA <=6 <0} for o> 0 small enough.

Similarly, for A=\; +i\g € ST, we have

2 49 (uy)23
(F+(1+250)0) |1+ sy

~ / s 2

=33 [1- IOl | — (s — S (us))a (9 (ug) — 8%)a.

By (H1) and (H3), for each fixed small o> 0, there exists §7 >0 such that
M4 (142s5a)\ < —61 <0.

Thus there is a positive constant, still denoted as ¢ >0, such that

ST c{NeC|ReA<—d% <0} for a>0 small enough.

Now we have proved

LEMMA 2.2. Under assumptions (H1)-(H3), for each fized small >0 there exists
0 >0 such that

supRe{0ess(La)} < =07 <0.

3. The location of isolated eigenvalues of £ and L,
Consider the eigenvalue problem

c(50)=(00)

ie.,
{s@ —Y=2¢, 51)
5. —(9'(U)o2):+ f'(U)d —h = . '
(3.1) can be rewritten as
{ws@w, (32)
((g'(U) = s%)2)= = (f'(U) = 25X = 5)p- = (A2 + ). '

Let a(z)=¢'(U) —s? and b(z,\) =2sA+s— f/(U); by (H1) and (H2), we have a(z) >
a, >0,z €R, for some a, > 0; then the second equation of (3.2) can be written as

A

B(\)é(2) = (a(2)¢'(2)) +b(2,M)¢ (2) = (A +X)¢(2) =0. (3:3)
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By (3.2) and (3.3), obviously A is an eigenvalue of £ if and only if zero is an eigenvalue
of B(\).

Note that a(z) —at+=¢'(us)—s2>0 and b(z,\) —bsr(A)=2sA+s5—f'(us) as
z— £00. Thus the asymptotic equations of (3.3) at z— to0 are

a+¢" +brg =N +N)o.
Consider their characteristic equations
arol+bro=X 2+

Define

03

L0 (N — \/bi(A) FAAA+1as
- 2a:|:

and

b\ + \/bft()\) AN+ 1)as
20+ '

By (H3), we have

Thus

(3.5)

By (3.5) and detailed computations (similar to that in [25]), it can be checked that
there exist ¢4 >0 and c_ >0 such that for any ReA >0 and A#0, it holds that

Reoy (A) < —cy, Reay (A) >0,
{ 1( )7 + 2( ) for any ReA >0 and A #0. (3-6)

Reo; (M) <0, Reogy (A) >c_,

Cc—

For each fixed 6 >0 there exist small 0 <a1(d) << and 0<az(d) < 5 such that

Reof (\) < =%, Reoy (V) > —as(6),
01( )_ 2 02_( )_ ) 2( ) for any ReA> o (37)
Reoy (M) <ai1(0), Reoy (M) > 5,
where
al(é)_)ov 61‘2((5)_>O7 as 6 — 0. (38)

Now we rewrite (3.3) as the following first order differential system

Y = A(z,\)Y (3.9)

Y= (iﬁfﬂ) >

where
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and

0 1
A(z,N) = | 2242 —d/(2)=bzN) |-
a(z) a(z)

In virtue of (3.7) and (3.8), applying the standard asymptotic theory to (3.9), we have

ProrosiTION 3.1.  There exists a small dg>0 such that for any Re\>—dy,
there exist two families of linearly independent solutions {Y{"(2,\),Y5" (z,\)} and
{Y7 (2,M),Y5 (2,A)} which are analytic in X and satisfy

Yli(z,/\)efali()‘)z —VEN), as z— oo resp. (3.10) 1
and

i (z,/\)e_"’é‘i(’\)z — V55 (), as z— 400 resp. (3.11)1
where V£ = (1,65(\)T and the solutions of (3.9) satisfying (3.10)1 and (3.11)_ resp.
are unique.

PROPOSITION 3.2. For each fized a>0 small enough, there exists a small §, >0 such
that for any ReA>—4d,, if X is an eigenvalue of L, with eigenfunction (¢x,¥y), then

dx(z) and ¥x(z) satisfy

oa(2), O\ (2), le(Z)NBo;r(A)Z, as z — +o0o
and

oa(2), d5\(2), l[b\(z)’\'ea;()‘)z, as z — —oo.

For ReA> —d,, let Y7 (2,A) and Y, (z, ) be the unique solutions of (3.9) obtained
in Proposition 3.1. Define the Evans function

D) =e Jo TrAGNds qet (Y (2,X) Yy (2,A)), for ReA> —4,. (3.12)

By Propositions 3.1, 3.2 and the standard argument in [1], we have

LEMMA 3.3.

(i) For each fived small ao>0, there exists small 6o, >0 such that D(X) is inde-
pendent of z and analytic in A for ReA> —4,.

(ii) X is an eigenvalue of L for ReA>0 if and only if D()\)=0.

(#ii) For each fized small a>0, there exists small 6o, >0 such that X\ is an eigen-
value of Lo, for ReA>—0d, if and only if D()\)=0.

Let
o(2) = ¢<z>exp{; I bf(; ? ds}7

then the eigenvalue problem (3.3) can be written as

A~ ~

BV$(2) 2 (a(2)(2))' — Do(z.\)(2) =0
where

bo(z,\)  b3(2,))
2 + 4a(z)

Do(z,\) = FAA+1).
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Note that for A= M\; +i)o,

g'U) = sf'U)+2¢'(U)M
g'(U)—s?

(H1)—(H2) imply that

g'(U)=sf"(U)+2¢'(U)A
g(U)—s?

L>Cy>0, for any Ay > —6; (3.14)

for §; >0 small enough and for some Cy > 0.

PROPOSITION 3.4. For each fized a>0 small enough, if X is an eigenvalue of L., for
ReA> —8,, 64 >0 small enough, with eigenfunction (¢x(2),¥x(2)) € H2(R) x HL (R),
then zero must be an eigenvalue of B(\) with eigenfunction ¢x(z) € H*(R) and X must

be real, where
gg)\(z)—gm(z)exp{;/o bff(;))\)ds}

and

A o~

B(Moa(z)

1>

(a(2)P4(2))' = Do(A,2)da(2) =0.

Proof. By Propositions 3.1 and 3.2, let A be an eigenvalue of £, with ReA> —{,;
then ¢, (z) € H2(R) must satisfy (3.3). Let

$A(Z)¢A(Z)e><p{;/oz bfj(;))\)ds}.

It is easy to verify that ¢y(z) € HX(R) and satisfies

N b2 +4(N2+ )
o (z) ~exp R , as z— +00,
R b2 +4(\2+))
dr(z)~vexpl ——z 3, as z— —oQ,
a_
and

D2

B(A)ox(2)

which further implies that

(a(2)84(2)) = Do(A,2)(2) =0,

| a@ld @z + [ Do)z =
R R
Thus
/RImDO(A,z)@,\(z)Fdz:O. (3.15)

Combining (3.15) with (3.13) and (3.14), we have that Ao =0.
This completes the proof of Proposition 3.4. 1]
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LEMMA 3.5. R

(i) There exists no eigenvalue of B(0) and B(0) in ReA>0.

(i) There exists no eigenvalue of L in ReA>0.

(ii3) For each fived small >0, there exists a small enough 8% >0 such that there
exists no eigenvalue of L, in ReA>—4§%.

Proof.
(i) Assume for the contrary that there exists some A€ C with ReA >0 such that
A is an eigenvalue of B(0) with eigenfunction ¢, (z) € H*(R) satisfying

B(0)¢a(2) =Aa(2), Le., (a(2)@)(2)) +b(2,0)0) (2) = Apa(2)-

Let wy(z)= Ué*)(_zL, then wy(z) satisfies

v [2UG) ) 0]
w’\(z)+{U(z)—u+ a(2) + a(2) ]w,\(z)—/\ A(2), VzeR

which can be rewritten as

Wi (U —uy)2a(z)exp {/O b(s,0) dsH /: AwA(U —uy)?a(z)exp {/0 b(s,0) ds} .

a(s) a(s)
(3.16)
Firstly, we shall deduce a contradiction for the case A=0.
By (3.16) with A=0, there exists a constant C' such that
*b(s,0) 1
wy(2) —Cexp{/ - ds} , Vz€R. (3.17)
’ o als) ) a(z)(U—-uy)?
Note that
z o(z wo (2)U (2
wo(2) = g5 wh(2) = 5 — B
by (0) (3.18)
_©@,
U(z)—ug, U'(2), ¢o(2), ¢p(z) ~e =+ 7, as z— +0o0
imply that
wo(z) and wy(z) are bounded as z — +oo. (3.19)
The fact that
z b(s,0
exp{—fo i(s)) ds} by
~ et —o00, as z— 400 (3.20)

a(z)(U(z) —uy)?

combined with (3.17) and (3.19) implies that C'=0 in (3.17). Thus there exists a
constant Cy such that

wo(2) =Co and ¢o(2) =Co(U(2) —u4), Vz€R.

The fact that U(z) —uy ¢ HY(R) further implies that Cy =0, i.e., ¢o(2)=0, which is
a contradiction. This proves that zero is not an eigenvalue of B(0).

Secondly, for the case ReA>0 but A#0; by (3.6) and Proposition 3.4, it is easy
to see that if A is an eigenvalue of B(0) then \ is also an eigenvalue of B(0). Thus
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A must be real. In the following we only need to deduce a contradiction for the case
A>0.

By the contradictory assumption, we let A; >0 be the first eigenvalue of B(0)
with eigenfunction ¢;(z) >0 for z€R. By (3.6), (3.18), it is easy to check that

_ _ /B2
be () b+(>\1)+)\1()\1+1)+2b+(0)z} —0, as z—+oo0. (3.21)

wn, ()04, () e §

By the fact that ¢, € H*(R) and ¢y, (2) >0, there exists zo € R such that ¢, (z0) > 0.
Without loss of generality, let w) (0)>0; by (3.16) and (3.20), it is easy to see that

(UO)—us)* [ [7b(5,0)
(U(z)—uy)? p{ / a(s)

which contradicts (3.21). This proves (i) for B(0).
By contradiction, assume that B(0) has an eigenvalue A9 with ReAg >0 and an

wh, (z) > w), (0) ds}—>+oo,as z — +o00,

cigenfunction ¢y, € H2(R). It is casy to check that Ao is also an eigenvalue of B(0)

o~ 1 rz b(s,0) s . .
with an eigenfunction ¢y, =o€~ 3Jo s ¢ H?(R), which contradicts the results of
(i) for B(0). This completes the proof of (i).

(ii) From (i) we know that zero is not an eigenvalue B(0), which also implies that
zero is not an eigenvalue of L.

Now we consider the case ReA >0, but A #0, by (3.6) and the proof of Proposition
3.4, it can be seen that if zero is an eigenvalue of B(\) with an eigenfunction ¢, (z) €
H2(R), then zero is an eigenvalue of B()) with eigenfunction ¢y (z) € H2(R) and A
must be real.
__ In the following, we only need to prove that for A>0 there exists no nonzero
ox(z) e H2(R) satisfying B(\)¢x(z) =0.

By contradiction, assume that there exists Ag >0 and gg)\o € H?(R) such that

A~ -~ yaN ~, ~
B(Xo)éa, = (a(2)$),(2)) = D(2,M0)dx, (2) =0, Vz€R. (3.22)
The self-adjointness of B(0) and the fact that Re{o(B(0))} <A; <0 also imply that

Jra(2)|¢' (2)[dz + [ Do(2,0)|(2)[*dz > =1 [ [$(2)dz>0

(3.23)
for any ¢(z) e H(R),¢(2) #0.

By (3.22), we have

[ a2, (2)Pdz+ [ Dol s, (2)dz=0.
R R
thus

[ al@1d5, )Pz + [ Dolz0)idn(:)Pdz= [ (Do(2.0) = Do(e o)) ()P
R R R
(3.24)
By (H1), (H3), and detailed computations, it can be checked that
0Dy ) 2 (U)+d (V) =5 (V)
ox g (U) —s2

>0, for A>0,
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which with (3.24) assures that

/ a(2)|dh, (2)dz + / Do(2,0)[r, (2)Pdz <0,
R R

which contradicts (3.23).
This completes the proof of (ii).

(iii) By Lemma 2.1, Proposition 3.4, and Lemma 3.5(i)—(ii), it follows that for
small enough a>0 and 6, >0, the eigenvalues of £, in ReA>—{§, must be real,
isolated, and have negative upper bound, which completes the proof of Lemma 3.5.0

4. Proofs of Theorem 1.3 and Theorem 1.5

In this section, we shall first prove the linear exponential stability of the waves
in some weighted spaces X, which combined with the standard stability theory will
further assure the nonlinear exponential stability of the wave.

By Lemmas 2.1, 2.2, and 3.5, we have obtained the following spectral results of
L and L,.

THEOREM 4.1. Under assumptions (H1)-(H3), the linear operators L and L., defined
in (2.3) and (2.14) resp. satisfy

(i) o(L)\{0} C{A|ReA <0} and zero is not an eigenvalue of L.

(i1) For each fized small o> 0 there exists small o >0 such that

Re{o(L4)} < —ba-

REMARK 4.2. Theorem 4.1 and Lemma 3.3 assure that under assumptions (H1)-
(H3), the Evans function condition or assumptions (U3)—(U5) required in [17] are
satisfied for system (1.5), thus the nonlinear orbital stability of the waves of (1.5) in
L,(R) for 1 <p< oo can be obtained by applying the abstract stability results of [17].

By Theorem 4.1 and Cp-semigroup theory [6], to prove Theorem 1.3, i.e., the

2 oLat

exponential decay of the semigroup of T, (t) , it remains to prove the uniform

boundedness of ||(AM —L,) | x,—x, in ReA>0.

THEOREM 4.3. Under assumptions (H1)—(Hj), there exists a small ag>0 such that
for each fized 0 < a < g, there exists Cyp, >0 such that

sup ||(AI—£Q)_1||XQHXG <C,. (4.1)
ReA>0

Proof. By Theorem 4.1 and the Cp-semigroup theory [6], it follows that for each
fixed small a >0 and any ReA>0, (A] — L, )~ ! exists and there are wg >0 and Cp >0
such that

C
L)t <9 . .
IO = £a)~ o= < oy for ReA>wy (4.2)
Thus
1M = £0) Y| xu—x. < Co, for A€ Q12 {A|ReA>wy +1}. (4.3)

Note that |[(AM — L)) t|lx,—x, is continuous in A for all ReA>0. Thus for each
fixed k>0, there is C > 0 such that

IO = L) xo—x., <Chy NE Py ={A|0<Re <wg+1,|Tm\| <k} (4.4)
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for some small o > 0.
To complete the proof of Theorem 4.3, we only need to prove the following results.
]

LEMMA 4.4. For each fized o> 0, there exists a constant My >0 such that if A€ Qo 2
{A0<ReA<wo+1,|ImA|>1}, then

I = La) M Ix—x. < Mo (4.5)

Furthermore, there exists a constant M} >0 such that for any A€ Q2 and any (f,g) €
X, if (¢,0)T is a solution of

ar-ca(5)=(1). (16)

r2®) T Yllez ) S ML fllez r) + l9llz ())- (4.7)

then for any A€ Q2

ALz (r) + [|¢']

Proof. 'We prove (4.7) by contradiction. Assume that (4.7) does not hold. Then
there exist A, € Q2 and (¢n,1,) € H2(R) x HL (R) such that

[An@nllLe ®) + 107 llL2 () + [[¥nllLz gy =1, n=1,2,... (4.8)
and
(AMI—Ly) (ZZZ) —0, inX,, as n — 4o0. (4.9)

Thus by (4.4) we can choose a subsequence of {\,}, still denoted as {\,}, such that
ReA, — Ag, Im)\,, — +00 as n— 40 (4.10)

or
ReX, — Ap, ImA\, — —0c0 as n — +o0.

for some 0 < \g <wg+1.

Without loss of generality, assume that (4.10) holds.

Then there exist A, and (¢,,%,) € H2(R) x H} (R) satisfying (4.8) and (4.9) such
that

Py — 8¢, + Andn — 0, in HL(R), as n— +o0
(¢ (U)pr,) = sy, — ' (U)y, + (An + 1)1 — 0, in L2 (R), as n— +oo

or
(wn75¢;+/\n¢n)wa*>0a in Hl(R), (411)

and
((¢'(U)¢,) = s, = f'(U) @y, + (An + 1)thn Jw — 0, in L2(R), (4.12)

as n— —+o0.
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Multiplying (4.12) by ¥,w, and integrating over R, we have
/\ +1 IR ng}anZ*SfR gzd)/ ’L/)_nd27ngl(U)¢/ n (Zxdz
— [ [ () bnwidz— [ 2wawlg (U)¢,tndz — 0 as n— 4oc.

Thus there is C' >0 such that the real part of the above equation satisfies

(Reh, +1) fR w2 [Yn|?dz —Re ([ g (U)dl b, widz)

(4.13)
—Re (fR ¢/ T/Jn 2dz) <Ca(||¢l ”LZ (R) + ”'I/Jn”m R))—'—Env
where ¢, — 0 as n — +o0.
It follows from (4.11) that
(), — 8Pl + Al )wa — 0, in L*(R) (4.14)
as n— +00. ~
Multiplying (4.14) by ¢'(U)¢),w, and integrating over R, we have
An ng )| br, |2w2dz+ng / ;LwidZ-i-szg U’ ¢y, |2w2dz (4.15)
+s [wawl,g (U )|q§'n|2d;;%0 as n— —+00. '
Thus there is C'>0 such that the real part of (4.15) satisfies
Re\, [»g' (U 2w2dz+Re ([, g bl wldz
g O, (o' ) -

+3 nglI U/|¢/ Pwidz < Call¢), HL? (r) T€n

where €, —0 as n— +o00.
Adding (4.13) and (4.16) and noting that

R{/ﬂw%%@m)R%/ﬂmm%%w)
R R

(Re\, +1) fR w2 |, |2dz + Re), ng' (U)|¢,|Pw2dz
+5 [rg" (U |, Pwdz—Re ([ f'(U) ) pwidz) (4.17)
<Ol 122 gy + 1012 () + s

we have

where ¢, — 0 as n — +oo0. -
Now multiplying (4.12) by —wq¢, and integrating over R, the real part of the
resulting equation satisfies

Jrd' (U, ¢ wdz+ [29'(U) ¢, ppwhwadz+s [, pnwidz

+[o f( ¢’ Gnwidz— [(A\n+ 1) Yndpuwidz<e, (4.18)
where €, — 0 as n — +o00.
Adding (4.17) and the real part of (4.18), we have
(ReAn +1) (9" (U)I67,° + [n|*)widz+ 5 [ 9" (U)U'|), |2 w7 dz
—Re(fR (A —i—l)d)n(j)n 2dz)+Re (fR —s—f'(U ))gf)/nwnwidz) (4.19)

+Re ([ ' (U)¢], ¢pnwidz)
= Coz(||¢n||L2 ®) T [ ||L2 ®) T [¥n 7 (R)) +én
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where ¢, — 0 as n — +o00.
From (4.11) we know that

(V= 50, + A )wa — 0, in H(R) (4.20)

as n— —+0o00.
Multiplying (4.20) by "wnwa and integrating over R, we have

Re ( / An@nthnwidz —s / 20 5t da+ / A"wnl%uiclz>Sen, (4.21)
R R)\n R)‘n

with €, —0 as n — +o0.

Adding (4.19) and (4.21), we have
(Redn+1) [ (g" ()| + v )widz+ 5 [ " (U)U' |6, [P w7 dz
+Re (—sz i L pwida+ [3 3= [¥n Pwidz — [ s+f/(U))¢;Lwnw§dz)

+Re ([ f'(U) @ dnwidz) = Re ([ ¥ndnwldz)
SCO‘(H(bn”L?X(R)+”(b;L”Li(R)+||w"||ii(R))+€n7

(4.22)

where €, — 0 as n— +o0.

From (4.8) and (4.10), we derive
An
19nlluz ) =0 and 3= — —1 as n— 0.

Thus (4.22) is reduced to

(Red,+1) ng )@l 2w dz +Re, fRW)n|2 2dz+35 ng” YU |, |Pw? dz

4.23
—Re (fR U)¢lhnwidz) < Ca(||¢), ||L2 (R) +||¢n||L2 (R))-i-em (4.23)

where ¢, — 0 as n — +o0.
Adding (4.17) and (4.23), we have
(2ReX, +1) [rg'(U)|¢), |Pw2dz+ (2Re, +1) fR|z/1n|2 2dz
+5 [rg" (U |9 2wdz —2Re ([ f/(U) b} hnw?dz) (4.24)
SCOZ(HQ%HL%(R)"'||¢n||Li(R))+€n7
where €, — 0 as n — +o0.

Conditions (H1) and (H4) imply that there is a constant dy >0 small enough such
that

U)| </1=600/g' (U) +sg"(U)U" — .
Thus, (4.24) implies that

2ReX, [ (U)|9, Pwldz+2Re, [4|¢n|*wldz
+50f1:g|¢n|2 2dz+(50fR|¢’ Pw?dz (4.25)
< Call g2 gy + 1 25 )+ €0

where €, —0 as n— +o0.
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Furthermore, by the fact that Re),, >0, we can choose o >0 small enough such
that (4.25) implies that

] ]
2 [ lnPutas+ 3 [ 16, Fudde<en,
2 Jr 2 Jr
where €, — 0 as n— 4o0.
Thus we have
¢!, —0, P, =0, in L2(R), as n— +oo. (4.26)
By (4.11) and (4.26), we further derive
Anén — 0, in L2(R), as n— 4o0. (4.27)

(4.26) and (4.27) contradict with our assumption (4.8). Therefore (4.7) must hold.
Lemma 4.4 is proved. This also completes the proof of Theorem 4.3. 1]

Proof of Theorem 1.3. Theorem 1.3 follows directly from Theorem 4.1, Theorem
4.3, and Cp-semigroup theory [6].

Proof of Theorem 1.5.
Proof. Consider the case g(u)=ku with k>0. Let (U(2),V(z)) (z=x—ct) be
the traveling waves obtained in Lemma 1.1. The initial value problem (1.15) can be

written as
(%00), < (5e0)+ Giotean) .
and
(0)-(83) o
where

h(d(z,1)) = f(U(2)+:(2,1) = f(U(2)) - f'(U(2)) -

Note that for each fixed small « > 0, the linear operator £ generates a Cy-semigroup on
H2(R) x H. (R) denoted by T, (¢). It is easy to check that the nonlinear inhomogeneous
term (0,h(¢)) in (4.28) satisfies local Lipschitz condition on H2(R) x HL(R). By
applying the standard local existence theories of Cp-semigroup [21] to (4.28) and
(4.29), it follows that for any initial values (¢o,10) € H2(R) x HL (R), (4.28) and (4.29)
have a unique local solution (¢(-,t),%(-,t)) € C([0,7],H2(R) x HL(R)) for some 7 > 0.
The solution (&(-,t),(-,t)) of (4.28) and (4.29) is also the unique solution of the
following nonlinear integral system

()= ()« [ 29 (g )2 )

with T, (t) = et
It is easy to check that the nonlinear inhomogeneous term h(¢) satisfies

1h(o( )l (r) < OW('J)H%{@(R) provided that [|¢(-,t)(|uz r) < do, (4.31)

where the constants dg, C' >0 are independent of ¢t and ¢.
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By (4.31) and the global estimate obtained in Theorem 1.3,
1T () |12 (R) xHL (R)—H2 (R) < L (R) < Mae ™%, V>0, with 6o >0,
it follows that for each fixed small a> 0, as long as (¢(z,t),9(z,t)) satisfies
[1(o(51), (- t)) |12 () x 12 (R) < O0, VE€[0,T], for some T' >0,

then the unique solution of (4.28) and (4.29) must satisfy
[(d(-,8), 0 ()12 (r) sz (R) < Mae ™% |(do,%00) |12 (r)x 2 (R)

Ly , (4.32)
+C/O e [(@(,8),0(,9)) iz () b2 (myds, 0<E<T
with constant C' independent of t,T", ¢ and .
In virtue of estimate (4.32), the well-posedness of solutions to (4.30) in H2 (R) x
H!(R), by applying the standard nonlinear exponential stability argument(see the
proof of Theorem 5.1.1 in [5] or proof of Theorem 2.2 in [25]), we can prove that

if [[(¢0,%0)[laz (R)x L (r) is small enough, then there exists a unique global solution
(6(2),16(2, 1)) € C([0,50), H2 (R) x HL (R)) of (4.30) satisfying

(@ (-1), (1)) HH%(R)XH}I(R) < Cﬁe_ﬁtﬂ((boﬂ/)o) ||H§(R)xH;(R)7 vt >0,

with 0< < do and Cp independent of (¢g,100). Obviously (¢(z,t),9(z,t)) is also the
unique global solution of (1.15) in C'([0,00),H2(R) x H! (R)). Thus, by (1.14), solution
(@,?) of semilinear system (1.12) exists globally and satisfies

a(-,t) = U ()l ) +110¢,8) = V)l ) < C Ul dollnz r) + lvo — VI r) e

for all £ > 0 and for some C' > (0. We have finished the proof of the nonlinear exponential
stability of waves for semilinear system (1.5) when g is linear. This completes the proof
of Theorem 1.5. ]
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