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DIFFUSION INDUCED BY GRAIN BOUNDARIES: A SHE MODEL*

NAOUFEL BEN ABDALLAH' AND HEDIA CHAKER ¥

Abstract. Classical motion of electrons in a two dimensional superlattice is considered. The
lattice unit cell is a square with a small side. When electrons hit a cell side, they are reflected
with a probability R and transmitted with probability 7. A diffusion approximation of the model
is performed and leads to a diffusion equation in position-energy variables ( SHE model). The
diffusion constant can be expressed explicitly in terms of reflection-transmission coefficients. The
mathematical problem is a two dimensional version of a previous work in the one dimensional case [ N.
Ben Abdallah, P. Degond, A. Mellet, F. Poupaud, Electron transport in semiconductor superlattices,
Quarterly Appl. Math. 2003, 61 (1) 161-192], and appears in the modeling of gas sensors.

1. Introduction

Polycrystalline semiconductors, in thin layers, are used in many technological
applications such as gas detectors [20, 21, 24]. The polycrystal is a collection of mi-
croscopic crystal grains separated from each other by very thin regions called grain
boundaries. At the grain boundary, charges can be trapped thus creating and/or
modulating a localized potential barrier. This in turn modifies the probability that
an electron hitting the grain boundary is transmitted to a neighboring grain or re-
flected back. The reflection-transmission phenomenon is responsible for the surface
conductivity of the gas sensor, and is used to measure the concentration of the gas [20].
The principle of operation is as follows: as the gas molecules are deposited on the sen-
sor surface, they are ionized and adsorbed. They are more likely to be trapped at the
grain boundaries. The value of the trapped charge is directly related to the gas con-
centration; this relationship depends on the adsorption mechanism [5, 27]. Of course,
the higher the gas concentration is the bigger the trapped charge. Its value, together
with the doping concentration and the macroscopic electron density, determine the
electrostatic structure at the grain boundary. This in turn determines the reflection-
transmission coefficients across the grain boundary from which the conductivity of
the gas sensor can be deduced. To summarize, the value of the gas concentration
determines the conductivity of the sensor. By measuring the current flowing through
the sensor, its conductivity is measured which allows us to deduce the gas concentra-
tion. The aim of this paper is to show how the conductivity can be deduced from the
reflection-transmission coefficients of the grain boundaries. This is done by deriving
a diffusion model whose diffusion coefficients are directly expressed in terms of the
reflection-transmision coefficients. The grains are assumed to be arranged in a peri-
odic bidimensional lattice, and the scattering coefficients at the grain boundaries are
assumed to be known. We do not consider here the way to compute these coefficients
from the electrical structure of the grain boundary. The scaled length of a simple
grain is denoted by « and is assumed to be very small. Electrons are submitted to a
macroscopic electrostatic potential and flow according to Newton’s law in the grain.
When they hit the grain boundary, they have a probability R to be reflected back
following Descartes law and a probability 7 to be tranmitted to the neighboring grain
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96 DIFFUSION INDUCED BY GRAIN BOUNDARIES: A SHE MODEL

without changing their velocity. Since the grains are very small, electrons undergo a
large number of collisions with grain boundaries which drive them towards a diffusive
motion, and because the interaction is elastic (the kinetic energy is conserved during
the collision with the grain boundary), diffusion occurs not only in position but also
in energy variables. The diffusion model that is obtained is the so-called Spherical
Harmonics Expansion (SHE) model which is now a standard transport model in semi-
conductors [17, 18, 19, 25]. It has been derived for relaxation collision operators in
bulk semiconductors [16] and then generalized to general collision operators in [2].
In [6, 7, 8, 9, 11, 12, 13], The SHE model is derived in many other areas of charge
particle transport such as plasmas or gas discharges. In these references, volume and
surface collisions are considered. In [4], a one dimensional SHE model is derived for
electron transport in semiconductor superlattices as a diffusion limit of the Vlasov
equation with transmission-reflection interface conditions. The SHE model has also
been obtained from a discrete transfer matrix model [14, 15].

The present work is a two dimensional generalization of [4]. The outline of the
paper is the following. In Section 2, the setting of the problem, the hypotheses as well
as the main results are given. The SHE model being the limit as the length size a of
the grain sides tends to zero, Section 3 is devoted to the study of the problem for a
positive a. In Section 4, uniform estimates in « are obtained and the limit o — 0 is
performed in Section 5. Finally, an extension of the result is developed in Section 6.
The mathematical arguments involved in the proofs of Sections 3, 4 and 5 are similar
to the one dimensional case [4]. We shall only develop in detail the specific issues
raised by the bidimensional setting.

2. Setting of the problem and main results

The geometry of the problem is bidimensional. The position coordinates are
denoted by x = (z1,22) € IR%. The grains are assumed to be squares of side o
arranged periodically. Each grain occupies a cell I, ,, = [na, (n+1)a]x[ma, (m+1)a].
The grain boundaries are the interfaces between two adjacent grains. The vertical
interfaces V;, ,,, are located at (x1 = na; x2 € [ma, (m + 1)a]) while the horizontal
onces H, ,, are located at (z1 € [no, (n + 1)a]; 2 = ma) with n € ZZ and m € ZZ
(see Fig 2.1). We shall use the notation V;, = UpmezVi,m = na x R and H,, =
UnezHp,m = IR X ma

Vn,m In,m

r1=mna Hn m

Fia. 2.1. unit cells, vertical and horizontal interfaces

The electron distribution function is denoted by f(¢,x,v); the position variable
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x = (x1,z2) belongs to O = IRQ/La where L, = aZe; x IRes UIRe; x aZes, the
velocity v = (1, v2) is in IR?, while the time variable ¢ belongs to [0, c0). In the grains,
the distribution function f is a solution of the scaled collisionless Vlasov equation

QO fY+ v Vo f*+V,V -V, f*=0, 2€Q% velR? t>0, (2.1)

where V' = V(z) is the electrostatic potential assumed to be a known, stationary,

regular function varying over the macroscopic scale. For any given function ¢(x,v),

the left, right, upper and lower traces of ¢ on the grain boundaries are defined by
@Xi/n (an U) = 7\4/2, (90) (an U) = lim 50(1‘) U)a

z1—noT

@Em (331,’()) = 'YI:—'; (50)(1‘171)) = lim 50(1‘) U)a

m To—maF

while the outgoing and incoming traces are given by

out ey (w2,0), if v1>0,
W, (50)(1"271)) { @\tn (1[,'2,’0), Zf v < 0,

mc(go)(xg ’U) :{ SO‘;’L(Z‘Q,U); if v1 <0,

’YVW' SD‘J; (QCQ,’U), Zf vy > 07

n

out 5017—[ (xla ’U), Zf vg > 07
T1,v) = .
YH,, (90)( 1 ) { SDJIEI (xl’ ’U), Zf vy < 07

m

, o (x1,v), if v2 <0,
inc 21,0) = m K
Vi (0) (21, v) { o (z1,v), if vy > 0.

m

The grain boundary is assumed to behave as an electrostatic barrier or well which has
a fast transversal dependence and a slow parallel one. Therefore, an electron hitting
the grain boundary has a probability 7 to be transmitted to the neighboring cell and
a probability R to be reflected back following Descartes law (see Figure 2.2). The
reflection and transmission coefficients R and 7 depend on the microstructure of the
grain boundary and are functions of the electron energy and position. They can be
computed by solving the Schrédinger equation [3]. The boundary condition for the
distribution function f is then written in terms of these coeflicients

Wi f* = BY (na, z2) 9 £, (2.2)
Ve f* = B (w1, ma)yg £, (2.3)

where the operators BY and BF are defined by

(B (2)p)(v) = RY (z,v)p(w, —v1,v2) + T" (z,0)(z, v), (2.4)

(B (2))(v) = R (z,v)p(x, v1, —v2) + T (2, v)p(z, v). (2.5)
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(vi,v2)

‘RH
(v, —v2)

Vn,m

(v1,v2)

Fic. 2.2. Reflection-transmission picture at a grain boundary

In the sequel, we shall sometimes use the short notation
B(z) = BV(J?) for ¥ € UpezVy; B(z) = BH(a:) for © € UnezHm (2.6)

REMARK 2.1. BY(x) only acts on the vy variable, the variable vy being only a pa-
rameter. Analogously, vy is only a parameter for BH (x) which acts on the vy variable
only.

The aim of the paper is the analysis of the limit o — 0 of the kinetic model (2.1),
(2.2), (2.3), with the initial data

ft=0,z,0) = f(z,v), v velR? (2.7)

To avoid the treatment of initial layers, we shall assume that the initial datum is well
prepared. Namely we assume

HYPOTHESIS 2.1. There exists a smooth function Fi(z,e1,e2) defined on IR? x IRi,
satisfying:

v? w2 v v
Fi(x, 51 72) € L*(IR* xIR?), (v-V,+ V.V -V,)F(z, ?1 52) € L*(IR* x IR?),
(2.8)
such that
v? 02
ff‘(x,v):FI(x,El,?Q), r €0, velRL. (2.9)

The electrostatic potential is assumed to satisfy the following hypothesis

HYPOTHESIS 2.2. The electric field V,V belongs to the Sobolev space WL‘X’(IRQ)Q.

HyPOTHESIS 2.3. The reflection and transmission coefficients are even functions of

v1 and vy and C' functions of (v,e1,e2), where e; = % They satisfy the positivity
property : 0 < THV (2, e1,60) < 1, V(z,e1,62) € IR? x IR?|r as well as the identity
THY L+ REV = 1. We therefore write, RV = RV (x,e1,e2) ( respectively THV =
THYV (x,e1,e9) instead of RV (z,v1,ve) ( respectively TV (z,v1,v2)).

The main result of this paper is the following
THEOREM 2.1. i) Under Hypotheses 2.1, 2.2, 2.3, the problem (2.1),(2.2), (2.3) has

a solution f® (in a sense that will be specified further, see Proposition 4.2 ).
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ii) When « tends to zero, f® converges (up to the extraction of a subsequence)

in the weak star topology of L°°([0,T], L>(IR? x IR?)) for any T > 0. There exists a
2 2

function F(t,x,e1,e2) such that the limit fO(t,x,v) = F(t,x, %, %). It is the solution

of the problem (SHE model) posed on the domain (x,e1,e2) € IR? x ]R?|r :

2

OF + (0, + 04, VOe,)J1 + (Ony + 02,V Oey)J2 =0, 2.10
1t t ( ) 1 ( ) 2 ( )
J1 = —Dn(azl + &EIVE)EI)F, Jo = —DQQ(axz + 8I2V862)F, (2.11)
&clVJl(t,x, 0, 62) = 0, 8x2VJ2(t,$751, 0) = O7 (2.12)
F(O,x,&?l,&z) :F[(il,',él,&g). (213)

The diffusion coefficients D11, Dao are given by

2 TV 2 TH

D = Doy= —___~ 2.14
N e (I-TVY 2T e I —TH) (2.14)

3. Existence of the solution

3.1. Preliminaries. In this section, we introduce some notation and present
existence results for the perturbation problem. The methodology is identical to the
superlattice case developed in [4]. Therefore, many proofs are skipped. Following
the notation of [4], we denote by L, = aZe; x IRes URey X aZZes, Q% = ]RQ/LQ,
0 = 0* x R? and I'* = L, x IR%. ©O% is equipped with the usual L? norm and
inner product. Note that L?(0%) = L?(IR? x IR?) since L, x IR? is a zero measure
set. Then

|u|2L2(oa) :/ lu(z, v)|?dzdv.
R2xIR?
We denote by Lﬁ’i(IRQ)), i = 1,2, the weighted L? space, equipped with norm
§
ulls ey = [ ()P o

with wf(v) = v15°(v1)I%(v2) and w3 (v) = ves®(v2)I?(vy), where s°(y) and I°(y) are
the continuous piecewise linear functions defined by

3 if 0< |yl <o,
. 1
W) =1 sgn(y) 1 1 1 '
Z_ Z_5< < Z
6 ((5 |y|)7 Z.f 5—|y|)7 5)
1
1, Zf0§|y|§g—5,
1,1 . 1
P =1 2G-ll), ifz-0<hl<s, (32)
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where sgn is the sign function. The space L(QM(IRQ) (¢ = 1,2) is nothing but the

weighted L? space associated with the weight |v;|, which will be denoted by L?(]R2).
We denote by L?(IR,,, L(QS,Q(]RQ)) the weighted L? space, equipped with norm

[l 22, (R2)) :/]R/W u(1,v)Pwy (v)dvday

and L?(IR,,, Lil(IRQ)) the weighted L? space, equipped with norm

|u|%2(IRx2,L§’1(IR2)) :/IR/]R2 lu(z, v) 2w (v)dvda,.

We denote by L#(T'®) the set of functions u = (Una (T2, ), Uma(T1,V))nez,mez such
that une (22, v)EL? (Ry,, Lg’l(IRQ)) for alln € ZZ and Uy (71,v) € L?(Ry,, L?;’Q(IRQ))
for all m € ZZ. This set is naturally equipped with the norm

2

_ 2 2

|U|L§(Fa) = < E a|u"a|L2(IRw2,L§,1(IR2)) + E O‘|uma|L2(IRw1,L§’2(]R2))> .
nez meZ

PROPOSITION 3.1. ) For allx € IR? and all vy € IR, we consider BY as an operator
on L2(IR). It is self-adjoint and the null-space N (I —BY) is the set of even functions
with respect to vy while Im(I — BY) is the set of odd functions with respect to v;.

ii) The same result holds for B considered as an operator on L3(IR) by exchanging
the roles of v1 and vs.

Proof: The result is immediate since (I — BY )¢ = RY (z,e1,22)(d(v1,v2) —

d(—v1,v2)). n

Let us now denote by Qy ( respectively Q) the orthogonal projector of L?(IR?)
(respectively L3(IR?)) onto the the space of even functions with respect to v (respec-
tively v9) and introduce Py = I — Qv (respectively Py = I — Q) where I is the
identity on L?(IR?) (respectively L3(IR?)). For 2 € L, we define Q(z) and P(z) by

_ QV7 on UTLEE VYH _ PV; on UnGZ VTM . 7 _
) { Qutr o Unez Huy T =\ Pu. on Uneg By P 0179

It is readily seen that
LEMMA 3.1. The operators Q, P, and B satisfy the following identities

PB=BP, QB=DBQ=Q.

Moreover, there exists K1(x,v2) < 1 defined for x € UpezV,, and va € IR ( respectively
Ks(xz,v1) < 1 defined for x € UpezHy, and v1 € IR) such that

IBY (2, v2) Py (@)l (22 my) < Ka(w,02)<1, [|B7 (2, 01) P ()| £ (z2(m)) < Ka(w,v1)<1.
Finally, we have

HBHa(L%(R)xL%(R)) =1
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HyPOTHESIS 3.1. Let

K=max sup Ki(x,v9), sup Ko(x,v1)
HANS UnEZVn S UmEZHm
vy € IR v € R

We assume that K < 1.
Following the notations of [4], the transport operator is defined by

Au=v-Vzau+ V.,V -V,u

on the domain H*(A,B) = {u € H*(A),7%"(u) € L*(T?),yi"(u) = By (u)},

where the space H*(A) is defined by H*(A) = {u € L?(0%), A% € L?*(O%)}. The
spaces H*(A) and H*(A, B) are equipped with the graph norm

|U'|?'-I@(A) = |U|%2(0a) + |-Aau|2L2(Oa)-

We shall denote by A the bare differential operator, when no indication of the domain
is needed. Defining

HE(A) = {u € L2(0%), A% € L2(O%), 4% (u) € L(D*)).

(e

We have the following Green’s formula [1].
LEMMA 3.2. (Green’s formula) For v, w in H§(A), we have

[(’Yfi"t(u)a ’Ygut(u))w(ru) —(7a" (u), WQ"C(U))H(N)] 5
(3.3)
where (-, ) p2(0«y and (-, -)L2(rey stand for the inner products associated with the norms
of L?(0%) and L*(T?).
In order to prove the existence of a solution of the problem (2.1), (2.2), (2.3), we
proceed analogously to [4] and define the perturbed boundary operator

(Au, ) L2(00)+(u, Av) [2(00)=

Q|+

1
= P _—
B, =BP+ 1+77Q7 n >0,
as well as the operator Aj' = A on the domain H(A, B, ), defined by:

H*(A,B,) ={ue H*(A), 75" (u) € L2(T), vime(u) = Byt (u)}.

For the perturbed problem, we have:

LEMMA 3.3. For alln > 0, for all F,, € HY(A,B,), there exits a unique function
72 € C([0,T): H*(A, B,)) N1 ([0, T; LH(O%)), solving

{ A& + AfS =0,
(féy)t=0 = F,.

Moreover, we have the following estimates:

(3.4)

|f;71|L2((9u) S |Fn|L2(O“‘); |Oéatf;7l|L2(oa) = |Af;71|L2(Ou) é |AF’,7|L2(OG(). (35)
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LEMMA 3.4. Let F be as in Hypothesis 2.1. There exits a sequence (n) tending to
zero and (Fy)y>o such that I,y € H*(A,B,) and

F, — F, AF, — AF; weaklyin L2((’)O‘).

The proofs of the above Lemmas are obtained in the same way as in the one
dimensional case [4] and are skipped. Estimates (3.5) allow us to take the limit n — 0
in the equation (3.4). In order to take the limit in the equality v7"(f) = Byy3“*(f5),
we need to prove uniform estimates on traces. This is the aim of the next section.

4. L? trace estimates

In this section, we establish the control of v3*(u), ¥*(u) in term of |u[zz(@a).
The proofs are given in detail since the bidimensional geometry induces notable
changes. Indeed, since the unit cell in the two dimensional case is a square and
has a corner, singular terms appear as one uses straightforward extensions of the one
dimensional proof. Therefore, we use cutoff functions which vanish at the square cor-
ners. Passing to the limit in the cutoff has then to be done carefully by linking the
cutoff length to the parameter a.. Let us first define the cutoff function ®, g for a > 0
and 0 < § <1 by

a%(y ~ia), y € (ia, (i + Ba),
Do p(y) = 1,1 ye(i+p)a,(i+1—pP)a), (4.1)

aﬁ((z—l—l)a— y), ye((i+1-0a, (i+1)a).

PROPOSITION 4.1.  Under Hypotheses 2.2 and 3.1, we have for all u € H*(A,B,)
i)

mnc ou 2a
[Py (w) [T 2 (ray < [Py (u)] 2 (ray < ﬁ(v‘lu’u)ﬂ(o% (4.2)
(1 (1+77) )|Q'Y ( )|%2(F“ S20‘("4’“7U’)Lz((ﬂ"‘)' (43)
i)
(14 Q" (u) = Q" (u), (4.4)
ou o 1
Q5" (u) v/ q)a,6|2L§(ru) < Crafulfacqy + Ca(1 + 51 E)'U'l%?(@a)? (4.5)

where C1, Co are positive constants independent of o, 3, § and u.
Proof: i) Let u € H*(A,B,). By Green’s formula (3.3), we have

2a (Au, u)g?(oa Iya (u )|%2gra) N [yel e (u) |72 (pay
= e ()72 (ray = [Byya™ ()] 22 ray

— [P () 3y — [BPYE ()2 iy + (1 —

> (1= K2)| Py (u) ey + (1 -

1 ou
mﬂ@% (w22 (ray

1 ou
mﬂ@% (w)[Z2(ray-
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which leads to (4.2), (4.3).
ii) Identity (4.4) is immediate. To prove (4.5), we only detail the contribution
of Qv (the treatement of Qg being identical). Define 91 (z1,x2) = ¢1(21) P g(x2)

where ¢1(z1) = z(xl —(n+ %)a), z1 € (na, (n + 1)a). Using the Green’s formula
o
as before, we get for all § > 0
2 (AU, uS&(Ul)Ié(UQ)wl)LQ(Oa)
+ / [0f2 [ (0)0r, 1 (2) + 5 (01) I (0203 - Doyt (2)) dvd
|u| 1 ( )[8951‘/&}15 S (01) % () + Dy V50 (01) 0oy I (02)]dzdu
.S L L+ [ lovi P st e,

nez

£ 30 [ [ PRl + Pt ] @aatea)ef 0)duds
nez

+2 Z/ / |: 7‘0/7? + —PV'KZC( ):| QV’Y\O/:t( ) ,ﬁ(l'g)wl( )dvd;[;Q

nez 1+ N
The last term of the above identity can be bounded from below by

43 [ ] NP R + Pt @] @) () dvdz,

nex

_ZT;/]R/IR? {(1 T (1 +1n)2)|QV7‘O/:t(“)|2} Do 5(22)w] (v)dvdas

Therefore, we get

S [ L3 [ s vt Pt ten)ef o)

nez
1
<9 (Au,us5(vl)15(vz)1/11)L2(@a) + B
2
o [l [ (@) (2] dodo
OG(

IV aV ] [0 55 (01) e + 100 I (02)]| ] / fuf?dxdo

- |u|? [s‘s(vl)I‘s(vg)vg.qﬁl(ml)} dzdv

a

+3Z// [|[PyAg“t (w) [ + | Pyyire(u) ?] |vi|dvdas.
nez
(4.6)
After multiplying (4.6) by « and using the boundedness of ¢1, @qg,
wi(v), 8°(v1)I°(v2)ve and the inequality &)y, s0(v1)|re + 8|0u, I°(ve)|= < C, we
obtain

ou / 1
Z a|QV’)/ t |L2(IR ]R2)) < ClOé|U H(A) + CZ(]- + — 5 + )|u|L2((9”‘)’
nez

(4.7)
Proceeding analogously we obtain the same inequality of QV’yO“t( ) which leads to
(4.5). n
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4.1. Existence of a solution to the problem. We can prove the first part
of the Theorem 2.1. More precisely, we have

PROPOSITION 4.2. Under hypotheses 2.1, 2.2, 2.3, 3.1 , there exists a solution f¢ to
problem (2.1), (2.2), (2.8) , such that f*€L>°(0,T; L?>(0%)), Af*€L>(0,T; L*(0%)),
Prgut(f2)€L(0, T LA(T9)), Qg (f*)/BageL=(0,T5 LA(T®)), for all § > 0 and
0 < B <1, and the boundary condition is satisfied in the following sense:

Py e(f*) = BPyZ " (f*),
Qe (f*) = Qv ().
LEMMA 4.1. There exists a constant C independent of o such that
T .
| 1P O eyt < ol sy, (18)
0

The proof of Proposition 4.2 and Lemma 4.1 follow exactly the same lines as those
Proposition 3.11 and Lemma 3.13 of [4]. They are skipped.

5. Convergence towards the macroscopic model
In this section, we prove the convergence part of Theorem 2.1, according to the
scheme outlined in the introduction.

5.1. L? estimates. Let us first summarize the L? estimates deduced from the
previous section.

LEMMA 5.1. The solution f* of problem constructed in the previous section satisfies

| coqo,r),22(0)) < [FIlL2(R2xR2 ), (5.1)
T
| 1P O eyt < CoPIFL g, (52)
T .
| 1P O oyt < oL g (5.3)
T ) C
| 1@ ) OB eyt < (Cs+ S Pl (5.4)

where C' denotes generic constants independent of o and of the data and @, g is
defined in (4.1).

We immediately deduce from the Lemma 5.1 the existence of a subsequence (still
denoted by f®) and a function f° in L>([0,T], L>(IR? x R?)) such that

o= f% in L>=((0,T), L*(R? x R?)) weak star,

when o — 0. In view of Lemma 5.1, the trace y2%/(f) and vi*¢(f<) converge to
2
functions of (g1, e2) when g; = % In the next Lemma, we prove that this asymptotic

behavior holds for the whole function f°.
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LEMMA 5.2. Let fO be the limit of the sequence f*. Then, there exists a function
F(t,z,e1,e2) such that

2 .2
fo(t,x,v) = F(t,x, %, %)

Proof: Setting § = /a, we notice the ®, /5 € Li,.(R) and &, 4 — 1 in the
strong topology of L2 (IR) as a — 0. Let us first prove that fO(¢,z,v) is even with
respect to v1. To this aim, we consider a test function ¢ in D((0,T) x IR* x IR?) such
that ¢ is even with respect to v; and prove that

(f*vi,0)prp =0

The starting point is the decomposition

(fv1,0)prp = (f01(1 = @4 yz),P)p D + (1P 7 ¢)D D

We shall now prove the convergence of both terms of the right hand side to zero as «
tends to zero. Let us start with the second term. We first introduce the function

1
Y (r1) = (n+ E)oz —x1; on [na, (n+ 1)al.
Applying the Green’s formula (3.3) with py*®,, /7 as a test function leads to
T
—/ / v1 [ 002,V (21) P, /5 (z2)drdvdt
0 Joe
_ / [ (adyp + AP (21)®,0. s (2)dadvdt
0, Jo

/T/awfawwa(xl)axzq)a va(r2)drdvdt
/ /IR2 Z/ U1\ Wiia (fYpp®) — ’Y{/'_”(fam/)a)}(I)a7\/&(x2)dx2dvdt.

Since |*|L~ < « and |(ba’\/a|Lac < 1, the first term of the right hand side of (5.5),
denoted by M“, can be bounded by
|M*] < aN(@)|f*|L2 0,11 xR2 xR?)> (5.

L) ==

D

)

)

where N (¢) depends on ¢ and its derivatives. Since d;,9*=—1and 7y,
'y{,"n () = <, we deduce from (5.5) that

[Q

20

<fO(U1 «, av‘P>D’D—Ma / /a v [ (331)8;52‘1)(1 \/_($2)d$d1}dlf
/ /]RQ Z/“l Vo (S70) + W (f @)}‘ba,ﬁ(mg)dxgdvdt.

Using the orthogonality of Qv'yvn(fa) (respectively Qv'y;wl(fa) ) and vlfﬁ,‘n (p)
(respectively vi7yy, (), we obtain

T
(fovr @, awP)D/,D:M‘lﬂL/ / U2 [ (21) 0, Py s (w2)dwdudi
O [e3

T
S ) [ 0@ ala) (o () a0l ma o) (657)

+Pvy, ., (f9)(t, za,v)p(t, (n + 1), xa, v)} dzodudt.
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Since [®,, \/5| L~ < 1 and ¢ is compactly supported, we have

| / / >3 5 [ oPag () 2,00 a2t (n+ Ve, o)daadodt
]R2

< N(p) [|Pv°ut< V20,1 2(rey) + PIENO a0, 12rey)] = O
(5.8)

=

Besides,
T
/ / V2 fU oY (1) 0, Py (22)dwdvdl
. (m4+a)a
a\/_/ /IR?/ ez/m“ v fE(t, 2, 0) (21)@(t, 2, v)daadodt
(m+1)a
- / / / / Ulfa(taxa’U)wa(xl)@(tax,v)dlédvdt
04\/_ R2 +1-/@)a

-1 Z/ [ ot e

—(t,x1, m—|— Ja, v)]|dxadvdt

(m+1)a .
\/_//IP\?/ Jm_H f)qjylf (t, z,v)Y*(z1)[p(t, z1, (M + 5)04’1))
—p(t,z,v ]dxgdvdt

Using the inequalities

(m+1)a 1 2
/ / / / ( (t,x1,(m+ =)a,e) — go(t,xl,xg,v)) dxidxodudt
IR2 mEE tl—yaja 2

(m+va)a 1 2
/ / / / (gp(t, x1, (m+ §)a, v) — (t, 1, T2, v)) dx1dxodudt.
IR2

and |wa|Lw < a, we obtain

/0 : [ e 0000, a(az)doddt < VAN o ayeme ey (59
Therefore, in view of (5.6),(5.8) and (5.9), (5.7) leads to the estimates
(fY01®, /o 0)p D = O(a)
Besides
(fU (1 =2, ) @) 0 < | 2q0,mxR2xR2) [V1 (1 = @0 @) |22 (j0,77x R2 X R2)

Since ¢ is compactly supported, |@a7\/a|Loo < 1 and ¢,/ tends to 1 a.e., the
Lebesgue dominated convergence theorem insures the convergence to zero of |vi(1 —
@, a)lL2(0,mxR2xR2)- We have finally proven that

. o _
alir&r (i1 f* ¢)prp =0
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which shows that
(01f°, ) > =0
Therefore, fO is even with respect to vy. Similarly, it is even with respect to v;.  m

5.2. The kinetic problem in weak form and the continuity equation.
We first write problem (2.1), (2.2), (2.3) in a weak form. Green’s formula (3.3)
immediately gives the following lemmas:

LEMMA 5.3. Let f* be the solution of (2.1), (2.2), (2.3). For any ¢€CL([0,T], H§'(A))
such that ¢(T,-,-,-) =0, we have

T
/ fet z,v) [a0p +v - Ved + Vo,V - V@] (t, z,v)drdvdt
0o Joeo

T
+a [ f7(z,0)$(0,z,v)dzdv = —l/ (Y3 (), 78" () — BYE“(6)) L2 (o)
o e (5.10)

Let us define the ” macroscopic” quantities

F*(t,z,e1,€2) Z Fo @ty 51v/2e1, 50V/2e2), (5.11)

‘?1,‘?2 F1

Ji(t,x,e1,62) =

S [ (b VI, 52V - £ (b7, —V B 52V D))

a\/? =
(5.12)
JS(t,m,e1,62) = a\/? Z “(t, @, 51V 2e1,V2e2) — fO(t, 3,517 2e1, —V/223)] .
(5.13)

We have

LEMMA 5.4. Let f* be the solution of (2.1), (2.2), (2.3). For any test function
¢ € CH([0,T] x R* x R%) such that ¢(T,-,-,-) = 0, we have

T
2
et Aot dade deydt
/ /uxmi VELEL (t,,1,€2)00(t, 7, €1, £2)dwderdes

T
+/ / J{y(t,ﬂﬁ,El,Eg)(&cl +8951V851)¢(t,J,‘,El,&g)dxdfldfgdt
Qe xR (5.14)

T
+ / / TSt 2, 21,29) Dy + O, VO, )0(t, 2, €1, 29))dder deadt
Qo xIR2

2
—|—/ Fr(x,eq,¢e 0,x,e1,e2)drderdes = 0.
- NG 1(z,e1,22)0( 1,€2) 1des

Proof: Let f;* be the solution of (3.4). From the Green’s formula (3.3), we
obtain

T
/ [t 2,0) [adip + v - Viep + VoV - Vo] (t, 2, v)dzdvdt
0o Joo

+a/ F(z,v)¢(0,z,v)dzdv (5.15)
O«

:%/ ( out(fa) Out(ﬂs))Lz(F“)_i/ ( mc(fa) mc(ﬁﬁ))Lz(Fﬂ),
0 0
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where v(¢) = 73" (¢) = ’Yé"c(cﬁ) Thanks to the co-area formula, and to the orthogo-
nality between Py (f), Pyi“(f) and v(¢), we have:

T
2
F*(t t dxdeideodt
/ /anIRi 512 n( ,1[,',61,62)06815(,25( ,1[,',61,82) Tag1ags

T
+a/ / It x,e1,62)(0ny + Oy VOe,)0(t, x, 1, 0)dxderdeadt
Qo xIR2

T
+a/ / JS(t,w,e1,62)(0ny + On, VOe, )o(t, x, €1, €2)dxder deadt (5.16)
Qo xR?

2
F 0 dxdeid
—H)c/WX]R2 NGE 1(z,e1,82)0(0, z,e1,9)dxderdes

1 T
- ( S IIDA®)
a Jo L2(I'e)
5.14) is then obtained by letting n tend to zero. N
Ui

We are now aiming at taking the limit « — 0. We need to pass to the limit in
Fe and in (J* = (J&, J$)T). It is readily seen that

2 2
F*(t,x,e1,€9) Ot ,51v/261, 521/2e2
VE1€2 ( ! 2 g17;$1f ! Loz )\/5152 \/E1€2

F(t,xz,e1,¢e2)

in L>([0, T}, L>(IR*xIR%)) weak star. The analysis of the subsequence J* = (Jg, J§)T
is done in the next subsection.

5.3. Existence of a limit for the current. The function J* = (J¢, J&)T
defined on (Q% x ]Ri_)2 and has traces vy (J§), vf; (J5') at the interfaces, obviously
given by

qu/iL(J{y)(t $2,61,€2 a\/? Z [7‘:5’L(fa)(t,$2, \/251,32\/252)

(5.17)
_’y‘fﬂ, (fa)(ta T2, _\/E, SQ\/E):I ,
’YIJ—E,,L(Jél)(t r1,€1,€2) a\/f Z hlﬂin(fa)(taxl,slx/ﬁ, J75)
=7 (f*)(t, 21, 51v/261, —V/262)] -
(5.18)

Let us construct the piecewise constant functions

1 - « «
5 (P)/V,,L (Jl ) + 7{4/;(‘]1 )) (t; T2,€E1, 62)7

j\%(tvxlva;ElveQ) = 2
z1 € ((n—Ya,(n+1)a), 20 R,

- 1,
J%(t,$1,$2751,€2)=5(%{,”('] + 757 (J5)) (t, 1,1, 2),
z1 € R, :cge((m—%) J(m+ 1a).

The existence of a limit of J* is obtained through that of J* = (j&,jﬁ) as the
following lemma states:
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LEMMA 5.5.  The function J* = (Jg, Jg) is bounded in L*([0,T] x IR?, L?, (IR2))?
and we have
Je—J¢ —0, (5.19)
Jg —Jg — 0, (5.20)

as o — 0, in the distributional sense. There exists J = (Jy,.Ja) in L*([0,T] x IR x
If{i)2 such that up to the extraction of a subsequence:

Jo = J in L*([0,T] x R* x IR%)? weak (5.21)

and therefore J* — J in the distributional sense. More precisely

T T
/ / / Jfé(ﬁd&ldfgdxdlf — / / / J1¢d61d€2d$dt, (5.22)
0 Joo I 0 Jao S

T T
/ / / J§‘¢d51d62dxdt—>/ / / Jodde1deodxdt, (5.23)
0 e IRi 0 @ IRi

as a — 0 for all test functions ¢ € C1([0,T] x IR? x ]Ri)
We note that the convergence (5.22) and (5.23) allows us to pass to the limit in
(5.14) and we obtain

COROLLARY 5.1. For any test function ¢ € C2([0,T] xIR? ><]R3_) such that (T, -, -,-) =
0, we have

F(t, xr,e1, 62)8t(b(t, T,e1, EQ)dZ‘d&ldEth

/ / v 2
0 JIR*xIRZ V€182
T

+/ / Jl(t,l‘,El,Eg)(axl —|—&Clvael)(b(t,x,El,Eg)dZ‘d€1d62dt
IR xIRS (5.24)

T
+/ / Jo(t,x,61,62)(0py + 0y VOe, )0(t, x, 1, 62))drderdeadt
R2xIR2

2
+/ Fr(x,eq,e 0,z,e1,e2)dxderdes = 0.
R&Ri\/ﬁ 1(x,€e1,€2)0( 1,€2) 1deg

Proof of Lemma 5.5: We shall only give the detail of the proof of (5.19). We
first define the current carried by the outgoing and incoming traces:

o,out +
Jy 7 (t, w2, 61, €2) a\/? Z [7\0/1‘ (f)(t, 22,/ 2e1, s21/2€2)

(5.25)
=P (f) (w2, =21, $2v/262) ],
Ja’inc(t 1‘2,61,62 inc fa t 332,\/261,82\/262)
Vo om/2€ Z SEACRIC (5.26)
znc(fa)(t T2, —\/261, 52\/262)} .
Then, we construct the piecewise constant functions Jir*, J{i’mc as follows:
1 1
J37out(t,$1,$2,€1752) = Jgf“t(t,xg,al,eg); z1 € (n— ), (n+ 2)a), T2 € R,

2 2
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1
—)a), z2 € RR.

1
—)Oé, (TL + 9

JS ”w(t $2,€1,€2) 9

TPt w0, 61, 82) = r1 € ((n —

Since

WRFS) + W) =, (F) +w,, (F),

it is readily seen that

- 1 )
Jp = 5 + Ty, (5.27)

x R?, L?

loc

By (5.27), in order to prove that J& bounded in L2([0, T (R2))?
a,out a,inc
J )

enough to show that Jy~ v are separately bounded in this space. The proof
follows the same lines as that~of Lemma 4.5 of [4]. We shall skip it here for simplicity.
In order to prove that Ji* — J& in D', we write

T T
(Jo = J&, ©)prp = / / / Jepdrde deydt— / / / Jepdrde, eadt = M
o JR2 0 Joo JIRy
(n+1)a
//IR2 //(n+ Da

+ nez

S SAL

dxldJ?QdEldEth

//’Z/ i ()t 01,21, 22) 0t 1, (m+ a1, 22)
R2

+meZ

, it is

VW, pa (D), 22,1, €2) [@(L, (n + 1)a, 22, €1, €2)

—gO(t, T1,T2,E1, 52)] dxldxgdsldegdt

(t x2,€1, 62) [SO(L no,r2,e1, 82) - @(t; xr1,%2,€1, 52)]

— i, (J8)(t, w1, 61, €2)p(t, w1, ma, €1, €2) } Y (21)dw1derdeadt.

m

The last term of the right hand side of this identity can be estimated as follows

//Z/memme%mmmm)wmmwt

meZ
< al2N(p) [ T 112,

(o inc

3
([0, T]xR?,L3 . (R3)) + ” J HL2 ([0,T]xR2, L%UL(IR?F))} s

The other terms can be treated exactly as in the one-dimensional case (up to an
additional integration with respect to x2, v2) and are~shown to converge to zero as «
tends to zero. This finally proves that lim,_.o(J{ — J{¥) =0 in D’ n

The aim of the next subsection is to derive Equation (2.11) for the current.

5.4. Equation for the current.
xu (z,v) such that:

We first prove that there exists xv (z,v) and

-BY =1 VY sgn(vy
[giersome
(oo g ot o2
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LEMMA 5.6. Problem (5.28) (respectively (5.29)) has a unique solution xy (respec-
tively xm) in the space of odd functions with respect to vy (respectively va) and even
with respect to vy (respectively vy ). Both xv, xu are in C*(IR* x IR?).

Proof: Since BY has the simple form given in (2.4) and (2.5), we deduce from
Hypothesis 2.3 that the unique solution of (5.28) which is odd with respect to vy is

TV(£;£1752) s ’I’L(U )
2(1 = TV (z,e1,€2)) gnivL)-

xv(x,v) =

It is readily seen that xy is even with respect to v which implies
(I —BH)xy =0.
In the same way, we have

TH(x,e1,62) sgn(vs)
20 — TH(z,e1,e0)) 0" %)

XH(:E; ’U) =

From the regularity of 7" (respectively 7 ) (Hypothesis 2.3), we obtain the regularity
of xv (respectively xm). ]

Let us now establish the equation for the current.

LEMMA 5.7. The functions F' and J satisfy the current equation (2.11) in the distri-
butional sense.

Proof: In order to derive the current equation (2.11), we use the weak formu-
lation (5.10) with (xv (z,v) + xm(z,v))Y(t, z,e1,€2) as a test function and obtain

l/T Z a/ / V)t 22, 0)(t, nev, 22, €1, €2))

(I — BY (na, z2))(xv (na, xa,v) + xu (na, xa,v))|vy |dvdzadt

/ Z // Z(fO)(t, 1, 0)P(t, 21, ma, €1, €2))

meZ
—BH(xl, ma))(xv (z1, ma, v)+xm (1, ma,v))|ve|dvdx dt

- a/o . et x,v) O(xv(z,v) + xu(z,v))(t, z, &1, €2))|drdvdt

+o f‘;y(l‘,’l})(XV(x,U) +XH(l‘,U))lp(O,x,El,Eg)dl‘d’U
,1(901
+/ e zv)v- Ve + VoV - Vol [(xv (z,v) + xu (2, 0)Y(t, z, 61, €2)|dedvdt.
o Jo-
(5.30)
Let us first consider the right-hand side of (5.30). The first two terms are multiplied
by a and obviously tend to zero. Since both F' = lim f* and 1 only depend on €1, &3,
we claim that the third term has the following limit

lim / / fet,x,v)(v- VetV V- Vo) [((xv (z,0)+xm(x,v)Y(t, z, 61, €2)] dvdadt

a—)O
/‘/ / Pt 2,1, 29) {(0s, + 00, VO-) [(t, 2, €1, 2) D1 (2,61, £9)]
R2? IR2

(8952 + (%ngagz) [1[)(15 x 61,82)D22({E 51,62)]}d1’d81d€2dt
(5.31)
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where
4
Dii(x,e1,62) = \/va(an/?Eh\/?@),
2
4
Doz (z,e1,82) = \/?XH(OU,\/%L\/?&),
1

Indeed, using the oddness- evenness properties of xy, xg with respect to viand v,
we have

1
2\/81—82 Z (51\/251&51 +82\/2€28x2) [’Lp(t,]?,é‘l,Eg) {Xv(l‘,81\/2€1,82\/2€2)

s1,52=F1
+ xu(x,51v/2¢e1, 521/222) }|
= 811 [1/)(157 Z,€1, 52) D11({E, €1, 52)] + az2 W(t, T, €, 52)D22 ((E, €1, 52)]

and

1
V.V.V, T, 81V 261, SoV/ 2€
2\/51—52 . ;;1 [(Xv( 1 1,52 2)

+x (T, 51v26e1, 52v/2e2)0(E, 2, €1,€2)]
=05, VO, [W(t,2,e1,62)D11(z,€1,€2)] + 05,V O, [Y(t, x,€1,62)Daa(x, 1,€2)] .

Let us now deal with the left-hand side of (5.30). It is readily seen that

T
%/O Z a/lR/IR2 'y?jﬁ(fo‘)(t,xl,v)w(t,na,x2,51752))

meZ
(I —BY (na, 72))(xv (na, z2,v) + x#(na, zov))|vi |dvds dt

r 1
= Xaf [ 2R a o) - BY (o) (naa.v)
nez

1/)(757 no,r2, &1, E2))|Ul |dvdx2dt
(5.32)

and
1 g out a
- E @ 'YH,,L(f )(taxla’U)w(thlamavglagQ))
@ Jo R JR2

meZ
(I — B (21, ma))(xv (z1, ma, v) + xa(x1, ma,v))|vs|dvdr dt

T 1
= Xa [ s e - B e ma) o mao)

neZ
w(tv X1, mao, e, 52))|’U2|d’0d$2dt.

| (53

Defining the piecewise constant functions g, gi"™¢, g3 and g3 by
o,out _ 1 out @ . 1 1

9v (tamlaanv) — EPV,YV,L (f )(t,xg,’l)), T € ((n_ 5)04, (’I’L—'—E)Oé), Z2 EIR’
a,inc 1 inc/ pa 1 1

gv7 (taxlax%v) = EPV’YV" (f )(t,QCQ,’U); 1 € ((n_i)av (n+§)a)7 T2 €]R,
a,out 1 out a 1 1

gI—f (t,$1,$2,v) = EPH’YHm(f )(t,$1,’U); Z1 €1R7 T2 € ((m_i)a’ (m+§)a),
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1 ; 1 1
g?_}mc(t, x1,Z2, 1)) = EPH’)/ZL:L (fa)(t, zy, U); r1 €R, 22 € ((m_ 5)&, (m+ 5)&),
we deduce from estimates (5.2) and (5.3), that /o1 g0, /T1lg ™, /Talgs”™
and +/[va]g5°"" are bounded in L2([0,T] x R? x R?). Let /[v1]gu®, /Tv1lg™,

[ualg 3" and \/[va]g%”*" be their weak limits (up to the extraction of a subse-

quence) We deduce from the identities

v (F) = BY (na, w2) Pyagst (),

Pyyite (f%) = B (w1, ma) Purygt (%),
that
g?/znc BV( ) 0,out 7 g0Han BH( )g?/out.

In (5.32) and (5.33), the factors (I — BY (na, x2,v))(xv (na, z2,v) +x 1 (na, T2, v)) (¢,
no,r2, €1, 62)) (respectively (I - BH(xla ma, v))(XV (xla ma, ’U) + XH(xlv ma, U)W)(ta
x1,ma, e1,€2)))are the piecewise constant approximation of the functions (I —BY (x,
) (xv (z, v) + xm (7, v))U(t, z,e1,€2)) (respectively (I — B (x, v))(xv (=, v) + xu(z,
v))(t, x,e1,€2))). Since these functions are uniformly continuous with respect to x,
with values in L? (]RQ), the piecewise constant approximation is an approximation in
the strong topology of L2([0, T] x IR?, L?(IR?)). Therefore, the expressions (5.32) (re-
spectively (5.33)) are the L? product of a weakly converging sequence with a strongly
converging one. Therefore, they converge as o — 0 respectively to:

T
/ /IR /IR B (1 2, 0) (I — BY (2,0)) v (2, 0)(t 2,61, 62)) s |dvdzdt (5.34)
0 2 2

/ / / 0,out t T, (I BH(LL' U))XH(x v)l/)(t,$,€1,€2))|U2|dvdxdt~ (535)
R? JIR?

Introducing
1 0,out Vv
Jv(t,zeren) = —— > (g™ - BY)xv)(z, s1v2e1,5:v28) |, (5.36)
262 s1,52=F1 { }
Ju(t,z,e1,€2) \/f Z [(g%om(] - BH)XH)(t{E,81\/261,82\/262)} , (5.37)

s1,852=7F1

(5.34), (5.35) and (5.31) yield

T
/ / / (JV + JH)w(t,J),El,Eg)dl‘d€1d€2dt
0 R2 ]Ri

T
- / / / F(t2,1,22)) {(Ber + 00, VOey) [b(t, 2,21, 22) D]
0 R?2 ]Ri_
+(8m2 =+ 8352‘/862) [Q/J(t, x,€1, EQ)DQQ]} d{EdEdt,

(5.38)
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which implies that

Jv = D11(0y, + 0.,V 0:,)F, (5.39)

Jg = Da3(0yy + 00, VOe, ) F (5.40)

in D'((0,T) x R® x IR? ). Using the definition of vy, we find

—1 ou
Jv(t,z,e1,62) = = ;ﬂ [( 0,08 (1 _ BV yyy) (1, 2, 517/357, 59/352)
1 V' 0,0ut
" V25 )3 [2(”3 )gu (t, x, V221, 591/223)

so=F1

_5([+B") OO“t(t,x,—\/Ev’Sw?@)}
= oy X [ b VIR B
( Oout_‘_gOVan)(t,m,_\/251752\/252)}-

Besides, the weak convergence of giv*, g&"™* towards gy, g™ implies that

1 |: 0,out 0,inc
Z (9v"" + g9y ) (t, 7, V261, 521/2¢€2)
\/252 sa=F1

(g?/o“t —|—g(€,mc)(t T —\/251,32\/262)] —

weak lim —— Z [ wout g mey(t, @, /261, s2v/2€3)
a—0 4/2¢e9 o1
(g + g~V TR 52V EED)|.

Moreover, we deduce from (5.27) that

2\/? > (65 + g™t 2. VT, 52V 2ER)
—(g aout_‘_gaan)(uL—\/251,82\/252)}

= ~‘°}(t,x,51,52).
which proves that
Jv(t,z,e1,e2) = weak 01411% jﬁ(t,x,sl,sg).
A similar argument leads to
Ju(t,z,e1,e2) = weak oltlg%) Je(t,z,e1,69).

We finally deduce from (5.21) that
JV = Jl; JH = JQ. | ]
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6. Extension to rough interfaces

The interfaces between two grains have been assumed to be perfectly linear and
perfectly clean, in such a way that the reflection obeys Descartes law. In practice,
this is not the case and therefore the reflection may be diffusive. A particle hitting
the grain boundary can be scattered randomly. In this section, we treat the diffusive
part as a perturbation of the full scattering mechanism. More precisely the collision
operator at the interface writes

BY = (1—a)B+ aB,

where

Bola,) = [ (oo hola, o810 = ')’

Fic. 6.1. Diffusive reflection-transmission at the grain boundary

The diffusive reflection is assumed to be elastic ( the electrons do not lose energy
when they hit the grain boundary). The perturbed problem is

QO f+v-Vaf*+V,V Vo f*=0 2€Q velR? ¢t>0,

,yincfoz _ Ba,youtfoz. (6'1)

We shall prove, that in the limit the distribution function relaxes towards a function
of the total energy ¢ = 1 + €2 whereas the diffusion coefficient is deduced from the
diffusion coeflicients D;;(x,e1,e2) derived in the previous sections. The idea is that
aB3 is strong enough to induce a change in the equilibrium state but not to influence
the diffusion equation. This fact has first been noticed for the diffusion approximation
of the Boltzmann equation in [10].
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HYPOTHESIS 6.1.
There exists a smooth function Fy(x,€) defined on IR? x Ry, satisfying:

Fi(z,e) € L*(IR?* x Ry), (v-V,+ V.,V -V,)F(z,e) € L*(IR? x Ry),
where € = (v + v3) and such that
oz, v) = Fr(z,e), = €Q% velR? (6.2)
Let us denote by S. the constant energy S. = {v € R? e(v) = e} and by do(v)

the corresponding surface measure induced by the Lebesgue one. For any continuous
function ¢ defined on IR?, we have the co-area formula

]R21p(v)dv—/]R+ /vess w(v)éz((?)'de—/& ( O%w(\/%cos@,\/%siné))dﬁ) de.

For € € R4, we define L%}i(SE) as the weighted L? space, equipped with norm

2m
|u|2L§ (5 = / lu(v/2e cos B, v/2e sin 0)||w? (v/2¢ cos 0, v/2e sin §)|df
AN 0

so that L2,(R?) = L*(Ry,L2,(S.)). Similarly, we define L?(S.), by changing
wf(vl,vg) by |v4].
HYPOTHESIS 6.2.

i) Positivity: The cross section o is assumed to be positive almost everywhere.
i) Particle conservation

[ oo oool? = e’ =1,
R2

forj=1,2.

iii)Reciprocity: o(v,v') = o(—v, —=v').

w) B is a compact operator on L?(S.) x L3(S.).

We denote by Qv ( respectively Qp) the orthogonal projector of L2(S.) (re-
spectively L3(S.)) onto the space of constant functions and introduce Py = I — Qy
(respectively Py = I — Q) where I is the identity on L3(S.) (respectively L3(S.)).
We denote by

Q: QV; on Vn; If)_ ]E)V; on V’nv
Qu, on Hy, Py, on H,,.

LEMMA 6.1. The operators Q, P, B and B satisfy the following identities
PB=BP, QB=BQ =Q,
PB=BP, QB=DBQ=Q.

Moreover, there exists K (x,e) < 1 such that

||BV15VH5(L§(SE)) < K(z,e) <1, HBHPHHz:(Lg(sE)) < K(z,e) < 1.
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We have

1Bl c(La(s.yxacs.y < 1.

HyPOTHESIS 6.3. There exists K < 1 such that

IBY Pyl piras.y) < K <1, I1B"Pullgras.) < K <1, V(z,6) € R? x Ry.

THEOREM 6.1. i) Under the hypotheses listed in the current and previous sections
(namely hypotheses 2.2, 2.3, 6.2, 6.1, 6.3), the problem (6.1) has a solution f¢.

ii) When « tends to zero, f& converges to f° in the weak star topology of L>([0,T],
L*(IR* x IR,)) for any T > 0. The limit f° takes the form fO(t,z,v) = F(t,x,&)
then F(t,x,e) is a weak solution of the problem (SHE model) posed on the domain
IR” x R+.’

2~7r8t}~7(t, x,€) + (Vg + 0:V, V). ~(t,g:,5) =0,
J(t,z,e) = —D(x,6)(Vy + IV V)F,

. 6.3
F(0,2,¢) = Fr(z,¢), (6.3)
V. V).J(t,z,0) = 0.
The diffusion matriz D(x, €) is given by diag(D~11,D~22)
Z)NM' = 2/ Dii(Z‘,El,Eg)dEl = 2/ Dii(ﬂi,El,E — 51)d€1 (64)
£1+eo=¢ 0

and the coefficients D;; are determined in Theorem 2.1. The diffusion matriz l~)(a:, €)
is strictly positive for (z,e) € IR? x IRY .

In order to prove Theorem 6.1, we proceed as for Theorem 2.1 and etablish uniform
trace estimates. To this aim, the following operator is introduced

a _ 285 1 A
By =(1 a)B—ka[BP—F—l_H?Q], n > 0.

We establish the control of v3%(u), vi"*(u) in term of |u|z2(pe). We have the

«

following proposition which can be proved by adapting the proof of Proposition 4.1
PROPOSITION 6.1. For all w € H*(A,By) and for all a < 2, we have
i)
2
(1-K)(2-a(l -K))

|ﬁ73nc(u)|%2(ra) < |15’72m(u)|%2(ra) < (Au, u)r2(0a), (6.5)

1 ~
(- 1) (z —af1- m)) @ () ey < 2Au,u)p2ony (6.6

Q,y(zync(u) _ 1+ 77(1 - a) A~ 0ut

Q.

Qe ), (67)
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~ « 1
Qe (u)y/ ‘I’a,ﬁﬁg(ra) < Crafulfaay + Co(1+ 57 ﬁ)|u|iz(0u)~ (6.8)
i)
. 2c
2 t 2
|P'Y¢Tc(u)|L2(Fa) < |Pyg" (u)|L2(Fa) < I-[1-a)K +a]? (Au, u) 200y (6.9)
i)
. ~ o~ « ~
Qe (u) = (1 = a)Q" (u) + aQBPY" (u) + m@v&“t (u), (6.10)
a C
Qe (u)y/ ‘I’a,ﬁﬁg(ra) < Cla|u|%{u(,4) + Co(1+ 5 + E)|u|i2(0¢¥)v (6.11)

where @, g is defined in (4.1).

LEMMA 6.2. Let f* be the solution of (6.1) constructed as the limit of f;* asn — 0.
Then f< satisfies the estimates of Lemma 5.1. Moreover, we have:

P2 (F)(0) ey < CIEr e (6.12)
[PYe(f) )72 rey < ClFr[3a a5 (6.13)
T ~

| 1P O eyt < CalFi g, (6.14)

T ~ .
/0 [P () () sy < ClFr o, (6.15)

r 1

| 1@ OB et < (Cs+ )iy (6.16)

where C' denotes generic constants independent of o, B and of the data. The function
D, g is defined in (4.1).

Proceeding as in Section 5, f¢ can be shown to converge weakly towards a limit
F = F(t,x,e1,€2). The new estimates (6.14) and (6.15) show that F' is actually a
function of € = £1 + €2 ( apply the proof of Lemma 5.2).

Now, we define

27
ﬁ‘a(t,x,s) :i fa(t,x,\/%cos&\/%sinﬁ)dg
am Jo iy (6.17)

== F(t,z,e1,¢e2)

b
T Jei4ea=e VE1E2
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2

Jo(t,x,€) :l fa(t,x,\/%COSQ,\/%SiD@)\/%COS@d@
«.Jo (6.18)
= Jla(t7x751752)d517
£1+e2=¢
B 1 2
JE(t, ) = f(t, 2,2 cos 0, /2 sin 0)v/2¢ sin 6d6
0

(6.19)
:/ .]g(t,l‘,€1752)d51)
g1+e2=¢

where F®, J* and J$ are defined by (5.11), (5.12) and (5.13). We have

LEMMA 6.3. Let f® be the solution of (6.1). For any test function ¢ € CL([0,T] x
IR? x IRy) such that ¢(T,-,-) = 0, we have

T
/ / (275 (1,2,)00,0(1. 2.2) + 0T (1,2,2) (9, +0, VO)O(1. 2. )] dadedt
0 "‘XIR+

T
+ / / QT (b 2, €)(Dny + Day VO )D(t, 2, €))ddedt
0 Q(’XIR+

+a 27 F1(z,€)P(0, z, €)dxde = 0. (6.20)
R2xR4

Since lim F* = lim f*, and lim j{’ = ﬁii(x,a)(vxi + 9.V, V)F, we can pass to
the limit in (6.20) and find the weak formulation of (6.3). Namely,

COROLLARY 6.1. For any test function ¢ € C2([0, T]xIR* xIR) such that (T, -,-) =
0, we have

T
/ / (27 (1,200, 0(t,2.2) + i (1,2.2) (D, + 00, V)Gt .)| dvded
0 IRzXIR+

T
+ / / Jo(t,2,€) (0, + 0p, VO )B(t, 2, €))dadedt
0 JIR2xIR4

+ 2nFr(z,€)p(0, z, €)dxde = 0.
IRQX]R,+
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