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DISCRETE TRANSPARENT BOUNDARY CONDITIONS FOR THE
SCHRODINGER EQUATION: FAST CALCULATION,
APPROXIMATION, AND STABILITY*

ANTON ARNOLD ', MATTHIAS EHRHARDT f, AND IVAN SOFRONOV §

Abstract. We propose a way to efficiently treat the well-known transparent boundary conditions
for the Schrodinger equation. Our approach is based on two ideas: to write out a discrete transparent
boundary condition (DTBC) using the Crank-Nicolson finite difference scheme for the governing
equation, and to approximate the discrete convolution kernel of DTBC by sum-of-exponentials for a
rapid recursive calculation of the convolution.

We prove stability of the resulting initial-boundary value scheme, give error estimates for the
considered approximation of the boundary condition, and illustrate the efficiency of the proposed
method on several examples.
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1. Introduction

The development of grid algorithms for solving initial-boundary—value problems
on unbounded domains involves the question of formulating boundary conditions on
an (artificial) boundary that cuts off a finite computational domain from the original,
infinite portion of space. These boundary conditions (BCs) are not contained in the
original problem formulation: they should be obtained by a transformation of the
given asymptotic conditions at infinity onto the artificial boundary. Such a trans-
fer must provide an approximation of the solution on the unbounded domain by the
solution calculated in a finite domain with an artificial boundary. If the approxima-
tion is exact, the transfer is called ezact, and the corresponding artificial boundary
condition is called exact or transparent. For instance, different transparent boundary
conditions (TBCs) for the wave equation are derived in [47, 44, 21, 45]; examples for
other evolution problems are contained in [22].

Clearly, transparent boundary conditions permit us to consider computational
domains of a minimal size, and therefore, they allow potentially to construct fast
algorithms of computing solutions. However, there are several problems towards this
goal: the first one is connected with the derivation of the boundary conditions them-
selves. Secondly, the numerical treatment (approximation, stability, efficiency) of cor-
responding analytical formulas for the BCs is a very delicate question. As a promising
approach one can consider so—called discrete transparent boundary conditions (DT-
BCs) that are derived for a finite—difference approximation of the original evolution
problem on an unbounded domain. The idea of such boundary conditions for general
evolution difference equations is discussed in [36, 37]. DTBCs keep the approxima-
tion and stability properties of the difference scheme used. However, usually there
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502 DISCRETE TRANSPARENT BOUNDARY CONDITIONS

still remains the question of relatively high computational costs required for their
implementation.

This paper is concerned with the numerical treatment of DTBCs for a finite—
difference scheme of the Schrédinger equation governing the time evolution of the wave
function ¢ (z,y,t) € € in a 2D waveguide under the action of a given electrostatic
potential V(x,y,t) € R.

Schrédinger equation. Consider a rectangular geometry that appears e.g. in
the modeling of quantum waveguides and wave couplers (cf. [15]). In these applica-
tions the wave function 9 (x, y, t) satisfies (within a good approximation) homogeneous
Dirichlet BCs at the channel boundaries. Therefore, the (scaled) transient Schrodinger
equation for such an (infinitely long) channel (or “lead”) of a waveguide reads:

i)y = —%Ail)-l-V(x,y,t)l/J, ze€R,0<y<Y,t>0,
Y(x,0,t) = P(x,Y,t) = 0, | 1‘im Y(x,y,t) =0, (1.1)
P(x,y,0) = P’ (2,y).

We assume that the given potential V' is constant outside of the computational domain
[0,X] x [0,Y] (cf. Figure 1.1):

exterior
domain

exterior
domain

computational
domain

X

Fia. 1.1. The artificial BCs at x = 0, x = X cut off the exterior domains.

V(x,y,t) =V_ =const for x <0, V(x,y,t) =V, =const for x> X,
0<y<Y, t>0, and that the initial data has a compact support:
supp ¢! C (0, X) x [0,Y].

Discussions of strategies to soften these restrictions could be found in [25, 43, 20].

Also, the computational domain is chosen here as a rectangle only for simplicity
of the presentation. The geometry could be more complex, as it is the case in [15],
e.g. The only constrains for our subsequent discussion of TBCs is that the exterior
domains are semi-infinite strips (cf. [10] for a related stationary model).
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Equation (1.1) has also important applications in optics (“Fresnel equation”, [41])
and acoustics (“parabolic equation”, [48]) as a paraxial approximation to the wave
equation in the frequency domain.

Analytic TBCs. Let us exemplify first analytic TBCs that can be derived for
the Schrodinger equation. For simplicity, we restrict us here to the 1D case when
none of the considered functions depend on y. These TBCs were independently de-
rived by several authors from various application fields (cf. [34, 9, 23]; inhomogeneous
extensions are analyzed in [7, 11]). They are non-local in ¢ and read

B 2 _71 v 1/1 ZV T
¥,(0,1) = \/; tdt/ t_T (1.2)

for the left boundary at x = 0, and

2 lV+T
%(X,t)\/; A *Wﬂdt/ VX e t_T dr (1.3)

for the right boundary at =z = X.

Since TBCs are of memory—type, their numerical implementation requires to store
the boundary data (0, .) and (X, .) of all the past history. Moreover, the discretiza-
tion of the left and right TBCs (1.2), (1.3) is not trivial at all and has attracted lots of
attention. For the many proposed strategies of discretizations of the TBCs (1.2), (1.3)
(as well as semi-discrete approaches), we refer the reader to [3, 4, 9, 13, 31, 39, 41]
and references therein. We remark also that inadequate discretizations may introduce
strong numerical reflections at the boundary or render the discrete initial boundary
value problem only conditionally stable, see [20] for a detailed discussion.

Difference equations. We consider a Crank—Nicolson finite difference scheme,
which is one of the commonly used discretization methods for the Schrodinger equa-
tion. With the uniform grid points z; = jAz, y, = kAy (where JAz = X, KAy =
Y), t, = nAt, and the approximation ©; k. ~ (2, Yk, tn), j € Z, 0 <k < K, n €
Ny, this scheme reads for the whole space problem:

43
_Kt(¢j,k,n+1 — Y kn) (1.4)

_ Yivrknt1 = 2% kme1 + Vi 1kmt1 n Vit1kn — 2V kn + Vi—1,kn

Az? Az?
wj k+1n+1 — 2¢] k,n+1 + w] k—1,n+1 ¢j,k+1,n - 21/}j,k,n + Q/Jj,kfl,n

Ay? Ay?

=2V kmtt (Wjknt1r +Yjem) JELU1<Ek<K-1,n2>0,

with

Viknts = V(@5 Uty 1)

Transparent boundary conditions are obtained by explicit solution of the equation
in the two exterior domains x < 0 and x > X. In order to reduce the problem to the
simpler 1D case, the Fourier method is used in y-direction. Due to the homogeneous
Dirichlet BCs at the channel walls (y =0, y =Y) we have

wj,O,n = 1pj,K,n - 07 J € Z7 n Z 07 (15)
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and hence, use discrete Fourier transform of v, . ,, in y-direction with respect to sine-
functions:

e E k=0 K

1 Tkm
Ti=— Y Yjknsin () m=1,...,K —1. (1.6)

The scheme (1.4), (1.5) in the two exterior domains j < 0 and j > J then
transforms into:

44, m
_Kt( jn+1 j,n) (17)
— ¢_;y-lkl,7l+1 - 2¢%L+1 + 1p}?’b—lgn-‘,-l + QpﬂLn - 21/};7}” + w;n—l,n
Az? Ax?
_2ij (%T‘flnﬂ + wjn,ln) )
m 1 —cos &2 .
The modes ¥™, m = 1,..., K — 1 are independent of each other in the exterior

domains since the potential V is constant there. Therefore we can continue our
analysis for a separate mode only.

Thus, by omitting the superscript m in the notation, we will consider a discrete
1D—-Schrédinger equation of the following form:

—iR(Yjnt1 — Vi) = Vjr1ne1 — 205 nt1 + Vj-1mt1 (1.8)
+ Yja1n = 20 + Yjmin — WV i1 (Vi1 + ¥jn)
where
4Az?
R= Al 5 w:2A$2, ij,n«k% :V(l‘j7tn+%),
V(z,t)=V_ forax <0, V(x,t)=V, forx>X,t>0, (1.9)

with constant V_ and V,. We remark that the spatial discretization on the compu-
tational interval [0, X] can be nonuniform (e.g. adaptive in time) for our subsequent
analysis.

Note two important advantages of this second order (in Az and At) scheme: it
is unconditionally stable, and it preserves the discrete L?—norm

1nl3 = Az Y [snf?
JEZ
with respect to time (these properties will be used for stability analysis in §5).

Discrete TBCs. Discrete transparent boundary conditions for the equation
(1.8) were introduced in [5]. These DTBCs at the two boundary points j = 0 and
j=J (with X = JAz) can most easily be expressed for the Z—transformed problem:

h1(2) = lo(2)o(2),  Yy-1(2) = Lr(2)s(2), (1.10)
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where the Z—transform of the sequence {%;,},n € INy (with j considered fixed) is
defined as the Laurent series, see [18]:

Z{jn} = ¥;(= Z¢J nz ", z2e@. (1.11)

The two transformed boundary kernels éj (z) are respectively calculated as (cf. [5, 20]):

lo(z) =1 —iCo £ /—Co(Co + 20), Co= ——Hm?v (1.12a)

2z+1

01(2) =1—iCs+/—Ci(Cr +2i), ¢s=

v, (1.12b)

2—|—1

In order to have decaying solutions ’(/AJ]‘ (z) outside of the computational domain (i.e.
for j — £o00) we have to choose the branch of the square root such that [{o(z)| > 1

and |/ 7(z)| > 1. The inverse Z-transform of fj, j =0, J then defines the convolution
coefficients for the DTBCs:

{lin} = 27Hl(2)}, j=0,J.

Since the magnitude of ¢; ,, does not decay as n — oo (¢;,, behaves like const -(—1)"
for large m), it is more convenient to use a modified formulation of the DTBCs (cf
[20]). We introduce

§i(2) =7 2 15@-(2), j=0,J (1.13)
and
{sjn} = Z27H3;()}, (1.14)
which satisfy
550 ="050, Sjm=Lin+Llin1=0n"2), n>1 (1.15)

The corresponding Laurent series of

2) = Z $jn2 " (1.16)
n=0
converges (and is continuous) for |z| > 1 because of the decay (1.15).

In physical space the DTBCs then read (cf. Th. 3.8 in [20]):

n—1

Y1 — 50,0%0,n = Z S0m—kVok — Yin—1, N >1, (1.17a)

k=1

Viim — 8500in = Z Sin—kUik — Yi—tn-1, n=>1, (1.17b)



506 DISCRETE TRANSPARENT BOUNDARY CONDITIONS

with the explicitly calculated convolution kernel:

—ing; P’ﬂ(:u’j) — Pn_Q(,LL])

R o R o
Sjn = [1—%54-5]}5”,0—&-[1—&-15—&—?]}5”71—&—0@6 51 , (1.18)
2R(0; +2) R? +40; 4 02
p; = arctan R p——t i = ;
9579 \/(R2 +02)[R? + (0 + 4)?]

;= 202V}, aj:%\4/(32+a§)[32+(aj+4)2}ei%/“‘, j=0,J.

Here P,, denotes the Legendre polynomials (P_y = P_s = 0), and J,, 1 is the Kronecker
symbol.

In order to formulate the DTBC as in (1.10) it is necessary that the discrete initial
condition vanishes at the two adjacent (spatial) grid points appearing in (1.10). Here,
we chose to formulate the DTBC at the boundary of the computational interval and
one grid point in the interior. Hence we have assumed that the initial condition
satisfies o0 = Y10 = 0 and Y;_10 = ¥j0 = 0. However, without any change
to our subsequent analysis one could also prescribe the DTBC at j = —1, 0 and at
3=4J,J+1, resp.

The use of the formulas (1.17) for calculations permits us to avoid any boundary
reflections and it renders the fully discrete scheme unconditionally stable (just like the
underlying Crank—Nicolson scheme). However, the linearly in ¢ increasing numerical
effort to evaluate the DTBCs can sharply raise the total computational costs. Note
that we need to evaluate just one convolution of (1.17) at each time step (at the
endpoint of the interval [0,t,]). Since the other points of this convolution are not
needed, using an FFT is not practical. A strategy to overcome this drawback will be
the key issue of this paper.

The considered DTBCs (1.17) include the discrete convolution of the unknown
function with a given kernel (1.18). Our approach for fast evaluation of this convolu-
tion consists of approximating the kernel by a finite sum of exponentials that decay
with respect to time (cf. [29]): this will permit us to use recurrence formulas for the
time stepping, see Section 4. Such kind of trick has been proposed in [44] for the con-
tinuous TBC in case of the 3D wave equation, and developed in [1, 2, 45, 46, 16, 22]
for various hyperbolic problems.

Related results. As for the Schrodinger equation, we remark that a related
approach was proposed by Bruneau and Di Menza ([13, 17]). There the authors
consider the continuous TBC in Laplace space (for V_ = 0):

U.(0,8) = V2e T /s59(0,5); s=if E€R (1.19)

where 4 denotes the branch of the square root with positive real part. Its symbol
{/s is represented by a rational function calculated with the help of a least-squares
approximation on the imaginary axis. This approach gives decaying sums of expo-
nentials for the convolution kernel but does not allow for a convergence analysis or
error estimates of the resulting finite difference scheme (see Example 6.3 below).
The limit Az — 0 of the DTBCs (1.17) coincides with the temporally semi-
discrete TBC of Schmidt and Deuflhard [41] and of Lubich and Schéadle, cf. [28, 38].
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On the other hand, alternative derivations of the DTBC (1.17) could be done by
applying the Mikusiriski operator approach, cf. [42], or the operational calculus, cf. [28],
to the convolution—type BC of the spatially semi—discretized Schrédinger equation.
A temporal semi—discretization of the Dirichlet-to-Neumann map for the Schrédinger
equation on a circular domain was discussed in [38, 39].

In [29, 40] the continuous convolution kernel of the TBC for the Schrddinger
equation and its spatial semi—discretization is approximated by sums of exponentials
eMNit including terms with Re()\;) > 0, i.e. not decaying with respect to time. However,
the authors propose an algorithm allowing to maintain a uniform relative error of the
convolution kernel, but it requires to introduce new sums of exponentials to handle
time intervals of an exponentially growing length.

Notice that all of the key ideas that we use for the Schrodinger equation here
can easily be generalized to other types of partial differential equations like parabolic
problems where the DTBCs have a similar form: In [19] DTBCs for the -scheme for
linear parabolic equations were derived. Also, other interior discretization scheme for
the Schrodinger equation could be used (e.g. a Numerov-type discretization [32]).

The paper is organized as follows. In §2 we discuss the numerical computation
of the convolution coefficients (via the inverse Z—transform), approximate them by a
discrete sum of exponentials in §3, and present an efficient recursion for evaluating
these approximate DTBCs in §4. In §5 we analyze the stability of the resulting
initial-boundary-value scheme, and derive error estimates for the resulting Schrédinger
solution in §6. Finally, the numerical examples of §7 illustrate the efficiency of the
proposed method.

2. Calculation of convolution coefficients

The convolution coefficients s¢ ., s, appearing in the DTBC (1.17) can be cal-
culated by the explicit formulae (1.18) as well as by 3-term-recurrence formulae, see
[20]. Let us describe another, more general method based on a numerical calculation
of the inverse Z—transform, see [18]. According to the definition of the Z—transform,
see (1.11), we need to calculate the coefficients of the Laurent series (1.16). By using
the Cauchy integral representation on the circle with a radius p > 1 one obtains

2m

3(pe'?)e? dp, n € Ny, (2.1)

Sy = —
2T

0

(for simplicity of notation we suppress here the index j).
The numerical approximation of (2.1) is made by the standard N—point summa-
tion rule:

n N—1
s e sV = pN ,;J §(pe'fr)e?r . n=0,1,...,N -1, (2.2)

where ¢, = 27k/N. It is easy to show that the sum (2.2) yields the first N values of
sn with the accuracy

S%N):sn—&—(’)(p_N), n=0,1,...,N -1, (2.3)
provided that the sequence {s,} is bounded: Indeed, using the Laurent series (1.16)

with z = pe’® and taking into account the orthogonality property
N—1

in —imey
E e"ke Pr = N(Sn,(m mod N)
k=0
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we obtain
N P — - i N 2N
87(’L ) ﬁ eine Z Smp—me—zmsﬁk =5, 4+p Vspun+p PN sppon + ...
k=0 m=0
Hence
-N
|s(N)—s|<p7ma |sk| n=0,1 (2.4)
n n_l—p_Nk>]}\)]( ks gLy .

Estimate (2.4) means that we can obtain very accurate coefficients sV if we take an

appropriate value of p greater than 1: supposing that max Isk] < 1—p~, we find

from (2.4) that the accuracy

e 1= max |s;) — s,

can be guaranteed by the choice p > 5_%; for example if ¢ = 107%, N = 50 then
p>1.32.

Note that estimates of kind (2.4) are well-known, see e.g. [27], [30], and references
therein.

REMARK 1. By using the asymptotic behaviour |s,| < Cn=3/2, see (1.15), we get the
sharper estimate

C

~ N"3¥/2)UN
5 .

p>(1+

We shall now describe some numerical aspects of evaluating the inverse Z—transfo-
rm. Our tests show that the numerical inverse Z—transformation based on (2.2) is very
sensitive to the mantissa length (parameter Digits in Figure 2.1), i.e. to the round—off
error. For large numbers N, e.g. N > 100, the usual accuracy (e.g. Digits=15) could
be insufficient.

For instance, Figure 2.1 shows the relative error (discrete L?-norm) of S%N) in de-
pendence of p > 1 using N = 256 integration points. The curves look like a ‘hook’: for
each fixed mantissa length the error first drops with increasing p in accordance with
the error estimate (2.4); for larger p it then grows because of exponential amplification
of the round-off errors due to the factor p" in (2.2). Note that for different values
of Digits the decreasing part of the error curve (corresponding to the approximation
error) overlaps exactly. For further discussions of the numerical inverse Z—transform,
we refer the reader to [27] where, in particular, the question of choosing the com-
putational radius p in (2.2) is considered, and to [49] where a detailed numerical
investigation of this situation is given.

3. Approximation of convolution coefficients by sums of exponentials

In order to derive a fast numerical method to calculate the discrete convolutions
in (1.17) (for the algorithm cf. Section 4), we will approximate the coefficients s,, by
the following ansatz (sum of exponentials):

(3.1)

Sp &S, =

Sn, n:O7...,V—1,
Zf:1lefn7 n=v,v+1,...,
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Inverse Z-Transform: comparison of exact and computed coefficients; N=256 points on circle with radius p

T T T T T T T T T
10° g
j%2]
5
210° .
=
[}
o
o
©
Yol
N
B
[} =
£107° .
ks
S
@
&
10—15 |

= Digits = 20

= Digits = 30

= Digits = 40

| | | | | | | | |
1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2

p... radius for inverse Z-transform

F1G. 2.1. Relative error of the numerical inverse Z—transform of § depending on p (the radius of
the integration circle) for different values of Digits (the mantissa length). The three curves overlap
exactly on the decaying branch, and their increasing branches — corresponding to the amplified round-
off error — are 10 orders of magnitude apart. Here Az = 1/160, At =2-1075, N = 256.

where L € IN, v > 0 are fixed numbers. Evidently, the approximation properties of
3, depend on L, v, and the corresponding set {b;, ¢;}. Thus, the choice of an (in some
sense) optimal such approximation is a difficult nonlinear problem. Below we propose
a deterministic method of finding {b;, ¢;} for fixed L and v.

The “split” definition of {§,} in (3.1) is motivated by the fact that the imple-
mentation of the DTBCs (1.17) involves a convolution sum with &k ranging only from
1 to k = n — 1. Since the first coefficient sg does not appear in this convolution, it
makes no sense to include it in our sum-of-exponential approximation, which aims at
simplifying the evaluation of the convolution. Hence, one may choose v = 1 in (3.1).
The “special form” of sy and s; in definition (1.18) suggests even to exclude s; from
this approximation and to choose v = 2 in (3.1); note that a1 e¥s, € IR for n > 2.
We use this choice in our numerical implementation.

Also, there is an additional motivation for choosing v = 2: With the choice v = 0
(or v = 1) we typically obtain two (or, resp., one) coefficient pairs (b, ¢;) of big mag-
nitude. These “outlier” values reflect the different nature of the first two coeflicients.
Including them into our discrete sum-of-exponential would then yield less accurate
approximation results.

Let us fix L and v in (3.1), and consider the formal power series:

f(x) =5, 4+ 8,12+ 5,00 + ... (3.2)
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for || < 1. If there exists the [L — 1|L] Padé approximation

5 Pr_q(x
fla) o= Tt (33)
of (3.2), then its Taylor series
f(2) =5, + Spp12 4 Spq0a® + ... (3.4)
satisfies the conditions
Sn = Sn, n=v,v+1,....,2L+v—1, (3.5)

according to the definition of the Padé approximation rule.

THEOREM 3.1. Assume Qr(x) have L simple roots ¢ with |q| > 1, [l =1,...,L.
Then

L
En:Zblql_”, n=v,v+1,..., (3.6)
=1
where
Pr_i(q) , 4
b= e vt g =1L 3.7
: Q@) # 3.7

Proof. We use the following known representation of the rational function (3.3):

Pri(z) b
Qr(z) ; Q- (3:8)

in terms of {b;, ¢;} defined in the formulation of this theorem, see e.g. [16]. Substituting
the identity

1 oo x n
—1
q—x nz_()(qz) (39

(with |z] < |g]) in (3.8), we obtain (3.6) by comparing equations (3.3) and (3.4). O

REMARK 2. All our practical calculations confirm that the assumption on Qr(x) in
Theorem 3.1 holds for any desired L, although we cannot prove this.

It follows from (3.5) and (3.6) that the set {b;, ¢} defined in Theorem 3.1 can be
used in (3.1) at least for n = v,v +1,...,2L+v — 1. The main question now is: is it
possible to use these {b;, ¢} also for n > 2L 4+ v — 17 In other words, what quality of
approximation

Sn & Sp, n>2L+v—1 (3.10)

can we expect?

Having in mind to outline our approach for a general case (not only for the specific
sy, defined in (1.18)) we will use (a slight generalization of) the Baker-Gammel-Wills
conjecture [8] concerning the existence of convergent subsequences of diagonal Padé
approximants.
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CONJECTURE (GENERALIZATION OF BAKER-GAMMEL-WILLS, [8]) 1. Let p(x) be a
power series representing a function which is meromorphic in |x| < 1 and continuous
on |z| <1 (except at the poles inside the unit circle). Then, at least a subsequence of
the [L|L] Padé approximants converges uniformly to p(x) (as L — o0) in the domain
formed by removing from the closed unit disk small open circles around the poles of
.

REMARK 3. The study of [L — 1|L] Padé approzimants can be reduced to the study of
the [L|L] case by simply considering Padé approxzimants to g(x) = xp(z).

Coming back to our function f(x) with s,, defined in (1.18), we note that it is
analytic on |z| < 1 and continuous on |z| < 1. This follows from the analogous
properties of §(z) for |z| > 1.

THEOREM 3.2. If the Conjecture holds, we then have:
(i) at least a subsequence of the [L — 1|L] (bounded) Padé approzimants to (3.2)
converges uniformly on the disk |x| <1, as L — oo, and we have

5D (2) =2 5(2), uniformly for |2| > 1;

{3 220 £5, Y in £2(INo).

Here, 5 denotes the coefficients (3.6) obtained for a fized L.
(ii) all roots of Qr(x) (of the above subsequence) have absolute values greater than
1;

(iii) |$n — 3| = O(n~2), L fized, n — oo.

Proof. The power series (3.2) with s,, defined in (1.18) is analytic on |z| < 1 and
continuous for |z| < 1. Therefore we obtain the first part of conclusion (i) directly
from the conjecture. With z = 1/2 the convergence of f(F)(z), || < 1 immediately
implies the convergence of

v—1
s (2) = Z snz "+ fE (27127,
n=0

and hence the convergence of its inverse Z—transform, the convolution coefficients
5" The property (i) follows from (4) since any root q; of Qr(x) with |¢;| < 1 would
violate (i). Finally, (éi%) follows from (i¢) and (3.6) (or its modifications for multiple
roots), which shows that |$,| — 0 exponentially, and from (1.15). 0

REMARK 4. We remark that the assumption (from Theorem 3.1) on the roots of
Qr(z) to be simple is not essential for Theorem 3.2. For multiple roots one only has
to reformulate Theorem 3.1.

The above analysis permits us to give the following description of the approxi-
mation to the convolution coefficients (1.18) by the representation (3.1) if we use a
[L — 1|L] Padé approximant to (3.2): the first 2L + v — 1 coefficients are reproduced
exactly, see (3.5); however, the asymptotic behaviour of s,, and §,, (as n — o) differs
strongly (algebraic versus exponential decay). A typical graph of |s,, — §,| versus n
for L = 20 is shown in Figure 3.1.

So far we discussed how to calculate and to approximate the DTBCs for one
fized discretization of the 1D—Schrodinger equation. However, a nice property of
the considered approach consists of the following: once the approximate convolution
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Fic. 3.1. Convolution coefficients sn (left axis, dashed line) and error |s, — §n| of the convo-
lution coefficients (right azis); Az = 1/160, At =2-1072, V =0 (L = 20)

coefficients {3, } are calculated for particular discretization parameters {Az, At, V'},
it is easy to transform them into appropriate coefficients for any other discretization.
We shall confine this discussion to the case v = 2:

TRANSFORMATION RULE 3.1. For v = 2, let the rational function

§(y_%+——+§: (3.11)

@z — 16112’

be the Z—transform of the convolution kernel {3,}52, from (3.1), where {3,} is as-
sumed to be an approxzimation to a DTBC for the equation (1.8) with a given set { Az,
At, V}.

Then, for another set {Awx,, At,., V,.}, one can take the approximation

§%(2) = st + + Z

3.12
qzz—lqz (3.12)
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where
g = Zli;ll; (3.13)
b b D T (310
a:= QAA—”“": +2iff Fi(AZ2V — A2V, (3.15)
b= 2% - 2223 —i(AZ2V — Az?V,), (3.16)

and sf, s7 are the exact convolution coefficients for the parameters {Axy, Aty, Vi}
as given by (1.18).
Derivation. This transformation rule is based on the observation that the exact Z-

transformed boundary kernel / (z) = =%-3(z) depends on the parameters Az, At, and

T z+1
V only via the variable
Ax?z—1
=2—" i Az? 1
C=277 sy TATY (3.17)
cf. (1.12).
Making the assumption that also the approzimate transformed boundary kernels
2 2z A
= S 1
£(2) Py 13(2), (3.18)
2 Z* ~
* *\ . ~* *
2(z) = 1t (z%) (3.19)

only depend on ¢ yields a transformation between two sets of parameters (we shall
elaborate on this choice in §5, cf. (5.12)). By equating the functions ¢ and ¢* corre-
sponding to the sets {Ax, At, V} and {Ax,, At,, V,}, respectively, we obtain the
map
—-b
o= (3.20)

a— bz

with a, b defined above. R
With (3.18) and (3.19) the obvious transformation for /, i.e.

2 2 az*+b
Y * ith ) = -
() = (1) with 2(2) = 2
translates into a transformation for §:
2 2¥+1z2 2¥+ 1z 241 z2(zY)
() * (k) — *)) — G S . ). 21
) = T ) = ) = T ). B

Using z(2*) in (3.11) a lengthy but straight forward calculation yields

L

- cx
Sk K\ ok =1
s (Z)—Co‘i‘z*"’E

=1

b1

_ 3.22
gtz —1gfz*’ ( )
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where ¢f and b} are defined, respectively, in (3.13) and (3.14). The constants ¢fj and
¢} depend on sg, s1, b, and ¢, and, in general, they do not coincide with the exact
values sj and sj. For our purposes, however, this does not matter: Here, we are only
interested in the transformation of the exponential approximation, since only this part
enters the convolution (1.17) (cf. §4 below). Otherwise,the calculation of {3, } would
require to use the Padé -algorithm discussed in Theorem 3.1.

(3.22) shows that the transformation (3.21) preserves the structure of our approx-
imate convolution coefficients {3, } as a sum of discrete exponentials for n > v = 2
(cf. (3.1)).

It remains to note that due to |b| < |a|, the bilinear function (3.20) maps the
unit disc onto itself (see [24], e.g.). Therefore, for |g;| > 1 the map (3.13) gives also
lgf| > 1. Hence, {8} also contains only decaying exponentials. O

The importance of this Transformation rule is twofold: While the Padé —algorithm
provides a method to calculate approximate convolution coefficients §,, for fized param-
eters { Az, At, V}, the Transformation rule yields the natural link (via the assumption
(3.17)—(3.19)) between different parameter sets {Axy, Aty, Vi} (and L fixed). This
will be an important basis for the stability analysis (as Axz,, At, — 0) in Section 5.

Moreover, it allows to extend the convergence result Theorem 3.2(i) on the con-

volution coefficients §$ZL) as L — oo, uniformly in Ax,, At,:

THEOREM 3.3. If the Conjecture holds, we then have:

Let the coefficients {E%L)} be obtained for the parameters {Ax, At, V'} via the above
Padé-method for L € IN.

Then the coefficients {§Z(L)} for Azy, At,, and V, =V, obtained via the transforma-
tion (3.21)—(3.22) satisfy
1555 = silly < ClIEE = salla, (3.23)

where the constant C is uniform for Az, < Ci, Axf/At* < Cy. And (at least a

subsequence of ) the error ||§$LL) — Snll2 = by Theorem 3.2(i).
Proof. Using (3.21) for 5*() and §* we have
5B (2") — 8 (=) = i|w(Z*)\ 8 (2(27)) = 8(2(2")))-
4Az?

Here, the bilinear function w(z*) = (@z* + b)/2* maps the unit circle z* = ¢*? onto
the circle that is determined by the two “diagonal points”

Az? ; 2 2
w(l) =4 Ar 21V (Az® — Axy),
Az?
w(—=1)=4 AL

Hence, w(e®) is uniformly bounded with respect to 0 < ¢ < 27, Az, < Cf,
Az?/At, < Cy. Since z(e™) is a self-map of the unit circle, the assertion (3.23)
follows from Plancherel’s Theorem for Z—transforms. 0
We remark that the assumption V, = V in Theorem 3.3 is only due to the fact
that we are interested here in the stability of one fixed model w.r.t. to the discretiza-
tion parameters Az, At, L. In fact, estimate (3.23) could be extended to V, # V.
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We now return to the discrete 2D—Schrédinger equation, which was decomposed
into the modes ¥™, m =1,..., K —1in (1.7). Provided an exponential approximation
of DTBCs for a single mode is known, we can use formulae (3.13), (3.14) for a rapid
calculation of approximate DTBCs for the remaining Fourier modes by taking the
corresponding values V™.

3 error |s -5 |, |s -5, |
X 10 n n n n
7 T

>

M
L1 T R A P TS R T IRTRY i
!\“‘\’\‘\’\’lll\ ’\"\/\/\
G ’,”ll!\,\l\
! Pt SEREEEREEE
|

0 50 100 150 200 250 300

Fic. 3.2. Approzimation error of the approzimate convolution coefficients for v = 2, Ax =
1/160, At = 2-1072,V = 4500: The error of &%, (- - -) obtained from the transformation rule and
the error of 3, (—) obtained from a direct Padé approzimation of the exact coefficients sn .

Example 3.1. (Transformation rule) We present a numerical example for
applying the above transformation rule. For L = 10 we calculated the coefficients
{bi, ¢} with the parameters Az = 1, At = 1, V = 0 (cf. Appendix A) and then
used the Transformation 3.1 to calculate the coefficients {b},q;} for the parameters
Az, =1/160, At, =2-1075,V, = 4500.

Figure 3.2 shows that the resulting convolution coefficients s}, are in this example
even better approximations to the exact coefficients s,, than the coefficients §,,, which
are obtained directly from the Padé algorithm discussed in Theorem 3.1. Hence, the
numerical solution of the corresponding Schrédinger equation is also more accurate
(cf. Example 7.2, Figure 7.6).
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4. Fast evaluation of the discrete convolution with an “exponential”
kernel

Let us consider the approximation (3.1) of the discrete convolution kernel appear-
ing in the DTBC (1.17). With these “exponential” coefficients the convolution

L
(n) Zuksn ko §n = ZbIan7 ‘QI| > 17 (41)
=1

of a discrete function ug, k = 1,2,..., can be calculated by recurrence formulae, cf.
[44]. Note that similar recursive convolution algorithms are successfully used in other
applications as well, see [12] and references therein. This will reduce the numerical
effort drastically (cf. Figure 7.7 in Example 7.2).

THEOREM 4.1. The function C™ (u) from (4.1) for n > v+ 1 is represented by

L
=3 (w), (4.2)
=1

where

C’l(n) (u) = ql_lCl(nfl)(u) +big; Y —y, n=v+1lv+2... (4.3)
) (u) = 0.

Proof. A straightforward calculation yields:

n—v L L
() =3 u Z b " = 30 ),
k=1 = =1

with
) u) == Zblql*("fk)uk.
k=1

And for each Cl(n)(u) we have the recursion:

n—v—1
i (u Z by " w4 0y ey = a7 O (1) by
with
C’l(u)(u) =0.
a

Finishing the algorithmic part of this study let us summarize the steps of the
proposed method to evaluate approximate DTBCs:

Step 1: Prescribe L, v (e.g. v = 2) in (3.1), take Az = At =1,p > 1, N > 2L+1, and
calculate by (1.18) or (2.2) the coefficients S%N), n=v,v+1,--- ,20+v—1.
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Step 2: Use the [L — 1|L]-Padé algorithm for the series (3.4) with §,, := s n =
v,v+1,--- 2L+ v —1 in order to find {b;, ¢} for (3.1) in accordance with
Theorem 3.1.

The Steps 1 and 2 are made once and for all; see Appendix A with the table
of coefficients for L = 5, 10.

Step 3: For given {Ax,, At,, V,} use formulae (3.13)-(3.16) with {Az = 1, At =
1, V. =0} and {b;,q} from Step 2 for the calculation of {b}, ¢/ }.

Step 4: Implement the recurrence formulae (4.2), (4.3) to calculate approximate con-
volutions in (1.17). The coefficients s, s, ..., s5_; have to be calculated by
(1.18) or (2.2).

5. Stability analysis of the numerical scheme

In this section we shall give a stability analysis (as Az, At — 0) of our numerical
scheme for the Schrodinger equation (1.8) along with BCs of convolution form like
(1.17). Usually, these BCs will be exactly or approximately transparent (with L, the
number of exponential terms fixed), depending on the chosen convolution kernel.

L2-a-priori estimate of continuous solution. To illustrate our subsequent
calculations for the discrete case we shall first give an a-priori estimate for a continuous
IBVP for the Schrodinger equation:

iy = —I%merV(x,t)w, O<a<X,t>0,
P(x,0) = ' (z), 0<z <X,
Ga(0,) = [Lfolt— (0, 7y dr,  t>0, (5-1)
Vo(X,t) = [} fx(t—1(X,T)dr, t>0,

where fo(t), fx(t) are given functions, and we shall assume ! € L2(0, X).
Alternatively, the two boundary conditions can be written in the Laplace trans-
form space as

02(0,5) = fo(s)¥(0,s), Res >0, (5.2a)
Vo (X, 5) = fx(s)(X,s), Res>0, (5.2b)

where fo(s) and fx(s), s € @ are the Laplace transforms of fo(t) and fx (t), t > 0,
respectively.
For the system (5.1) we have the following estimate:

PROPOSITION 5.1. (Stability condition) Let the transformed boundary kernels
fo, [x satisfy for some ay € R:

Im fo(ar +i€) <0, Imfx(ai+if) >0, VEelR. (5.3)
Then the solution of (5.1) satisfies the a-priori estimate

||¢(-,t)||L2(0,X) S ||1/}I||L2(O,X) ealt, t > O (54)

Proof. For smooth solutions 1 this proposition is easily proved by using an energy
estimate for the function ¢(x,t) := 1 (z,t)e”*1* and by using Plancherel’s identity for
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Laplace transforms:

60 030 < 19/ o+ [ [6067)8lX,7) = 6(0.7)82(0.7)] dr
197 00+ 10 [ [0 ()0, (o ) X )
— X100 (60,7 {(xip.1) * fo}(0,7)| dr
= 10100 — 3= | (oo (Xi6) Imfon + )
— X0.9I%(0,i€) Imfo(ar +i€)] d

< 971172 0,x)-

Here x denotes the characteristic function, and we used the fact that
62(r) = (¢4 10) (1) = (Coud) = fo) (7). 7 <t,

with the notation fo (s) = foleq + ) (and analogously for fx).
We remark that the calculation in (5.5) is rigorous for 1(0,.), ¥(X,.) € L} .(IRg)
and fo, fx € L}, (R) ! 0

Example 5.1. (Stability of TBC) The functions

fIBO(s) = V2e T /s +iV_, fiB9(s) = —V2e T {/s+ iV, (5.6)

correspond to the TBCs (1.2), (1.3). An easy calculation shows that they satisfy the
stability conditions (5.3) for all a; > 0.

However, the above regularity assumptions on fi°°, f%°¢ are not satisfied here:
With V_ = 0 the left TBC (1.2) reads

loc

_ g A2
¥2(0,t) =V2e ” (0,1),

N

1
where 4 d— denotes the semiderivative (cf. §7 in [33]). For smooth functions (0, .) it

can be rewritten as

¥ (0,1) = \/> [/w t—T3/2 )d7+¢(\%t)

A part of a singular (distributional) contribution at ¢t = 0, its convolution kernel (as
appearing in (5.1)) is

wlw

TEC(4) = —(2m) "2 e T3, ¢ > 0. (5.7)

Note that this is the same decay rate as in the discrete case (1.15).

IWith Lfoc we denote spaces of locally integrable functions.
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For the free Schodinger equation (i.e. for V' = 0) with the TBCs (1.2), (1.3)
the stability estimate (5.4) with oy = 0 was proved in Theorem 2.2.2 of [17] for ¢! €
H'(0, X). That proof easily extends to the case with a potential V€ L>(IR;"; W1*°(IR))
that is constant outside the computational domain.

Example 5.2. (Sufficient condition for stability of “cut-off TBC”) For
the kernel of an approximate BC we assume a cut—off for ¢ > T and define:

fo(t) = £ (1) H(T — 1), (5-8)

with H () being the Heaviside function and f;®°(t) given by (5.6), (5.7).
We shall verify that this kernel fj(¢) satisfies the stability condition (5.3). To this
end we rewrite it as

fo(t) = fo°° () = fo™(¢) H(t = T).

Hence, its Laplace transform reads

fo(s _ TBC / f'TBC fst dt

—V2e T Y5+ e T et dt
\ﬁ T
T 1 . [ :
\/T(\/ie4lt/§+\/2764l/ T’%e’”d7>, s=a;+1i, £ €R,
m 1

(5.9)

where 5 = a3 + ié, ay = a7, é =¢&T, 7 =t/T. It is easy to find numerically that
(5.9) with T' = 1 satisfies the stability condition (5.3) if &; > 0.23. For general T' > 0
condition (5.3) therefore holds for «y (T) = a1 /T. Note that a1(T) — 0 for T — oo,
which corresponds to Example 5.1.

Discretization. In the discrete case we shall use the following standard notation
for finite difference operators:

ATy =1 =y, AT =1 — o1, A%y =i — 205 + P

We are concerned with the stability (as Az, At — 0) of the Crank-Nicolson scheme
for the Schrodinger equation (1.8) along with convolution-type BCs:

—iR(Yjnt1 = Yjn) = A Qi1 +Pin) =0V i1 (jat1 +Yjn)
j= 1 o d =1,
¢‘,O = d)I(l“),j:O,1,2,...,J—1,J;
With}/f(j),o = Y1 - Ys-1,0=vs0=0 (5.10)
Aﬂ?o(z) (90(2) = 1) vo(2), do(2)] > 1,
A™Yy(z) = —(9s(2) = DYs(2), 19s(2)|>1,

where §o(2), §s(z) are given functions. Alternatively, the two BCs can be written as

Ao = Yom * o = Y Y0k Gom—ki  Jon = Gom — 60.ns (5.11a)
k=0
n
AT Yin=~Vin*Jin=— Z"/}J,k Gin—ki  Gin = Gin — Oon- (5.11Db)

k=0
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We assume that the Z-transforms of the given sequences {g;,}; j = 0,J, §;(2) :=
Z{g;n} are analytic in a neighbourhood of z = cc.

Typically, the BCs (5.11) should be a discrete approximation of the two contin-
uous, convolution-BCs in (5.1). Hence the two functions g;; j = 0,J are of course
functions of z, Az, and At, just as in the DTBCs (1.12a), (1.12b). In this example
their functional dependence is of the form

R R . . Riz—-1

U =§,(z, Az, At) = hi(y) with y = y(z, Az, At) = 5(
where v; = AtV;/2 depends on the external potentials V5 and V. In analogy to (1.9)
we assume V; = V_ for j <0 and V; =V, for j > J.

Note that y appearing in these discrete BCs is just the symbol of 0; + iV in the
Crank-Nicolson scheme, and the Z-transformed equation (1.8) can be recast in the
exterior domain (i.e. for j < 0or j > J) as

() =~ 5052,

Next we shall specify the typical Az— and At-dependence of general transformed

boundary kernels g;. For arbitrary functions fo, fx the BCs in (5.1) are usually not
perfectly transparent. Therefore, their natural discretization cannot be obtained by
calculating the discrete Dirichlet—to—Neumann map for the fully discretized whole
space problem, as it was done in [5, 20] to derive the DTBCs.
After replacing v, in the BCs (5.1) by a finite difference quotient we now discuss the
time discretization of their convolution integrals: A very natural method is based on
the operational quadrature of [26, 27] by using the same time discretization for the
BCs as for the evolution equation, i.e. the trapezoidal rule in our case. We shall hence
assume that the transformed boundary kernels in (5.10) are also of the form

Gi(z, Az, At) = ilj(y), (5.13)

with y given in (5.12) and some appropriate function izj. We remark that this ap-
proach also reproduces the DTBCs (1.10)-(1.12b). In the Transformation rule 3.1
we had already assumed this form (5.13) when calculating the explicit Az- and At-
dependence of the sum-of-exponentials-BCs derived in §3.

(?>—a-priori estimate of discrete solution. In the following lemma we shall
derive an a-priori estimate for the temporal growth of the solution to (5.10) with Ax
and At considered fixed. This discrete analogue of Proposition 5.1 will then be the
key ingredient for our stability result (given in Theorem 5.1 and Theorem 5.2 below).
We shall use the discrete L?-norm:

J—-1

a3 = Az > [thnl*. (5.14)

j=1

LEMMA 5.1. (Growth condition) Let the transformed boundary kernels go, G
satisfy

Imgo(Be'?) <0, Img,(Be’?) <0, V0<¢<2m, (5.15)
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for some (sufficiently large) 5 > 1. Assume also that Go, §; are analytic for |z| > 8.
Then, the solution of (5.10) satisfies the a-priori estimate

[¥nll2 < lltol[28", n €. (5.16)

Proof. The proof is analogous to that of Proposition 5.1 and it is based on a
discrete energy estimate for the new variable

Gjn =i B,
which satisfies the equation
iR (b1~ Din) = (A% = wVj0iy ) (Ginss + 6in) (5.172)
+(g—1)(A2_wvj7n+%+m)¢m+1; =1, J—1,
D0 =150, J=0,...,J, (5.17b)
A*go(2) = (§0(B2) — 1) do(2), (5.17¢)
A7 ¢y(2) = —(9s(Bz) — 1) ¢y (2). (5.17d)

In physical space, the two BCs can be written as

AT o0 = Gon * gginn => ok (Jonr B5), (5.18a)
k=0
A" gn = —dsn * % == Z¢J,k (G- B*7) . (5.18b)
k=0

First we multiply (5.17a) by ¢;.,/3 and its complex conjugate by ¢; 11

_iR(Ejm (¢j,n+1 - ¢j,n) = ngm (A2 - ijer%) (¢j,n+1 + (bj’”) (5.19)
B = 03j0 (82 =0V iy = iR) b
iRGj ni1 (Q_Sj,n-‘rl — d_)j,n) = Pjnt1 (A2 _ wvj,n+%) (d_)jm+1 + ng,n) (5.20)

HB = s (A% = 0¥y —iR) i,

Note that we used equation (5.17a) to modify the last term of (5.19). Next we subtract
(5.20) from (5.19), sum from j = 1 to j = J — 1, and take imaginary parts. After a
simple, but lengthy calculation we obtain:

J—1 S .
> (Bsnsa? = 195a?) = =1 =870 D [djal? = (B=1) D I$msa ]
j=1 =~ 2

- %le[(%n + B0,n41) AF(Po.n + Bdont1) (5.21)

= (Gun + Bbsnt1) A (s + ﬁ¢],n+1)j| :
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Summing (5.21) from n =0 to n = N yields (note that 5 > 1):

lont1ll5 < lloll3 + Imz b0, + Bbont1) AY (G0, + Bo,nt1)

Az

B°R
- (¢>Jn + Bdsnt1) A (dsn + Bbsn+1)]

= [l + 6A2R Imz [ G0,n + BPon+1) (Po,n + Bdon+1) * gg:

+ (Qg.]n + ﬁé],n-‘rl) (sn + Bdin+1) * gﬁJn . (5.22)
For the last identity we used the BCs (5.18) and ¢g o = ¢j0 = 0.
To finish the proof it remains to determine the sign of the last term in (5.22). To
this end we define (for N fixed) the two sequences,

w = bon + Bbon+1, n=0,...,N,
" 07 n>N,

90 Jo,n—k
U 1= Uy * Z U ﬂnn_k , n € INp.

The Z-transform Z{u,} = 4(z) is analytic for |z| > 0, since it is a finite sum.
The Z—-transform Z{v,} then satisfies 9(z) = (§o(8z) — 1)a(z) and is analytic for
|z] > 1. Using Plancherel’s Theorem for Z—transforms (cf. §38 in [18]) we have

N oo 1 27
Z Uplly = Z Uplly = % /. 0(e*)u(er*) dyp
n=0 n=0

1 2

=5 [ a(e?)*(go(Be'?) — 1) dyp. (5.23)

Using (5.23) for the two boundary terms in (5.22) now gives:

A 2m . .
ol < 160l + g [ [101+Be)dn(e ) Tmn(an(5e'®) ~ 1)
H(1+ Be')dy ()2 Tm(gs(8e™?) — 1)] de. (5.24)

Our assumptions on §o and §; hence imply

lonllz < lidoll2 VN >0,

and the result follows. 0

REMARK 5. Above we have assumed that the two transformed boundary kernels g;; j =

0,J — as Z-transforms — are analytic for |z| > . Hence their imaginary parts are

harmonic functions there. Since the average of §j(z) on the circles z = [e'? equals

gj0 = §j(z = 00), condition (5.15) implies Im §;(z = 00) < 0; j = 0,J. Then we have

the following simple consequence of the mazimum principle for the Laplace equation:
If condition (5.15) holds for some [y, it also holds for all B > (.
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Example 5.3. (Discrete counterpart of 5.1) For the exact DTBC (1.17)
(with g; = £;, 7 = 0,J) the stability condition (5.15) is clearly satisfied for § = 1
(see Figure 5.1). In fact the DTBC satisfies (5.15) for all Az and At. Hence, the
discrete L2-norm of v,, always decreases monotonically in time. And in this case the
L2-stability of the scheme (5.10) is trivial.
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FIG. 5.1. The imaginary part of £o(z) is non—positive on the unit circle z = e, 0 < ¢ < 27
(and hence also for 3 >1). Az =1/160, At =2-107°%,V = 0.

Example 5.4. (Discrete counterpart of Example 5.2) As a second example
we consider a simplification of the exact DTBC (1.17), where the convolution coeffi-
cients s; ., are cut off for n > N (cf. [20] for a discussion of the accuracy and practical
relevance of these BCs). The corresponding Z—transform,

N

AN Z (N z .

Eg. )(z) = msg )(z) =11 E SjnZ (5.25)
n=0

satisfies the growth condition (5.15) only for § > 1.25 if N = 10 (see Figure 5.2).
(The continuous analogue of such a cut—off kernel was given in (5.8)).

(?—stability. Now we turn to the stability of the numerical scheme (5.10) as
At — 0. To this end we shall derive uniform estimates for ||[¢,]|2 (as At — 0 and
0 < nAt < T) by using Lemma 5.1. This lemma bounds the exponential growth of
solutions to the numerical scheme for a fized discretization (Az, At) and it will be
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Stability of simplified DTBC: N=10

30 1

201 1

Imag/l\(N)(B ei‘p)

-30} \ _
—40} \ — B=1 i
! - -B=125
\ _ B=2
501 \ B=5 .
\
. _ Imag( IOO)
—60} \J _
| | |
0 2 m 3/2n 2n
¢

Fia. 5.2. Growth condition Im ééN)(z = Be'®) <0 for simplified discrete transparent boundary
conditions with cut—off after N = 10 convolution coefficients, Az = 1/160, At = 2-107%V = 0.
The stability condition (5.15) is satisfied for > 1.25, and Im £yo < 0 holds.

applied for each value of At along with a corresponding radius 3(At). Since the case
B(At) = 1 is trivial (cf. the DTBC illustrated in Figure 5.1) we focus on the case
when 8 = B(At) > 1. For estimating |4, |2 we shall require that there exists a fixed
p > 0 such that

B(AL) < ePR V0 < At < Aty.
Using (5.16) this would then yield our final stability estimate
[nllz < lloll2B(AD)™ < [oll2e”™ 2" < [[4holloe?™, VAL <T. (5.26)

Next we shall discuss conditions on the boundary function §;(z) for one fized
discretization (Axzg, Atg), which imply that the stability estimate (5.15) holds for all
0 < At < Aty on circles with radius B(At) = e”A!) which decrease as At — 0.
In the following three cases we shall assume different behaviours of the function
Az = Az(At) (as At — 0) that permit to prove stability of the scheme (5.10):

Case 1. R = 4Az?/At = const as At — 0, and V; = 0:
Because of the functional dependence (5.12), §; is here independent of At, and there-
fore 8 in (5.15) would also be independent of At. Hence, the stability estimate (5.26)
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can only be obtained if the condition (5.15) holds for 8 = 5(Atg) = 1.
Case 2. Az = Axy = const and V; € Rt

THEOREM 5.1. Let the transformed boundary kernels go, Gy satisfy

Im go(z, Az, Atp) . <0, Imgy(z,Axo,Aty)] <0 (5.27)

1 Cy

for some fixed Axg and Aty. Here, the circle Cy is defined by

z:ﬂ02 +/6’02+ e’ 0<¢p <2,

(cf. Figure 5.8) with some sufficiently large By = eP?t > 1 (note that z = —1 and

z = ﬂo € Cl)
Then, the stability estimate (5.26) holds for all 0 < At < Aty and Ax = Axy.

Im y

Ax,, Aty

Reyy(Bo)| e ’ /Re

(G

VR Y (C)

FI1G. 5.3. Illustration of the 2 maps yo(z) and y(z) from the proof of Theorem 5.1: The circle
z = e'? (dashed line) is mapped onto y(Be*?) which lies inside the (shaded) stability region yo(CY).

Proof. Following the above remark (after the proof of Lemma 5.1) we first note
that condition (5.27) implies

Im_(jj(z, Al‘o, Ato) <0 Vze Cf, (528)

where C{ denotes the part of the complex plane “outside” of the circle C;. The idea
of the proof is to conclude that (5.28) implies

Im §; (2 = B(A)e"?, Azg, At) <0, ¥V 0< At < Aty, 0<p <2, (5.29)

with B(At) = ePAt. To this end we shall compare the images of C{ and the circles
B(At)e from (5.29) under the respective maps yo(z) = y(z, Axg, Atp) and y(z) =
y(z, Axg, At) from (5.12).
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We first consider the rational map

_ 2Axd (z— 1 AtV

yo(z) = Ao \71 i— ):(D - C (5.30)

from (5.12). yo(C?), the image of C¢ is the set y € € with

QA.Tg /80 —1 o 2A$g tanh pAtO

Rey > Reyo(z = fo) = Ato ﬁ0+17 Aty

(5.31)

In order to verify the estimate (5.15) with B(At) = eP?t for 0 < At < Aty we
calculate:

G52 = P21 Ao, AY) = hy(y(At, ), (5.32)

with

2AxE {epmﬂ“" -1 ,AtVJ}

y(At, @) == Ar | B 1 +1 5

2 .
Using the rational map y(z) = 22?" (;__} + Z'AZVJ) we see that

2AxE tanh pAt

Rey(At, ) > Rey(At,0) = 5 V0 <o <27

Due to the monotonicity of the function tanhz/z we finally obtain for the argument
of h; in (5.32):

2AxE pAty
Rey(At,p) 2 Aty tanh = V0 <At < Atg, 0< o < 2.

= Reyo(z = el = fy),

Hence,
o ' (y(At,0)) €CF, VO < At < Aty, 0< ¢ < 2.
(5.28) now shows that
Im g}j(ﬁew, Azg, At) <0

holds with 3 = e?®, and (5.26) follows.
Summarizing, the idea of the proof is based on the fact that all circles B(At)e'¥
(with 0 < At < Atg) are mapped via y; ' oy into Cf (cf. Figure 5.3). ad

Case 3. Az = aAt" (with a = Azg/At], v > 1) and V; € R:
THEOREM 5.2. (a) Let V; = 0 and let the transformed boundary kernels go, G satisfy
Imgo(z, A{L‘(), Ato) c S 07 Imgj(z, ALU()7 Ato) c S 0 (533)
2 2

for some Axqy and Aty. Here, the circle Co is defined by

-1 1 .
2:7%2 +ﬂ02+ e, 0<p<2nm,
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and some sufficiently large By = ePAt > 1 (note that z = —fy and z =1 € Cy).
Then, the stability estimate (5.26) holds for all 0 < At < Aty and Ax = aAt".

(b) Let V; € R and let 33, 99, the transformed boundary kernels pertaining to
V; = 0, satisfy condition (5.33) for some Axg, Atg, and By = ePA0 > 1.

Then, the stability estimate (5.26) holds for all 0 < At < Aty (with some 0 <
Aty < Atg) and Az = aAtY.

Proof. Part (a):
We follow the strategy of the previous proof and first note that condition (5.33) implies

Im g;(z, Azo, Aty) <0 Vz e (3, (5.34)

where C§ denotes the “outside” of circle Ca. yo(C3), its image under the rational map

Aty fo— 1]~ Aty Bo—1°

2A2% 2 -1
= 5.35
is characterized by y € € with
2 2
‘ Azg fo+1 ’ < Azxg Bo+1 (5.36)

The disk yo(C9) is symmetric to the real axis, with left vertex at y; = 0 and right

2Ax?
vertex at y, = A;‘) coth ’)A‘Tto.

In order to verify the estimate (5.15) with B(At) = eP2t for 0 < At < Aty we
calculate:

§;(z = P QA AL) = hy(y(At, @), (5.37)

with

epAt+iga -1

y(At, @) := 202 At (5.38)

epAt+i<p + 1’

For fixed 0 < At < Atg the set {y(At, @) |0 < ¢ < 27} is a circle, lying symmetric to
the real axis with left vertex at

At
y(At,0) = 20°At*> ! tanh pT >y =0,
and right vertex at
At
y(At, ) = 20°At>7 ! coth pT < y.

Therefore the circles {y(At, )]0 < ¢ < 27} C yo(C3), for 0 < At < Aty.
Hence, (5.34) and (5.36) show that

Imgj(ﬁei“”, Az, At) <0
holds with 8 = e?2t, Az = aAt?, and the stability estimate (5.26) follows.

Part (b):
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stability condition for At = 1.0, 0.93, 0.824, 0.7, 0.5, 0.3, 0.05 (from right to left)

i O
0.5
>
e Of
-05F
_l,
1 1 1 1 1 J
-0.5 0 0.5 1 15 2 25

Rey

Fi1c. 5.4. Illustration of the proof of Theorem 5.2 (b): For At < Aty = 0.82 the (small) circles
{y(At, ) |0 < ¢ < 27} are inside the (shaded) stability region yo(CS). Parameters: Axg = Atg =
V=vy=1,p=4.

To verify the estimate (5.15) we have to show that Im g, (z = ePAtF% aAtY, At) =
Im h;(y(At, )) <0, with

ePAITIe 1 AtV
erhitio 11 T2

The circles y(At, ¢), 0 < ¢ < 2 are only vertical shifts of the circles (5.38), and their
left vertex is at

y(At,0) = o® At (p + iV;) + O(At ) for At — 0.

Hence, the circles {y(At, ) |0 < ¢ < 27} C y9(C9), for 0 < At < Aty (for some
0 < Aty < Atg; cf. Figure 5.4) and the stability estimate (5.26) follows. |

y(At, @) == 202 At !

We now illustrate the stability condition (5.27) of Case 2 and condition (5.33) of
Case 3 for the exponential-sum—coefficients introduced in Section 3. The upper left
graphic of Figure 5.3 shows the unit circle (dotted line) in the complex plane and the
circle C; (solid line), on which we shall check the stability condition.

Example 5.5. We consider the free 1D-Schrédinger equation with the discretiza-
tion Az = 1/160, At = 2-107°. The transformed boundary kernel has the form

U(z) = Zi1§(z), where the Z—transform of {5,} with v = 2 reads

b 1
-1

—, |zl > 1L (5.39)
qiz qz

L
§(z) =so+s12 1+ Z
1=1
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We recall that |¢;| > 1,1 =1,...,L (cf. Theorem 3.2(ii)), and hence all poles of § are
inside the unit circle.

N
L=5: Im I(2) on shifted circle C,, B,=1, 1.01, 1.1, 1.2

0.5
O -
S
I
<=
E o ______ _
PR RN
L7 \ I
0.5/ \
\
5 ‘\ i
s \\ ! /
/ vl /
/
-1r —_B,=1 Vo )
B, =101 Vo ;!
v ;o
_ _B,=11 R
_ By=12 . ,
N /
_15 | | |
0 w2 T 32 2n
]

Fic. 5.5. Stability condition (5.27), i.e. Im l7|c1 < 0 for exponential-sum—coefficients with
L = 5. The condition is not satisfied for Bo = 1 but is satisfied for o > 1.0000008.

Figure 5.5 shows Iml?|c1 for L = 5 and various values of §y. For By = 1, Img

is not always negative on the unit circle (max Im/|¢, = 3.06210—6 if L = 5). Thus
the stability condition is not satisfied for By = 1, but it is satisfied for lager values of
Bo. Comparing these plots with the transformed boundary kernel of the exact DTBC
(Figure 5.1 in Example 5.3) we observe that the ‘valley’ of the graph is at the same

position. With increasing [y this valley becomes flatter and Im €~|c1 converges to Im
so ~ —7.93.

Note that the imaginary part of ¢ = §ﬁ has mo singularity at z = —1 €
Ci. This is due to the fact that Re§(z = —1) = 0 (cf. (1.12a), (1.12b)) and its
(reasonable) approximations (5.39) also satisfy Res(z = —1) = 0. Furthermore,
Re Zil is continuous at z = —1 on the circle C;.

Similarly, Figure 5.6 shows that condition (5.33), i.e. Imf|¢, < 0 is satisfied for
8 > 1.00025

REMARK 6. We recognized in this example that Im? is positive on parts of the unit
circle. This means that some modes of the discretized Schrodinger equation could grow
very fast. However, we never observed this in our numerical experiments.

We remark that the stability condition of Theorem 5.1 is independent of the
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IS
L=5: Im I(z) on shifted circle Cz’ Bozl, 1.01,1.1,1.2
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Fi1G. 5.6. Stability condition (5.33), i.e. Im é|c2 < 0 for exponential-sum—coefficients with
L =5. The condition is not satisfied for o = 1 but is satisfied for By > 1.00025.

potential V; in the exterior domain:

PROPOSITION 5.2. Let the stability condition (5.27) hold on C$ for one value of the

potential V; € R. Then this condition holds on the same circle (i.e. for the same By)
for all V; € R.

Proof. This result in easily seen from the properties of the map g, defined in
(5.30): Note that yo maps C¢ onto the half plane {y € € |Rey > Re yo(6o)},
independently of V; (cf. Figure 5.3). d

0?2 —stability in 2D. To finish this section we return to the original 2D-waveguide
problem and discuss the stability properties of the complete scheme (1.4) (for j =

1,...,J — 1) along with the Dirichlet BCs (1.5) and (exact or approximate) DTBCs
for each transversal mode y™; m=1,..., K — 1:

ATJJ’S%(Z) = (90"(2) = 1)11281(2), (5.40)
ATYT () = = (97 (2) = 1) Y7 (2).

We recall that the potential V' = V (z,y,t) may be x, y and t—dependent on the
computational domain [0, X] x [0, Y], but it is assumed to be constant (with the values
Vi) in the leads. Each mode satisfies in the 2 exterior domains a 1D-Schrédinger
equation with the effective potential V™; j = 0, J (cf. (1.7)). If g;(2); j = 0, J are the
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chosen transformed boundary kernels for the free 1D-Schrédinger equation (i.e. with
Vi = 0), the corresponding kernels for the 2D-modes read

U R . [ az"+ b
97" (2") = g;(2(2")) = g; <~ = )
a+ bz*
with @ = 4 —iAtV™, b= iAtV;™ (cf. the derivation of the Transformation rule 3.1).

In fact the stability result of the 1D case easily carries over to 2 dimensions where
we shall use the notation

J-1K-1

lnll3 = Az Ay D>~ > [jmnl*

=1 k=1

PROPOSITION 5.3.

(a) Let the transformed boundary kernels §;(z); j = 0, J of the free 1D-Schrédinger
equation satisfy condition (5.27) for some fized Axy and Aty.

Then the 2D-Schrédinger scheme (1.4) with the BCs (1.5), (5.40) satisfies the
following stability estimate:

lUmll2 < |W0||Qe"T, VnAt <T,0< At < Atg, Ax = Azg,V Ay > 0,

where p = p(Bo) is defined in Theorem 5.1.

(b) Let §;(z); 7 = 0,J satisfy condition (5.33) for some fixred Axy and Aty.

Then, for each fized v > 1 and each fized Ayg > 0, there exists a Aty € (0, Atg],
such that

[¥nllz < ltboll2 €T, YnAt<T,0< At < Aty, Az = aAt”, Ay = Ay,

with o = Azo/At].

Proof. Since this proof closely follows the strategy of the 1D situation we shall
only give the key estimates: Proceeding as in Lemma 5.1 we shall estimate the growth
of the new variable

ik =Vien B,

where v); . , satisfies (1.4), and 8 = e?>*. Following exactly the steps of (5.17) - (5.21)
and summing from k = 1 to k = K — 1 yields (with the notation R, := 4Ax?/At,
Ry := 4Ay?/At, and Ai is the standard second order finite difference operator acting
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in the y-direction):

J-1K-1
Z Z (195 k.nt1]” = 165,8m]%)
=1 k=1
) K-1 .
< #R, Im Z {(% ko + B00,knt1) AN (d0km + BP0,k nt1)
k=1
— (D sen + Bbssent1) A (G pn + 5¢J,k,n+1)}
J-1K—
_ 5.41
+ 71111 Z [_¢j,k,nA§(¢j,k,n + &) knt1) (541)
J=1 k=1
+ @jik, n+1A2($j ko + ng,k,nJrl)}
J-1K-1
+7Im |: d)jknA(b]kn
J=1 k=1

+ (8 - 1)¢j,k,n+1A§ﬂ§j,k,n+1}

Using the Plancherel relation corresponding to the discrete Fourier-sine transform
(1.6) we obtain:

I¢nr1l3 = llonll3

OKAz Ay "=7,- _
< S ar I [( 4 AR ) AT (88 + 508 1)
m=1

J-1K-1

————Tm ) Z[ COS* 1) (@ + &fns1) (5.42)
j=1m=1
+ @7, 41 (cos % —1) (7, + &Tn+1)}
J-1K-1
4KA.’£AyI ZZ[1+B ) (COST;L;Tfl) Zln
Ry j=1m=1

+ (8= 1) (cos T2 = 1)1

Note that the last two terms of (5.42) are both zero.
Summing (5.42) from n = 0 to n = N, and using the BCs (5.40) as in (5.22) -
(5.24) gives:

AzY
o+l < 60l + 52 Z / [+ Be)d () I (567%) — 1)

L+ B)7) Tm(a (30%) — 1] de. (5.43)
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Next we shall use the assumptions on the transformed boundary kernels g;(z) to
show that the integral terms of (5.43) are non-positive.

Part (a):
In the assumptions of Part (a) condition (5.27) is imposed on the kernel §; of the free
1D Schrédinger equation. By using Proposition 5.2 it implies

Img;ﬁ(z,AanAto) c <0 j=0,J;m=1,.,.K—-1
1

for the boundary kernels of each transversal mode m. Theorem 5.1 then implies
Im g7 (Be’?, Axg, At) < 0 Y0 < At < Atg, 0 < ¢ < 2,
and the assertion follows from

[onll2 87N = llénll2 < ¢oll, VN >0.

Part (b):
As before, we have to prove for all modes m:

Im g7 (Be'?, aAt?, At) < 0; V0 < At < Aty, 0 < ¢ < 2m. (5.44)

Following the proof of Theorem 5.2(b), we see that all circles yi's 3=0,J; m=

1,..., K — 1 are inside the stability region:

{yj" (At 0) |0 < ¢ < 27} C yo(C3)

for 0 < At < Aty, and hence (5.44) follows. Note that such a At; > 0 exists, since
the effective potentials V™ stay within a finite interval. ]

6. Error estimates

In this section we consider the numerical scheme for the 1D-Schrédinger equation
(1.8) with (approximatively) transparent BCs of convolution form (1.17). We shall
derive error estimates for the numerical solution when replacing the exact DTBC by
an approximation (like those introduced in §3). First we extend the analytic a-priori
estimate of Proposition 5.1 for the continuous IBVP for the Schrédinger equation
when modifying the BCs. To this end, let 1 (x,t) solve (5.1) with given functions fo,
fx satisfying (5.3) for some «a; € R.

H'-a-priori estimate of continuous solution. First we derive an energy
estimate for the function v, (x,t):

PROPOSITION 6.1. Assume that V,, € L?, (IR;; L>(0,X)), ¢! € H'(0,X). Let the

loc
transformed boundary kernels fo, fx satisfy for some ag > 0:

Re{(s + iV,)fo(s)} >0, Re{(s + iV+)fX(s)} <0, s=ay+ié, (6.1)
for all £ € R. Then the solution ¢ of (5.1) satisfies the a-priori estimate

o () E20,5) < 2 [I0AI 20 x) + 10 1320, Vi (0], (62)
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where V22X(t) 1= fg e2len—e)T ||V (| T)||%OQ(O7X) dr and ¢ = max(ae, 1/2).
Proof. A simple energy estimate for 6(z,t) := 1, (z,t)e” %2t ag > 0, gives

B a0y = {0 0,0} |
— 2a0]|6(., t)||2Lz(07X) + 2/0X Ve (z, t) Im {4 (z, t)e~***0(z, t) } dz. (6.3)
Using the Proposition 5.1 we can estimate the last term:
2 /OX Vi (z, t) Im{o(z, t)e~**'0(x, t) } da

<2000, 8l L20,x) 10, e p20,3x) | Ve (-, £ Lo 0, )
<160, O)lIF20.x) + 1871320 x> = Vi (-, ) F o0 0.5)-

By integrating in time we obtain from (6.3)
t
16C, )1 Z2(0,x) < Wzl Z2(0,x) +2(c — 042)/0 10C, )12z 0,x) dT
t
+ ||1/JI||%2<0,X)/O TV ()0 xy dr (6:4)

+ Im /01t [5(0,7’)03;(0,7') —0(X, T)Gx(X,T)] dr.

It remains to show that the last term in (6.4) is negative. We rewrite the two
boundary conditions (5.2)

92(0.8) = Fals)D(0.5) = hoe)ian(0.9). Fols) = 5 (6:50)
52(X,8) = (90X, = hx($)ias (Xoo), (o) = 5 s (05b)

Re s > 0. Note that 1, is not necessarily continuous at x = 0, x = X. Since the two
boundary terms have to be evaluated at x = 0+, + = X —, the Laplace transformed
Schrodinger equation (5.1) was used to replace ¥ by 1z, in (6.5).

By again denoting the cut—off function by X[, we use Plancherel’s identity for
Laplace transforms (cf. (5.5)). This gives

t P
Tm / 8(0,7)04(0,7) dr = Im / {(xt0.00) * ho}(0,7)X(0. (7)0x(0, 7) dr
0 0
1 — . ; -
- _7/ ‘X[o,t]9w|2(0725>1mh0(a2 +i£)dé < 0,
T JR

provided that (6.1) holds. Here ho is given by ;zo(s) = il()(ag + s). An analogous
estimate holds for the boundary term at x = X. Finally a Gronwall estimate yields
the estimate (6.2). d

REMARK 7. Note that the choice of ho(s), hx(s) in (6.5) is not uncommon; if fo(s),
fx(8) correspond to the TBCs (1.2), (1.3) (cf. Example 5.1) then

.

™
~ e4d

fo(s) = .

V2 t/s+iV_
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An inverse Laplace transformation yields the impedance boundary condition [34]:

—zV_ t—T)
N / ¥=(07) T dr, (6.6)
T —T

which is equivalent (for smooth functions) to (1.2).
Combining Propositions 5.1 and 6.1 yields an a-priori estimate for the solution at
the boundaries (by using a Sobolev—imbedding):

[$(0,1)* + [ (X, 1)
< C {2 g Iag0.x) + € | WalEex) + W 13200, V()] } 5 (6:7)

where C' denotes here and in the sequel generic but not necessarily equal constants.

Example 6.1. (exact TBC) We return to the exact TBC of Example 5.1 Its

Laplace-transformed kernels fTBC7 A)T(BC, satisfy the condition (6.1) for all ap > 0, i.e.

Re{(m)ﬁ)(s)} = \/iRe{e_%i(s +iV_) /s —l—iV,} >0, s=ay+iE,

(6.8)
holds for all £ € IR and analogously for fTBC This is easily deduced from arg(s+
iV_) € [-7/2,7/2],  which implies arg((s+iV_) /s +iV_) €

[—7/4,7/4].

Error estimate of continuous solution. Now let u(x,t) solve (5.1) with the
exact TBC kernels fi®°, fi°¢ (cf. Example 5.1) and let ¢(x,t) solve (5.1) with
given functions fo, fx satisfying (5.3) for some a1 € IR. Then the error k(x,t) :=
w(x, t) —(x,t) solves the system

(L7 =2k + V(z,t)r, 0<z<X, t>0,
k(z,0) =0, 0<z<X, (6.9)
fa(0,8) = faPO(s)R(0, 5) + [fg7C(s) — fo( Nib(0,5), Res >0, '

Fo(X,s) = A;(Bc(s>’%(Xﬂ 8) [ ;(BC(S) (S ]&(Xﬂ 8), Res >0,

and we can formulate the following error estimate:

THEOREM 6.1. Let the assumptions of Proposition 6.1 be fulfilled and let ¢ =
max(ag, 1/2). Then the following estimate holds for all « > 0, a # a1, o # ¢

(s 20,5 < S5 o (2227 = €20) + ap (€7 — 201)
t (6.10)
+ a3(620tvzmax(t) _ eQat/ 62(0(1_02)7—“‘/;;(.,T)H%OO(O’X)GZ(C_Q)T dT)]
0

with

0% = 150 (ati€) — folati€) oo (e + 17X (@Fi8) = fx (@+i8) | oo ()
and

I o, Ot a0y Ol 2oy

(@ —a) T T (c—a) T (c—a
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For o = ay or oo = ¢ one takes the obvious limits in (6.10).

Proof. As for Proposition 5.1 the theorem is easily proved by using an energy
estimate for the function n(z,t) := x(z,t)e™**, a > 0, which satisfies:

in: Z—%mx—l—(V(x,t)—ia)n, 0<z<X,t>0,

n(z,0) =0, 0<az<X,

2(0,5) = fo"(s+)i0,5) + [f5™(s+0) — fo(s+a ]sz(p @),
Me(X, 8) = fR(s+a)i(X, 8) + [P (sa) = fx (s+a)]d(X, s+a),

(6.11)

with Res > 0. An energy estimate for n(z,t) yields:

t
1 B2 0.x) = —20 / 122 0.5, d
—|—Im/ 7(0, 7)1 (0, 7) — 7(X, 7)n. (X, 7)] dr. (6.12)

Now Plancherel’s identity for Laplace transforms gives
Im / (0,7)n.(0,7) dr

— i [ X0 (0,7 (o) 3107
+ {(coge™™) < 1™ = folH0. 1) dr
= 57 [ eaP 0.6 Imf=e(o-+ie)
+ I [ £ (ati€) — fola+i€)] (Xj0.0) (0, ai8) (xpo.0m) (0, i€) d

and analogously for the right boundary term. Here fo is given by fo(s) = fo(a +s).
Since ImeBC(oHrz{) < 0 and ImeBC(a+i§) >0forall @« >0, &€ (cf. Example
5.1) we obtain

||77(~,t)||2L2(0,X)
< || fEC(a+i€) *fo(a+if)||Loo(mg)H77(0 )220, 19(0, 7)e ™[ L2(0,0)
+ 1 FXEC(ati€) — fx (ati€)]| oo ey 17X, T) 20,0 19 (X, 7)™ || 1200, -

It only remains to estimate the above boundary terms. Using the estimate (6.7) we
obtain

|77(07t)|2 =e % ‘M(()’t) - ¢(0,t>|2
< Cem2t {2 32 g ey + €2 [0 2 0 ) + 10 320,00 Vi (8)] }

and analogously for |n(X,t)|?. Integrating in time yields
190, 1720,y < a1 (217" = 1) + ap(e =" — 1)

t
+a3(62(0_“)tvxmax(t)—/o 20TV ()| e 0,x)€” YT dT) (6.13)
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and an estimate of the same form holds for [[¢)(X,7)e™*7|[12(04), i.e. we obtain the
estimate (6.10). d
To illustrate this result we now consider two simple examples:

Example 6.2. (“cut-off” TBC) We continue the discussion of Example 5.2
with the approximate BC—kernel

fo(t) = £ (1) H(T — ).

Analogously to the procedure in Example 5.2 one can verify numerically that its
Laplace transform

1
e
o
satisfies the condition (6.1) (with V_ =0) for 2 > 0.25if T = 1.

Next we verify that the two kernels fy®° and fj satisfy an error estimate like

those appearing on the right hand side of (6.10). These two kernels satisfy

fols) =vV2e T /s +iV_ + %i/ tFetdl, s=as+it, E€TR,
T

2

HfoTBC - f0||L1(0,oo) = 71_7;

and hence

15520 i6) - Al O < e

holds for all o > 0.

Example 6.3. (rational function kernel) As a second example assume now
that fo is a rational function (as proposed in [3, 13, 17]):

~ PL,1(S)
§) = ————=.
fO( ) QL (8)
Since fI®°(s) = v/2e 5% {/s and fo(s) have different asymptotic behaviours for large
|s|, we conclude

o7 (ati€) — fola+i€) ¢ L(Re)

for any @ > 0. Hence Theorem 6.1 does not apply. We remark that this difficulty
will not arise for the discrete BCs with exponential-sum—coefficients derived in §3 (cf.
Example 6.5).

h'-a-priori estimate of discrete solution. Analogously to the continuous
case let 1, ,, solve the Crank-Nicolson scheme (5.10) with o, §s satisfying (5.15) for
some 3 = 1 > 1. From now on we shall assume that V; = V_ for j <1 and V; =V
for j > J — 1 in addition to the assumptions in §5. First we derive a discrete h'-
estimate of the solution of (5.10) which is the discrete analogue of Proposition 6.1:

PROPOSITION 6.2. Let the transformed boundary transfer functions go, Gy satisfy the
following condition for some (sufficiently large) Bo > 1:

>0, 0<p< 2, (6.14a)

Re{ﬂl(ﬁﬁw) [1 - m} } a
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; 1
- YN = ————| > <p<2 14b
with
Riz—-1 AtV_ AtV
yj(z)zg(z+1+“/j>7 =05 V1= 2+. (6.15)

Assume also that go, gy are analytic for |z| > B2. Then the following estimate holds
for At <2, n € IN:

1 2 2
||A+¢7LH§,* < C2n |:||A+¢0|37* + ( +51) ”’l/)O”Z max :| ,

6.16
263 2- At ATl (6.16)

where

max - ﬁ " 2+At
A+,n = Atz (ﬁ; ||A+Vk+%||§o? CZmaX(ﬂQ? 2—At>

k=0

and the discrete norms are defined by

J—2
”A—‘rwn‘l%,* = Az Z |A+wj,n|2v ||A+Vn+% lloo = j:fna{(]fz |A+V',n+% -
=t

(Note the difference to the discrete L?-norm in (5.14).)

Proof. The proof is based on a discrete energy estimate for the new variable
oj,n = ﬂQ_nA+¢j,na
which solves the equation
~iR(0jn+1 — Ojn) = (A = wVj 1) (Ojn41 + Ojin)
+ (0 = 1)(A? —wVj 1 —iR)j (6.17a)
—wBy " (Wi tmt1 + Yit1n) AJFVJ-,%L%.
Alternatively this can be written as
_iR(onH'l - Hj,n) = (AQ - ijJH—%) (0j7n+1 + ejyn)
+ (B2 — 1)(A* —wV, w1 +iR)0 0t (6.17b)
— Wy " (Wit + Yjrrn) ATV 1,
for j =1,...,J — 2 together with the initial condition
ej,O:A+¢j,Oa j:17"’7J_27
and the two transformed boundary conditions

00(2) = [90(B22) — 1] Po(B22), (6.18a)
07_1(2) =—[§5(Baz) — 1] ¥ (Ba2). (6.18b)
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We multiply equation (6.17a) with 6;, and the complex conjugate of (6.17b) with
—0;n+1 and sum it up for j =1,...,J — 2. After a lengthy calculation one obtains
the following formula:

At _ _
2 = 1BAs Im[(6o,n + B200,n+1)A% (00, + B200,n41)

— (Os—1n + B201—1m41) A" (0510 + B207—1,n11)]
-(1- 52_2)||9 [

AtAm
2/8n+2

HenJrng,*_‘ n

Zlm (04520, n1) (D101 +0i01,0) [ATV,
Jj=

which is the discrete analogue of (6.3). We estimate the last term using Lemma 5.1

J-2

Az Tm[(0j.0 + B20;n11)05 " (Vi 41.n41 + Yje1n)] ATV ntd
j=1

< ||0n + ﬁ26n+1”27*62_n“wn+1 + ¢n|| ||A+Vn+% ”oo

< 00+ Pt a1+ B0l () 1AV,

1—|—ﬁ I6;
< 10nl2. + B200m 112 + P 2 () NS

and we obtain

At

10ns113. = 10113, < (B2 =1+ 3 52)| + 56113
At 8
o (G ||¢o|2< ) A
At . . N
+ 152z G0+ B2 ) AT (O + Fobo.ns)
2

— (Og—1,n + Bo01—1n41) AT (Og—1m + B2bs—1n41)]-
Summing for n =0,..., N yields
At At al
At At Aty 5o
(1= S 1wl < (1= 39 Z 18013+ (1+ 57) 8; >
1
n ( +€1)

405

n At
463 Az

— (0710 + B207-1041) A7 (0710 + B205-1,n41)] -
(6.19)

lvoll3 VXS

N
Im Z [(Bo.n + B200.m+1) AT (Bo.n + B200.n+1)
n=0

It remains to determine the sign of the last term in (6.19). To this end, we rewrite
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the two boundary conditions (6.18):

fo(z) = [1 T ﬁm} D1 (Ba2) = Zo(z) A*o(2), (6.20a)
01-1(z) = { 0,52 z)} by_1(Boz) = ( YAT0;_1(2), (6.20b)
with
o) s 2 ~[1- o]
ho(2) TREEL LV hy(z) SREEL v, (6.21)

As in Section 5 we define (for N fixed) the two sequences,

U i A+(90,n+ﬁ290,n+1), n=20,...,N,
" 0, ’/Z>ZV7

VUp = Up * ilO,na n e H\IOa il())n = Z_l{;l()(Z)}

Now using Plancherel’s Theorem for Z—transforms we can show that

N
Im Z [(éom + Babo,n+1)AT (00,0 + ﬁ290,n+1)}
n=0
1 27

N A
=1 D onten =~ Z vntln = o= [ [(e"?) Tmho("?) dip
is negative since
AT 11— b Re{n(Bhe’?) 1 - 55k }
Im hO(eZ ) =1Im— ‘ go(B2e'?) — Jo(B2e%) Z 0

2 yi(Be’®) 2|y1(Bae’?)|?

due to the assumption (6.14). An analogous estimate holds for the right boundary
term.
Finally (6.19) yields for At < 2

(1+51)2 ||¢0 3 max 2+At
s 5. < 0l + gt O Vs + (G R - )Zne 3. (622

With the discrete Gronwall-type estimate [35, Lemma 1.4.2)

we obtain:
2+ At (1+81)* lltoll3
2 2 max
ool < (Gogesr) " fleolg. + St Tl voes | o
provided that (2 + At)/(2 — At) > (3. This yields the estimate (6.16). ad

By combining Lemma 5.1 and Proposition 6.2 and using the discrete Sobolev—
inequality

{”’L/}TLHZ ALL‘) 2||A+Q/JTLH2 *}7 Jj= 1,...,J -1, (624)
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we now obtain an a-priori pointwise estimate for the discrete solution:

(1 +ﬁl)2 ||w0H§ max :|
263 2- At ATl
(6.25)

yal? < C() {ﬁ%nnwon% e Ax) [ At |3 +

for j=1,...,J —1, n € IN. Note that this is a discrete analogue of (6.7).

Example 6.4. (exact DTBC) We consider the exact DTBC of Example 5.3.
The Z-transformed boundary kernel

90P9(2) = lo(2) = 1 — i (2) + \/ —y1(2) (y1(2) + 2i)

(with the branch of the square root chosen such that |[(z)| > 1) satisfies the condition
(6.14) for all f3 > 1. To verify this, one has to check that

Re {y1 (i1 + /=91 (1 +23)] } — Re {yl\/m} >0 (6.26)

holds for all y; = y1(2) with Re y; > 0 (cf. Figure 5.3): For 83 =1 (i.e. Re y; = 0)
this is easily done analytically, and for 83 > 1 one can do it numerically. Note that
(6.26) is the analogue of (6.8) for the exact DTBC.

Error estimate of discrete solution. Now let p;, be the solution of (5.10)

with the exact TBC kernels §F®¢ = /, g5°° = {y (cf. (1.10)) and let 1 n solve the
Crank—Nicolson scheme (5.10) with other transformed kernels §o, g, satisfying (5.15)
for some (31 > 1. Then the discrete error kjp := pjn — ¥ n solves

—iR(Kjnt1 = Kjn) = A% (Kjns1 + Kjn) = 0V i1 (Kjngr + Kjn)
j=1,...,J—1,

ko =0,  j=0,...J (6.27)
At ko(2) =[95°°(2) — 1] &o(2) + [35°°(2) — éo(@]i)o(;%
ARy(2) = —[957(2) — 1 ks (2) = [95°°(2) — §s ()Y (2),

and the following estimate can be proved:

THEOREM 6.2. Let the assumptions of Proposition 6.2 be fulfilled and assume At <
2. Then the following error estimate holds for oll B > 1, B # p1, B # ¢ =

maux(ﬂg7 V2 +AY/(2 - At))

) _ ggjla]x A1 ) ﬁQn _ 12n 9 ﬁ2n _ c2nX A+ 9
1

o (6.28)
+X(1+ﬂ1)2 l[4hol|3 ﬁ2(n—1)z:1(;)2k - },
k=0

2683 2- At Atk-1
with

1 1
G0 (Be™)  g5nc(Ber?)

1
9o.T = A

Az ( L= (0,27)
me,zw))

1 1
g,(Be)  g3mc(Ber)

)
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For B = (1 or B = c we obtain the estimate by obvious limits.

Proof. The new discrete variable 7;,, := k;,87", 8 > 1, satisfies the two equa-
tions

—iR(Njn+1 — Njn) =A% (g1 + Mjm) — WV, ntd (Mint1 +Mjn)
+ (87 = D)(A® —wV i1 = iR)jm,

—iR(Mjn+1 — M) =A% (g1 + Mjm) — 0V, ntd (Mn+1 =+ Mjn)
+ (6= 1)(A? —wVj 1 +iR)jnt1,

(6.29a)

(6.29D)

for j=1,...,J — 1 and the two boundary conditions
At (2) =95 (82) — 1 io(2) + [35°°(82) — G0(52)] o (B2), (6.30a)
A7y (2) ==1357°(82) — 1) (2) — [65°°(82) — 5(82)] s (82). (6.30b)

We multiply equation (6.29a) with 7; ,,, the complex conjugate of (6.29b) with 1; 41
and sum it up for j =1,...,J — 1. This gives finally

_ J-1
—iRZ M1 =ninl® = Z M A% (Mjnt1+15m) an,n+1A2(77j,n+1 +j,n)
- =
_ J-1
-1 Z Mm% 0jm = (B=1) D i1 Mjnt1

Jj=1

J—1
—1)iR Z 1jn+1 ?
j=1

+wz jmt+i 5\77j,n+1|2—571|7lj,n|2)~

After a lengthy calculation one obtains the following expression for the discrete L?—
norm of the error:

> ﬁQ
Innallz = Z (A

At al (6.31)

+ 432 Ax Im; |:(77]O)n + ﬁﬁO,n+1)A+ (770,n + ﬁno,n+1)

— (Msn + Blgps1) A (Mg + ﬁnJ,n-&-l)} .

Since 8 > 1 it only remains to estimate the boundary terms in (6.31). To this
end, we rewrite the two boundary conditions (6.30):

Ai1(2) = ho(2) i (2) + ko(2) 1 (82), (6.32a)
ATy 1(2) = —hy(2)f-1(2) = ka(2) o1 (B2). (6.32b)

with
hi(z)=1— TBcl(ﬂZ) ki(2) = g.(lgz) TBCI([}Z) j=0,J. (6.33)
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Again we define (for N fixed) the three sequences,

U = 771,n+ﬂ771,n+1a n:0,...,N, W, = ¢1,n+6¢1,7l+1a TLZO,...,N,
" 0, n > N, " 0, n > N,

Up = Up * ilo,n + l%om *wWn, n € N,
where
hom = 27 {ho(2)},  kon =2 {ko(2)}.

Using Plancherel’s Theorem for Z—transforms we can now show that

N
AtIm Z (0. + Biio.n+1) A" (no,n + Bon+1)

n=0
N o0
= Atlm Z (ﬁl,n + 5ﬁ1,n+1>A_ (nl,n + 5771,n+1) = Atlm Z UnUn
n=0 n=0 (634)
At [27 ) 2 ) 2 . o
= o [l mho (') + 1m k()i (5e7) d(e™?) } dg
2w 0

< (140 k(e 18~ 1o, I o,

Lo°(0,2m)

since Imﬁo(ew) < 0for all > 1. An analogous estimate holds for the right boundary
term. The discrete L*-norm in (6.34) is defined by [|1;|¢2(0,n) = At Zﬁ;o |n;n|?. For
estimating the boundary term [|9;(|¢2(0,n) We use (6.25):

‘nl,n|2 = ﬂ_2n |U1,n - w17n|2
51 2n 2 c\2n 2 (1+ﬁ1)2 ||1/}0||% max
<2{(2)" ol + (5) " x har vtz + L2 L0l v T3

(6.35)

n=0,...,N 4+ 1. Summing for n =0,..., N yields

Il ) < 288 § —— Il + —— 2 XA ol
p? 7 (6.36)
N
(1 +61 § Hwo J/max
AR 262 2-— z::( ) Vatn

and an analogous estimate holds for ||37"91(|¢2(0,n), i.. We obtain (6.28). d

REMARK 8. Instead of the discrete Sobolev—inequality (6.25) one could also use the
following trivial L?-estimates in (6.36):

1 1
11,n] < N/ 17 |2, [1n| < NI 19 ]]2-
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This would imply

N
—-n At —2n n
187" ¢1llez0,3) I lle2 0,3y < 2@”%”3 Zﬁ (146,

n=0
i.e.
2 (1+ﬁ)2 At max 2 al —2n 2n
Innsallz < WEQO,J |WO||225 (14 61"). (6.37)
n=0

This yields finally the error estimate

mazx Hwollg
07 oAz

) ﬁQ”—l BQnﬁ%n
A1+ ) {521 +/82/3%]

This estimate can be applied if we assume that Ax = const (which corresponds to
Case 2 of Section 5, cf. Theorem 5.1). The advantage of (6.38) is that the condition
(6.14) is not necessary.

Note that gg'® is the discrete analogue of f'¢" from (6.10). With the standard
connection between Laplace— and Z-transforms we have:

k13 < g (6.38)

ATBc(esAt) -1

g A,
o Ao — fIBC(s), Az, At — 0,

s = a + i€ fixed.

Example 6.5. (“cut-off” DTBC) We consider the simplified DTBC of Exam-
ple 5.4 where the convolution coefficients s; ,, are cut off for n > N. In Figure 6.1 we
verify for N = 10 that the corresponding transformed convolution kernel (cf. (5.25))
satisfies the condition for the h'-a-priori estimate (6.14a) only for 3 > 1.24.

As a discrete analogue of Example 6.2 we shall now illustrate the error estimate
of Theorem 6.2: In (6.28) the error between the two solutions is bounded by

1 1

. ,j=0,J 6.39
(N (Beiv)  1;(Bei®) / (6.39)

Lo (0,27)

the difference between the exact ({£;,,}) and the “cut-oft” convolution kernels ({égjjl)})

In the following table we show, how this difference (6.39) decreases as N, the
number of retained convolution coefficients, grows. Theorem 6.2 hence implies con-
vergence (as N — o0) of the corresponding discrete Schrédinger solutions for the
scheme (5.10). The parameters are again Ax = 1/160, At = 2-107°,V = 0, and
B = 1.25.

N = 5 10 20 30 40
error |[1/00Y) — 1/0lo | 1.7346 | 0.97592 | 0.04391 | 0.004559 | 0.00048768

Example 6.6. (approximated DTBC) We shall now compare the above error
estimate (6.28), (6.39) to the situation in the approximated DTBC with the sum-
of-exponentials-ansatz (3.1) (with v = 2). In the following table we show, how the
difference (6.39) decreases as L grows. Note that the numerical effort for evaluation
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simplified DTBC: N=10, Real (,(B, € (1 - 1103, €'%)))
90 T T T

—_B,=11

2 m 32 2n

FIG. 6.1. hl—condition (6.14a) for simplified discrete transparent boundary conditions with cut—
off after N = 10 convolution coefficients, Ax = 1/160, At = 2-107°V = 0. The h'-condition
(6.14a) is satisfied for [ > 1.24.

the DTBC is the same in both cases when 2L = N (compared to Example 6.5). On
the other hand, the error bounds are much smaller for the sum-of-exponentials-ansatz.
Hence, the corresponding solution is much more accurate (cf. Example 7.1, below).

L= 3 15 10 15 20
error ||1/€y — 1/4g||0 |0.0029642 |0.00018247 | 1.2808¢-07 | 6.4439¢-11 | 2.962¢-14

7. Numerical examples

In this section we shall present two examples to compare the numerical results
of using our new approach of the approximated DTBC with the sum-of-exponentials-
ansatz (3.1) (with v = 2) with the solution using the exact DTBC (1.17).

Example 7.1. As a first example we consider the Schrédinger equation (1.1) in
one space dimension on 0 < z < 1 with V = 0, and initial data ¢! (x) = exp(i100x —
30(z — 0.5)%). The time evolution of the approximate solution ¢, (z,t)| using the
approximated DTBC with convolution coefficients {$, } and L = 10, L = 20 is shown,
respectively, in Figure 7.1 and Figure 7.2 (observe the viewing angle).

While one can observe some reflected wave when using the approximated DTBC
with L = 10, there are no reflections visible when using the approximated DTBC with
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Fi1G. 7.1. Time evolution of |q(x,t)|: The approzimate convolution coefficients consisting of
L = 10 discrete exponentials give rise to a reflected wave.

L = 20.

Next we investigate the long—time stability behaviour of the approximated DTBC
with the sum-of-exponentials ansatz. The reference solution ¢,y with Az = 1/160,
At = 21075 is obtained by using exact DTBCs (1.17) at the end points x = 0 and
x = 1. We vary the parameter L = 20,30,40,50 in (3.1) to find the corresponding
approximate DTBCs, and show the error of the approximate solution v, measured in
[[tha(t) = Yrer ()|, /]|1¥!]|L,. The result up to time step n = 15000 is shown in the
Figure 7.3(a). Larger values of L clearly yield more accurate coefficients and hence a
more accurate solution ),.

In Figure 7.3(b) we show the analogous result for the “cut-off” DTBC, where we
retained N = 20, 30,40, 50 exact convolution coefficients. While the numerical effort
is the same for both approaches with 2L = N, our sum-of-exponentials DTBC yields
an error that is 3-4 orders of magnitude smaller.

Example 7.2. The second example considers the time evolution of a wave func-
tion in a potential well of finite depth: We solve the 1D-Schrodinger equation (1.1)
on [0, 2] with zero potential in the interior (V(z) =0 for 0 < z < 2) and V(z) = 4500
outside the computational domain. Figure 7.4 shows the time evolution of a right
travelling Gaussian beam [¢!(z) = exp(i100z — 30(z — 1)?)] using the rather coarse
space discretization Az = 1/160, the time step At = 21075, and the exact DTBC
(1.17). We observe in Figure 7.4 that the main part of the wave is reflected at the
boundaries. The value of the potential is chosen such that at time ¢ = 0.08, i.e. after
4000 time steps 75% of the mass (||¢(.,t)||3) has left the domain.

While the discrete TBCs (1.17) yield the exact numerical solution to the discrete
whole-space problem (up to round—off errors), the approximated DTBC induces small
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X

F1G. 7.2. Time evolution of |a(x,t)|: The approzimate convolution coefficients consisting of
L = 20 discrete exponentials make reflections already invisible.

errors. Figure 7.5 shows the error of the approximate solution v, defined by ey, (x,t) :=
(Ya(z,t) — 7/}ref(x7t))/||7/}l||L2-

Figure 7.6 shows the time decay of the discrete ¢2-norm ||1(.,t)||2 and the tem-
poral evolution of the error |ler(.,t)||]2 when using an approximated DTBC with
L = 20,30,40. Additionally, we calculated for L = 20 the coefficients {b;,q;} for
the “normalized parameters” Az = 1, At =1, V = 0 (cf. Appendix A) and then
used the Transformation rule 3.1 to calculate the coefficients {b;, ¢; } for the desired
parameters (cf. Example 3.1). The result is better than calculating the convolution
coefficients “directly” (compare the error-curves “L = 20 (trafo)” and “L = 20 7).
One observes that the error increases with time. This is not surprising since each
reflection at the boundaries induces an additional error.

Evaluating the convolution appearing in exact DTBCs is quite expensive for long-
time calculations. Therefore we shall now illustrate the difference in the computational
effort for both approaches in Figure 7.7:

The computational effort for the exact DTBCs is quadratic in time, since the
evaluation of the boundary convolutions dominates for large times. On the other hand,
the effort for the approximated DTBC only increases linearly. For L = 10,20, 30 the
lines are indistinguishable since the evaluation of the sum-of-exponential convolutions
has a negligible effort compared to solving the PDE in the interior domain.
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relative L2-Norm of reflected part for different number of coefficients
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F1G. 7.3. Error of the approzimate solution v, (t) with (a) approzimate convolution coefficients
consisting of L = 20,30,40,50 discrete exponentials; (b) “cut-off 7 DTBC: The convolution coeffi-
cients are cut off for n > N with N = 20, 30,40,50. The error-peak between t = 0.01 and t = 0.02

0.1

corresponds to the first reflected wave, which is clearly visible in Figure 7.1.
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Fic. 7.4. Time evolution of |¢(xz,t)| in a potential well. The Gaussian beam is almost perfectly
reflected by the walls of height V = 4500.

Fic. 7.5. Time evolution within the potential well (V = 4500) of the error |er,(z,t)| due to an
approximated DTBC with L = 20. As expected, the error accumulates with each reflection of the
main wave.
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FIG. 7.6. Time evolution within the potential well (V = 4500) of the discrete £2-norm || (.,t)]|2
and of the errors |ler,(.,t)||2 that are due to approximated DTBCs with L = 20,30,40. “L = 20
(trafo)” uses convolution coefficients calculated by the Transformation 3.1.

DTBC vs. exp.ansatz (L=10,20,30), 40000 time steps
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Fic. 7.7. Comparison of CPU times: the sum-of-exponential approrimation to DTBCs has
linear effort (—), while exact DTBCs have quadratic effort.
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Appendix A. In the following table we list the coefficients {q;, b; } of the exponential-
sums-BC having the convolution kernel (3.1) for the cases L = 5, and L = 10 with
the “normalized parameters” v =2, Az = At =1, and V =0:

q by

1.0613253 + 0.83506991e-1*I | -0.46123493e-1 - 0.35384269e-1*1
0.83506991e-1 + 1.0613253*I | 0.57634691e-1 + 0.75937784¢-2*1
L=5 | 1.1653982 + 0.41107342*I -0.95195640e-1 - 0.20683503*1
0.41107342 + 1.1653982*1 0.21356793 - 0.78940966e-1*1
0.95734921 + 0.95734921*1 0.13684972 - 0.33038444*1
1.0204790 + 0.20818849¢-1*I | -0.81657939¢-2 - 0.36037147e-2*1
0.20818849¢e-1 + 1.0204790*I | 0.83222994e-2 + 0.32258771e-2*1
1.0793585 + 0.91985074e-1*I | -0.31636868e-1 - 0.19266238e-1*1
0.91985074e-1 + 1.0793585*I | 0.35993931e-1 + 0.87473565e-2*1

1.1613828 + 0.24003468*1 -0.61222441e-1 - 0.61543495e-1*1
L=10 | 0.24003468 + 1.1613828*I 0.86808626¢-1 - 0.22701935¢-3*1
1.2133719 + 0.49825873*1 -0.60889615e-1 - 0.14138908*1
0.49825873 + 1.2133719*1 0.14303264 - 0.56921716e-1*1
1.1272018 + 0.84466563*I 0.22117261e-1 - 0.20911201*1
0.84466563 + 1.1272018*1 0.13222525 - 0.16350378*1

The coefficients b}, ¢/ for other parameters Ax,, At,, V. can then be obtained from
the explicit formulas in the Transformation rule 3.1. A Java-Applet for calculating
by, q; is available on the authors’ homepages:
www.math.uni-muenster.de/u/arnold/dtbc.html,
www.math.tu-berlin.de/~ehrhardt/

Appendix B. Here we present the Maple code that was used to calculate the
coefficients ¢;, b; in the approximation (3.1) including the explicit formulae in Trans-
formation rule 3.1. These codes can also be downloaded from the authors’ homepages.
We note that the Padé approximation must be performed with high precision (2L — 1
digits mantissa length) to avoid a ‘nearly breakdown’ by ill conditioned steps in the
Lanczos algorithm (cf. [14]). If such problems still occur or if one root of the denomi-
nator is smaller than 1 in absolute value, the orders of the numerator and denominator
polynomials are successively reduced (‘cycle A’).

> restart,;

nu:=2; # initial index of approximation, cf. (3.1)
L:=20; # number of terms in the sum of exponentials
nc:=2xL-1; # number of convolution coefficients
filename:="coe_L20VO";
filenametrafo:="coetrafo_L20V4500";

1. Parameters:.

Parameters of the scheme:

V V.V VYV

> hp:=1; # scaled Planck constant

> Vr:=0.0; # potential in exterior domain x>=X

> dx:=1.0; dt:=1.0;

> mnco:=nc+nu; Digitsl:=nco; Digits:=Digitsl;

> rr:=4*dx~2/(dt*hp); # 'R’ cf. (1.8)

>  sig:=2%dx"2*Vr/hp~2; # parameters (1.17)

> fij:=arctan(2*rr*(sig+2)/(rr-"2-4*sig-sig~2));

> efi:=exp(-Ixfij);

> alj:=I/2*root[4] ((rr~2+sig~2)*(rr 2+ (sig+4) ~2))*exp(I*£fij/2);
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2. Numerical inverse Z-transformation of the given analytical kernel (hat_s).

The function ’hat_s’, see (1.11), (1.13), is considered outside the unit circle.

lcoe:=proc(n,mm)

# ’n’ is No. of Fourier coef.

# mm’ is the number of grid intervals

local ss, x, x1, x2, i, hat_s, shift;

shift:=evalf(1.0); ss:=0;

for i from 1 to mm do
x:=2%Pi*I*i/mm; x1:=exp(x+shift);
# calculation hat_s, cf. (1.11)&(1.13)
hat_s:=evalf ((x1+1)/x1*subs (x2=rr/2*(x1-1)/(x1+1)+

Ixdx~2*Vr, 1-I*x2-I*sqrt (x2* (2xI+x2))));

ss:=ss+evalf (exp(n*x))*hat_s

od;

ss/mm*evalf (exp(n*shift)) end; # cf. (2.2)

VVVVVVVVVVVYVYV

Calculation of the convolution coefficients:

> mm:=nco+1l:

> Digits:=Digitsl: al:=lcoe(nco,mm);

> # Checking the accuracy (last coefficient)
> Digits:=2xDigitsl: a2:=lcoe(nco,2*mm):

> Digits:=Digitsl: abs(al-a2);

> mm:=nco+1:

> # Convolution coefficients:

> for i from O to nco do

> coefc[i]:=lcoe(i,mm); # cf. (2.2)

> od;

> coefr[0] :=coefc[0]; coefr[1]:=coefc[1];

> # Extraction of the real part from smn, n>1, cf. (1.18)
> for i from 2 to nco do

> coefr[i] :=coefc[i]/exp(-I*i*fij)/alj;

> coef[i] :=Re(coefr[i]);

> od;

3. Approximation.

Calculation of the polynomial ’sp’. Only the coeflicients starting with n=nu are used
here; i.e. coef[0], coef[1],..., coef[nu-1] are not considered.

for i from 0 to nco-nu do
ac[i] :=coef [i+nu]:

od:

with(powseries):

powcreate(e(n4)=ac[n4]):

sl:=tpsform(e, x, nco-nu+l):

sp:=sort(convert(sl,polynom));

VVVVVVYV

Calculation of a rational function approximating the polynomial ’sp’. This is the
usual Padé algorithm. The parameter 'npow’ defines the orders of the numerator
and denominator. Important: We have to check that the roots of the denominator
are larger than 1 in absolute value. The value of 'npow’ influences this property:
Cycle A automatically chooses smaller and smaller values of 'npow’ (L-1, L-2,...) to
guarantee that all roots have an absolute value larger than 1.
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ngel:=1; dnpow:=0; npow:=L;
for igel from 1 by 1 while ngel > 0 do

# cycle A

Digits:=8%nco; npow:=npow-dnpow;

with(numapprox): sril:=pade(sp,x, [npow-1,npow]);

Digits:=Digitsl: sr:=evalf(normal(srl)):

pk:=sort (numer(sr)):

gk:=sort (denom(sr)):

rootsl:=fsolve(qgk,x,complex):

nrofroots:= 0:

for r in rootsl do
nrofroots:=nrofroots+1;

od:

nrofroots;
ngel:=0:
for i from 1 to nrofroots do
if (evalf (abs(rootsi[i]))<1) then ngel:=ngel+l fi:
dnpow:=ngel:
appendto(terminal);
od;
lprint(ngel);
# ---> number of roots with abs < 1
appendto(terminal) ;

# printing of roots
for i from 1 to nrofroots do

lprint (evalf (abs(roots1[il)));
appendto(terminal);

od;

Writing of the result:

vV VVVYVVYV

V VVVYVYV

>

for i from 1 to nrofroots do

Digits:=Digitsl:

# Coming back to complex q.-1 (factor exp(I*fij))

qli] :=roots1[i]*exp(I*fij);

# Coming back to complex b_1l (factor alj/exp(I*(nu-1)*£fij))

be[i] :=-subs(x=roots1[i],pk)/subs(x=roots1[i],diff (qk,x))
x(alj/exp(I*(nu-1)*£ij))*q[i] "~ (nu-1):

qRef:=Re(qlil): qImf:=Im(q[il):

bRef :=Re(be[il): DbImf:=Im(belil):

Digits:=14:

appendto(filename) :

lprint (evalf (qRef) ,evalf (qImf),evalf (bRef),evalf (bImf)):

appendto(terminal):

Checking of our representation:

Digits:=Digitsl:
L:=nrofroots:
ap:=proc(n)

local

ss, i; ss:=0;

for i from 1 to L do
:=ss+be[i]*q[i] " (-n) # cf. (3.1)

od;

ss end;

First nco coefficients:
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appendto(terminal) ;
for i from nu to nc+nu do apcl[i]:= ap(i): od:
for i from nu to nc+nu do i:
coefc[i]; eps:=abs(apcl[i]-coefc[il);
od;

4. Transformation to other grid parameters, see Transformation 3.1.
First nco new convolution coefficients (starting with n=nu):

> Vrs:=4500; dxs:=1/160; dts:=0.00002;
:=2%dx"2/dt+2*dxs"2/dts+I* (dx"2*xVr-dxs~2*Vrs); # (3.15)
:=2%dx"2/dt-2*dxs"2/dts-I*(dx"2*%Vr-dxs~2*Vrs); # (3.16)
for i from 1 to L do
gs[i]l:=(ql[il*conjugate(a)-conjugate(b))/
(a—q[il*b): # (3.13)
od;
for i from 1 to L do
bes[i] :=be[i]l*q[i]*((a*conjugate(a)-bxconjugate(b))/
((a—q[i]l*b)*(q[il*conjugate(a)-conjugate(b))))*
(1+gs[i])/(1+q[il): # (3.14)
gsRef:=Re(qgs[i]): qsImf:=Im(qgs[i]):
bsRef:=Re(bes[i]): bsImf:=Im(bes[i]):
Digits:=14:
appendto(filenametrafo) :
lprint (evalf (gsRef) ,evalf (qsImf),evalf (bsRef),evalf (bsImf)):
appendto(terminal):
od;
L:=nrofroots; # (3.1)
aps:=proc(n)
local ss, i; ss:=0;
for i from 1 to L do
ss:=ss+bes[i]l*qs[i] " (-n)
od;
ss end;
appendto(terminal);
for n from nu to nc+nu do apcs[n]:= aps(n): od:
for n from nu to nc+nu do coefs[n]:= apcs[n]; od;

VVVVVVVVVYV VVVVVVVVVVVVVVYVOE
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