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ON A SPLITTING SCHEME FOR THE NONLINEAR
SCHRODINGER EQUATION IN A RANDOM MEDIUM*

RENAUD MARTY'

Abstract. In this paper we consider a nonlinear Schrodinger equation (NLS) with random
coefficients, in a regime of separation of scales corresponding to diffusion approximation. The primary
goal of this paper is to propose and study an efficient numerical scheme in this framework. We use a
pseudo-spectral splitting scheme and we establish the order of the global error. In particular we show
that we can take an integration step larger than the smallest scale of the problem, here the correlation
length of the random medium. We study the asymptotic behavior of the numerical solution in the
diffusion approximation regime.
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1. Introduction

Optical fibers have been extensively studied because they play an important role
in modern communication systems [1, 2]. In particular, the limitation effects of high
bit rate transmission and numerical simulations of pulse dynamics have attracted
attention of engineers, physicists an applied mathematicians.

One of the main limitations of high bit transmission in optical fiber is the chro-
matic dispersion. The different frequency components of the pulse have different phase
velocities, which gives pulse spreading. Solutions have been proposed to compensate
for the pulse broadening induced by dispersion. A widely used method consists of the
periodic compensation of accumulated dispersion by insertion of an additional piece
of fiber with a well controlled length and dispersion values. So, we obtain a fiber with
dispersion coefficient which is random and fluctuating around its zero mean value.
We shall consider such a fiber in this paper.

The evolution of the electric field in an optical fiber with constant dispersion
coefficient is governed by the nonlinear Schrédinger equation (NLS)
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where d (resp. ng) is the dispersion (resp. nonlinearity) coefficient. A lot of work has

been devoted to the numerical study of this equation using many different discretiza-

tion schemes. In particular, some papers are devoted to the study of order estimates

for splitting methods [5, 9, 14]. Splitting methods are based on the decomposition

of the flow of (1.1) into the flows of two partial problems: the linear Schrodinger

equation (with no=0) and the nonlinear equation (1.1) with dg=0. These partial
problems can be solved explicitly.

In this paper we consider the pulse propagation in an optical fiber with a zero-
mean random dispersion coefficient. The electric field is a solution of a nonlinear
Schrédinger equation with random coefficients. One of our goals is to study numer-
ically the evolution of the electric field. We use a Fourier split-step method. This
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680 ON A SPLITTING SCHEME FOR A RANDOM NLS EQUATION

method has already been applied to homogeneous equations, but also to random
equations [3, 4].

Different scales are present in the problem: the fiber length, the correlation length
of the medium, the typical dispersion length and the nonlinearity length. We take
into account these different scales to study the asymptotics of the field. We obtain
a limit theorem for the solution of the random nonlinear Schrédinger equation. This
limit can be identified as the solution of a stochastic NLS-type equation. We can
cite other works dealing with different forms of stochastic NLS equations [7, 8]. We
propose two proofs for our limit theorem. The first one is based on the continuity
of the It6’s map of the propagation equation. The second one is based on the error
estimate for the numerical solution and approximation-diffusion theorems.

Section 2 is devoted to the presentation of the pulse propagation model in a
randomly perturbed optical fiber. In Section 3 we study the nonlinear Schrédinger
equation driven by an arbitrary deterministic continuous noise. In Section 4 we pro-
pose a numerical scheme and we establish an error estimate. In Section 5 we study
the asymptotic behavior of the electric field. Section 6 is devoted to extend previous
results to a more realistic nonlinear model for a pulse propagation. In Section 7 we
give a formal approach for the global error computation to improve the results of
Section 4. Section 8 is devoted to numerical simulations.

Notations.
e L2 denotes the space of functions L?(R,C). For every p€ N, HP denotes the
Sobolev space HP(R,C).
e The Fourier transform of a function 1) € L? is denoted by F(¢)) or by 15

2. Formulation
The electric field evolution in an optical fiber with a zero-mean dispersion coeffi-
cient is governed by the random nonlinear Schrodinger equation [1]:

2
%—Fam(z)% +e2f(Jul*)u=0, u(z=0,t) =uo(t). (2.1)
m is a centered stationary process and models the dispersion coefficient. f is an
increasing function which models the nonlinear response of the medium to the electric
field. The initial condition wug is assumed to be in the Sobolev space H?.

We have written Equation (2.1) in the microscopic scale where the correlation
length and the initial pulse width are of order 1. m models the fluctuations of the
dispersion coefficient. In the microscopic scale the amplitude of the dispersion is small.
So we introduce a small dimensionless parameter € < 1 so that the dispersion term is
written as em(z)9%u/0t?. Hence, in the linear approximation, the propagation can
be modeled by the linear Schrédinger equation

7

Ju 2u
% ﬁzo, u(z=0,t) =up(t),
and the pulse amplitude is of order 1. We would like to study the role of the non-
linearity and its interplay with the dispersion term. We will see that the nonlinear
effects are of order 1 if the nonlinearity parameter is rescaled by 2. So we consider
Equation (2.1).

We consider the propagation equation in the macroscopic scale. We introduce the
rescaled field u®(z,t) =u(z/e2,t) which solves

i—+em(z)

FFEPE=0,  u(z=0)=up(®).  (22)
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We now give more precise conditions on the dispersion process m and the nonlinearity
function f. m is a Markov process with infinitesimal generator £. We assume that
m is centered, stationary, with values in a compact space, and satisfying Doeblin’s
condition [12, 13]. As a consequence, m admits a unique invariant probability measure,
and its infinitesimal generator satisfy the Fredholm alternative. For instance, we can
think of the process m as a continuous Markov process with values in a compact
interval, or a cad-lag Markov process with values in a finite set.

We assume that the nonlinearity function f is of class C*°(R4,R;). We further
assume that there exists a constant M >0 such that f(z)=zif t <M, f(z)=3M/2 if
x>2M, ||f']loo <1 and || f”||oo < 1. So, the function g:(+— f(|¢]?)¢ and all its partial
derivatives! are Lipschitz functions. The case where f(z)=x for all x>0, which
corresponds to the standard cubic NLS equation, will be considered in Section 6.

The first goal of this paper is to study Equation (2.2) numerically. Then we
establish an effective propagation equation for electric field when ¢ — 0 for u®.

3. Nonlinear Schréodinger equation driven by a continuous noise
In this section we study nonlinear Schrédinger equation driven by a continuous
noise w:

u(z,t):uo(t)—i—iao/z%(z',t)dw(z')+i/zf(|u(z’,t)|2)u(z’7t) dz',  (3.1)

with o9 €R, 20,2 €[0,1] (20 < z) and ug € L2. The goal of this section is to show that
the solution is unique in C([29,1],L?) and depends continuously on w.

3.1. Existence and uniqueness of the solution.  The goal of this subsec-
tion is to give a sense to the solution for (3.1). The problem is more suitably written
in the mild form as:

u(z,t) = Xy (20,2)uo(t) +i/z Xo(22) f(lu(2 ) [P)u(2 ) d2, (3.2)

where the parameter-dependent inhomogeneous operator X, is defined as follows.
For a function vy € L?, we give a sense to the solution for the linear problem:

v(zgt):vo(t)—l—iao/z%(zl,t)dw(z’). (3.3)

We first assume that w € C1([0,1],R). We replace in (3.3) the differential term dw(z’)
by w'(2")dz" where w' is the derivative of w. The unique solution of (3.3) in this case
is

i(t—t')?

1 o0
I S A (Gl
W/m p<4aow<20,z>

v(z,t)=

)vo (t')dt',
with

w(zp,2) = /z w'(2")d2 =w(z) —w(z).

Z0

We note that the expression of the solution v(z,¢) depends only on the increments of
w. So, we use the formulation of this solution to define the solution of (3.3) for an

'n this paper g’ (resp. g’) denotes the gradient vector (resp. Hessian matrix) of g.
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arbitrary continuous noise w. We denote by X,,(z9,z) the flow associated to (3.3) for
an initial condition at z = zy:

i(t— AV
X (20, 2)00(t) (t—#) ))vo(t’)dt’,

1 oo
- exp(———
Vadirogw(z,2) /_Oo P <400w(z0,z
with w(zp,2) =w(z) —w(zp). We can write X, (20,2)vo in the Fourier domain as
F(Xw(20,2)00)(8) = F (v9)(8) exp(—i6?aow (20, 2)).

So, the flow X, (20,2):L?— L? is well-defined. Moreover, by Parseval’s theorem,
we have for every pe N, || Xy, (20,2)vo||ar =||vo||m», that is to say that X, (z0,2) is
unitary in every Sobolev space HP. We denote by X (zo,2) the flow X,,(29,2) if there
is no ambiguity on the noise w.

Now we can establish the existence and the uniqueness of the solution of (3.2).

THEOREM 3.1.  Let ug€L?.  Equation (3.2) admits a unique solution u in
C([20,1],L?).

The proof of Theorem 3.1 will be delayed until several technical lemmas can be
stated.

We denote by S,,(20,2) (or S(zo,%z) if there is not ambiguity on the noise w) the
flow which is associated to (3.2) with initial condition in z = z.

Without loss of generality we assume zp=0. To prove Theorem 3.1 we first
consider the sequence of functions ((z,t) — x,,(2,t))nen which is defined by: z(z,t) =
uo(t) and for every n>0:

T (z,t) = X (0,2)uo(t) —&—i/OZX(z’,z)fﬂxn1(z',t)|2)xn1(2’,t)dz'. (3.4)

If f is bounded, then t — f(|z,—1(2',t)|?)zn_1(2',t) belongs to L? for all z and n. So
(Zn)n is a well-defined sequence of functions with integrable squared modulus with
respect to t.

We establish a regularity result for x, in Lemma 3.3 which is a consequence of
the following technical lemma.

LEMMA 3.2. (i) Let (¢n)n be a sequence of measurable and nonnegative functions. If
there exist two positive constants C1 and Co such that ¢o=C1 and for all n € N* and
z€[0,1],

bns1(2) <Cr+Co / $u()d2,
0
then

sup ¢, (z) < Crexp(Cs).

z€[0,1]

(ii) Let (¢n)n be a sequence of measurable and nonnegative functions. If there exist
two positive constants Cs and Cy such that for alln e N* and z€10,1], ¢o(2) <Cy and

bni1(2) < 03/0 on(2)d2,
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then

%

sup ¢n(Z)SC4 n' .

z€[0,1]

Proof. For (i) we prove by recurrence with respect to n that ¢, (z) <Cjexp(Csz).
For (ii) we prove by recurrence with respect to n that ¢, (z) <C4(Cs2)"/n!l. O

LEMMA 3.3. If ug€ H?, then the sequence (z,), is bounded in HP(R,C) for all
p=0,1,2, uniformly with respect to z € [0,1] and n €N, that is to say that there exists
a constant C' which depends only on f and ||ug||g2 such that for all n €N we have

sup ||xn(z,)||g2 <C.
z€[0,1]

Proof. Let p=0. X (z0,2) is unitary, then

IIwn+1(2,-)I|L2S\Iuol\L2+I|f\loo/ |z (2, )| 2 d2".
0
By Lemma 3.2, we get

sup ||z (z,°)[|2 < |[uol| 2 exp(]| f[o0)- (3.5)
z€10,1]

Let p=1. From (3.4), if z,, € H* then x,, .1 € H', and X(z0,2) is unitary, then

0¢zni1(z, )l |2 < |Opuol| 2 +H9'Hoo/ |0 (') |2 d=".
0
By Lemma 3.2 we have

sup ||z (2,)[[m1 < |[uollm exp(]|flloc +119l100)-
z€[0,1]

Let p=2. X(20,2) is unitary, so
107 @ p41(2,) 22 < |07 uol| 2
z
HIQ’HOO/ 107w (2", )| 2 d’
0
z
#glle | 00
0
By Gagliardo-Nirenberg inequality
11124 < Cgnll-llan ]l [l 2,

and the beginning of the proof, there exists C' which depends on ||ug||g1 and f such
that

z
()2 < et 72 +C / 0 (2, )| 2 2’
0
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Then, by lemma 3.2 and the previous estimates, we have

sup ||z (2,°)| |2 <|[uo|| g2 exp(C).
z€10,1]

This ends the proof. ]
Before proving Theorem 3.1 we establish the two following lemmas.

LEMMA 3.4. If ug € L?, then (zy,)n is a Cauchy sequence in L>([0,1],L?).
Proof. Let p and ¢ €N. Since ¢ is bounded, from (3.4):

2 tar1(2) — Zge1 ()] 12 < / 9(@psa(=')) — glag (/)| 2 d
z 21 zq
<|lg)|e / dz / dz - / 2 (20:41) — 7ol |2 dzgen.
0 0 0
(3.6)
From (3.5), we get

[|2p(2q+1) = uoll2 <[luoll L2 + [[zp(2g41)] 2
<Iluoll Lz (1+exp(|] flloc))-

Substituting into (3.6) and taking the supremum in z € [0,1], we obtain

llg'[]2
sup |[@p4q+1(2) = 2g41(2)||L2 <|luo||r2 (1+exp(]| f]l)) T
2€[0,1] (g+1)!

Letting ¢ — oo, we establish that (z,,), is a Cauchy sequence in L>([0,1],L?). ad
LEMMA 3.5. The map

A:L>([0,1],L?) — L>=([0,1],L?)

vi—= X (0,2)uo(t) —|—i/ozX(z',z)g(v(z’,t))dz’,

18 continuous.

Proof. Let vy and vy in L°°([0,1],L?). We have
4G ()~ Al2) Nz < CX( gl () d / X (! )g(va(+))d || 1o
< / g1 (2)) — g(oa(2) |2 d=
<1lg'l1eo / 02 (") — 02 (") 2 d2',

then

[ A(v1) = A(v2) ]| Lo (10,1),22) <9 |ool[v1 = V2| Lo (0,17, 22)-
The continuity of A follows. d

Now we prove Theorem 3.1.
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Proof. (Theorem 3.1) (x,,), is a Cauchy sequence in L>°([0,1], L?), so it converges
to a limit u in L°°([0,1],L?). By the continuity of A, u is solution to (3.2). Now we
prove that w€C([0,1],L?). X (z0,2) is unitary in L?, so for zp < 21:

[lu(21) = u(z2)|| L2 <[[(X(0,21) = X(0,22))uo|| 2 +/Zl llg(u(z")l|z2d2’

22

+/022 (X (2, 21) = X (2, 22)) g (u(z")) || L2 d2".

An application of bounded convergence theorem gives ue€C([0,1],L?). Hence, (3.2)
has a solution in C([0,1],L?).

It remains to prove the uniqueness of this solution. Let u be another solution.
The facts that X (zo,z) is unitary and ¢ is Lipschitz give for every z €0,1]:

|lu(z) —u(z)]| L2 SC/O [lu(z") —(2")]| 2 d2".
So by Gronwall’s lemma, for every z €[0,1]:
|lu(z) —u(z)|| 2 =0,
which implies uniqueness. ]

We prove a result on the regularity of the solution of (3.2).

LEMMA 3.6. Let ug€ H?. For every z€[0,1], u(z,-) € H?. Moreover:

sup [[u(z,-)|| g2 < oo, (3.7)
z€[0,1]
and
sup |[lg(u(z,-))||m2 < oo. (3-8)
z€[0,1]

Proof. We fix z €[0,1]. By Lemma 3.3, (x,,(2)), is in a closed ball of H2. Hence,
we can extract a subsequence (¥, (z)), which converges weakly in H? to a limit
y(z) € H? (because H? is reflexive) and, consequently, in L?. But we also have that
(2n, (2))k converges strongly in L? to u. Hence u(z)=y(z) and u(z) € H.

Moreover, for all z € [0,1]

()= < limint [, ()12 <.

by Lemma 3.3 where C' does not depend on z, so

sup ||u(z,")|| g2 < oo.
z€[0,1]

that concludes the proof of (3.7). The proof of (3.8) is a direct consequence of (3.7)
and the boundedness of ¢’ and ¢”. 0

The second important result of this section is the continuity of the solution of
(3.2) with respect to the noise w (we call this map the It6 map). Here we use the
notation X, (z0,z) for the linear flow and u,, for the solution of (3.2) driven by w.
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THEOREM 3.7. Let ug € H?. The Ité map T associated to (3.2):
T:([0,1},R) —C([0,1],2%)

W Uy,

is continuous. In fact, it is a Lipschitz map.

Proof. Let wy and wy be two continuous noises. We have
uwl(z,t)fuwg(z,t):le(O,z)uo(t)Jri/ X, (2',2)9 (U, (7,1))d2’
K, (0,2)ug(t) — / Ko (27,2)g (s, (2',1)) d2’
= X, (0,2)uo(t) — Xuw, (0,2)uo(t)
[ (X (12 = X (22D (.6))
0

s X (222) (9t (1)) — gty (2,))) 2

iy (2=t 212 < [ Xo (0,2}t~ Xy 0.l
G 2) = X 2D, (D 120

/ Hg uwl (UwQ( ’))Hdez'

<||wy —wal|ool|uol | 2

20w —w oo / (2t () | 72 4
0

z
19l / et () — tang ()] 2 42’
0

< |w1 —wa||sol ol | 2

+2C||’UJ1 *w2||oo”u0||H2
z

I e [l () =t )2
0

hence, by Gronwall’s lemma,

SUp ||ty (2) =, (2)[| L2 <3Cexp(C)[wr — w2 |oo,

z€[0,1]
which concludes the proof. 0
3.2. Pseudo-spectral scheme. We introduce a pseudo-spectral scheme to

solve (3.2) numerically for (z,t) €[0,1] x R. We give the definition of the flow Y(2)
associated to the equation

)
ia—z+f(|v\2)v:0. (3.9)

We consider an initial condition ug € L?. There exists a unique solution in C([0,1], L?)
to Equation (3.9). This solution can be written as

Y (2)uo(t) = uo(t) exp(iz f (Juo(t)]*))-
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We can deduce ||Y (2)uol|rz =||uo||L2-

We let X" := X ((n—1)h,nh). We fix an integer N and we let h=1/N. We define
the function ¢ — ul (¢) for all 0<n < N as an approximation of ¢+ u(nh,t). We begin
by ult =wug. Recursively we let for every n€{0,---,N —1}:

h_)

n

oo {uerl/Q =X (nh, (n+1)h)uy,
Uy —Upy 1

up 1 =Y (R)ul o

The main result of this section is the following:

THEOREM 3.8. We assume that ug € H? and there ezxist two constants c,a>0 such
that for every zg,z €[0,1]

sup |w(z") —w(zo)| <c|z— 20| (3.10)

2/ €[z0,7]

Then there exists a constant C' which depends only on g, ¢ and ||uo||gz, such that for
every h € (0,1], and n satisfying nh <1:

\|uZ—u(nh,-)||Lz <Ch®.

The proof of Theorem 3.8 will be delayed until several technical lemmas can be
stated.

We recall and introduce some notation. We respectively denote by S(zg,z),
X (z0,7) and Y (z— zp) the flows associated to Equations (3.2), (3.3) and (3.9) with
initial conditions in 2z and Z(29,2):=Y (2 — 20) X (20,2). We let S":=S((n—1)h,nh),
Zh:=Z((n—1)h,nh), §Z =8h...S" and Z;} :=2Z"...Zh. We establish a first lemma.

LEMMA 3.9. There exists a constant ¢y which depends only on g such that for all uq
and uy in H?:

[1Z(20,2)u1 — Z (20, 2)uz||p2 < (1+co(2 = 20))|[u1 —ua|| 2.

Proof. X (zo,%) is unitary and linear in L?, so it is sufficient to show that
1Y (2)us = Y (2ol 2 < (14 02)] fug — s |
We have
Y (2)u; =uy —l—i/zg(Y(z’)ul)dz’.
0
Using the fact that g is a Lipschitz function:

z
1Y (2)ur =Y (2)uzl|r2 < Hm—UzIIL?JrC/ 1Y (")ur =Y (2")ual| 2 d2,
0

where C only depends on g. By Gronwall’s lemma:

[IY (2)ur =Y (2)usa|| 2 <exp(Cz)||u; —usl|Le2.
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There exists cg >0 such that exp(Cz) <(1+c¢pz) for every z € [0,1], so
Y (2)ur =Y (2)uzl[2 < (1+co2)[|ur —uzl[ 1,

which completes the proof. O
LEMMA 3.10. Let u; € H?. We have

[ X (20,2)ur —us|[r2 <[w(z) —w(z0)||[ua]| g2

Proof. Let u1 be the Fourier transform of u;. We use the basic estimate |exp(iz) —
1|2 <22 to obtain:

2

11X (20, 2)u1 11|22 :/:O [T O)esxp (— it (w(z) ~w(z0)) )~ (0)] o

< (w(z) —w(z0))*|Jus |72
This concludes the proof. 0

LEMMA 3.11. Letu; € H2. There exists a constant Co which depends only on ||u1]| g2
and g such that for every z € [zg,1]:

[IS(20,2)u1 — Z(20,2)u1]||r2 <Co sup |w(z)—w(20)|(z—20)-

z' €[z0,7]

Proof. We have
S(z0,2)u1 — Z(20,2)u1 = R1(20,2) + Ra(20, 2), (3.11)

where

Ry (20,2 —z/ X (2", 2){9(S (20,2 )u1) — g(Z(20,2" )u1) }d2',

2(20,2 —z/ {X(2,2)9(Z(20,2")u1) — g(Y (2 — 20) X (20,2)u1) } dz’.

We deal separately with Ry (29,2) and Ra(z0,2). X (2',2) is unitary and g is a Lipschitz
function, then

1Ry (20, 2)|| > < ||g'||oo/:||5(2072')m—Z(ZO’Z’)MHL? dz'. (3.12)
0
By the fact that g is a Lipschitz function and using Lemmas 3.10 and 3.9:
|| R2(20,2)|| 2 </ 1X(2",2)9(Z (20,2 )u1) — 9(Z (20,2 )ur ) || 2 d2'
+ [ 0 y) =0V ()X o 252

<C sup |w(z’)—w(20)|/ |1 Z (20,2 Yu1|| = dz’
2o

z'€[z0,7]
19 1o / (1+co(#’ — 20))||1X (20,2 Yur — X (20, 2)uus | 2 42

20

<C(z—z) sup |w(z')—w(z0)l,

z'€[z0,2]
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where the last constant C' depends on g and the H2—norm of u;. So, following (3.11)
there exists a constant C' depending on g and the H2—norm of u; such that for every
20, z1 and z satisfying zo <z < z:

[1S(20,21)u1 — Z(20,21)ut||r2 <C(21—20) sup |w(z')—w(z0)]

z'€[z0,2]

Z1
+C’/ 1S (20,2 Yu1 — Z (20,2 Yur||p2 d2".
20

The proof is completed by an application of Gronwall’s lemma. O

LEMMA 3.12. Let u; in H?. There exists a constant C which depends only on g,
[|ui||gz such that for every z € [20,1]:

[1S(z0,2)u1 — Z(20,2)ur|| L2 §C(z—zo)1+a.

Proof. This is a direct consequence of Lemma 3.11 and (3.10). d
Now we prove Theorem 3.8.

Proof. (Theorem 3.8) We use the telescopic sum

ul —u(nh,)=2" ZPhug— S-Sty

"

ZZ{ZQ---ZJth_l~~-Sfu0—Z§~~~Z;7+1S§L--~S{luo}.
j=1

Taking L?—norm and applying Lemma 3.9 we obtain existence of a constant cy such
that

sy —u(nh, gz <Y (1+coh)" 7 [[(Z] —S7) S}y -+ Stuol| 2.

j=1

Using Lemma 3.12 and the uniform boundedness of S(zg,2) in H?, there exists C
such that

[ul —u(nh,)||p2 < CZ(l +coh) "I pHe < Cexp(co) ™.
j=1
The proof is completed. ]

4. Error estimate of the pseudo-spectral scheme for the electric field
This section deals with the numerical study of the electric field u(z,t) =u(z/e%,t)
which is solution of

out 1 (E%) 0%ue

- €12\,
P —&—gm BT + f(Juf]*)u® =0. (4.1)

i

4.1. The split-step scheme.  As for (3.2), there exists a unique solution of

u® in C([0,1],L?) if we take ug € L2. We denote by S%(29,z) the flow associated to the
problem (4.1) with initial condition in z= 2.
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We introduce the split-step scheme to solve (4.1) numerically for (z,t) € [0,1] x R.
We consider the problems:

Ov® 1 2\ 0%v°

g o) B = (4.2)
Ov o
za-i-f(h)\ Ju=0. (4.3)

We denote respectively X¢(zo,2) and Y (z — zp) the flows associated to Equations (4.2)
and (4.3) with initial condition at zo. Moreover we let Z°(zg,2):=Y (2 — 20) X° (20, 2).

We let X" :=X?((n—1)h,nh). We fix an integer N and we let h=1/N. We
define uS" for every 0 <n < N as an approximation of u¢(nh,-). We begin by ug’h =uyg.
Then we define recursively for every n€{0,---,N —1}:

,h .— Y€ £,
uEh et unﬂ/z.fX (nh,(n+1)h)unh’.
n n+1 ua,h .:Y(h)ue,h

n+1- n+1/2"

u® " is defined by: for every z € [0,1],
N-1
h h h
wM(2) =Y Tn G (2) (5" + (2/h = [z/B) (52l —u5™)),
j=0

where I4(z)=1 if 2€ A and 0 otherwise. Finally we let S":=S5%((n—1)h,nh),
Zh .= Z%((n—1)h,nh).

4.2. Error estimate. The main result of this section is the following.

THEOREM 4.1. We assume that ug € H2. There exists an constant C' depending only
on g and ||ug||pz, such that for every e <1, h€]0,1], and n satisfying nh<1:

E[l[ug" —u®(nh,")[[72] < C(h+e?).
Moreover, for every z€[0,1]:

E[lJu*"(2) —u®(z,")|[2] < C(h+e?).

Note that in classical simulation situations, the numerical grid step is smaller
than the smallest scale of the problem. Here, we can choose a numerical grid step
which is larger than the smallest scale, the natural scale of variations of the random
coefficient, because the solution varies relatively slowly.

The proof of this result follows the same lines as the proof of Theorem 3.8 and
use strongly the results of Section 3 and the following remark.

REMARK 4.2. Lemmas 3.9, 3.10 and 3.11 establish properties of the operators
X (20,2), Z(20,2) and S(z9,z) defined in Section 3 with an arbitrary continuous noise
w. If we consider the noise w(z)=ws(z)= [, (1/e)m(z'/e?)dz’, these operators are
respectively X¢(zo,2), Z%(z0,2) and S%(z0,z) defined in this section. Hence, Lemmas
3.9, 3.10 and 3.11 can be used here. Moreover, the constants which appear in Lemmas
3.9 and 3.11 are independant on € because they are independant on the noise w.

We also need the two following lemmas.
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LEMMA 4.3. For every l € N*, there exists a constant C; such that

’ 21
z 1 1"
E sup / ~m (Z—z) dz"
2'€lz0,2] | Jz0 € €

Proof. We denote by L the infinitesimal generator of m. Following the Fred-
holm alternative, there exists a function f1(m) such that £ f1(m)=m. Moreover, the
process M, defined by

<CY(e? 4 (z—20)").

My (2) = (=) = Fi(m(ao)) - [ “Lh(m())d?,

is a martingale with bracket
()= [ (LRmE) ~2h LA ) d

So we have

/Z lm(i”) e =& (fl (m(2'/e%)) — fu (m(zo/ﬁz))> —eM, e2(2' /%) (4.4)

€ g2

By Burkholder’s inequality and the boundedness of m, there exists Cj such that

E| sup |eM,,.2(2'/e?)

z'€[z0,%]

21
‘| < 6210E[<Mz0/62>(z/52)l}

( / // (L)) -2 (m(:) ) dz’) ]

l
§€2101<;—zg> = Cy(z—2). (4.5)

S&QlClE

Moreover, again by the boundedness of m, and the Doeblin’s condition, there exists
C] such that

2l
E[ sup €<f1(m(2//82))—f1(m(2o/€2))> ] <eq.
z'€z0,2]
Using (4.4) and (4.5) we complete the proof. o

LEMMA 4.4. Let ug € H2. There exists C' depending only on g and ||ug||gz such that
for every he (0,1) and n €N such that nh<1,

|25 zE™ - Z5 || < C.

Proof. Let ug € H%, h€ (0,1) and n€N. X(zg,2) and Y (z — zp) are unitary in L2,
so, we have

|Zgh 2z - Z5 "ol | L2 = ||uol| 2,
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that is to say Z5hZ=" ... Z=" is unitary in L2
Let u; € H'. We have

||3tY(Z)U1||L2SllatmllL?Jng’Hoo/ 10:Y ()| 2 d2".
0

By Gronwall’s lemma, there exists C' depending on g such that for every h:
1Y (h)ua|| g <[lual| g exp(Ch).
So, X(z0,z) being unitary in H', we have with the same constant C as previously
12502, - 27 o L1 < o |z exp(Crh) <[ Juol 111 exp(C)-
Let u; € H2. We have
107Y (2)ua |2 < |07 wa | 2

1 lloe / 102V (= Yuus | 2 2’
0

19" loo / 10Y (< Yua 2. .
0

Hence, by Gagliardo-Nirenberg’s inequality ||-|3, < Cynl|-||22]| ||z and the previous
step of the proof, there exists C' depending on g and ||u;||g: such that:

IIY(Z)U1||H2SHU1HH2+C/ 1Y (2" )ua |2 d2".
0

So by Gronwall’s lemma and the identity ||07X (20,2)u1||z2 =||0?u1||12, there exists
(' depending on g and ||uy||g such that for every j <n:

125" us || g2 < ||ur|| g2 exp(C'R).

Moreover, || Z&hZE" - Z8 || g < ||uo|| g1 exp(C), so there exists C”" depending on
g and ||ug|| g1 such that

125 230+ 25 o |z < o | = exp(C"'nh) < ||uo| |2 exp(C”).

The proof is completed. ]
Now we prove Theorem 4.1.

Proof. (Theorem 4.1) We use the telescopic sum
e --Zf’huo _ SfL’h~~~Sf’huo

n
_ e,h e,h qe,h e,h e,h e,h qe,h e,h
= E {Zn ...Zj Sj—l"'Sl uonn ”’Zj-i-lSj Sl UO}~

Jj=1

We take the L2—norm. Then, by Lemma 3.9, there exists a constant ¢y such that

" = (nh,-) 2 <Y (L4 coh)" I |(Z5" = S5 S5 -+ 87 o | 2.

=1
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We take the expectation, we use Lemmas 3.11 and 4.3 and the fact that S¢(z,2) is
uniformly bounded in H2. So there exists C' such that

Ef|jus - (nh, ) 3] <O S (1+60h) 209 (3 4 £2h2) < Cexp(2eo) (h+e2).
j=1
We get the first part of Theorem 4.1. For the second part, it is sufficient to show that
for every z € [nh,(n+1)h)

E(|[uf(z,) —u(nh,")|[1.] < C(h+e?) (4.6)
and Elllu™"(z,) —uz" ()l|72] < C(h+e?). (4.7)
For (4.6), we have
u®(z,-) —uf(nh,-) = X*(nh,z)u®(nh, ) —u®(nh,-)

-H/ Xe(2,2)g(u®(2',-))dz".
Now we take the L?—norm:
[u®(z,") —u®(nh,)||2 <|[X®(nh,2)u(nh, ) —u®(nh,-)|| L2
+C(z—nh)|uo(-)||r2-

In applying Lemmas 3.10 and 4.3 and |z —nh|<h we obtain (4.6). For (4.7), we use
Lemmas 3.10, 4.3 and 4.4. ]

By a slight modification of the proof, we can obtain an extension of the previous
result. This extension will be used to establish a uniform error estimate.

LEMMA 4.5. Let ug € H2. There exists C depending only on g and ||ug||gz such that
for every e <1, he (0,1], and n such that nh <1, for every z€[0,1]:

El[u™"(2) —u(z,)[|72] < C(h* +&").

3. Uniform error estimate. Here we establish the following result.

THEOREM 4.6. Let ug € H2. There exists C depending only on ||ug||g2 such that for
every <1, he(0,1] and v>0:

C
P[ sup [[u™"(2) —u(2)][ 12 >’v] < —p(h+et/h).
2€[0,1] Y

Proof. We let v5"(z,t) :=u®" ,t (2,t) for every z and t. For every N >0:

(=
P| sup ||v€’ (D)2 >~| =P sup ||v€7h(z)||Lz >y
2€[0,1] €[j/N,(j+1)/N]

=0
P[ sup [ (2)]|s >7]

IN

2€[j/N,(j+1)/N]

P

IN
ML

[0 (2) =0 (502 >g]

z€[J/N J+1)/N N

-1

+
L]

Plnvm (j/N) |L2>g]
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By Markov’s inequality and Lemma 4.5, with N =1/h, we have:

N-1 C
Pl||veh ]/N |L2>P2y‘| Sg(h+€4/h)
7=0

By Lemma 4.7 below, with N =1/h, we get:

N—-1
%(m&/h)

o (z) o (Dl > 3

=0 [ J/N (J+1)/N]
This concludes the proof. 0

LEMMA 4.7. We let vo"(z,t) :=us"(2,t) —u®(2,t) for z and t. Letug€ H?, 2, €, and
h in (0,1] and v>0 then

C
P sup Hve’h(z’) —UE’h(Z)HLz > X —4(h2—|—5 )
z'€[z,2+h] 2 Y
Proof. We have
sup ||v8’h—va’h(z)||Lz§ sup ||u5’h—ua’h(z)||Lz+ sup ||u® —u®(2)]|Le2.
[z,2+h] [z,2+h] [z,2+h]

We begin by dealing with supy, . |[us? —us"(2)||L2. For 2" €[0,1] we let:

N-1

~sh e,h
= Tngaom (25"
j=0

If 2’ € [h[z/h],h[z/h] +h[, then [z'/h] = [z/h] so us"(z") —us"(2) =0. If 2’ € [h[z/h]+
h,h[z/h]+2h[, then [2'/h]=[z/h]+1 so

) =8 () = g~
=Y (2) X[ uim — Ui
=Y ()Xl = X[
+ XU 0~ U
On the one hand we have
Y (2) X2 ey = X et 152 < / g(¥ (") Xt 2 d=”
<Ch,

where C' depends on g and ug. On the other hand,

h[z/h]+h1 S
XE u eh St QSC/ “m( =) d”
I 2~ Ugemlle - (=)
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where C' depends on g and ug by Lemma 4.4. Then we have

hlz/h]+h 1 "
/ fm(z—z> dz"|+h|.
h(z/h] € €

We take the fourth moment and we apply Lemmas 3.10 and 4.3, and we obtain

1G5 1~ Ty ll22 < C(

E[ sup [[u*" () =u""(2)|[12] S C(h® +e%).
z'€[z,z+h]

It remains to prove

E[ sup |[[a""(z) —u""(2')[|7.] O(h* +eY). (4.8)
z'€[z,z+h]

For every 2/, we have
ut M) = () = (2 = [ R (U g —uef/h]),
hence

h[z'/h]+h 1 S
a=h (2") —us ()| |2 < C / ﬂn(—) dz"
h[z'/h] 3 e?

S0,

sup  |[@S"(2) —uSh (2|2 < C
2’ €[z,2+h]

h[z/h]+h 1 "

/ fm<z—2) dz"
h[z/h) € €
hlz/h]+2h 1 "

/ ﬂn(%) dz"|+h].
hlz/hl+h € €

We get (4.8) in taking the expectation and in applying Lemma 4.3. It remains to deal
with sup,/e(, .45 [[u(2") —=u®(2)|[12. Let 2’ €[z,2+h], we have

+

ug(z’)—ua(z):Xs(z,z')ug(z)—ua(z)—i—i/z Xe(2",2")g(uf (2"))dz",

there exists C' depending on g and ug such that

’

[uf (") —u®(2)]]2 SIIXE(%Z’)UE(Z)—UE(Z)HL2+/z g (u®(z"))| L2 d="

/:, ém(z—g) dz" )

We take the supremum and the fourth moment and we apply Lemma 4.3. We obtain:

SC(h—f—

E[ sup [[u(z) —uf(2)[[2] SC(h* +e%).
z'€[z,2+h]

Then we apply Markov’s inequality to complete the proof. ]
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5. Diffusion-approximation
In this section we deal with the effective pulse propagation. We establish diffusion-
approximation results for the exact solution and the numerical solution.

5.1. Diffusion-approximation for the exact solution. We consider the
equation:

z 2’LL z
u(zi)zuo(t)—f—ioo/o th(z’J)OdW(z’)—i—i/o fu(Z )P u(/ t)ds',  (5.1)

where W is a standard Brownian motion and o¢ > 0. The mild form of this equation
is:

u(z,t) = X(0,2)ug(t) +i/OZX(z',z)f(u(z’,t)|2)u(z’,t) dz, (5.2)

where X (2¢,2) is a.s. defined by:

1 /°° . ( i(t—t')?
- X _—
dirooW (z0,2) J -0 P 4ooW (20, 2)

for voe L? and where W (zg,2)=W(2)—W(z2p). By Ito’s formula, the function
v(z,t) =X (20,2)v0(t) is a.s. the unique solution of the linear equation

X (z0,2)vo(t) )vo(t’)dt’,

z 2’U
v(z,t):vo(t)Jriao/ g?(z’,t)OdW(z’). (5.3)

Note that we can get the same solution if we use the general framework introduced
in Section 3 for each sample paths of W. We can also write the Fourier transform of
X (20,2)vg as

F(X (20,2)v0)(8) = F(v0)(0) exp(—i€?coW (20, 2)).

So, X(z0,2):L?— L? is well-defined. Moreover, by Parseval’s theorem, we establish
the equality |[X (20,2)vo||r2 =[vo|| L2

Following Section 2, there exists a unique solution (that we denote by w) in
C([0,1],L?) to the problem (5.1).

One of the main theorems of this section is the following.

THEOREM 5.1. Let ug € H2. If 03 =2 [ “E[m(0)m(z)]dz then u® converges to u in
distribution in C([0,1],L?) as € goes to 0.

2
Proof. We define M¢(z) :zzfoz/s m(z')dz for every z€[0,1]. By classical
diffusion-approximation theorems [12], M¢ converges in the space of continuous func-
tions to opW when € — 0. Hence, by Theorem 3.7, we get the result. O

5.2. Diffusion-approximation for the numerical solution. In this sub-
section we construct an approximation u" for u. As for u", we subdivide [0,1] in
N small steps. We let h=1/N. We define: ul(t):=ug(t) (initial condition), and for
every n€{0,---,N—1}:

=X (nh,(n+1)h)ul,

Uu :
h h . n+1/2
Uy, unJrl . h R (h) h
Up g1 =Y (R)uy g )
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Finally, u” is defined as: for every z €[0,1]

N-1

uP(2) =Y Legngromn (W) + (z/h—[z/h]) (u), —ul)).
=0

We establish for the limit process analogous error estimates with Theorem 4.1 and
4.6.

THEOREM 5.2. We assume that ug € H2. There exists a constant C depending only
on g and ||ug||gz, such that for every h€(0,1], and n satisfying nh<1:

E[[[uy = u(nh,)|[72] < Ch.
Moreover, for every z€[0,1]:

E[|[u"(2) —u(z,")|[Z] < Ch.

THEOREM 5.3. Let ug € H2. There exists C such that for every h€ (0,1] and > 0:

C
P| sup ||uh(z)fu(z)||Lz>'y <—h.
2€[0,1] Y

The proofs for these theorems are the same as for Theorems 4.1 and 4.6. The
main difference is the substitution of Lemma 4.3 by Lemma 5.4 which follows.

LEMMA 5.4. Let W be a Brownian motion. For every € N*, there exists C; such
that

#[(, s 1wt e

The proof of Lemma 5.4 is a direct consequence of Burkholder’s theorem [10].
We establish the convergence of u" to u" as € goes to 0.

THEOREM 5.5. Let ug€L? and NEN. We fix h=1/N. Then u" converges in
distribution in C([0,1],L?) to u” as e —0.

Proof. We begin the proof by showing that for a fixed N, the se-

h h . L. . R

quence (ug,ui", -+, uy"') converges to (ug,uf, - ,uf) in distribution in (L%)N+!

as € goes to 0. It is sufficient to show that for every n<N the sequence
e,h eh e,h Jh h h h hy ;

(Me,uo,u1/2,u1 ,~~~,un71/2,ufl ') converges to (UOWU07U1/2aU1a“'7“571/277%) in

distribution in C([0,1],R) x (L?(R,C))?"*! as e — 0, where M¢(z) :5foz/52m(z’)dz’
for every z €[0,1]. We proceed recursively on n.

Let n=0. By diffusion-approximation theorems [12], M¢ converges in distribution
in C([0,1],R) to ooW as e goes to 0. wg is not random, then (M®,ug) converges in
distribution in C([0,1],R) x L? to (aoW,up).

b eh h
Now we assume the convergence of (Mg,uo,u‘i’ﬂ,ui’ e

e,h
P U gy U ) and we

& e,h  e,h e,h e,h .
prove the convergence of (M SUO05 Uy gy Uy 5 7unH/Q,unJrl). The Fourier transform
e,h . .
of Uyt 18 written as

T o(0) =T " exp(—i6* (M*((n+1)h) — M®(nh))).
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Let a sequence ((wg,vx))r which converge in C([0,1],R) x L? to a limit (w,v). We
have

||vr exp(—i6% (wi((n+1)h) —wy(nh))) —vexp(—if* (w((n+1)h) —w(nh)))|| L
<|lvg = || 2 +||Jv —vexp(—if* (w((n+1)h) —w(nh) —wi((n+1)h) +wg(nh)))|| g2

The last term of the inequality goes to 0 by the bounded convergence theorem, hence,

e,h . . . . e eh eh b e,h
Uy tqyp 18 written as a continuous function of (M SUO Uy g Ug™ 573U gy Uy ).
. . . . € e,h  e,h eh , h
So the convergence in distribution of (M JUQ, Uy g Uy U 7“n+1/2) to
(aomuo,u?p,u}f,m,uz,uzﬂ/z) as ¢ goes to 0 holds. Now we deal with
e e,h e,h e,h e,h
(M $UQ, Uy g Uy ,m,unﬂ/z,unﬂ). We have

ufzil = Uf{ﬁl/gexp(ihf(lui’il/glz)) = Y(h)uf{iyz-

By Lemma 3.9 Y (h) is a Lipschitz map from L? to L2. So uiil can be written

. . c e,h eh g,h
as a continuous function of (M JUO Uy gy Ug" Uy g

€ eh eh e,h e,h h h h h
(M JUQ, U gy UTT 5 7unJr1/2,un+1) to (UOW,u07u1/27u1 7“n+1/27“n+1) as € goes to
0 holds.

), hence the convergence of

Hence, (Mg,uo,ui’/];,ui’h, e mi’,}il/wuf\’,h) converges in distribution in
22N +1 h ' oh h h

C([0,1],R) x (L*) to  (ooW,uo,uy jp,ur, un_y jp uy) as €—0. Hence,

(uo,uS" - ,uyy") converges in distribution in (L2)N+1 as & goes to 0 to (ug,ul,---,ulk).

To conclude it remains to prove the continuity of the map

U (LHNH - ¢([0,1],L2),
N—-1

(vo, un) = 2= Y Loein,+1yn (v + (2/h = [2/B]) (vj 41— ;).
=0

Let (vo,---,vn) and (g,---,0n) in (L2)NFL If z € [jh, (j+1)h], then

19 (vo, -+ ,on)(2) = © (@0, 0N ) (2)] L2 < 2[|v; = Vsl L2 +[[0j41 = Vg1 ][ 2

Hence,
N-1
sup || (v, -, vn)(2) = W(To,--,0n)(2)]]2 <2 Y |lo; =5l 2
z€[0,1] =0
N—1
+ ) vje1 —Tjgallze.

j=0
This concludes the proof. 0
5.3. Link between diffusion-approximation and splitting scheme. In

this subsection we show that the robustness of the splitting scheme allows us to
propose a new proof for Theorem 5.1. This can be illustrated by the following com-
mutative diagram:

ush =0 uh
thO lh~>0

e €—0
U — U.
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Proof. (Theorem 5.1) By Portmanteau’s theorem [6], we show that for every
bounded Lipschitz function ®:C([0,1],L?) —R we have

lim E[® ()] = E[®(u)].

e—0

We let A®=E[®(u)] —E[®(u)]| and [|v][:=sup,¢(o q|[v(z,-)|[2 for veC([0,1],L7).
Let M >0 and § >0. By Markov’s inequality and Theorems 4.6 and 5.3 we have:
0< A" <[E[@(uf) = @(u™")]| + [E[@(u")] — E[@(u™")]| + [E[®(u") — 2 (u)]]
<[E[@(u")] ~ E[®(u™")]|+2 sup |®(z) - 2(a')]
{llz]|<M,||z—a’|| <o}

Elllugl|? h+e*/h
+2|<I>||oo<2 [|]|W(;|”+2 54/ >

So by Theorem (5.5), for every M, § and h, we have

limsup A <2 0(0) 0(a)| 40 | Ll
imsupA® < sup x x 0o e 5
e—0 {llz|<M,||z—a’||<6}
First we let h — 0, then 6 — 0 and finally M — oo to complete the proof. 0

6. Cubic nonlinear Schrodinger equation
In this section we deal with the cubic nonlinear Schrédinger equation which is a
more realistic model for pulse propagation in an optical fiber:

+ [uf|?uf =0. (6.1)

i

out 1 2\ 0%uf
0z + Em(62) ot?
We introduce some notations. For every M >0, we define the truncation function
f€CP(RL,RY) by fu(x)=z if <M, fy(x)=3M/2if x>2M, ||fisllcc <1 and
||/ ]loo <1. So, the complex function gas: ¢ — far(|¢|*)¢ and all its partial derivatives
are Lipschitz. For a fixed M, we introduce:

+ far(Jus M PP usM =0. (6.2)

iaue’M 1 ( z )5‘2(;;”[

The main result of this section is the following.

ml =
0z e \g2

LEMMA 6.1. Let ug € H?. Then, there exists Zy >0 and My >0 depending only on
l[uo||gr such that for every e € (0,1), 2€1[0,Z] and M > My, us™M (z,-) =usMo(z,.),
[|[usM (z,)|12, < My, and u®Mo is the unique solution of (6.1) on [0, Z].

Before proving Lemma 6.1, we establish a technical lemma.

LEMMA 6.2. Let ¢:[0,1] =R a nonnegative continuous function and C' a constant
such that for every z €10,1]:

6(:)<000)+C [ o) d.
0
Then for every z€[0,(2C¢(0)%)71),

$(z) < N OEETS



700 ON A SPLITTING SCHEME FOR A RANDOM NLS EQUATION

Note that this estimate holds only for finite z but is sufficient in our framework.

Proof. We assume ¢ to be differentiable. We have ¢'(2)/¢(2)3<C, then
Jo @' (2")/¢(2")3dz' < Cz, and for every z €[0,(2C¢(0)%)~1),

1
Vo(0)2—2C%

We extend this result to every continuous functions by density. |

P(z) <

Proof. (Lemma 6.1) By an explicit computation, we verify |[u®M |12 = ||uo]|L2-
Moreover we have

usM (2,t) = X(0,2)ug(t) +i/OZXE(Z',z)gM(uF"M(z',t))dz’,
S0
DM (z,t) = X©(0,2)0puo (t) —l—i/oz Xe(2,2)0usM (2 ) ghy (usM (2 1)) d2,
then
[10u™™ (2)]| 22 <[|9puol| 2 +/OZ 10w (2") gy (w™ (")) 2 d2'

S|\3tuo||L2+C/ [10cu™™ (") [u= M (2")|?| 12 d'
0
(C independant of M, only depending on g and w)
S|\3tuo||L2+C/ =M ()2 || Bpu™M ()| 2 d2'
0

< |[vuo |2 +C / s ()] d2’
0
(Sobolev’s inequality) ,

hence
z
us™ ()| <luollr +C [ [|u=™ ()| [3: d2".
) H

Following Lemma 6.2, for every z € [0, (2C||uol|%,:) ™),
1

M @l <
[|uol| 51 —2C%

This upper bound does not depend on M. We choose Zy < (2C||ug||3;:)~*. For every
z< Zy, we have

[ (2)|[3 < Ko = (|luol| 57 —2CZo) "
By Sobolev’s embedding H' C L™

||’LLE’M(Z)||?>O < Mo = CsobKO-
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As far(z) =2 for every x < M, the solution u®™ of (6.2) does not depend on M and
is also solution of (6.1). This concludes the proof by uniqueness of the solution. O

An important consequence of Lemma 6.1 is the extension of result for (4.1) to
(6.1). We define as solution of (6.1) with initial condition ug € H? the solution which
is defined in 6.2 for a sufficiently great M. Note that the same procedure can be used
to define the solution of the equation:

z a2 z
u(z,t)zuo(t)+iao/ %(z’,t)odW(z’)—i—i/ (2 D2z ) de. (6.3)
0 0

Moreover, the error estimate for the pseudo-spectral split-step scheme and the
diffusion-approximation theorem can be established.

THEOREM 6.3. Let ug € H?, u® (resp. u) the solution of (6.1) (resp. (6.3)) defined as
previously on [0, 2] where Zy is defined in Lemma 6.1, (u®");, be the pseudo-spectral
split-step scheme for u® defined as in Section 4. Then:

(i) there exists C' depending only on My defined in Lemma 6.1 such that for every
e<1, he(0,1], and n satisfying nh<Zy:

Elluz" —u®(nh,)||7.] < C(h+e?).

(ii) If 03 =2 [ E[m(0)m(z)]dz, then, u® converges in distribution in C([0,Zy],L?) to
u.

7. Optimal error estimate for numerical scheme

We consider in this section the pseudo-spectral split-step scheme for Equation
(5.1) for the effective pulse propagation in an optical fiber. In previous sections, we
have shown by operator-theoretic proofs that the splitting method is an approximation
of the exact solution at least of order 1 in h. In this section we use a formal approach
to compute a Taylor’s development of the error. So it seems that the splitting method
is in fact an approximation of order 2, that is to say:

E[||uy, —u(nh,")|[72] < Ch. (7.1)

It would be ideal to present a rigorous proof of this estimate at a mathematical level as
the one presented previously. However the situation turns out to be tricky because the
Taylor’s development follows very fastidious calculations. We shall check in Section 8
by numerical simulations.

We recall and introduce some notations. We consider:

w(z,t) =g (t) +ioo /Z%(z’,t)odW(z’)—i—i/zf(|u(z’,t)|2)u(z’,t)dz’, (7.2)

z 2'[)
v(z,t):uo(t)+iao/ g?(z’,t)odW(z'), (7.3)
w(z,) zuo(t)+z'/zf(|w(z',t)|2)w(z’,t)dz’. (7.4)

We denote respectively by S(zo,2), X (20,2) and Y (z — zg) the flows associated to (7.2),
(7.3) and (7.4) with initial conditions on zg and we let Z(2p,2):=Y (2 —20)X(20,2),
Sh:=S((n—1)h,nh), Z":=Z((n—1)h,nh), SI_ :=S"--Stand 2"  =zh...Zh if
I <n. Here the bracket (-,-) (resp. (-,-)z2) stands for the scalar product in R? (resp.
L?).
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We begin by the computation of local error. Note that the notation O is formal.
We have

S(z0,2)uo ZX(ZO,Z)UO—i—i/zX(z/7z)g(5(zo,z’)u0)dzl7
and
9(S(20,2 )uo) = g(uo) +{(X (20,2 )uo —u0),g' (u0)) +O(2' - 20),
then

S (z0,2)uo =X (20,2)up +4(z — 20)g(uo)
+i/ (X (20,2 Yo — o), g (t0)) 2 +O((z = 20)?).

20

In the same way we get

Z(z0,2)uo =X (20,2)uo+1(z —20)g(uo)
+i(2—20)((X (20, 2)u0 —0),9' (u0)) +O((2—20)*),

S(z0,2)uo — Z (20, 2)ug = F(uo)D(20,2) + O((2 — 20)?), (7.5)

where D(zo,z):f;oD(z/,z)dz/ with D(z1,22) =00(W(22) =W (z1)), and F(ug)=
((0%uo/0t?),g' (uo)) — (0°g(uo)/Ot*).

Now we deal with global error. We have
uly —u(1,)= 2% - Zhug — S - Shug

N
:Z{ZZ...ZJ’}SJ"I_I...S{Luo_ZZ...Z]’}HS]’?...S{IUO}.
j=1

Taking L?—norm:

lluly —u(l,")|[72 <A+ B,

where
N
_ h h ch h h h  qh By 112
A= E HZn"'Zj Si_1-Stuo— 2y 271 5] “Stuol|7z,
j=1
and
N
_ h h h h
B= E <Zjanslaj71u0_Zj+1ﬂnslaju0’
J,k=1,j#k

h h h h
Zk;—>nS1—>k:—1u0 - Zk+1_>n51_,kUO>L2’

where Sl}f]—»ll (resp. Zl}é—dl) denotes Sﬁ Sl}f) (resp. Zlh1 Sl’é) As in the proof of
Theorem 4.1 we get E[A] <Ch?. Now we want to prove a similar inequality for B.
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We first consider the rough approximation Z)! ~1. Letting D} :=D((j —1)h,jh)
and using (7.5) we have

]E[B}m( ZN: + ZN: )]E

D;mmns;:j1uo>7F<sLMuo>>L2] |
7,k=1j<k j,k=1,j>k

So, by independence of the increments of the Brownian motion, if j >k we can write
E[D}IE [Di{F(SI;_yu0), F(SI_j o)) 2]

but IE[D;‘] =0, then, in a first approximation, E[B]~0.
Now we consider a more precise development for Z". If we let D!:=D((n—
1)h,nh), then we have ZMug a2 ug+iD"0%ug/0t%, so

h 82'(,[/0

n
h ~ .
Zj_m’(LON’U,Q—FZZDl e

I=j
Then, by calculations as previously and the fact that W is centered and with inde-
pendent increments, we get E[B]~0.

We conclude this section by the conjecture: there exist a constant C only depend-
ing on g and ug such that

E[||ul —u(nh,-)|[22] < Ch2.

8. Numerical simulations
In this section we solve

ou® 1 2\ 0%uf

i —l—gm( )WHW2 = —0. (8.1)
We implement the splitting scheme introduced in this paper. The aim of this section
is to estimate by numerical methods the error between the numerical solution and the
exact solution.

First we simulate the random dispersion coefficient. In previous sections we as-
sume that m is a bounded and Markov process, in fact to simplify presentation of the
proofs. All of what precedes can be done in a greater generality. The most important
is that m has rapidly decaying correlations. For instance, it can be assumed that m
is mixing [11]. For a covariance function r, we define the dispersion process m by:
m(z)= fj;o exp(—iz¢)+/T(Q)W(dC), where 7 is the Fourier transform of » and W is a
Gaussian measure. Then m is a Gaussian process which is centered, stationary and its
covariance function is r. Figure 8.1a give a realization of m when 7(2) =exp(—2z2/2).
Note that such a process is neither bounded, nor a Markov process, but mixing.

To compute the exact solution u® of (8.1) for z=1 we use the splitting method
introduced in this paper. We recall that X¢(z¢,2) and Y (z — zg) denotes, respectively,
the flows associated to the equations

2

o 1 2\ 0%v° Ow 9
with initial condition on zy. Let Az the elementary length step. We choose a soliton-
type initial condition:

7 —
62
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FiG. 8.1. Figure a: A realization of m. Figure b: Input intensity profile (dotted lines) output
profile (solid line) for e =0.01.
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Fi1G. 8.2. Error E[Hui’/;l—ug(l,)ﬂiz] Figure a: for e=0.01. Figure b: for € =0.05.

For every n€{0,..,(Az)"1—1} we compute ufl’ff(t):us((nJrl)Az,t) from
uS A% (t) =uf (nlz,t):

Az ;
yEBE oDz “2212/2 ~—X€("AZA(TL+ 1)Az)u®* (First step) _
" KA Ve ::Y(Az)ui’+f/2 (Second step)

In Fourier space the effect of the operator X¢(nAz,(n+1)Az) is a scalar multipli-

f(n+1)Az

cation by exp (—(i0/¢) [\ m(2'/e?)dz"). Hence, the first step is solved using a

Fourier transform:

ug® () L w5A(0)

n
1 1
A F' e A ~ . (n+1)A
ufH_lZ/Q(t) — ui+f/2(9):ui’AZ(0) X exp(f (6% /¢) fnzz Zm(z’/sz)dz’).
The second step is solved explicitly by exponentiation:
Az e,A . Az )2
Up T = Uy 4y g X XD (21Az|u2+f/2| ).

Figure 8.1b give the input intensity profile and the output profile for a numerical
experiment.
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Fic. 8.3. Error ]E[Hui’/};b—ue(l,)ﬂiz] in log-log plot (solid line) and the line y=2x (dashed

line). Figure a: for e=0.01. Figure b: for e =0.05.

Now we simulate the error E[| \ui/}z —us(1,-)||2.] at z=1 with respect to h. Figures

(8:2a) and (8.2b) give the error E[|[uy, —u(1,-)||}:] at 2=1 with e=0.01 and e =

0.05. Figures (8.3a) and (8.3b) give the error I['E[||u‘;/'}1 —u®(1,-)||2,] in a log-log plot.
Note that this simulations are in good agreement with formal theoretical result

of the previous section: the error is proportional to h2.
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