
COMM. MATH. SCI. c© 2005 International Press

Vol. 3, No. 3, pp. 393–401

WELL-POSEDNESS OF AN INVERSE PROBLEM OF A
TIME-DEPENDENT GINZBURG-LANDAU MODEL FOR

SUPERCONDUCTIVITY∗
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Abstract. In this paper we prove the existence and uniqueness of solutions to an inverse
problem of a time-dependent Ginzburg-Landau model for superconductivity in the case of integral
overdetermination.
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1. Introduction
We shall study the following Ginzburg-Landau equations for superconductivity:

ηψt + iηkφψ+(
i

k
∇+A)2ψ+(|ψ|2−1)ψ=0, (1.1)

At +∇φ+curl2A+Re
{(

i

k
∇ψ+ψA

)
ψ̄

}
=curlH in Ω×(0,T ), (1.2)

with boundary and initial conditions

∇ψ ·n=0, A ·n=0, curlA×n=H×n on ∂Ω×(0,T ), (1.3)
ψ(·,0)=ψ0, A(·,0)=A0 in Ω (1.4)

and the condition of integral overdetermination∫
Ω

At(x,t)w(x)dx=g′(t), 0≤ t≤T. (1.5)

Here Ω⊆R
2 is a bounded domain with smooth boundary ∂Ω , n is the unit outward

normal vector of ∂Ω; ψ∈C, A∈R
2 and φ∈R denote the order parameter, the mag-

netic potential and the electric potential, respectively; H :=f(t)h(x,t) is the applied
magnetic field where the vector h(x,t)∈R

2 is known in advance, while the unknown
scalar coefficient f ∈R is sought (here we may interpret h as the applied magnetic
field, while f is just the scalar coefficient.); η and k are the Ginzburg-Landau positive
constants; i=

√−1, ψ̄ denotes the complex conjugate of ψ, Reψ=(ψ+ ψ̄)/2, |ψ|2 =ψψ̄
is the density of superconducting carriers, T is a given positive number. w(x)∈R

2

and g(t)∈R are known functions. In (1.1)-(1.5), the unknown functions are ψ,A,φ
and f(t).

∗Received: January 29, 2005; accepted (in revised version): June 25, 2005. Communicated by
Jack Xin.

Supported by NSFC (Grant No. 10301014, 10225105) and the CAEP (Grant No. 2003-R-02).
†Department of Mathematics, Suzhou University, Suzhou 215006, P. R. China, College of Infor-

mation Sciences and Technology, Nanjing Forestry University, Nanjing 210037, P. R. China (fanjis-
han@njfu.edu.cn).

‡Institute of Applied Physics and Computational Mathematics, P. O. Box 8009, Beijing 100088,
P. R. China (jiang@iapcm.ac.cn).

Dedicated to Professor Lishang Jiang on the occasion of his 70th birthday.

393



394 INVERSE PROBLEM OF GINZBURG-LANDAU EQUATIONS IN SUPERCONDUCTIVITY

For the reader’s convenience, we give the definition of a curl operator:

curlA :=
∂A2

∂x
− ∂A1

∂y
andcurlφ :=

(
∂φ

∂y
,−∂φ
∂x

)

when A∈R
2 and φ∈R in a two dimensional domain.

It is well-known that the Ginzburg-Landau equations are gauge invariant, that
is, if (ψ,A,φ) is a solution of (1.1)-(1.4), then there exists a function χ such that
(ψeikχ,A+∇χ,φ−χt) is also a solution of (1.1)-(1.4). So, in order to obtain the well-
posedness of the problem, we need to impose the gauge condition. From the physical
point of view, one usually has three types of the gauge condition:

1. Coulomb gauge: divA=0 in Ω,
∫
Ω
φdx=0

2. Lorentz gauge: φ=−divA in Ω

3. Temporal gauge:φ=0 in Ω

For initial data ψ0∈H1(Ω)∩L∞(Ω), A0∈H1(Ω), Chen, Elliott, Tang and Du
[1, 2, 10, 4] proved the existence and uniqueness of global strong solutions to (1.1)-
(1.4) in the case of the Coulomb and Lorentz as well as Temporal gauges.

In 1995, Tang and Wang [11] studied the Coulomb gauge case and proved the
existence of global weak solutions with initial data (ψ0,A0)∈L2(Ω)×L2(Ω) in the
two dimensional case, and Fan [5] showed the existence and uniqueness of global weak
solutions and the existence of the maximal and exponential attractors with (ψ0,A0)∈
L2(Ω)×L2(Ω) in the case of the Lorentz gauge. Recently, Fan and Jiang [6] proved
the existence of global weak solutions when Ω⊆R

3 and (ψ0,A0)∈L2(Ω)×L2(Ω) in
the case of Coulomb gauge or Lorentz gauge, which answers an open problem in [11].

In this paper, our aim is to study the nonlinear inverse problem which consists
of finding a set of the functions {ψ,A,φ,f} satisfying (1.1)-(1.5) which is related to
the optimal control problem studied by Z.M.Chen and K.H.Hoffmann [3]. However,
to our best knowledge, there is no article in the literature which investigates inverse
problems of (1.1)-(1.5). We shall use the contraction mapping principle to prove our
result, Theorem 1.3. The difficulty in the proof is to show that the nonlinear operator
maps a bounded closed convex set into itself in a suitable space, and thus, this requires
that T must be small enough. Unfortunately, we are not able to give an existence
result with large T for general data here.

To study the inverse problem of (1.1)-(1.5), we assume throughout this paper that

(H1) ψ0∈H1(Ω), |ψ0|≤1,A0∈L2(Ω),A0 ·n=0 on ∂Ω;

(H2) h(x,t)∈L∞(0,T ;L2(Ω));

(H3) w(x)∈H2(Ω), divw=0 in Ω, w ·n=0 and curlw×n=0 on ∂Ω;

(H4) g(t)∈H1(0,T );

(H5)
∫

Ω

h(x,t)curlwdx=h0(t)∈L∞(0,T ) with |h0(t)|≥h(T )>0.

First, we state an existence and uniqueness result to the direct problem (1.1)-(1.4).
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Theorem 1.1. Let (H1)-(H2) be satisfied and f(t)∈L2(0,T ). Then, for the Coulomb
gauge, there exists a unique solution (ψ,A,φ) satisfying

ψ∈L∞(0,T ;H1(Ω))∩L2(0,T ;H2(Ω)), ψt∈L2(Ω×(0,T )), |ψ|≤1 in Ω×(0,T ),
A∈L∞(0,T ;L2(Ω))∩L2(0,T ;H1(Ω)), At∈L2(0,T ;H−1(Ω)),
divA=0 in Ω×(0,T ), φ∈L2(0,T ;H1(Ω)).

Remark 1.1. When (ψ0,A0)∈L2(Ω)×L2(Ω), the existence is proved in [11], while
the uniqueness is obtained in [7]. Hence, the proof of Theorem 1.1 is omitted here.
Next, we derive necessary a priori estimates and give a stability result with respect
to f(t) which will be used in the proof of the main result in Section 3.

Based on Theorem 1.1, we can define the nonlinear operator

B : L2(0,T )→L2(0,T )

acting in accordance with the rule

(Bf)(t) :=
1
h0

{
g′(t)+

∫
Ω

[
Acurl2w+wRe

(
i

k
∇ψ+ψA

)
ψ̄

]
dx

}
,

where (ψ,A) has been already found as the unique solution of the system (1.1)-(1.4).
We proceed to study the operator equation of the second kind over the space

L2(0,T ) :

f =Bf. (1.6)

An interrelation between the inverse problem (1.1)-(1.5) and the nonlinear equa-
tion (1.6) from the viewpoint of their solvability is revealed in the following assertion.

Theorem 1.2. Let (H1)-(H5) be satisfied, then the inverse problem (1.1)-(1.5) is
solvable if and only if the equation (1.6) has a solution.

Proof. The proof is the same as that of [9, pp.257-259], however, for the reader’s
convenience, we present the proof.

We first prove the if part. Let the inverse problem (1.1)-(1.5) possess a solution,
say {ψ,A,φ,f}. Now multiplying (1.2) by w and integrating by parts we arrive at∫

Ω

Atwdx+
∫

Ω

w∇φdx+
∫

Ω

wcurl2Adx+
∫

Ω

wRe

(
i

k
∇ψ+ψA

)
ψ̄dx

=f(t)
∫

Ω

wcurlhdx (1.7)

using (H3) we know that ∫
Ω

w∇φdx=0 (1.8)

∫
Ω

curl(curlA−f(t)h) ·wdx=
∫

Ω

(curlA−f(t)h)curlwdx=
∫

Ω

Acurl2wdx−f(t)h0(t).

(1.9)
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Inserting (1.8)(1.9) into (1.7) and using (1.5) we conclude that f solves the equation
(1.6).

We prove the only if part. We suppose that equation (1.6) possesses a solution,
say f ∈L2(0,T ). By Theorem 1.1 on the unique solvability of the direct problem we
are able to recover {ψ,A,φ} as the solution of (1.1)-(1.4) associated with f , so that
it remains to be shown that the function A satisfies the overdetermination condition
(1.5), which follows from (1.6)(1.7)(1.8)(1.9) immediately. This provides support for
the view that {ψ,A,φ,f} is just a solution of the inverse problem (1.1)-(1.5).

Remark 1.2. In [9], the condition of integral overdetermination is given by∫
Ω

A(x,t)w(x)dx=g(t),
∫

Ω

A0(x)w(x)dx=g(0) (1.10)

Here instead of (1.10), we use (1.5) as the condition of integral overdetermination.
The reason is that in our opinion the condition (1.5) is easier to be measured in
practice. Moreover, it is not difficult to see from the proof that Theorem 1.2 still holds
when (1.5) is replaced by (1.10).

Now we are in a position to state our main theorem:

Theorem 1.3. Let (H1)-(H5) be satisfied and T be small enough, then, there exists
a unique solution {ψ,A,φ,f} to the inverse problem (1.1)–(1.5) with f(t)∈D, where

D :=
{
f(t)∈L2(0,T );‖f− g′

h0
‖≤R

}

and R is a positive constant determined in Lemma 3.1 in Section 3.

Remark 1.3. i) The conditions divw=0 in Ω, w ·n=0 on ∂Ω in (H3) do not need if
ψ0∈H2(Ω) with some tedious calculations, we do not consider this problem for sim-
plicity.
ii) When h(x,t)=curlw,curlA×n=h×n=0. We can easily prove that T could be
taken T =+∞ in Theorem 1.3. However, it is difficult to generalize this global result.
iii) In the three-dimensional case, i.e., Ω⊂R

3, if, in addition, we assume ψ0∈
H1(Ω)∩L∞(Ω),A0∈H1(Ω) and study the equation (1.6) in H1(0,T ). Then, we can
obtain the same result. However, for simplicity, we treat here only the two-dimensional
case.
iv) If one chooses the Lorentz or Temporal gauge, the same result can be obtained
without essential changes in arguments.

In Section 2, we give some preliminaries to the proof of Theorem 1.3 which is
given in Section 3.

2. Preliminaries
In this section we derive necessary estimates which are needed in the proof of

Theorem 1.3.

Lemma 2.1.

η

2

∫
Ω

ψ2dx+
∫ T

0

∫
Ω

∣∣∣∣ ik∇ψ+ψA
∣∣∣∣
2

dx+
∫ T

0

∫
Ω

(|ψ|2−1)2dxdt+
∫ T

0

∫
Ω

|ψ|2dxdt

=
η

2

∫
Ω

|ψ0|2dx+ |Ω|T, (2.1)

|ψ|≤1 in Ω×(0,T ). (2.2)
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Proof. Multiplying (1.1) by ψ̄ and integrating over Ω×(0,T ), and then taking the
real part on both sides of the resulting equation, we obtain (2.1). The proof of (2.2)
can be found in [1, 2, 10, 4].

In the proof of the following lemmas, we will repeatedly use the following inequal-
ity [8]:

‖u‖≤ c1(‖divu‖+‖curlu‖) (2.3)

for u∈H1
n(Ω) :={u∈H1(Ω) |u ·n=0 on ∂Ω}.

Lemma 2.2.∫
Ω

A2dx+
∫ T

0

∫
Ω

|curlA|2dxdt

≤
∫

Ω

A2
0dx+2c21

∫ T

0

∫
Ω

∣∣∣ i
k
∇ψ+ψA

∣∣∣2dxdt+2‖h‖2L∞(0,T ;L2(Ω))

∫ T

0

f2dt. (2.4)

Proof. Multiplying (1.2) by A in L2(Ω) and integrating by parts, we have

1
2
d

dt

∫
Ω

A2dx+
∫

Ω

|curlA|2dx

≤
∫

Ω

∣∣∣∣ ik∇ψ+ψA
∣∣∣∣ |A|dx+

∫
Ω

|curlA||fh|dx

≤ c1
∥∥∥∥ ik∇ψ+ψA

∥∥∥∥ ‖curlA‖+‖curlA‖‖fh‖

≤ 1
2
‖curlA‖2 +c21

∥∥∥∥ ik∇ψ+ψA
∥∥∥∥

2

+‖fh‖2.

Integration of the above inequality gives (2.4).

The following lemma gives an estimate on ∇φ and can be found in [6].

Lemma 2.3. φ satisfies

−∆φ=divRe
{(

i

k
∇ψ+ψA

)
ψ̄

}
in Ω×(0,T ), (2.5)

∇φ ·n=0 on ∂Ω×(0,T ). (2.6)

Moreover,

‖∇φ‖L2(Ω×(0,T ))≤
∥∥∥ i
k
∇ψ+ψA

∥∥∥
L2(Ω×(0,T ))

. (2.7)

In the calculations follow, the following Gagliardo-Nirenberg inequalities will
frequently be used:

‖A‖L4(Ω)≤C2‖A‖1/2‖curlA‖1/2, (2.8)

‖∇ψ‖L4(Ω)≤C3‖∇ψ‖1/2‖∆ψ‖1/2. (2.9)
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We proceed to derive bounds on derivatives of ψ.

Lemma 2.4. There exist positive constants C4 and C5, such that

‖∇ψ‖2L∞(0,T ;L2(Ω))≤C4(1+‖f‖4)exp(C5‖f‖2), (2.10)

‖4ψ‖2L2(Ω×(0,T ))≤C4(1+‖f‖8)exp(C5‖f‖2). (2.11)

Proof. Multiplying (1.1) by −4ψ̄ in L2 and integrating by parts, taking then the
real part, we find that

η

2
d

dt

∫
Ω

|∇ψ|2dx+
1
k2

∫
Ω

|4ψ|2dx

≤ηk‖∇φ‖‖∇ψ‖+
2
k
‖A‖L4‖∇ψ‖L4‖4ψ‖+‖A‖2L4‖4ψ‖+2‖∇ψ‖2

≤ηk‖∇φ‖∇ψ‖+
2
k
C2C3‖A‖1/2‖curlA‖1/2‖∇ψ‖1/2‖4ψ‖3/2

+C2
2‖A‖‖curlA‖‖4ψ‖+2‖∇ψ‖2

≤ 1
2k2

‖4ψ‖2 +ηk‖∇φ‖‖∇ψ‖+28k2C4
2C

4
3‖A‖2‖curlA‖2‖∇ψ‖2

+k2C2
2‖A‖2‖curlA‖2 +2‖∇ψ‖2,

which gives

d

dt

∫
Ω

|∇ψ|2dx+
1
ηk2

∫
Ω

|4ψ|2dx≤
(
k

2
+

2
η

+
1
η
28k2C4

2C
4
3‖A‖2‖curlA‖2

)
‖∇ψ‖2

+
k

2
‖∇φ‖2 +

k2C2
2

η
‖A‖2‖curlA‖2. (2.12)

Applying Gronwall’s inequality to the above inequality, one infers

‖∇ψ‖2≤
(
‖∇ψ0‖2 +

k

2

∥∥∥∥ ik∇ψ+ψA
∥∥∥∥

2

L2(Ω×(0,T ))

+
k2C2

2

η
‖A‖2

∫ T

0

‖curlA‖2dt
)

×exp

(
k

2
T +

2
η
T +

1
η
28k2C4

2C
4
3‖A‖2

∫ T

0

‖curlA‖2dt
)

≤
{
‖∇ψ0‖2 +

k

2

(η
2
‖ψ0‖2 + |Ω|T

)

+
k2C2

2

η

[
‖A0‖2 +2C2

1

(η
2
‖ψ0‖2 + |Ω|T

)
+2
∫ T

0

f2dt‖h‖2
]2}

×exp

[
k

2
T +

2
η
T +

1
η
28k2C4

2C
4
3

(
‖A0‖2 +2C2

1

(η
2
‖ψ0‖2 + |Ω|T

)
+2
∫ T

0

f2dt‖h‖2
)]

≤C4(1+‖f‖4)exp(C5‖f‖2),
which leads to (2.10).

Integrating (2.12) over (0,T ), we obtain (2.11). This completes the proof.

The following lemma is concerned with the continuous dependence of solutions
on data and will be used in the proof of the contraction property of the operator B.
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Lemma 2.5. Let (ψi,Ai,φi) (i=1,2) be the corresponding solutions of the problem
(1.1)-(1.4) with the data fi (i=1,2), respectively. Then, there exists a positive con-
stant C6, such that

‖ψ1−ψ2‖2L∞(0,t;L2(Ω)) +‖A1−A2‖2L∞(0,t;L2(Ω))

≤
∫ t

0

|f1(τ)−f2(τ)|2dτ exp
[
C6(1+‖f1 +f2‖12)exp

(
C6‖f1 +f2‖2

)]
. (2.13)

Proof. From (2.5) and (2.6), we get

‖∇(φ1−φ2)‖≤ 1
k
‖∇(ψ1−ψ2)‖+

1
k
‖ψ1−ψ2‖L4‖∇ψ2‖L4

+2‖ψ1−ψ2‖L4‖A1‖L4 +‖A1−A2‖. (2.14)

On the other hand, from (1.1) and (1.2), it follows that

η

2
d

dt

∫
Ω

|ψ1−ψ2|2dx+
1
k2

∫
Ω

|∇(ψ1−ψ2)|2dx

≤η k‖φ1−φ2‖‖ψ1−ψ2‖+
2
k
‖ψ1−ψ2‖‖A1−A2‖L4‖∇ψ1‖L4

+
2
k
‖∇(ψ1−ψ2)‖‖ψ1−ψ2‖L4‖A2‖L4 +‖ψ1−ψ2‖‖A1−A2‖L4‖A1 +A2‖L4 (2.15)

and

1
2
d

dt

∫
Ω

(A1−A2)2dx+
1
2

∫
Ω

|curl(A1−A2)|2dx

≤ 1
k
‖∇(ψ1−ψ2)‖‖A1−A2‖+

1
k
‖ψ1−ψ2‖L4‖A1−A2‖‖∇ψ2‖L4

+2‖ψ1−ψ2‖L4‖A1−A2‖‖A1‖L4 +‖A1−A2‖2 +
1
2
‖h‖2|f1(t)−f2(t)|2. (2.16)

Using (2.8) and (2.9), one easily gets (2.13) from (2.14)-(2.16).

3. Proof of Theorem 1.3
With the help of the estimates in Section 2, we are able to complete the proof of

Theorem 1.3 in this section. We begin with the following lemma:

Lemma 3.1. If T >0 is small enough, then there exists a positive constant R, such
that B maps D into itself.

Proof.

‖Bf− g′

h0
‖2 =

∫ T

0

h−2
0

{∫
Ω

[
A∆w+wRe

(
i

k
∇ψ+ψA

)
ψ̄

]
dx

}2

dt

≤ 2
h2(T )

∫ T

0

(
‖A‖2‖∆w‖2 +‖w‖2

∥∥∥∥ ik∇ψ+ψA
∥∥∥∥

2
)
dt

≤ 2T
h2(T )

‖∆w‖2
[
‖A0‖2 +2C2

1

(
|Ω|T +

η

2
‖ψ0‖2

)
+4R2‖h‖2 +2

∥∥∥∥ g′h0

∥∥∥∥
2

‖h‖2
]
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+
2

h2(T )
‖w‖2

(
|Ω|T +

η

2
‖ψ0‖2

)

≤R2 :=
4T

h2(T )
‖∆w‖2

[
‖A0‖2 +2C2

1

(
|Ω|T +

η

2
‖ψ0‖2

)
+2
∥∥∥∥ g′h0

∥∥∥∥
2

‖h‖2
]

+
4

h2(T )
‖w‖2

(
|Ω|T +

η

2
‖ψ0‖2

)

if

8
h2(T )

‖4w‖2‖h‖2L∞(0,T ;L2(Ω))T ≤
1
2
. (3.1)

This proves the lemma.

Lemma 3.2. Let (H1)-(H5) and (3.1) be satisfied, then there exists a positive integer
k, such that the operator Bk is a contraction mapping in the ball D.

Proof. Let f1 and f2∈D, and (ψi,Ai,φi) (i=1,2) be the unique solution to
the problem (1.1)-(1.4) with f replaced by f1 and f2, respectively. From (2.13) and
Lemma 3.1, we find that

‖Bf1−Bf2‖2L2(0,t) =
∫ t

0

|Bf1−Bf2|2dτ

≤ 2
|h(T )| (‖4w‖

2 +3‖w‖2)
∫ t

0

‖A1−A2‖2L∞(0,τ ;L2(Ω))dτ

+
6

|h(T )|
(
‖∇(ψ1 +ψ2)‖2L∞(0,T ;L2(Ω)) +‖A2‖2L∞(0,T ;L2(Ω))

)
‖w‖2L∞(Ω)

×
∫ t

0

‖ψ1−ψ2‖2L∞(0,τ ;L2(Ω))dτ

≤C7

∫ t

0

|f1−f2|2L2(0,τ)dτ,

which leads to

‖Bf1−Bf2‖L2(0,t)≤
(
C7

∫ t

0

‖f1−f2‖2L2(0,τ)dτ

)1/2

. (3.2)

By virtue of induction on k, the inequality (3.2) implies

‖Bkf1−Bkf2‖L2(0,T )≤
(
Ck

7T
k

k!

)1/2

‖f1−f2‖L2(0,T ). (3.3)

Obviously, as k→∞,

Ck
7T

k

k!
→0,

and therefore, there exists a positive integer k0 such that

(
Ck0

7 T k0

k0!

)1/2

<1.
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Thus, by virtue of the estimate (3.3), the operator Bk0 is a contracting mapping in
the ball D. This proves Lemma 3.2.

Finally, Theorem 1.3 follows easily from Lemmas 3.1 and 3.2, and the contraction
mapping theorem. This completes the proof of Theorem 1.3.

Acknowledgements. The authors are indebted to Prof. Lishang Jiang and the
referee for Remark 1.3 ii) is given by their suggestions.
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