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A RESULT OF L2-WELL POSEDNESS CONCERNING THE SYSTEM
OF LINEAR ELASTICITY IN 2D*

ALESSANDRO MORANDOT AND DENIS SERRE?

Abstract. We give an L2-well posedness result concerning an initial boundary value problem
for the system of linear elasticity either in the half-plane or in a two dimensional bounded domain.
Under the necessary uniform Kreiss Lopatinskii condition we construct here a dissipative Kreiss
symmetrizer of our problem; actually, due to the characteristic boundary and the lack of a technical
assumption given by T. Ohkubo, the main difficulty consists of building the dissipative symmetrizer
near some special “boundary points”.
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1. Introduction
We are concerned with the system of linear elasticity in two space dimension (2D).
This system reads as follows

8,5F+Vz :0,
Oz +divT =0, (1.1)

where F(z,t) € May2(R), 2(z,t) € R? (for z = (z1,72) €R? and t > 0) are the unknowns
and we set

T:=\NF+FT)+u(TeF) Iy, (1.2)

with I the identity matrix of order 2. The vector field z represents the opposite
of the material velocity, while the stress tensor 7' is an isotropic function of the
infinitesimal deformation tensor F' and A, u are given positive constants (the so-called
Lamé coefficients). A thorough analysis of the elasticity model can be found in the
books of P. Ciarlet [2] and C. Dafermos [3]. Since in (1.1) the skew-symmetric part
Fi5—F5; decouples from the rest, we may restrict to the system describing the
evolution of z and the symmetric part of F. Since the system admits a quadratic
energy

1 A
S+ JIF+FT P L ()2, (1.3)

it is Friedrichs symmetrizable. Setting cp :=+/2A+ p (the velocity of pressure waves),
the choice of variables

wi= 2y A+ 1) Fi 1, epVA(FrLo+ Fat), ¢ Fa o+ 1Fy 1 cpzr,cpze) (1.4)
puts the system (1.1) in the symmetric form

2

ou o Ou
Lu._EjLZA %_0, (1.5)
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318 L2-WELL POSEDNESS OF THE 2D LINEAR ELASTICITY

where the matrix A(§):= Zi=1 A%¢,, has the form

(0 aa(p)” _
A©)= <a2,1(77) Gz(il)l+§2a2> » E=&). (16)

In particular, we have

i +eadi= (5 ). o= (S0 V). (17)

cp
where 05 is the zero squared matrix of order 2 and as 1 (7)™ = (0,0,2ny/A(A+pu)/cp,0).
We are interested in the well posedness of an initial boundary value problem (ibvp)
such as

Lu(xy,x92,t) = f(x1,22,1), 1 €ER, x9,t>0,
Bu(x1,0,t)=g(x1,t), r1€R, t>0, (1.8)
u(xl,xg,()):a(wl,xg), xr1 GR, T > 0.

The domain of the problem is the half-plane R? :={z = (z1,22) € R* 25 >0} (so that
the boundary d(R%)={(z1,0); z; € R} will be identified with R); the data f,g,a are
given smooth functions and B is a given matrix in May5(R) with rankB =2. Here-
after, for every integer n > 2, we will write 0,, for the zero n x 1 matrix. Since

0 0VXO

A2_OOZ ag'_ OOOCP
“\04 a* )’ “{vxo o o]

0 cp 0 0O

we immediately compute rankA% =4 so that the ibvp (1.8) is characteristic. In [5],
A. Majda and S. Osher develop a general theory for uniformly characteristic ibvps
including the foregoing 2D system (1.8). However, our work differs from Majda-
Osher’s paper for we provide explicitly an everywhere smooth symmetrizer of (1.8),
whereas the symbolic symmetrizer constructed in [5] may display some singularities
(cf. [5], Part I, Section 6). It must be even pointed out that the approach presented
here turns out to be workable for the three dimensional (3D) linear elasticity as well,
although some further technical difficulties might occur in this case. Applying our
method to the 3D linear elasticity system will be rather interesting, since the latter
system is no longer covered by Majda-Osher’s theory; indeed the 3D counterpart
of the symmetric system (1.5)-(1.7) does not obey a technical hypothesis needed in
Majda-Osher’s analysis (cf. Assumption 1.1. of [5]). The 3D linear elasticity will be
studied in a next paper, by adapting the same procedure explained here. To carry out
the announced symmetrizer’s construction, we require that KerA2 =R x {04} C KerB,
which yields B=(02,Bs) for Bs € Moy 4(R). This last assumption, called reflexivity
in [7], is natural for characteristic ibvps, since for L? solutions u the best control of
boundary terms that we expect is that of A%u; as a matter of fact, this restriction is
also justified by Majda and Osher in [5]. It is well-known that the ibvp (1.8) is strongly
L2-well posed (see [1] for the notion of strong well posedness in a general framework)
when the boundary condition Bu=g is mazimal strictly dissipative for the operator
L. This means that the quadratic form w— w*A?w is non positive on KerB and
its restriction to KerB vanishes only on KerA?; moreover KerB must be maximal
with respect to the aforesaid property. We are interested here in the strong L2-well



ALESSANDRO MORANDO AND DENIS SERRE 319

posedness of (1.8) with general boundary condition Bu= g, satisfying the weaker but
necessary uniform Kreiss-Lopatinskii condition (UKL). Recall that the characteristic
ibvp (1.8) is said to fulfill the (UKL) condition provided that there exists a positive
constant C' for which the estimate below

[A®V|<CIBV], VeE ()

holds true for all pairs (7,17) € C xR with 7 >0; for any (7,7) as before, we mean by
E_(7,n) the stable subspace of the system

24V _

(tIs+iA'n)V+A —=0,

L2

obtained by taking the Fourier-Laplace transform of (1.5) with respect to (z1,t). The
reader is referred to [4] (see also [8] Chapter 14) for an exhaustive presentation of the
(UKL) condition. According to notations (1.4)-(1.7), the main result of the paper
may be stated as follows.

THEOREM 1.1. Let us consider the ibup (1.8); let the boundary matriz B € May5(R)
satisfy the (UKL) condition. Then for every data fe€L?(R2 x(0,T)), g€ L*(Rx
(0,T)) and a€ L*(R%), with arbitrary T >0, there exists one, and only one, solution
ue L*(R3 x (0,T)) of (1.8) such that:

a. ue C([0,T];L*(R%));

b. A*u admits a trace yoA*u on the boundary of R of class L*(R x (0,T)).
Finally, for every positive number vy, the following a priori estimate holds true:

_ - 1
e 27T||U(T)||%2+||u”f2y,T§C<|a||2L2+/O e 27’5<7||f(t)lliz+llg(t)I%z>dt , (1.9)

where the constant C' >0 does not depend on f,g,a and v,T. In (1.9) ||.|z2 denotes
the norm in either L*(R%) or L*(R); moreover we have set

T T
||u||2,T:=/0 /Re_Q'Yt\(70A2u)(m1,t)\2dx1dt+'y/o /R2 e~ (1, 20,t)|*dry daodt.
T

(1.10)
In order to prove Theorem 1.1, we look for the existence of a dissipative Kreiss
symmetrizer of (1.8) (cf. [1], [4], [6]).

Let us recall that a dissipative symmetrizer consists of a matrix-valued C'*
bounded function (7,1)— K(7,m7) € M545(C) defined on {(7,7) e CxR;RT >0, ||+
|n| # 0}, fulfilling the following assumptions:

i. ¥(r,n):=K(7,n)A? is Hermitian;
ii. ¥(7,n) must be non positive on KerB and its restriction to KerB vanishes
only on KerA?2, uniformly in (7,7);

iii. For P(7,n):=K(7,n)(1I5+1A(n,0)), there exists a positive number ¢y such

that

RP > co(R7)I5, Y(r,m):R7T>0,|7|+|n| #0. (1.11)

As in the case of a non-characteristic ibvp, a dissipative symmetrizer K (7,7) turns out
to be a fundamental tool in order to investigate the property of the well posedness.
The existence of such a symmetrizer for a general characteristic Friedrichs symmetric
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ibvp fulfilling the (UKL) condition has been recently proved by D. Serre (see [1], §6.2),
under an auxiliary assumption due to T. Ohkubo. Namely Ohkubo considers in [7]
a Friedrichs symmetric system (1.5) for which the matrix as(n) involved in (1.6) is
identically zero. In fact the assumption made by Ohkubo is slightly more general and
it is satisfied by many relevant physical examples such as the curl operator, Maxwell
system and the shallow water equations. However the system of linear elasticity does
not fall into the Ohkubo’s case; indeed from (1.7) we derive the nontrivial az(n)

0 0 0 nv/A

0 0 n& 0

a2(77): 0 ni (C)P 0
cp

WA 0 0 0

Analogously to the non-characteristic case, we are led to find a Kreiss symmetrizer
K(7,n) which is a homogeneous function of degree zero with respect to (7,7); so it
will be enough to build K(7,n) in the unit hemi-sphere defined as the set of pairs
(7,m) such that R7 >0 and |7|>+7n?=1. By a compactness argument, we still reduce
to define the matrix K (7,7), with properties i.-iii., locally in a neighborhood of each
point of the unit hemi-sphere. An inspection of the proof given in [1] for the Ohkubo’s
case shows that the same arguments, applied there, may be straightforwardly repeated
to build a dissipative symmetrizer of the elasticity system near the “interior points”
(,m), with 7 >0, and the “boundary points” (7,7), with R7 =0 and 7 #0. However,
the main difficulty is to make a dissipative symmetrizer of (1.8) in a neighborhood
of the “central points” (0,7) for 7#£0; indeed it is near these central points that the
Ohkubo’s assumption as(n) =04 plays a fundamental role in the construction of such
a symmetrizer shown in [1]. In the next section 2, we will construct a dissipative
symmetrizer of (1.8) in the vicinity of the critical points (0,7), n#£0, by following an
approach which does not involve the Ohkubo’s hypothesis; then the proof of Theorem
1.1 will be achieved by making use of standard a priori estimates. In section 3, we
study the ibvp (1.8) in an open bounded domain. An analogy of Theorem 1.1 will be
proved by extending the analysis of section 2; the key point consists of reducing the
original problem into a finite family of variable coefficient problems in the half-plane,
by introducing a smooth partition of unity and local changes of coordinates.

2. Construction of a Kreiss symmetyrizer at points (0,7), n€R\ {0}

Throughout this section, we will assume that the boundary condition Bu=g in
the ibvp (1.8) satisfies the (UKL) assumption. Let us recall that we are looking for a
C* map (7,1m)— K(1,1) € M5x5(C), defined in an open neighborhood of each point
(0,m0), mo#0, displaying assumptions i.-iii. in the previous section. As we already
noticed, by a homogeneity argument, we may restrict our construction near the points
(0,%1) on the unit hemi-sphere defined by the equation |7|? +7%=1 with ®7>0. Let
us recall also that the explicit expressions of the matrices A? and 715+14A4(n,0) are
respectively

00 0 0 0
00 0VXO

A*=100 0 0 cp (2.1)
0vA0 0 0
00cp 00
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and
r 0 0 Oy 0
0 7 0 0 iy
TIs+iA(n,0)=| 0 0 7 diltn O (2.2)

©n 0 iEnp 7 0
0 i/ 0 0 7

where O := 27”)\((:i+#). Requiring the matrix ¥ = K A? is Hermitian immediately yields
for K(7,n) the following expression

(k11 0]
K(kl ) (2.3)

where k1 1=k 1(7,n) €C k1 =ki1(7,7) € Myx1(C) and Ko= Ks(7,n) € M4x4(C) are
smooth functions; consequently, 3 reduces to

0 of
5o <04 242), (2.4)

where 9 := K5a? must be Hermitian too. From this last condition, the next equalities
involving the terms k; ; =k; ;(7,n) (i,j=2,...,5) of K, are plainly derived.

koa,k35,ka2,k53€R,

VAks 4 =cpka s, cpkas = k32,
\ﬂks,%z cpkas, k55 =ks,s,
k’4,4=k2,2, \Ak5,4:CPk2,3-

(2.5)

On the other hand, in view of KerA? C KerB, the assumption ii. about ¥ translates
into the existence of a positive constant €y such that

Y| KerB, < —€0l4, (2.6)

for all (7,m), with 7 >0, in a neighborhood of (0,£1) on the hemi-sphere. According
to (2.5) and setting also ki = (ka.1,k3.1,ka1,k51)7 we find

(Z/)*EQZI = \/Xk'274 ‘2’2 |2 +Cpk’3,5 |23|2 + \/Xk‘472|2’4|2 +Cpk’5,3 |Z5|2
+2R(cpka 57223) + 2R(V k2 2Z224) + 2R (cpka 3Z225) (2.7)
+2§R(\/Xk‘3722324) + 2%(013]{53,35325) + 2%(613]64)32425),

Z*PZ :Tk11|2’1 |2 —+ (TkQJ +i@7}k274),§221 —+ (Tk371 +i@%7]%2,5)2321

—‘r(Tk‘471 +i@n152,2)24z1 + (Tk‘571 +i@%7}f€273)2521 + (Tk272 +i\f/\nk275)‘2’2|2

+(Tk32 4+ iV ks 5)Z322 + (Tka o + iﬁnk372)54zz + (T%k4,3 +ivVAnks 3) 7522
(ko3 +i£77132,4)5223 +(7ks 3 +i%77k2,5) |23]% 4+ (ka3 +it-nks2)zZazs
(Tks,3 +i%77k2,3)5523 + i(?ﬁkl,l z124+ (iOnk2 1 +iLlonka 3 +z’k’2,4)5224
(i@nkgg +Z‘c%77k373 +TL\/PX]€275)2324 + (i@ﬂk471 +Z'c%77k473 +’7’]€272)|Z4|2
(
(

+

i (2.8)

+

+ i@’l]k571 +Z'£T]k‘573 —|—TC7PXE‘273)55Z4 + (iﬁn/{iz,z + Tk275)522’5
+ i\/X??kg’g +Tk3’5)2325 + (Z'\/X'I]]ﬁ;’z +TC\/fPX]_€3’2)Z4Z5 =+ (iCpn]_€4’3 +T/_€3’3) |Z5 |2,
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for any 2’ = (29,23,24,25)7 €C* and z=(21,2')T. We now specialize the values of the
elements k; ; (4,j=1,...,5) of K(7,n); precisely for any 7=+ +ip, with v>0, and real
n such that |72 +n%=1, |7| is sufficiently small and n ranges in a small neighborhood
V of +1, we set

kjj=h+x7,  j=1,2,3;
kor=ks1=ks1=n,  ka1=—iMm;

k2,3:k2,5:—é§’;7, koa=—13" (2.9)
k32=0, 14;3,5:—\/;?_)1}3;

k4’2:—A, k473 :’LNT], k573:—%A.

Here h,x,A,M,N are positive constants that will be chosen later on in a suitable way.
The elements k; ; which are not listed above will be determined by positions (2.9)
themselves, according to (2.5). Replacing (2.9) into (2.7) gives

(2')* 802" =0(2") — AQ(2") + R, (2'), (2.10)
where
D(2) = =LY 2 = S|z 2R (L 225 ) + 2R(VARE220) o)
+2R (—@zgz;,) +2R (cphZszs) + 2R (icp NnZazs), '
Q(z’)\[\24|2+\/ic%|z52, (212)
and
R\ (') =2R(xV\TZ224) + 2R(cpXTZ325). (2.13)

As in the Ohkubo’s case treated in [1], let us introduce for every n# 0 the vector space

H(p:= Y Kerd(¢),
£€R(n,0)T +Re]

£#02

where, hereafter, e; =(1,0), e =(0,1). Concerning a 2D Friedrichs symmetric system
like (1.5), we see that, for any n#0, H(n) is an isotropic subspace of all matrices A(¢)
and actually it does not depend on 7 (however these two properties would be false
in space dimension larger than 2); since in particular rankA? =4, the dimension of
H(n) is not larger than 3. Since H(n) contains KerA?=Rx {04}, for any n#0 it
can be split as R x Hy(n), where H;(n) is an isotropic subspace for both a? and as(n)
of dimension not larger than 2. In the case of the linear elasticity system a direct
computation shows that H(n) = H(e;) =R? x {0y}, for n#0. Moreover we may check
that for any 1#0 there is no vector U € H(n)* other than U =05 such that

A((n,0)" +&e3 ) U € H(n)™,

for non real £&;=—i0. In view of the preceding properties, it can be shown that a
boundary matrix B = (03, B) satisfies the (UKL) condition near the central points
(0,m), n#£0, if, and only if,

C*=KerBy® Hy(n), (2.14)
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where H;(n) denotes both the real space and its complexification. We refer to [1]
(see Proposition 6.6 there) for the proof of (2.14) in the framework of a general
Friedrichs symmetric ibvp with characteristic boundary. Under the Ohkubo’s assump-
tion as(n) =04, we might also prove that Hi(n)=Ker(az1(n)T) as n#0 (see again
[1], §6.1.4 and Proposition 6.7); hence, because of Ker(as1(n)T) @&+ R(az1(n)) =C*,
we should conclude that KerBs may be represented as the set KerBy={p+q;p=
Dq,q€R(az,1(n))}, where D=D(n) is a given linear operator from R(az (7)) to
Ker(az,1(n)T), depending smoothly and boundedly on % Nevertheless, when the
Ohkubo’s assumption is removed, generally Hj(n) becomes a proper subspace of
Ker(az1(n)T); when n#0, for the elasticity system in the symmetric form (1.5) we
easily compute

KCY(QQ,I(H)T) = {(22723,0,2’5)T; Zj € (Cv.] :273a5}7
while
Hl(n) = {(ZQ,Zg,O,O)T; Zj € C;.] :273}

Mimicking the analysis performed in [1] for the Ohkubo’s case and denoting by H; ()*
the subspace of Ker(as1(n)?) orthogonal to Hi(n), we now provide the following
decomposition.

C*=Hi(n) @+ Hi(n)* @' Riaz,1(n)).

Therefore, in view of (2.14), for a boundary matrix B = (03, B3) satisfying the (UKL)
condition we get

KerBy={r+Dr;re€ H; (77)L &t R(az,1(n))},

where D= D(n) is a given linear operator from H;(n)* @&+ R(az1(n)) to Hi(n), de-
pending smoothly and boundedly on # Coming back to the elasticity case, we have

Hi-(7)=1{(0,0,0,25); z5 € C}, so that Ker By may be characterized as the set of vectors
of the form r+ Dr, for 7=(0,0,z24,25)7 spanning {02} x C? and D = D(n) taking its
values in C2 x {02} ={(22,23,0,0)7, z; € C,7=2,3}. This allows us to conclude that
the quadratic form @ in (2.12) is positive definite in KerBs; indeed Q(z')>0 for
every z', moreover for z’=r+ Dr with r=(0,0,24,25), Q(z’)=0 implies r=0 then
2z =r+ Dr=0. Thus there exists a positive constant ¢ such that

Q') >€lz'|?, 2 €KerBs. (2.15)

The constant € may be chosen independent of 7, for n belonging to a small neighbor-
hood V of +1. On the other hand, the quadratic form ® in (2.11) can be estimated
from above as

o(z") <P, (2.16)

where ¢* >0 depends only on the constants 2 and N involved in (2.9), when |7] is
sufficiently small and 7 ranges over V. More explicitly, assuming without loss of
generality 0<+,|p|,|n| <1, we may choose ¢* =max{3vV\/O+VAh,(u+N)/(VAO) +
cph,VAh+cpN, \/X/@—FCph—f—CpN}. Finally we compute that

Ry (") < Cuxlr]|¢' %,
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for C; =max{cp,v/\}. By adding the preceding estimates, we find that
()92 < (¢* —eA+Crx|T))|7|?, 2’ € KerBy. (2.17)

For given positive constants h, N and 0*, we may always find A >0 sufficiently large
so that ¢*—eA < —d*; it is also clear that for any x >0 we obtain ¢* —eA+Cyx|7| <
—0*4+Cix|T| < —%, provided that |7| is taken sufficiently small (that is |7]| <o*, for
a suitable threshold o* =0*(x)). At this step we have so proved the following

LEMMA 2.1. For given h,N,6* >0 there exists a constant A>0 such that for every
X >0 there exists o* =0*(x) >0 for which

6*
(z')*222’§—5|z'|2, 2 €KerBy, neV, |r|<o*. (2.18)

The next step will be to make a useful choice of the constants h, N (and M) in (2.9)
in order that the corresponding K (7,7) will satisfy an estimate such as (1.11). To this
end, we replace in (2.8) the expressions of k; ; given by (2.9) and take the real part
of z*Pz, for an arbitrary vector z € C®. First of all we observe that ki1=koo=ks3
(cf. (2.9)) yields

%(i@nl_f%ﬂéllzl) + ?R(i@ﬁkl,lz421) = 07
§R(7;\/X"7kl3l325z2) + %(iﬁnk2,22522) = O7
R(ips/cpnkenZazs) +R(ip/cpnks 32473) =0.

From (2.9) we derive directly ﬁkgj = £k2,4 and ikf,,g = \F/\k’4’2; hence we get also

R(iv ks 52320) +R(ip/cpnkse,a23Za) =0,
%(i\&nk4722425) + %(iu/ank5,3Z425) =0.

Let us now evaluate the remaining terms of R(z*Pz), arising from (2.8), and apply
repeatedly the Cauchy-Schwarz and Young inequalities. We have

R(tk1,1]21 %) = (hy+xI7*) |21 ]%;

. _ 1
R((7ka,1 +1Onka 4)z221) > —572\77|(|21|2 +1z2]%)
and analogously

(21 +23]%),
(21 +251%);

R((Ths 1 Jri@%?]]}Qﬁ)ZSZl)
R((Ths.1 +10-Fnka3)Z521)

>—142n
>—192n

M 1
R(rkapzaz) 2 —7IUI(X1IT|2\Z1|2+;|Z4|2),
1

where x; is a given positive constant that will be suitably fixed later on. By similar
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computations we get also

(Tho2+iVAnkss)|22|?) = (hy+ x|7|?) |22 |%;

(ThapZ1z2) > =5 (xal7? |22 + 5 |2a?);

p Eaazse) =~ 200 (ol P|za 2+ L 25f2):

1 V2lply

R(
(
(T
(Th2,3%223) > —5 622 |T|(|22]* +|23);
(
(
(
(

R

(T/f33+2777k2 5)|23]?) = (hy +x[7[?) |23
Tha3Z123) > =5 Nn|(xal 7[?|23]° + - 124]?);

I3

R(rhs i-fibas)20%) = - ;”PA<><5|T|2\ZB|2+¢\Z5|2>—%’gzij|n|<|23|2+|25\2>;
R((1Onko 1 +it- 77k23+71€24) Z4) > @772(72|Z2|2+|Z4‘2)
%”""wuz 2+ lzal?) = 5 2 7|22l + |2a]?);
R((1Onks, 1+Tfk2 5)2324) — 3002 (72|28[2 4 [2a]2) — 1142 |7 (|25 12 + |24 ]2);
R((iOnka +it; Uk43+7k22)|24|2 [(OM — LN + ey +x(v? = p?)][ 2
R(1Onks 1 +7 % ka 5)Z21) > — 5092 (|2 +[25[2) — 5 V(|22 + |25 [2);
%(rk2,5zQzS>z%@ﬂ‘wr|<\22|2+|zs| )i
R(rhs5%25) > - %}’” [71(|2s]2 + |25[2);
R((icpnkas+Tks3)25]%) = (cp Ni* +hy+x(7* = p?))| 25>

In the estimates listed above, x2,X3,X4,X5 are positive constants, to be precised later,
with the same meaning as x;. This leads to

R(2*Pz) > c1|z1)? +ca|22|® +e3l23]? +cal2a* + 5257, (2.19)
where ¢; =¢;(7,n) (j=1,...,5) are determined as follows
2 3 o 1 2
ex(7,n) = hy + |71 = 5770l = Sxa Ml (2.20)
cpN
calrin) = by xIrP = g2l — S dvalr P~ R P g
¥y .
—%977272 % u|p|7| |— 1\p\v|7|
VA Aep Axs
ca(ran) =hy = XI7l? = 39210l = 3 3G |- N alllr? = e e
1 |7|77| 1@’7272 1|p|v|T| %\/HX‘Zl‘jehh
(7 =(OM — & Ny +hy 4 x(02 — %) — 32 o]~ 1A — 1 My
4T, 7 n YT Xx\Y p 2 X1 n 2 X2 2 Xa n
—en?— éfulplw = 3|plv|7_‘ 1@7727' (2.23)
_ 2 2 2\ 1.2, _1cpNinl _ 1vVAepA _ 1 plply
cs(m,n)=cpNn*+hy+x(v* —p )_Q’Y || 2 Vows 2 MXI;’ 2 ©cp In| (2.24)

Lol 4 ﬁ\plvm — 1 ulely o

1
677 v 2 Ocp 2V 2cp6

We derive now suitable estimates of ¢;(7,71), j=1,...5, for n belonging to a small neigh-
borhood V of +1 and |7| sufficiently small such that |7|> +7? =1; actually, evaluating
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¢j(1,£1) for j=1,...,5 will be enough, in view of the continuity of the expressions
(2.20)-(2.24). Remembering that v >0, we obtain for ¢4, cs5

1M 1A 1N 1 V2ulply
ca(T A1) 2 (OM = LN) =0 — 330 — 555 — 3%, TXO7 =P — 38 (2.25)
—§ 15T - 507
1 cpN _ 1VAcpA 2 2 1.2 1plp 1
es(rEl) ZepN — 5 A= — 3502 +Xx(° —p") — 37" — 366, — 207 (2.26)
_l\PW‘ﬂ_l\/X\PW‘ﬂ_l ulply I7] ’
20 2 Ocp 2/ xepo !l

Inequality (2.25) leads us to choose the constants M, N >0 so that
C=0(M-1)— CﬁN>0. (2.27)
P

Once M,N have been fixed, for given h>0 and §* >0 we may also find a positive
constant A so that estimate (2.18) of Lemma 2.1 is fulfilled by %5 for any x>0,
provided |7| is small enough. Next, we can choose x;, j=1,...5, large enough so that

v =20-M _A_ N

V5::2CPN—%§;—%>O.

(2.28)

In this way we get for c4(7,£1),c5(7,%1)

ea(r, 1) > 5+ X(72 = p?) — el - 31l — Loy,
5 f )
es(T,E1) 2 B +x(v = %) = 377 — 2 — 50y — 31 — 5 Y5 | - 5 AL I
(2.29)

since all the terms different from v4/2,v5/2, involved in the right-hand sides of (2.29),
are O(|7]) we may conclude that

c4(T,i1)>%, c5(7¢1)>%7 (2.30)

whatever is x >0, provided that |7]| is sufficiently small. We now turn to the coeffi-
cients ¢, j=1,2,3, for which the following estimates may be obtained

3 1
cl(ﬂil)Zw(h—iv)ﬂx—ile)lTIQ; (2.31)

Ca(r, 1) > (h— 1y — el _ 1@y 1vulol Lol

Ocp 2 @c (2'32)
T (x— 3 Axe — § 20
1 1 VAlp| 1plpl 1 1 |pl 1_ plpl
ol 2 (h=37=35 =360 —207 =26 1M =2 705a 1T g4
( NX 1 fCPAXS)‘T|2 )
I

Thus if we choose a positive x such that

cpN X3

VA

aNX4+ ) (234)

1 AepA
X>2maX{X1M7AX2+ \Fczxg,}
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provided that v and |p| (that is |7|) are sufficiently small, we get
h )
Cj(T,:t].)>§’)/, j=1,2,3. (2.35)
Therefore from (2.19) we obtain
* h 2 2 2 Vg 2 Vs 2 * 2
R(=*P2)> (I ool +122) + 2 a2+ 22> 002, (236)

for every z € C° and (7,7) in a small neighborhood of (0,+1) on the unit hemi-sphere
7|24+ n?=1, RT=7>0; here C* := min{%, “t, %1 >0 is independent of ~,p,n. This
last estimate just gives inequality (1.11). To be more clear, let us summarize the basic
steps in the choice of the constants h,y, A, M, N appearing in (2.9).

e Firstly, we choose the positive constants M, N in such a way that (2.27) is
satisfied.

e Chosen also §*,h >0, we find a constant A >0 for which ¢* —eA < —§* holds;
here the constant ¢*, involved in (2.16), is a known positive function of the
previously fixed constants N and h, while €, involved in (2.15), depends only
on i, A when 7 runs through a small neighborhood of +1.

o After estimating R(z*Pz) by means of (2.19), we choose the positive numbers
X;, j=1,...5, involved in (2.20)-(2.24), in such a way that inequalities (2.28),
and consequently (2.29), are true.

o After giving estimates (2.31)-(2.33), we take x fulfilling (2.34).

e Lastly, by suitably restricting v, |p| (that is |7]) and also, if necessary, the
neighborhood of +1 which n belongs to, we obtain (2.18) of Lemma 2.1;
moreover we find the inequalities (2.30) and (2.35), giving, together with
(2.19), the estimate (1.11).

The matrix valued function K (7,7) that we have built near the central points (0,41)
on the unit hemi-sphere |7|>+7n? =1, R7 >0 takes the following form

h+x7 0 0 0 0
Krm=| m 0 htx7 -5 =76 |

—iMn —A tINn  h4+x7 0
M —KiNg —% & hdxT
where h,x,A,M,N are positive constants to be fixed as was previously explained.
Once a Kreiss symmetrizer K(7,7) of (1.8) has been made, by usual computations
(for which we address to [1], Chapter 4), we find that any function u€ C>°(R? x R),

with compact support in Ri_ x R, satisfies for every T'€ R and ~v >0

e N2+~ [ [ e u(my,20,t)Pderdzadt+ [ [ e 27| A%u(z1,0,t)|2dzq dt
RixR RxR

<C %ff e M Lu(zy,x0,t)|?dzrdzadt+ [ [ e 27| Bu(z1,0,t)|*dzdt |,

2
R+XR RxR

(2.37)
where the constant C' does not depend on +v,7 and u. By a duality argument relying
on the previous estimates for an “adjoint” ibvp, one shows the existence of a solution
to the ibvp (1.8) in the weighted space L% (R xR) for every 7> 0. Let us recall that,
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for a given positive 7, L?y (R2 xR) is the space of all measurable functions u(z1,z2,t)
for which the norm [|ul|2 := [ [p> g€ " |u(z1,22,t)|*dz1dzodt is finite. The unique-
+

ness of the solution into the space L*(R% x (0,7")), for a finite 7'> 0, then follows by
arguing directly on estimates (2.37). Finally, the a priori estimates (1.9) are derived
from (2.37) themselves, by a density argument. We refer to [1] (see Chapter 4, §4
there) for a detailed proof of the analogous to Theorem 1.1 in the non-characteristic
case.

As a concluding remark, let us observe that Ohkubo also studied in [7] the Sobolev
regularity of solutions to an L2-well posed symmetric ibvp, with characteristic bound-
ary, under the aforementioned assumption az(n) =0 (cf. Theorem 2 in [7]); in the case
treated here, it is not clear whether (and under what additional assumptions) an anal-
ogous regularity result might be still valid.

3. The linear elasticity system in a bounded domain
Let Q be a bounded open subset of R? lying (locally) on one side of its smooth
boundary 0Q2=T". We consider the initial boundary value problem (ibvp)

Lu(z,t)= f(z,t), 2€Q,t>0 (3.1)
Bu(z,t)=g(z,t), xel,t>0, (3.2)
u(z,0)=a(x), z€Q, (3.3)

where L is the linear partial differential operator defined by (1.5)-(1.7), while
f(x,t),g(x,t) and a(z) are given smooth functions. Let us denote by v(z)=
(v1(x),v2(z))T the unit outward normal vector to any point z of the boundary
I'. In view of (1.6), (1.7) an explicit computation gives that A(§) has eigenval-
ues 0,%+cplé|,£VN€], for every €. Since |v(z)|=1 for all z€T, it follows that the
boundary matriz A(v(z)) has real eigenvalues 0,4cp,4v/A; hence the boundary T is
characteristic with constant rank, namely

rankA(v(z))=4, z€Tl. (3.4)

Note that, since the eigenvalues of A(£) depend on £ only through its norm, actually
the boundary T is uniformly characteristic in the sense of Majda-Osher [5]; indeed,
by considering an extension of the unit outward normal v(z) to a C! unit vector
field defined in a neighborhood of T', the eigenvalues of A(v(x)) are constant near T'.
In the boundary condition (3.2), B=B(v(z)) is assumed to be a 2 x5 real matrix,
smoothly dependent on the unit outward normal v(z), such that rankB(v(z)) =2 for
all boundary points z €' (2 is the number of incoming characteristics of (3.1)). As
in section 2, we assume the reflexivity property

KerA(v(z)) CKerB(v(x)), (3.5)

for every z €I'. Lastly, we require that the boundary matrix B satisfies the (UKL)
condition. The following counterpart of Theorem 1.1 will be proved here.

THEOREM 3.1. Let us consider the ibvp (3.1)-(3.3); let the boundary matriz B= B(v)
satisfy the (UKL) condition. Then for every data f € L*(2x (0,T)), g€ L*(T' x (0,T))
and a € L*(Y), with arbitrary T > 0, there exists one, and only one, solution u € L*(Q x
(0,7)) of (3.1)-(3.3) such that:
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0. weC((0, 7 L2(9);
b. A(v)u admits a trace yoA(v)u on the boundary T' of Q which is of class
L3(I'x (0,T)).
Finally, for any positive real number v sufficiently large, the following a priori estimate
holds true

_ - 1
e 2”Tllu(T)IIQLzJrIIUIIQ,TSC(Iallifr/o e 27t<7||f(7f)ll2m+llg(t)I%z>dt , (3.6)

where the constant C' >0 does not depend on f,g,a and v,T. In (3.6) ||.||2 denotes
the norm in either L*(Q) or L*(T') and

T
|u||7T —/ / 2y A(v) (x7t)|2dxdt+'y/ /6_27t|u(w,t)\2dxdt. (3.7
0o Ja

We follow here the usual approach consisting of reducing the original ibvp into a
finite number of ibvps on the half-plane, by use of a smooth partition of unity and
local changes of coordinates.

Before starting to reduce our problem, it is convenient to focus on some relevant
invariance properties displayed by the linear elasticity system (3.1). Actually, this
system is invariant under translations of R2. It is even worthwhile to remark that

(3.1) is invariant under rotations of R?, provided that a rotation is coupled with an
appropriate linear change of unknowns. In order to see that, for every unit vector
¢=(¢1,¢2)T let U=U(() be a real orthogonal matrix such that

U(é)*A@)U(EQ ldiag(0-AvVA—Vbep—cp), €20 (3.8)

in the right-hand side of (3.8) diag(0,+v/\,—V/\,4+cp,—cp) stands, as usual, for the
diagonal matrix with diagonal entries equal to 0,4v/\,£cp respectively. Observing
that Az = A((0,1)), from (3.8) we straightforwardly derive

iz (&) () —a@. ero (39)

where for every unit vector { we have set

T(¢)=U(QOU((0,1)")". (3.10)

By an explicit computation, we find for |(|=1

Cg—%ﬁz %CICQ \;%C% 0 0
—%Q@ G- 220G 0 0

TO=1 2¢ -2206G+5¢ 0 o (3.11)
0 0 0 G G
0 0 0 —C1 G

Moreover, for every nonzero & = (1,£2)7 we compute that

a7 ()4 (lg)*=A<<52,—n>T>:52A1—nA2. (3.12)
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Let us also remark that for every umit vector ¢=((1,¢2)? we get T((1,(2)* =
T(—(1,¢2). Now we come back to the ibvp (3.1)-(3.3) and take an arbitrary rota-
tion of R?; in fact, due to the translation invariance of the problem, we may always
assume that the origin of R? is the center of the rotation. Thus the equations of the

rotation become
X 0y —01
Nl
()=o) () @19

where the real numbers 6,0, satisfy 02+603=1. Let us set 6= (6,,0,)7, 6+ :=
(02,—61)T; if u=wu(x,t) solves (3.1)-(3.3), then U(X,t):=u(R*X,t) must solve the
differential system in the rotated space variables X = (X1, X2)T

oU oU oU
A S+ A

= e ()aXz—f(Xt) XeQ,t>0, (3.14)

together with the new boundary and initial conditions

BW(R*X))U(X,t)=g(X,t), zel,t>0,
UX,0)=a(X), Xe;

= 6y —64
R= ( Y >
F(X,t):=f(R*X,t), §(X,t):=g(R*X,t), a(X):=a(R*X), while Q:=R(Q) and I =
R(T") are the rotated open bounded domain and its boundary respectively. Since
from (3.12) and (3.9) we derive respectively
T(9)"A(6H)T(6)= A
T(0)"A0)T(0) =

(3.15)

here we have set for brevity

multiplying (3.14) on the left by T(0)* yields that the new function V(X,t)=
T(0)*U(X,t) must solve the original system (3.1) in the new space variables X, that
is

ov ov oV

The corresponding boundary and initial conditions for V' become respectively
B((R*X))T(O)V(X,t)=g§(X,t), Xel,t>0 (3.17)
and
V(X,0)=T(0)"a(X), Xe. (3.18)

The resulting ibvp (3.16)-(3.18) keeps the main features of the original one (3.1)-
(3.3). Firstly, let us remark that the unit outward normal vector 7(X) to the rotated

boundary F at the point X = Rx can be expressed in terms of the outward normal
v to the original boundary I' by formula

7(X)=Rv(R*X). (3.19)
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Then the matrix involved in the boundary condition (3.17) can be rewritten as
B(v(R*X))T(6) = B(#(X)), (3.20)

where B(.):=B(R*.)T(f) is smoothly dependent on 7; moreover, it is clear that the

rank of B(#(X)) is maximal, for any X €T, since T'(f) is an orthogonal matrix. Lastly,
using (3.19) we compute

A(B(X)) =T(0)* A (R X)) T(0); (3.21)
hence (3.4) and (3.5) easily imply

rank A(7(X)) =4, B N (3.22)
KerA(7(X))=KerA(v(R*X))T(9) Cc KerB(v(X)), '
for every X € L.

Let us fix now an arbitrary point Z of I" and choose a small neighborhood W of z;
due to the assumptions made about the boundary T itself, 'MWV can be represented
by an equation zs=-y(x;) for some smooth function v, and we may assume that
22 >7(x1) holds true in QNW. We may always assume that v(0) =~/(0) =0; indeed,
denoting by 7= (#1,7)T the unit outward normal to I' at Z, this can be obtained by
translating the origin of R? in Z, then performing a rotation around Z that changes the
orthonormal basis {(—i,i1)T,(—1,—2)T} into the canonical basis {(1,0)7,(0,1)7}
and passing to the corresponding problem (3.16)-(3.18) (where now 6 is —(7,72)7);
however, later on we will always identify the starting ibvp (3.1)-(3.3) with the one
obtained under the aforesaid rotation. Let V be a small neighborhood of the origin
in R?; we define a transformation =1 (y) on V by setting

Yy y2) =y1 =iy, v(1))ye,
Pa(y1,y2) = (y1) —va(y1,7(y1)) e (3.23)

For y; sufficiently small, the outward normal vector v((y1,7(y1))) to the point
(y1,7(y1)) is explicitly given by

S
(1+7(31)2)*

Let us observe also that ¢(0) =0. Since the Jacobian of 1, evaluated at 0, is equal to
1 provided that V is taken sufficiently small, 1 defines a diffeomorphism from V onto
an open set (V) =:U CW; let us denote by ¢ the inverse transformation of ¢». We
check that ¢(T'NU)={y2=0}NV and ¢(QNU)={y2>0}N).

We are now able to transform the ibvp (3.1)-(3.3) into a family of problems in the
half-plane. Due to the compactness, we can cover by a finite family of open sets
{Uj}ézo such that U;NT#0, j=1,...,1 and Uy C Q. Next, we choose a partition of

v((y1,7(y1))) =v(y) = (v (). —1)". (3.24)

l _
unity {x; }ézo, subordinated to the covering {U/; }2‘:07 such that ) x; =1 over Q and
j=0
Xj >0, j=0,...,1. For every j=1,...,1, let 1/ = (¢{,4}) be the diffeomorphism from
{y2>0}NV onto QNU; defined by equations (3.23) (where the equation xo=-y(z1)
has been replaced with the equation xo =y;(z1) of the piece of boundary I'N4f;) and

¢’ =(¢7,¢%) the inverse transformation. For the sake of convenience, we denote also
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by ¢° a translation of R? mapping Uy into ¢°(Uy) C Vo :={y:y1 >4, |y| < %}, for some
small § >0, with inverse map °.

Hereafter, we will set 9(y) =v(1)7 (y)) for any fixed j=0,...,I and all functions v =1v(x)
defined on QNUY;. Let u=u(z,t) be a solution to (3.1)-(3.3); for every j=0,...,l, we
set

u! =l (y,t) =x;u(y,t). (3.25)

We have that suppu? C {y2 >0}NV, j=1,...,1, and suppu’ C V.
For each index j=1,...,] we find that ¥/ must solve an ibvp in the half-plane such as

Lj,uj_(y7t) = fj (y,t), y1 €R, y2, >0,
Biud (yy,0,t) =g (y1,t), y1 ER, >0, (3.26)
W (y,0)=a’(y), y1E€R,y2>0.

Here L7 is the first order linear partial differential operator

0 0 )

L= 4 A 4+ AL~ 3.27
ot ey T2y, (3:27)
with variable coefficients
Al=Al(y):=A(V.0l(y) i=1.2, (3.28)
T
where we have set for brevity V, := (a%, 3%2) . Furthermore
B =B (y1) = B(v(¢’ (41,0))) (3.29)
and
a’ (y) =X;a(y)-
For every j=1,...,1, (3.26) is a characteristic ibvp in the half-plane, since of course

rankAg(y) =4. From equations (3.23) (with + replaced by 7;) we compute that, f(l)r
y2=0, the Jacobian Jy;(y1,0) of the transformation ¢ is equal to (147}(y1)%)?;
using also (3.24) and the inverse mapping differentiation formulae we get

V(T/)j (ybo)) = _Vw¢2 (ylvo) = _Jll) (y170)vi¢l (9170)7 (331)
T
where Vi := (—6—22, %) . In view of (3.31), (3.5) yields the reflexivity property for
(3.26)
Ker A} (y1,0) =Ker A(v(y? (y1,0))) C KerB (yy). (3.32)

Correspondingly to xg, we also find that ug must solve the pure Cauchy problem in
R2

Lu(y,t) = fO(y,t), yeR%Lt>0,
),

u®(y,0)=a’(y), yeR? (3.33)
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where L = % +A18%1 +A28%2 is just the differential operator involved in the original
system (3.1), while the data f° and a° are defined respectively by

FO,t) = xof (u,t) + A(Voxo)ii(y,t), o (y)=xoa(y). (3.34)

Summing up the preceding computations, by localization and flattening of the bound-
ary I" of the original ibvp (3.1)-(3.3), we are reduced to solve [ characteristic ibvps in
R

Ljv( ) fj(yv )a ylGRv y27t>03
B’v(y 0, ) ¢ yit), neR, >0, (3.35)
): )’ yleRay2>O,

with operators L7, B7 and data f7,¢g7,a’ defined by (3.27)-(3.29) and (3.30) respec-
tively, and the Cauchy problem in R?

Lo(y,t)=f(y,t) yeR*t>0,
v(y,0)=a’(y), yeR?,

with f0,a® defined by (3.34).
Actually the above Cauchy problem is strongly L2-well posed (in fact it is well posed
in every Sobolev space H®, s€R), due to the strict hyperbolicity of L.
Now we focus on the construction of a symbolic Kreiss symmetrizer for the vari-
able coefficients ibvps (3.35), in order to get an L2-well posedness result for each of
them; this will be done starting from the dissipative symmetrizer that we already
found in the constant coefficient case. For simplicity, hereafter we will drop the index
j from the operators L7, B7 and the data f7,¢7,a’ in (3.35). Since the data f,g,a
vanish outside some small neighborhood {y,>0}NV, actually we are looking for
a smooth function K :{y; >0}NV x {(r,7) e CxR:R7 >0, |7|+|n| #0} — Ms,5(C),
fulfilling the next properties:
i. for every y€{y2>0}NV, Rr>0 and n€R with |7|+]|n|#0, the matrix
Y(y,m,m) =K (y,7,m)A2(y) is Hermitian;
ii. X(y,7,m) must be non positive on KerB(yl) and its restriction to KerB(y;)
vanishes only on KerAs(y1,0), uniformly in (y1,7,7);
iii. For P(y,7,mn):=K(y,7,n)(7Is+inA;1(y)) there exists a positive constant cg
such that:

(3.36)

RP(y,7,m) > co(R7)15, V(y,7,m): y €{y2 >0} NV, R7 >0, |7]+[n| #0,

where RP:= (P +P~).
Since the matrix valued functions Aj(y),As(y) converge to the matrices A;=

A1(0),Ag = A5(0) respectively, as long as y — 0, and putting £ = % into (3.9) gives

Aa(y) =Vad2 (0)|T(y) AT (y)", (3.37)
where we have set T(y):=T (%ﬁ%ﬁ), we are led to define
zP2\Y
- 1 - ~
K(y,mn) = ——==—T@) KT (y)" (3.38)

[Vada(y)]
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Here K =K (7,n) is the dissipative Kreiss symmetrizer that we have constructed for
the constant coefficient case, taking B(0) as boundary matrix; notice that (3.32)
yields KerA; =R x {04} C KerB(0), thus B(0)=(03,Bs) with rankBy=2. It is clear
that K (y,7,n)As(y) =T(y)K (r,7)A2T(y)* is Hermitian since the same is true for
K(1,n)Ay. Furthermore the function yn—>l~((y,7',17) is smooth and converges to

K (0,7,n) = K (1,n) uniformly with respect to 7,7, on the unit hemi-sphere |7|> +n? =1,
R7 >0, and then on the whole of {(7,7) €CxR;R7>0,|r|+|n|#0} (recall that
K (7,m) may be constructed as a homogeneous function of degree 0 in (7,7)). Since

properties ii, iii are fulfilled by K (y,7,m) at y=0, by shrinking the neighborhood V
(if it is necessary), the same properties hold true in {y2 >0} NV due to the continuity
of K with respect to y.

Adapting to the present framework the same arguments used in the constant coeffi-
cients case, by use of the above Kreiss symmetrizer and the pseudo-differential calculus
we get the strong L2-well posedness of (3.35). Hence the L?-well posedness of the
original ibvp (3.1)-(3.3) easily follows and the proof of Theorem 3.1 is complete.
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