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STRONG SOLUTION TO A KIND OF CROSS DIFFUSION
PARABOLIC SYSTEM*

LI CHEN', LING HSIAO*, AND YONG LIS

Abstract. A kind of strongly coupled cross diffusion parabolic system, which can be used as
the energy transport model in semiconductor science, is studied in this paper. The existence and
uniqueness of strong solution to the initial boundary value problem are obtained, under the condition
that the initial data are a small perturbation of an isothermal stationary solution. Based on this

result, an application of Newton iteration on solving this problem is also given.
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1. Introduction

In the last decades, more and more strongly coupled parabolic systems with (de-
generate or non-degenerate) cross diffusion terms were derived from applied science,
for instance, chemotaxis phenomenon in biomathematics, generalized drift diffusion
and energy transport model in semiconductor science, separation of granular material,
etc. In real applications, due to more information included, such kinds of cross diffu-
sion models describe the phenomena more clearly than the classical weakly coupled
diffusion systems. But very few theoretical results have been obtained up to now.

In the present paper, we consider the following cross diffusion parabolic system.

ny — divJy(Vn, VE, n, B,VV) = 0
E, —divJy(Vn,VE,n,E,VV) = =VV - 1(Vn,VE,n, E,VV) + R(n, E)
AV =n—C(x)
(1.1)

where J;(r,s,n, E, @), i = 1,2, are smooth functions and are linear functions on r
and s. In real applications, n and £ may denote some kinds of densities, J; and Js
the flux densities of such densities, and R(n, F) relaxation term. It is well known
that if the system is not weakly coupled, no general theory as the results in [13] can
be used directly and one must find another way to deal with this system. In fact,
the structure is completely different from the weakly coupled case so that the usual
method including the maximum principle and the regularity theory can not be used.

We will study a special case of (1.1), which could describe the conservation of
energy in semiconductor simulation. For more details of the energy transport model,
we refer to the references [11, 1, 8, 12, 2, 15]. This system is a degenerate quasi-linear
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strongly coupled parabolic system with principal part in divergence form. Obviously,
it is important to make investigation on it both theoretically and numerically.

Up to now, only partial results are available in the literature concerning the
wellposedness of the energy transport model. We summarize some of the available
results. For the stationary case, we refer to references, [5, 9, 4]. For the transient case,
the first results on the existence of a weak solution and the large time behavior to a
more general parabolic system were obtained by P. Degond, S. Génieys and A. Jiingel
[6]. Furthermore, A. Jiingel established in [7] the regularity and uniqueness when the
coefficient matrix depends merely on space variable z. However, in both [6] and [7] it
is required that the diffusion matrix is uniformly positive definite, while the situation
in the commonly used energy transport models does not satisfy this requirement. So
it would be very interesting to study directly the energy transport model, i.e. system
(1.1) with

®=VV (1.2)
Ji = —(V(nT37P) —nT~2779) (1.3)
Jo = —(2 = B)(V(nT3P) — nT3 "0) (1.4)
R=rn"0=D (15)
E = (2 fB)nT, (1.6)

which can be rewritten into the following form

ng +divJ; =0 (1.7)
Et+d1VJ2=J1(I)+R .
Ndivd =n — C(z), ®=VV, (1.9)

where the unknowns n and T are the electric density and the electron temperature
respectively, V is the electrostatic potential, F the density of the internal energy,
R(n,T) the energy relaxation term, J; the carrier flux density, Jo the energy flux
density, or heat flux and C(x) the doping profile which represents the background of
the device. There are also some physical constants such as, Ty the lattice temperature,
A the scaled Debye length. 3 € [0,1/2]. The case with 8 =1/2 is called Chen model,
[3], and 8 = 0 is Lyumkis model, [14]. For convenience, we suppose Ty = 1 which has
been used in numerical simulation.

In general, this system will be considered on @, = Q2 x [0, 7). The problem will be
discussed with the following boundary conditions and initial conditions in this paper

Ji-v]oa = J2 - v]oa = @ - v]en =0, (1.10)
n(z,0)=nr, T(x,0)=T; (1.11)

where the boundary conditions are equivalent to the homogeneous Neumann boundary
conditions when we consider positive solution n and T,

Vn - 7|8QN =VTr. 7|3QN = 7|8QN =0, (1'12)

We make the following assumptions
(I) C(z) € Lo(2), 0 < C < C(z) < C
(IT) Q is a bounded domain in RY, 90 € C%1, N < 3.
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In section 2, we will discuss the existence of a typical isothermal state first, and
then prove the existence and uniqueness of a kind of strong solution when the initial
state is near this isothermal state. In section 3, we give a scheme by Newton iteration
to calculate this solution. At the same time, we obtain that the speed of convergence
of this scheme is quadratic.

2. The Existence and Uniqueness of Strong Solution
As mentioned in the introduction we first look for a special stationary isothermal
state (M, Ty = 1, ¥) with A/ > 0, namely, to solve

VN = NV¥ =0,

divl = N — C(x), ¥ = V'V, (2.1)

with boundary condition

THEOREM 2.1. Suppose that (I) and (II) hold, and C < 2/(1—203). Then (2.1) (2.2)
has a W2(Q), 1 < p < oo, solution (N, V) which satisfies that

C<N<C, in Q. (2.3)

In the theorem, we have used the notation W*(Q2) = {u € L,(2) : Du,...,D™u €
Ly()}-
Proof. It is easy to see that (2.1)(2.2) is equivalent to

{ AV = 0e¥ — C(z), (2.4)

VvV 7'89 = 07

where 6 > 0 is an arbitrary fixed constant. The existence and uniqueness of W, ()
weak solution of (2.4) can be easily obtained by monotone operator theory, similar to
Lemma 3.2 in [4]. In the following we will get the estimates (2.3).

Let ¢1 = In(C/0), ca = In(C/H). Using (V — ¢1)* as a test function in (2.4), it
holds that

/|V —c)T? /96 —cp)t /C V—c)"

(Ber — YV —c1)* ,
ch

(2.5)

where Q., = {V — ¢; > 0}. Thus it follows that
V<a, N=06<C.
Similarly, using (V — ¢2)~ as a test function, we have
V>e, N=6>C.

Thus by regularity theory on elliptic equations, with the help of fe¥ — C(x) € Lo (%),
we know that V € W2(Q), V1 < p < co, namely ¥ € W, ().

REMARK 2.2. If C(x) € W(Q), then by reqularity theory of elliptic equations, we
have N,V € W(%).
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We turn to the dynamic system (1.7)-(1.9) next.
We introduce the following notations

By :={ue Wi (Q): Vu-vlgq =0}, (2.6)
By = {ueWy2(Q,): Vu-vlog = 0,uli—o = 0}, (2.7)
Bs ={®=VV,V €W, *(Q;) : ®7|on =0}, (2.8)
Bii={ueW; 7 (@)}, (2.9)

where r = 2if N <2 and r = 4if N = 3, W;"'(Q,) = {u € Lx(Q,) : Du, D*u,u; €
LQ(QT)}7 W2472(QT) = {’U, € LQ(Q-,—) : Dauaut7D2ut7utt € LQ(QT)aa = 17 74}

THEOREM 2.3. Suppose (I) (IT) hold, C(x) € W3 2(Q), C < 2/(1 —28), n;,Tr €
B1(Q), then for any fized T > 0, there exist 6 > 0 and n(d) > 0 such that when
||nI _NHBl + HTI - 1”51 < 67 (210)

there exists a unique solution (n,T,®) such that (n —nr, T —1,®) € (Bz)? x Bs for
(1.7)-(1.9) and satisfying
In = Nlls, + |7 = 1|5, + [|® = ¥, < n(d), (2.11)

with n(6) — 0, 6 — 0.

REMARK 2.4. The assumption C' < 2/(1 — 23) is reasonable since in the commonly
used Chen model, B = 1/2, which means C is an arbitrary positive constant.

Proof. We will use implicit function theorem to get the existence and uniqueness
of the solution. At first we write the equations in (1.7)-(1.9) explicitly in the following
form

Gi(n,T,®) =0, i=1,23 (2.12)
with
Cr(n, T, ®) = ny ~ TP An — (5 — BT 3 PnAT
(12T IR VT 4 (= PIT VTR AT Y00 (219)
- (% +B)T 3 BnVT - ® +nT-2B(n—C)

Go(n, T, ®) =T, — T3> PAT — (1 —28)T 2 P|VT|?
3
— 273 P~ 'Vn - VT + T3 Pn~'Vn & + (5 - BT 3 PNT - (514
1

- mT*%*/ﬂ@P —T-2tP(1—1T)

Gs(n,T,®) = div® —n+ C(z) (2.15)
Introducing a mapping

F:U— (By)? (2.16)
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with an open subset of (B1)? x ((B2)? x Bs), that is

U={(n,Tr),(P,Q,V)) € (B1)? x ((B2)* x B3) :

EID2Q>0suchthatQ<P+n1,Q+T1_<ﬁ, (2.17)
and [|(nr, T7) || 8,2, [[(P, @, @)(5)2x8; < D}

in the following sense
Gz(P+nIaQ+TI;(I)):fla Z:172a3 (218)

The continuity and continuous differentiability of F can be obtained by Sobolev em-
bedding theorem in the Appendix and Hélder inequality. In fact, we deal with it in
two cases, N <2 and N =3. When N < 2,ifu € W22’1(QT), we have Du € L*(Q,)
and || Dul[p1(q,) < C||uHW22,1(QT) by Sobolev embedding theorem. When N = 3,

if u € Wy*(Q,) which means u;, D*u € W, (Q,), we have u € Wg''(Q,), thus
| Dullr_ (g, < C||u||W§'1(QT) < C’||u||W24,2(QT) by Sobolev embedding. Then in any
case F is continuously differentiable in ¢/ by Hoélder inequality and the above esti-
mates. Since the proofs involved are fundamental calculations, we will only give some
examples on calculating certain typical terms in the definition of 7. When N < 2,
we have

1 —3-
17y 2 5V_nl VI =T, ® "V, - V| Lo,
< CD, DT - Tllr.i@n IV | ra@n VT | 2ucn)
+CD)IV (1 — )] a0 IV 10 (219
+ CD)IIVnz| i@ VT = T2)l Luq)
Clllna = n2llwz 2o + 111 = Tellwz )

IN

while when N = 3,

—1_p5 -1 5
||T1 2 anl . VTl - ?2 2 V?”LQ . VTQHW22‘1(Q.,)
< T =T ) VT e g,
_1_
+ ||T2 2 5V(n1 — n2) . VT1HW22‘1(Q.,)
_1_
+ ||T2 2 5V7L2 . V(Tl — TQ)Hsz‘l(Q.,) (220)
CD,D)| T - TQ”W;*Z(QT)||n1HW24‘2(QT)HT1||W;*2(QT)
+C(D)[ln1 — n2||W;*2(QT)HT1||W;*2(QT)
+ C(Q)HnZHW;v?(QT) 171 — TQHW;‘z(QT)
< CO(fln1 — n2||W;*2(QT) + HTl - TQ”W;*Z(QT))

IN

In (2.19) and (2.20), for the simplicity of notations, we have used n; = P; + n; and
T, =Q;+Tr.

It is obvious that the isothermal state is a fixed point of F, i.e., F(Xp) = 0 with
Xo = ((Nv 1); (07 0, \I]))

Then it is remained to prove that the Frechet derivative F5(Xy) is invertible,
which means to solve the following linear system uniquely for any f; € By, i = 1,2, 3,

P~ AP~ (5~ HINDQ + Li(P,Q,®) = fi (2.21)

Qi — AQ + Lo P,Q,P) = fo (2.22)
dive — P = f3,® = VV, (2.23)
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where £;, i = 1,2 are linear operators,
Li(P,Q,®) = Ay VP + ApVQ + AizP + AuQ + Ais®. (2.24)

A;j is functions only depend on N, VA and U. By estimates in Theorem 2.1, we
have || A1 (@,) < K. Here and here after, we denote K the constants which are
independent of the solution (P, @, V) to the problem (2.21)-(2.23).

At first we will prove that problem (2.21)-(2.23) has a unique solution in W2 (Q,) x
W3 (@Qr) x La(0,7;W3(Q)) with P, Qli—o = 0, VP y]ag = VQ - y]oa = ® - y]aa =0
when f; € La(Q-), ¢ = 1,2,3. The main point lies in the following a priori estimate.

Since the difference of any two solutions V4 and V5 to (2.23) with ®-v|spq =0is a

constant, independent of the space variable z, there exists a V such that [ Vdx =0
_ _ Q
and VV = VV = ®&. Multiplying (2.23) by V' and integrating it over €2, we have,

with the help of Poincare inequality,

12(, )1 7,00y < KUPCOIT, ) + 1 £36:017,0)-
Integrating the above over [0, 7], it follows
12l 220,y < K(IPllLa@r) + /3l r2(00)- (2.25)
Multiplying (2.21) by P and integrating it over 2, we have, due to VP -v|spq = 0 and

| Aijll L@,y < K, that

53 |7 [(9PPeG-anvQvp) < ¢ [(VPRHVQRK [ (PQi)ex

Multiplying (2.22) by @ and integrating it over €2, we have, with the help of VQ-v|aq =
0 and ”Aij”Loo(QT) < K, that

57 @+ [IvQR <5 [(vPE+IveP) + K [ (P 4@} + K

Combining the two inequalities above, it follows that

o (P2+Q )+ /(|VP|2+(%—5)NVQ.VP+|VQ|2) < K/Q(P2+Q2)+K. (2.26)

With the assumption C' < 2/(1 — 23), we have

d

G [P+ [vpr v <K [ (PP @)+ K (2.27)

By Gronwall inequality, we have
sup /(P2+Q2)+/ /(|VP|2+|VQ|2) <K. (2.28)
0<t<T JQ 0o JQ

In order to obtain the second order estimate, we need to take gradients on (2.21)
and (2.22) with respect to the space variable. It should be pointed out that it is
not necessary to use the third order differentiability because we can use difference
quotient instead.
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Taking gradient to (2.21) and (2.22) with respect to the space variable, multi-
plying them by VP and V(Q separately, integrating over 2, and using VP - v|sq =
VQ -7loa =0 and [[Ai; L. (g,) < K whenever it is necessary, we have,

s [(VPE+IVQP@ [ [(aPPrseP <K (229)
o<t<r JQ o Ja

Combining (2.28) (2.29) with (2.21) and (2.22), we get the Ly estimates on P,
and ;. Thus for any W22 ! solution,

1Pz 0. 1Qllwz1 (g, < K. (2.30)

Next we will use continuity method to prove the W3'" solvability of (2.21)-(2.23)
with homogeneous Neumann boundary conditions.
We consider the following family of systems, ¢ € [0, 1],

(1= (P — APS) +€[Pi— AP — (5~ HNDQ + L1(P,Q, )] =

(1—-6)(QF — AQY) +€[Qr — AQ + La(P,Q, )] = fo
divdé = PE + f3, 8¢ = VVE,

P€|t:0 = Q5|t:0 = 0;

VP - y|oa = VQ° - 7]aq = ¢ - v]pq = 0.

When ¢ = 0, it is known that the above problem has a solution P° Q° &€
W (Q,), ®° € Ly(0,7; W (€)). Similar to the estimate (2.30) we can get

HPE||W22’1(Q,,)7 HQ£||W22’1(QT)7 H¢£HL2(O,T;W21(Q)) <K,

where K is independent of £&. Thus from continuity method we know that there exists
a solution, when &€ = 1, P,Q € W' (Q,), ® € Ly(0,7;W4(Q)). The uniqueness of
this solution can be obtained directly from (2.30).

Then in the case of N < 2, we have finished the proof. For N = 3, we need more
regularity of P,Q,®, i.e. P,Q € W;Q(QT), with the help of nr, T € Wi (Q) and
fie W22 ’1(QT). These could be obtained by the following procedures. Differentiating
(2.21)-(2.23) with respect to t, or with respect to t and « for higher order estimates,
we can obtain the desired a priori estimates with the help of homogeneous Neumann
boundary condition and the system itself. We omit the details here. a

3. The Application of Newton Iteration

In the previous section, we have obtained the existence of a solution to the energy
transport model with homogeneous Neumann boundary condition in a neighborhood
of the isothermal state. Now in this section, we will simulate this solution by Newton
Iteration for any fixed initial data ny, T7.

Let

F(P,Q,®) = F((n1,T7), (P, Q, ®)). (3.1)
By theorem 2.3, we have a X* = (P*,Q*,®*) € O,(N —ny,1 — T;,¥) such that

F(X*) = 0, where we use the notation O,(N — n;,1 — T;, ¥) to represent an 7
neighborhood of (N —ny,1 — T, V) in (Bs)? x Bs. Then there exists a §* > 0 such
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that Os- (X*) C Oy(N —ny,1 —T7,). It follows from theorem 2.3 that 0 < D <
P+nr,Q+Tr <D, |[(P4+n1,Q+Tr,®)|(5,)2x8, for any (P,Q,®) € Os-(X™).

For the numerical simulation of X*, from which we can get the solution n =
P 4+n;, T=Q"+T; and & = &*, we employ the Newton iteration in the following
steps:

1, Choose X € Os+(X™);

2, Forn=0,1,..set X1 =X, — (F'(X,)) 'F(X,).

In the above, we use the abbreviations X, = (P,,Qn,®,) for n = 0,1,.... To
ensure that this iteration is well defined and convergent, we need to verify the required
properties of mapping F', which will be stated in the following theorem.

THEOREM 3.1. The operator F : (B2)? x By — (By4)? is Fréchet differentiable in
Os+«(X*). When r = 4 in the definition of space B;, i =1, ...,4, the Fréchet derivative
F'(X) is Lipschitz continuous in Og«(X*), i.e.

sup [F'(X1)(X) = F'(X2)(X) || ,ys < LI X1 — Xoll(82)2xBs (3.2)

1 52 15, <1

for all X1,Xo € Os«(X*), where L depends on C, C, n and the norm of isothermal
state || Xo|(8y)2x5s- Furthermore, as a continuous linear operator, (F'(X))™ : By —
(B2)? x Bs emists for all X € Og«(X*).

Proof. By definition, the exact form of operator F' is from (2.13)-(2.15)
F(Panq)):Gz(P+nva+TI;(I)) (33)

with fixed initial data n; and T7. The continuous differentiability of F' can be obtained
by the same method as the discussion in (2.19) and (2.20) where we have proved the
same property of F. The derivative of F' at X = (P,Q, ®) is
F'(X)(P,Q, )
~ 1 ~ ~

P —(Q+Ty)> AP~ (5 —B)(Q+T1) 2 (P +n1)AQ + Li(P,Q, ®)

Q¢ = (Q+T1)> PAQ + L2(P,Q, ®)

divd — P,

where L;, i = 1,2 are linear operators,

L.(P, Q,f’) = B11 VP + B12VQ + B3P + B1uQ + Bi5®
- (? ~B)(Q+T) "= PAQ+Tr)P
G-+ T AP+ )Q (3.5)

% B2NQ + Ty) "2 P(P +np)AQ + T1)Q.

+(Z—

Ly (P, Q,l@) = B21VP + B3yVQ + Bag P + BoyQ + Bos®
~ (3 =M@+ T PAQ+T1)Q

and B;; are functions which only depend on V(ﬁ +ny), P +ny, V(Q +ny), Q+ny
and .
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Next we will prove that F'(X) is Lipschitz continuous in Og«(X*) when r = 4 in
the definition of Bz VXl = (Pl, Ql; (I)l),XQ = (P27Q27(b2) S 05* (X*), we need to
estimate the following quantity,

IF'(X1)(P,Q,®) — F'(X2)(P,Q, ®)l| 2115

In fact, among the terms in F'(X;)(P,Q,®) — F'(X2)(P,Q,®), such terms like
| Bi; (X1)P — Bij(XQ)P”WZz*l(QT) can be estimated similarly to (2.20). The others

can be controlled by the following method, (we use notations n; = P; + n; and
T; = Qi +1Tr),

e e —
H(Tf -1y )APHWz“(QT) < C(D,D)||Ty - TQHW;‘Z(Q,,)HP”W;*Q(QT)

_3_ _3_
I ATy =Ty 2 naATo)Ql 2 g
< OD.D)(ITy — Tollws2q., + In1 = n2llwiz o) 1Qlwsz .

where we only give an example of them. Thus we have proved (3.2).

The last step is to get the existence of (F’(X))~!, which can be obtained by
a priori estimates and continuity method as the proof of the invertibility of F'(Xj)
in Theorem 2.3, with only a little difference in the a priori estimates. In Theorem
2.3, A;; depend only on the isothermal state, which makes the estimates easily ob-
tained. Now in the present case, the coefficients of linear operator (F’(X))~! are more
complicated. They include not only the similar terms as A;j;, i.e. B;;, which have
estimates || Byj||1__(g.) < C by Sobolev embedding, but also some other terms whose
coefficients are not Lo, bounded, i.e. the last three terms in (3.5) and the last term in
(3.6). To deal with such terms, we need to use integration by parts with homogeneous
Neumann boundary condition, and Holder inequality. We omit the details.
d

Hence, the Newton iteration is well-defined and the above theorem ensures the
convergence.

THEOREM 3.2. There exists a constant & < 0* such that the iterative sequence X 11 =
X, — (F'(X,)) ' F(X,) converges to the solution X* for every initial value Xy €
O;(X*). Furthermore, there is a suitable constant M, depending on 6* and L, such
that

1Xn = X*Bay2x8, < M1 X0 = X[ T5,)2 1,
1X0 = X"l 8212 x5, < (M) /M.

REMARK 3.3. The step Xp11 = X, — (F'(X,,)) 1F(X,,) can be easily obtained
numerically by finite difference schemes or finite element schemes on linear parabolic
systems.

4. Appendix We state the following Sobolev embedding theorem for Wg’l (Qr)
in [10], which have been used in the proof of the present paper.
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Theorem. If Q) satisfies the uniform cone condition, u € WpQ?l(QT), p > 1, then

P 2 7’
N +2
W571(Q7) — LS(QT)7 1 S 5 < 00, b= Ta (41)
(N +2)p N+2
L T) = ) a8
(@r) N+2-2p 2
>N+2
| Dull (@, p ’
AT 1< s < o0, =N+2,
[1Dullr.@.) ¢ < Cllullwzrq,) N+ 2)p P (4.2)
D < -7 N + 2.
|1 Dullr, (@, SSNTo_, PENT
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