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Abstract: We give the spectral decomposition of the path space of the Uq(;lz) ver-
tex model with respect to the local _energy functions. The result suggests the hidden
Yangian module structure on the s/, level / integrable modules, which is consis-
tent with the earlier workA[l] in the level one case. Also we prove the fermionic

character formula of the s/, level / integrable representations in consequence.

1. Introduction

In the last decade of investigation, various close relations between the solvable lattice
model and the conformal field theory have been revealed (for example, [2-5]). The
aim of this article is to point out a new interesting relation between the spectrum
in the solvable lattice model and the hidden quantum symmetry in the conformal
field theory.

Consider the hlgher spin vertex model associated with the / + 1 1rredu01b1e rep-
resentation of Uq(slz) ([6,7]). 1t is well-known that the characters of the slz or

q(slz) level / integrable representations #(k) can be calculated by using its path
space P (k) ([2,8]). The energy of a path p is given by the sum of a sequence of
numbers A(p) = (h1(P), h2(P),...) minus the ground state energy which depends on
the corresponding boundary condition. Here 4,;(7) is the i local energy determined
from the i+ 1" component of 7 and its nearest neighbors by the local energy
function. We propose the fact that the local energy functions not only play a com-
binatorial role, but also can be regarded as the ¢ — O limit of the local integrals of
motion which commutes with the corner transfer matrix.

At g = 0, the energy of a path p is essentially the eigenvalue of the logarithm of
the corner transfer matrix on the one dimensional configuration space > 5e2(t)CP-
Hence p itself is the “eigenvector” of the corner transfer matrix, and at the same
time it is a simultaneous “eigenvector” of the mutually commuting infinitely many
“local operators” h; at g = 0.

In this paper we studied the spectral decomposition of the path space with
respect to the local energy functions 4;. That is, we decomposed the path space
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P(k) as
P(k) =12k,

where 2(k);; denotes the “eigenspace” with the spectrum h. We found that the
spectrum can be parameterized by the restricted paths and the Young diagrams.
Moreover, it turns out that the spectrum has a rich degeneracy structure. Determining
the explicit form of the s/, character of 2(k);, we see that it equals that of an
irreducible Yangian module.

In the level one case, the Yangian structure on the sl integrable modules has
been described in [1]. Consistent with their work, what our result suggests is that
even in the higher level cases, there is a canonical Yangian structure on the inte-
grable module #(k) such that

LK)~ DW,;,
i

where each W is an irreducible finite dimensional Yangian module with ch#; =
ch Z;. (A part of the Yangian structure is written in [9].)

We believe that this correspondence between the spectral decomposition of the
solvable lattice model and the “Yangian multiplets” in conformal field theory is
not a mere coincidence, but will play the important role in investigating the hidden
quantum symmetry in more general conformal field theories.

In addition, as a byproduct, the spectral decomposition leads to the fermionic
character formula conjectured in [9] and proved independently in [10].

This paper is organized as follows. In Sect. 2 we review the basic facts we use
in this article about the vertex model. In Sect. 3 we parameterize the spectrum of
the path space with the restricted paths and the Young diagrams. In Sect. 4 the
degeneracy of the spectrum is calculated. In Sect. 5 we derive several character
formulas. In Sect. 6 we discuss the connection of our results in the vertex model
with the hidden Yangian symmetry in the conformal field theory.

2. Local Energy Function and Character Formula

In this section we review basic facts about the vertex modgl. See [2,6,7,8,11]
for details. We consider the higher spin vertex model of U,(sl;). Throughout this
paper we fix an integer / € N. Let S ={/,/ —2,...,—1} and let ¥V be the /+1
dimensional irreducible representation of U,(sl) with the standard basis {v; |
weight(v;) =5, s € S}. We can extend this to the homogeneous evaluation rep-
resentation V' (z) of Uq(g‘\lz) with a complex parameter z=0. The R-matrix R(w) is

the Uj(sly)-intertwiner ¥ (z1) ® ¥(z2) — ¥ (22) ® V(z1) [6], where w = 2. We put

Rw)y= 3 RNy Egs ®Egs, , @2.1)

!
51,52,51,8,€S]

where Egy is an element in Endc(V) such that Egy - vgr = Oy g0 for s,5,s" € S.
The R-matrix above satisfies several properties, especially the diagonal nature at
q=0;
lim Rw) = 3 wOE @ gy, 2.2)
q—)

51,82€8)
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up to a scalar multiplication, where H is a function
H:SxS8—{01,..,1}

such that
'+, ifs+s =0,

H(s,s') =14 ] .

;(1—s), ifs+s <0.
We call this function the H function or the local energy function. By setting
H(s,s') = Hyy ,

we can write the above definition in a matrix form;

(23)

l -2 —[+2 -1

1 I I-1 ... 1 0

O B e T
Hy)=" | ‘ . (2.4)

PP IR TS T SR B B

oo\ . I

. X !5 . .
Each matrix element R(w);’s? defines a Boltzmann weight of the configuration
(s1, 52, 51, 85) round a vertex in a planner square lattice, where s, 5,, s}, and 59 take
values in S. It is often written as

s 5
Row)$h ;;’ = >< I . (2.5)

The comer transfer matrix method reduces the local state probability to the one-
dimensional configuration sum [7]. Fix a boundary condition so € S and let Zy =

§=(s1,52,---,5v) | si € S}. The corner transfer matrix A(S")(w) is a matrix whose
N
elements are defined as

A W) = ) [TRw)2

configuration in the interior edges

So
!
Sn < s
0
A s,
_ So
- A
s < So
So
!
S - |t So
S 5 Sy

for §=(s1,...,5n5),5 = (5],...,5y) € Zn.
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Consider the limit ¢ — 0. By the diagonal nature of the R-matrix, the corner
transfer matrix is also diagonalized at ¢ = 0, namely,

ASO)(W)ij _ 5§/W_(H(s,,s2)+2H(sZ,s3)+ +NH (sn,50)) (2.6)

with the normalization of the R-matrix as in (2.2). Hence the value H(s;,sz) +
2H(s2,53) + - - - + NH(sy, so) essentially contributes to the energy of a configuration
§ € Xy with this boundary condition so.

Let us pass to the case when the lattice size N is infinity.

For k=0,...,1, let §* denote the k™ ground state (s,s,...) = (1 -2k,
—(1 = 2k), 1—2k,—(I —2k),...). Let

S(k)={§=(s1,8,...) | s; €8 for all i, F~5®}, (2.7)

where s ~ §*) denotes the condition that s; = sgk) except for finitely many i’s.

We call 2 = ]__]i=0 Z(k) the space of the spin configurations of the vertex model

associated to the /4 1 dimensional representation of Uq(.;\lz).
Equivalently, we can define the configuration space above using a path walking
on the sl,-weight lattice instead of a spin configuration. Let

Pk)={P = (p1,p2-..) | p.— piv1 €S for all i, g~ pP}, (2.8)

where p’(k) =( pgk), pgk) ,...)=(k,l — kk,| —k,...) denotes the ground state path.
Then the one-to-one correspondence

P(k) ~ X(k),
(P1s p2,--2) < (P2 = p1, 3 — P2--) (29)

preserves the ground state for each k. We call # = |_|,l(=O P(k) the path space of
the vertex model associated to the /+ 1 dimensional irreducible representation of

U,(sly). We identify X(k) with (k) hereafter!.
Define a map
h:P(k)— {0,1,..., 1}

B hp)=(m(P)h(P)...),
by setting
hi(P) = H(pi+1 — Pis Pi+2 — Pi+1) (2.10)
where the function H is defined in (2.3). The value A7) is called the i local

energy of 7 € 2(k). Let b = h(F®) = (k1 — kbl — K, ...).
Now put the (total) energy of a path p € 2(k) as

E(5) = 3 ith(F) — ) @.11)

i=1

! Sometimes a spin configuration § is also called a path in the literature through this correspondence
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(see (2.6)). Also define the sl/, weight of a path p € 2 as
Wi(p) = p1 . (2.12)

The following theorem is proved in [2]. (See also [8] for its relation with the crystal
basis.)

Theorem 2.1. For k =0,1,...1, let A(k) = 1;((1;:22)) and let chP(k) = ¢"® 3" 54
qFPZVD), Then,
ch Z(k) = chgk)(q,2) , (2.13)

where chg (g, z) is the character of the sAlz or Uq(sAlz) level | integrable module
of the highest weight (I — k)Ag + kA;.

The image of 2(k) by the map 4 is denoted by Sp(k). Then,
Propesition 2.2. For k =0,1,...1,

Sp(k) = {k = (h1,ha,...,) | (1) (Nearest neighbour condition) /; + s = I
(2) (Boundary condition) # ~ h(k)}

Proof. Let p € P(k). Then h(p) trivially satisfies the condition (2) by definition.
Let us assume that A;(p) =j for some j € {0,...,/}. Then by the definition of
H (formula (2.4)), piy2 — pir1 = —1+ 2j, which means 4;,1(p) = [ — j. Hence
WP (k)) C Sp(k). The h(P(k)) D Sp(k) part is similar to the oncoming proof of
Theorem 4.2: Put z=11in it. O

Remark 2.3. 1 (hi-1(P), hi(P), hix1(P)) = (j, I — j,j) for some j € {0,1,....1},
then p; = pir1 +1—2j and piy; = pia +2j — 1, ie, p; and p;yq are umquely
determined by pjys.

We call Sp = |_|,1{:0 Sp(k) the spectrum of the path space & with respect to the
local energy functions 4;.

Main Problem. Decompose the path space & by its spectrum with respect to the
local energy functions h;.

We carry out the spectral decomposition of the path space in the next sections.

3. Decoding Map

In this section we fix k€{0,...,/}. By the nearest neighbor condition in Proposi-
tion 2.2, we can divide each # € Sp(k) into segments

F=(lg:]|gnlge).
gi = (hy,9h}’,+1)"-ah",),+1—1)a i= 15"'9m s
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goo = (h'ym+l’h'ym+2"")’
N=l<m<p<-<ypupu=M+1, (3.1)

so that in each segment the sum of two adjacent elements 4;, ;.1 is always /, but
any sum of the adjacent two lying across different segments is greater than . We
call those segment g;’s elementary blocks of h. Let I(g) denote the number of the
components in an elementary block g when it is finite. Each g; has the form as
follows:

Ug)
([[hy11727) if /(g;) is even .
gi = ! ot . fori=1,..,m, (32)
(hy,, (1 =, 017 277) if I(g:) is odd
where [[i]]* denotes
a pairs
il =i —d,... il —i. (3.3)

And let us write the last block g, as

(1 —kk—k..) if M is even

o= [l =y 1) = C .
goo = (s (U= Py 1) {(l—k,k,l—k,k,...) if Mis odd OV

for later convenience. Then, supposing there are J elementary blocks of odd length,
we can now rewrite the given 4 € Sp(k) in the following form:

B o= ([m ]l [ma]lP e [ 110, 1 [0 — LD
(M2 1122, [[ma2 1152, ... .. Jman, 11272, 1o, ([ — L1,

[[man 117, [[ma2] 1P, . ... [Iman 1177, 1, (11 — 111,

mn 112, [m2 1P, ... [l 1120, 15, 111 = 1,11,

(g 11270 Um0, o [y 1120, L, [T = Lr011°°)

3.5)
where
{m;;} : the initial elements of the blocks of even length,
{l; | 1 £i = J} : the initial elements of the blocks of odd length ,
ly41 = hy,,, : the initia]l elements of the last block g , 3.6)

and {b;;}(resp. {c;}) are some positive (resp. non-negative) integers determined by
the lengths of the corresponding blocks. Notice that J = M mod 2.
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Example 3.1. (1 =3,k =1)
(@ h=(1,21,2]2,1]3]0,3]2,1,2]3,0,31,2(3,0,3]1,2,1,2,1,2,...,)
= [[111%,[r217%, 3, [[011", 2, [[117", 3, [[011', [[ 111, 3, [[011", 1, [[211*° ,
(b) £ =(0,3]1,2,1]3,0,3]1,2,1,2,1,2|2,1,2,1]3,0,32,1,2,1,2,1,2,1,...,)
= [[01", 1, [[211", 3, [[01)", [[111°, [1211°, 3, [[01", 2, [[111°° .

Lemma 3.2. For a given he Sp(k), consider the sequence of the initial elements
of elementary blocks

(mi,mia,...,mi, li,mon, . o Moy, lymay, o s, B3y om0, L) (3.7)
in the notation of (3.5) and (3.6). Then,
0smy <mp <-- <mpyp <,
I—lioy <my <mp < -+ <my, <l;, fori=2,....04+1. (3.8)

Proof. The statement directly follows from the fact that the initials of the adjacent
elementary blocks g; = (h,,, ) and g1 = (hy,,,, ) satisfy

hy, < h,,, if I(g;) is even,
[ —hy, <h,, Iif l(g;)is odd (3.9)
by Eq. (3.2). O
For the given he Sp(k), let
B =1,y 1) (3.10)

be the numbers defined in (3.6). From the lemma above, we see that a sequence of
the form

(), [0 = BT = 4+ 10, [0 = 44+ 2007, [ — 1170, (fi) - (3.11)

with some d; € Z >, is inserted between two initials /;, /;4; in k. Set
B J
N =NMh)=> U —1+1)),
=0
L il
i =t(h)y=>(jp—1+1;) fori=1,..,J, (3.12)
=0

where [ =/,and 1 < , < --- <ty < N by the above lemma. Then we can find
a sequence

a(h) = (ay,...,ay) € (Zxo)" (3.13)
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so that

K= ([[01]°, [[11]%, .., [l — 111%, Iy,
[ — L)% [ — 4 10)%, [l — 1])%, 1,

ey

[ = 101%, 1,

([7 = L0 [ = 4+ 1%,

[l = 1017, 1,

(=L, ol = 101, g, [ = 1 11°°)
(3.14)

We regard the above defined a(h) as a Young diagram of depth N = N (i?) by
(Z20) Yy ={(A 2y, W) | A EZ, 2y Z 20 Z -+ 2 Jy 2 0},

N N1
a=(ay,...,ay) — <Zai,2a,~,...,a1) , (3.15)
=1 =l

where Yy denotes the set of the Young giagrams of depth N (see Fig. 1). For later
convenience, we set a(h) = ¢ when N(h) =0, and Y, = {0}.
Example 3.3. (Continued from Example 3.1.)
(a) A = [[011° [[111%, (1211, 3, L1011, [[110°, 2, [[111", [[210° 3, L1011, [111', [121°,
3,[0011%, 1, [[2]1°° -
It reads as N = 11 and

a(k) = (0,2,1,1,0,1,0,1,1,0,1)

(b) A = [[011", L, 11211, 3, [[03)", [[ 11, 1211, 3, [103", [[170°, 2, [[ 1]
It reads as N = 7 and .
a(h) =(1,1,1,3,2,1,0)

1]
111

o
[
|

|
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a
Fig. 1. Young diagram corresponding to @ = (a;, ,ay)

We have seen so far that once A* is known, then 4 € Sp(k) is uniquely
determined by the index a(h) € Yy Now let us consider the sequence 4* =
(L,.... 05, 1541) for he Sp(k). We shall associate with it a restricted path of length
N = N(h).

A sequence 7 = (ry,...,7y) is called a level / restricted path of length N if it
satisfies the conditions

r€40,...,0}, ri—rip1 = £1.
Let #x (k) denote the set of the level / restricted paths of length N with the condition
Vo = O, Iy = k.

Note that Zy(k)+0 if and only if N = k mod 2 and N = k. Since the sequence

h* =(l,...,1;,1;41) satisfies
O<hi>l-L<lz>- -
>1—1; <l =k if Jis even

e < gy > =1y < lpjpp > - ) )
a-t = it {<1,>1—1J+1=k if J is odd

(3.16)
by Lemma 3.2, we can define (k) € #y(k) for h € Sp(k) as
0th nith trth
) = ,1,....L =L, = 1,..., =L+ 1,]— Iyl —,+1,...
fy—1th tth
ceshyir =L,y — Lo =i+ 1,1 — byl — i+ 1.,
Nth
k). (3.17)

(See Fig. 2.) Note that the numbers (#1,...,%;) in (3.12) are interpreted as the
extremal points of the extremums (/y,/ — I,/3,...) of the path r(i?).
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l
I3
h
-2 \/k
§ § Y
0 h B t, N
Fig. 2. Restricted path (/) (J : even)
Example 3.4. (Continued from Example 3.3.)
(a) #* =(3,2,3,3,1). So
3
O ET /2 U 2a i N\ 1
0 305 7 10 11
(b) h* =(1,3,3,2). So
3
O T e N\
077 5 7

Now let us summarize the above argument. We have found the map

e Sp(k) — |j (R (k) % )

N=k mod2

i (r(h),a(h)) (3.18)

defined by (3.13) and (3.17). We call the map 7 the decoding map of Sp(k).
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Theorem 3.5. The decoding map m is bijective.
Proof. 1t is easy to construct the inverse map. O

By the theorem above, we identify the spectrum Sp(k) of the path space 2(k)
with || (Z#wn(k) x Yy). For 7 € RBy(k), d € Yy, let

N=R mod2
P(kyra={P € 2(k)| Wp)=m,'(7a)} (3.19)
be the path space of the spectrum (7,&). And let
chP(k)rz= Y, q*®EENGD) (3.20)
peP(k)ra

be the character of 2(k)7z Then by definition

ch?(k)y= Y chP(k)z. (3.21)
(7,@)eSp(k)

4. Degeneracy of the Spectrum

In this section we calculate the character ch (k) 4, which describes the degeneracy
of the spectrum.
For 7 € Z&y(k), we consider the sequence

IIA
IIA

ﬁ‘:(n],...,nN), ny ny (41)

obeying the condition

i~ 1’ if rio=r <r— s
ny =0, n,-:{" v L i =< i (42)
ni—y, otherwise .
We define the degree of the restricted path # € Ry(k), denoted by d(7), as
B N
a@y=>n;. (4.3)
i=1

For an arbitrary @ € Yy, we define the size of the Young diagram, denoted by
|@ |, as
N
@)= (N+1—-i)a;. 4.4)
i=1
This is in accordance with the usual definition of the size of the Young diagram
through the correspondence (3.15).

Proposition 4.1. Fix a given (,d) € Zn(k) X Yy, (N = k, N =k mod?2). Then
for any p € P(k)r.a the equality

E(p)=d(F)+ |d| (4.5)
holds.
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Proof. The proof will be given by the induction for ay,...,ay.
If @= 0, it is easy to show both sides of (4.5) are

il; + Sk — AL if J is even,

M~

(4.6)
il — S — CHDU=Dg 0 if T s odd

M~

I
—_

Next suppose that the statement is true for some a € Yy. Let a € Yy be an
element such that a] = a; + d;; for some 7 (1 <1 < N). It is sufficient to prove

that for any 137 € P(k); i
E(p)=E(PB)+N+1—-1, pePk)sa. 4.7)
Let Iy,...,15,t1,...,t; be the numbers defined in (3.6) and (3.12). Suppose
tn1 <1 <ty (4.8)
for some m,(1 < m < J 4 1), where {p =0, £;,; = N. We set
I=ty 1+t 1 St < ty—ty. (4.9)
Then nk—l(r", a7) is obtained by inserting a term [[/ — /,_; + ¢ — 1]] between the
(m+2(a; + -+ +a;) — 1) component of nk‘l(f’, @) and the one right next to it.
Thus
E(p') = E(B) = {(m+ 2@ + -+ a)(I = ln—1 +1 - 1)
+(m+2(a+ -+ a)+ D)l —t+ 1)}
+H2Uarsi + -+ an) + 20+ + 1)
2@+ Fav)+J + Dl
—(2(a+ - +an)+J +2)U - 141)}
where the first term is the contribution from the inserted sequence [[/ — /,—1 +
t — 1]] and the second term is the one from the shift of the sequence following the
inserted sequence. Hence
E(P)—E(P) = lny +2Un+ -+ 1)+ —(J+2-m)—1+1

=N—ty_1—t+1

=N-I+1. 0O
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Let us turn to the calculation of the sl, part of the character,

PRIEAL (4.10)
pePk)a

We first introduce a partition of N associated to each Young diagram of depth
N. Let By be the set of the ordered partitions of N, i.e.,

- N
By = {bz(bl,...,bs)l bi,....b €N, 1 <5 <N, zb,-:N} . (A1)

Define a map f: Yy — By
&=(ai,...,ay) — P@) =b = (by,...,by) (4.12)
so that

ay =ay=---=ap < a1 = =ap4by, < 0 < Aot 4b,_, T 1

e —ay. (4.13)

Note that the map B is a surjection. This definition is more easily seen in Fig. 3.
Let

b+1 —b—1

1(z) = °

£ (4.14)
zZ—2Z

This is the character of the (b + 1)-dimensional irreducible s/,-module V.

| o

£
| &

Fig. 3. The partition of N associated to a Young diagram @€ Yy, f(@)= b =(b1,b2, ,bs_1,bs)
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Theorem 4.2. Let (¥,@)eAn(k) X Yy, (N = k, N =k mod2). Let 1;=(b1,...,bs)
€ By be the partition of N associated to the Young diagram @ as in (4.13). Then

. s
;;(k) PAL VI Hl x,(2) . (4.15)
pe 7.5 i=

Combining (4.15) with (4.5), we have
ch P(k)pg = g O]y (2) . (4.16)
i=1

The proof of Theorem 4.2 is divided into several steps.

Step 1. In this step we show that the left hand side of (4.15) can be expressed by
the product of the incidence matrix.

For any (7,d@) € &n(k) x Yy, (n = k, N = k mod 2), let / be the corresponding
element in the spectrum Sp(k) (Theorem 3.5). Let M and J be the numbers defined
in (3.1) and (3.5) respectively, i.e., J is the number of the elementary blocks of
odd length in i and

N
M=J+2Ya. (4.17)
i=1

Let 2(k)rz be the subset of (k) corresponding to 2(k)z; through the identity
(2.9). For p € P(k)ra, let §€ 2(k)7z be the spin configuration corresponding to
P. Then it has the following form:

§= (515 >sSpm+1,—1 + 2[_]+1/1 -2/ — 14+214,...). (4.18)

The summation sy + - - - + sar41 represents how the path goes up or down from the
starting point p; to the (M + 2)® point of p, i.e., I — I;;1. Therefore the following
equality holds:

Z ZWt(ﬁ) — Zl—lj+] Z Z—(Sl+ +SM+1) . (419)
PEP(K)ra sex(k)sa

We define the function F(#,d;z) as

F(Faz)= Y z9% tous (4.20)
§eZW)na

Fora=0,1,...,1, we set

M, = : , (4.21)

a+1 z I=2a
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l—a+1
I—a+1 Ii
z
-2 -2 -2 272
a+l1 zt—s@ Zi—ea zi—=a .
Ha = s Va = .
a+1 zl—2a

(4.22)
The matrix M, is named the incidence matrix. This is defined in such a way that

1) (Ma);;#0 if and only if Hyiz_2;142-2;%a in (2.4).
2) If (Ma)ijzf:o, then (Ma)ij = zl+2_2i.

From these properties, the (i, j)-component of the matrix Mj, --- M, is expressed

as
(1‘4},l N ’Mhm )jj = Z Zsl+ tm ’ (423)

§=(s1, »5m)

where the summation is taken over all the spin configurations § such that
H(s;,si41) = h;, s1=1+2—2i Spi1 =1+2— 2j. (4.24)

Lemma 4.3. 1) For an arbitrary h = m,~\(F, @), the Jfunction F(¥,a;z) is given by
the sum of the matrix elements on the 1 — I,y + 1™ column of the matrix

My, - - My My, . (4.25)

2) Equivalently, the function F(7,d,z) is also given by the (I +1,1—1;,1+ 1)
component of the matrix

T(7a) =2'HiMy, - - - My, V3., - (4.26)
Proof. 1) For §e€ X(k)#z smt2 = —1+ 21741 as in (4.18). Applying (4.23), we
have the statement.
2) Easily follows from 1). O

Example 4.4. Here we consider the case

=3 N=3 k=1,

F=(0,121),

a=(0,1,0).

In this case J =1, M =3, I;,1 =2,and (/+ 1,/ — ;11 + 1) = (4,2). From these
data, h = m;~I(7,@) is
F=(1,2,2,2,[[1]1°).

The spin configurations in X(k)sz are

(Sla §2, 83, 54, 1a—1a la _11 la- ) ’



172 T Arakawa, T Nakanishi, K Oshima, A Tsuchiya

where
(SI’SZs 53, 54) = (3?_1, 15 1) )
(39_19_13 1) s
(3a_1’—19_1) >
(17_1’ 13 1) >
(1,—15—17 1) s
(19—17_15—1) .
Thus

F(Faz)=z" +222+2+z72.
On the other hand,
T(7ad) = z3H3M1M2M2 Vs

0 0 0 00 22 0\ /0 22 0 0
31 0 0 0 00 z z 0 z 0 O
I ) o o 00 0 0]lo z! 271 2!

z73 -3 00 0 0/\0O 0 0 O

0 23 0 22 0 0

><Oz 0 z 00
0 z! 0 z! 0 0
ooo 0 0 00
0 0 0 0

_lo 0 0 0

= 0 0 0

0 244222424272 0 0
We see that the (4,2) component of the matrix 7(7,&) is equal to F(7,d;z).

Let us proceed to the evaluation of 7(7,a) in Lemma 4.3.

Step 2. In this step, we represent 7'(¥,a) as a factorized form (4.36).
The next lemma is easily proved and useful for our purpose.

Lemma 4.5. For a =0,1,...,] and n € N,

MM;—0)" = VoH—q - (4.27)
Lemma 4.6. For d@,d € Yy, if p(@) = p(d), then

F(F,a.z) = F(F,d;z) . (4.28)

Proof. If a; +0, there is a factor z/H/(MoM;)* at the left end of T(¥,&@) (see
(3.14) and (4.27)). Since

MM, = , (4.29)
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Z Hy(MoM))* = z'H,. So it does not affect the function F(7,a:z) whether a; is
equal to zero or not. Next we suppose that there is some i (2 < i < N) such that
a; =2 1,ad; =21, and a;+a’;. But from Lemma 4.5,

(MuMi—0)* = (MaMi-0)"" = VoHi—a . (4.30)
Thus we have the result. [
From this lemma we could assume that
a; =0, ay,...,ay € {0,1} (4.31)

in order to prove Theorem 4.2 without losing generality. Until the end of this proof
we set this assumption.

For @ € Yy such that (@) = (b1,...,b), let Bo =0, =by,...,b; =b; + b,
4+t by, fs=bi+---+b;=N,and 0 < t; < --- < t; be the extremal points
of 7. We align f;’s and ¢;’s as follows:

fo=0<t; < <ty <P1r Sty < <ty <P =
Sty 1 < <ty <P Sty 1 <<ty <Ps=N. (432)
Accordingly T(7,d’) has a form

2 HiM,, - My, (M My M, -+ M, (MMM, -

my+1 my+1
Mlms—z (Mhé—le_h;—z )Ml”‘:—2+1 o Ml"‘s—l (Mhé—lMl_h;—l )Mlms—1+l o MIJ VIJ+1 ’
(4.33)
where
W= 7, if m; is even, 434
L l=rp if myis odd. (4.34)

Using Lemma 4.5 one can replace the factors (M,M;—_,) by (V,H;—,). Thus we
have

T(7,@) = 2/ (HiMy, - - My, Vig XHi—w M, - My, Vi) -+
X(Hi—w_Mi, .My, Vi YHi_p_ My, MV,
(4.35)
Therefore T(#,a) is a product of the factors
T(7,d)=2'S18 - Ss ,
Si=Hpy_ M, . M,Vy, (4.36)

where
mO - 07 ms - J ’
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Example 4.7. To illustrate the procedures (4.32-35), let us give one more example.
Let

=3 N=9, k=1,
F=1(0,1,21,2,3,2,1,0,1) € %(1),
a=1(0,1,0,1,0,0,1,0,0) € 49 .
The sequence of the local energies is
m (7)) = ([[111,2,2,[[111,3, [[113, 3, [[1]1™°) -

The Young diagram corresponding to & is

[
[

Then we see that

pr=1 p=3 p=6,

Hh =2, t, =3, =235, =8,
and the alignment of (4.32) in this case is

0<1<2<3=<3<5<6<8.

Accordingly
T(7,a;z) = 22 HsM My Mo My My Mo MM MO M3 V.

From Lemma 4.5 this can be factorized as
2 (Hy ) (Ho Mo Vi Y H Mo MV Y(Ho M3 V)

Step 3. Finally we evaluate the factor S; explicitly.
Let E;; be the matrix whose matrix element is 1 at the (i,j) component and
zero otherwise.

Lemma 4.8.
Sy ="My g (@) B e i-n - (4.37)

Proof. Let us put m;—; + 1 =n, m; = m, for simplicity. We need to calculate the
product

Hyi_p_ My, M,V . (4.38)
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First we consider the product Hl—h,f_lMl,,~

Hy_y_ M,
hl’—l+1 I—1,+1
4
Y Y -2
Ik 41 Ay BN v T z
Ll Z1=20 Z1=20
1=l +1
I—h_+1 —w (z 1 e 1 -
_ i—1 @, h,._l( ) Z2(h_, 1,,), (4.39)
where
Om(z)=22" 422" 2441 (4.40)
Since 1, — hl_; = t, — Bi—1,
I—l,+1
H_y M= I=h{_+1 qotn_ﬂi—l(z) 1 e 1 Z—tn+ﬂi-—l+h,l_l—ln
T :
(4.41)
In a similar way
I—l+1
I-h_ +1 @r,—pi_,(2) 1 e 1
Hi_y MM, = it
Il +1
]
212
% : gt Btk —1-n
It =2 L =2k
1=l +1
_ =kt Pty—p—1+l—(=1,)(Z) 1 1
XZ—!,,-I—ﬂi—l+h,/_1—1,,+l—21,,+1 . (442)
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Again, since I, — (I — 1) =ty — by,

Hi_py_ MM,
I—11+1
— I=hj_,+1 (Ptn+1—ﬁi—1(z) 1 e 1 Z'_tn+l+ﬁi—l+h,,_1'_1n+l .
(4.43)
Repeating this procedure, the result is shown as
1=k +1
Hi_yM, My, Vi = bt Ppi=p-1(2) z= BBkl
=2 Hichy, L, @By e O (444)
Now we complete the proof of Theorem 4.2. By (4.20) we see
S VD =l pFa Y. (4.45)
PEP(k)ra
From Lemma 4.8, F(7,d,z) is evaluated as
s
F(dz) =z T] ap—p_.(2) , (4.46)
i=1
where we have used
hy—h = —1741 .
Taking into account the definition of B(&’), we get the formula
. s
> 2P =T, B@ =....0). O (4.47)
FePU)ra i=I

5. Character Formulas

In this section, as an application of our decomposition, we derive some character

formulas for the level / integrable sAlz-modules.
Owing to Theorems 2.1, 3.5, 4.2 and Proposition 4.1, we immediately obtain the
following formula:

Proposition 5.1.

fe'e) o o s
chou(g.2) = ¢'® ¥ > OV T s (2) (5.1)
N=k  (Fa@)ERn(k)x Ty =1
N=k mod 2

where (by,...,bs) = B(a).



Spectral Decomposition of Path Space 177

Since the summation over %y(k) and Yy are independent of each other, (5.1)
can be rewritten as the following factorized form:

chow)(g,z) = ¢*® NZk Fni(q)Gn(g,2),

N=k mod 2
Fyvi(g) = > ‘D,
FERN (k)
N
Gn(g.2) = Y ¢ [] (@) - (5.2)
acYy i=1

It is possible to evaluate the functions Fy x(¢q) and Gy(q,z) more explicitly. Let

@ =110 -,

i=1

N _ (v
[nJ = Dnlaw, r0=n=N. (5.3)
Proposition 5.2.
N
GN(q’Z) = ;) z_: |: ] N-—2n . (5.4)

Proof. Let B;’s be the numbers defined in (4.12). Then

Gn(g.2) = X 47 T[] 1(2)

acYn i=1

s i— i
= T T omEe e, 69
=1 @z i=1
bi+ +by=N a,gm1+1>0

Summed up with respect to ag,,,’s, we see that the above equals

b qb1+b2 qu— +bs—1 1
b§1 il;[ Xb, (Z) g 1 —ghtt T _ghit b ] _ghit b (5.6)
bi+ +bs=N

Considering it particularly as a summation with respect to b;, again the above equals

N N —bs b| qb1+bz 1

q
Zisgn® X H T T T
bi+  +bs_1=N—bs
5.7)
Then we find that Gy(q,z) satisfies the following recursion relation:
Go(g,2) =1,

Gn(@:2) = 3 {7 @)Gr-1(4:).
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On the other hand, let

N N —2n
Hy(g,2) = [ngN ) (5.9)

n=0

The function Hy(g,z) is essentially the Rogers—Szegd polynomial [12], and satisfies
the following recursion relation:

Ho(g,2z) =1,
Hl(q’z) = Z+Z_l 5
Hy(g,z) = (z+z DHy_1(g,2) — (1 — ¢""Hy_2(q,2) . (5.10)

Then the right hand side of Eq. (5.4) is

1
hn(g,z) := @HN(%Z) .

Using the recursion relations (5.10) time after time, we see that Ay(g,z) satisfies
the same recursion relations as (5.8). O

Next let us evaluate

Fvulg)= > ¢°7.
FeAn (k)

Note that the degree of the restricted path 7 could also be calculated as
A=l
di@)= > jf(rn—j = TNs1—js"N—1—j — TN—j) » (5.11)
j=1

where

i+ = x{+-} = {01},

f(+’ _) =1
{f(+,+)=f<—,—) = f(~4)=0. (512)

By the expression (5.11) of d(#), we can regard d(7) as a total energy of the size
N + 1 lattice model which has the local energy function f. This f is essentially
equivalent to the local energy function of s/, level / RSOS model. Thus we can
calculate Fy (g) in the same way as the one dimensional configuration sum of s/,
level / RSOS model [13].

Proposition 5.3.

= ST HA+2) N — kD)4 2(142) N
(@)= > 19 —k=2j(l42)+N | — 4 k2-2j(142)4N | -
B -3

Jj=—00
(5.13)
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Proof. Let

+,j +j(m+1)+72(1+2 N
ggv j)(m,",""r 1)=g¢q Smt D +7(142) nq:(m+1)+1;2/(1+2)+1v] >
2

. et (L2 ] 2 N
gﬁv ])(m,n’n _ 1) — q:I:J(m+1)+J (I42)+ 3 {nF(m+1)+1-2j(I4+2)+N} [n:p(m+1)+1—2j(1+2)+N ,
2
(5.14)
and define the function
Fy(munt1)= Y {g\"’(mnn+1)— g\ (mnn+1)}. (5.15)
Jj=—00
Then we can show the following properties:
(1) Initial condition
Fimnn+1) =g mnn+1). (5.16)

(2) Recursion relation
Fyi(mn,n+1)=Fy(mn—1,n)+ Fy(m,n+ 1,n),
Fyii(mnn —1) = ¢" V' Fy(m,n — 1,n) + Fy(mn + Lm),  (5.17)
(3) Restriction condition
Fy(m,—1,0) = Fy(m,1+1,1)=0. (5.18)
From these properties it follows that
Fni(q) = Fn(a,0,1). (5.19)
Thus we have had the result. [

There is also an alternative (fermionic) expression of Fyi(q) given by
Bouwkneght et al. [14]

—dk—1N? LN m?+ 4mP—Nmy—mamy—  —my_im
FN,k(‘]) = g k3 Z qz( 2 1 ) —mamy 1—1mp)
my, ,my
1
L [3(mi—y + mig1 + 0ik41)
XH 5
i=2 m;

where the summation is over all odd non-negative integers for ma,, maq_2, My4—4,. . .
and over the even non-negative integers for the remaining ones (we set m; =
N, My = O)
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6. Hidden Yangian Symmetry in WZW Models

In this section we point out an intriguing connection between our spectral decom-
position of the path space and the hidden quantum group symmetry in the WZW
conformal field theory.

The Hilbert space of the .;72 level I WZW model is the direct sum of the
integrable representations (k) of the sAlg level 1.

In the level 1 case the Yangian algebra of s/, acts on Z(k) by

1
Oi =I5 O =3/ % 5 Sy (6.1)
m>

where J? are the Fourier components of the .S/‘\lz current and f*¢,. is the structure
constant of s/, [1,5]. As a Yangian module, #(k) decomposes into irreducible finite
dimensional representations as

L(k) = Neak Q% Wi . (6.2)
= ac
N=k mod2 N

Each irreducible component Wy z is an Lo eigenspace with the eigenvalue
12 2 =
N =K+ |d | +AK), (6.3)
and it has the following s/;-module structure
S
Wna=@Ve,  B@)=(bi,....b). (6.4)
i=1

Comparing (6.2)—(6.4) with Theorem 4.2, we see a remarkable coincidence of
the Yangian decomposition of #(k) and the spectral decomposition of the path
space Z(k).

Let us consider why this happens. In general the integrability of field theory is
synonymous to the existence of an infinite number of the local integrals of motion
(IM) commuting with each other. Let us write the abelian algebra generated by
these IMs as #. In the spectral decomposition of the path space we regard the
local energy operators /; as the maximal family of the local operators commuting
with the energy operator £ which is also equal to the Virasoro energy operator Ly.
If we identify A;’s with the generators of .#, then the degeneracy of the spectrum
means the presence of a hidden non-abelian symmetry. In this way we recover the
decomposition (6.2) through our spectral decomposition.

Let us turn to the higher level case. We recall that any irreducible finite
dimensional representation of the s/, Yangian is isomorphic, as an s/, module,
to a tensor product of some irreducible representations of s/, [15]. Then, looking at
Theorem 4.2, we naturally identify each degeneracy in our spectral decomposition
with the character of an irreducible Yangian multiplet. This leads us to the following
conjecture:

For [ = 2, (for / =1, it has been proved in [1]).



Spectral Decomposition of Path Space 181

Conjecture. 1) For each integral representation L (k) of sly level 1, there is the
canonical action of the Yangian and the algebra of the local integrals of motion
which are commutant with each other.

2) The ¥ (k) decomposes into a direct sum of irreducible finite dimensional
Yangian modules. The set |__| =t Rn(k) x Yy parameterizes the Yangian highest

weight vectors vpgz in L(k) such that the Ly eigenvalue of vz is A(k)+d(r)+
|@|, and as an sly-module the Yangian multiplet generated by Vg IS isomorphic

10 @;_, Vi, where p(@) = (by.....by)

To some extent the above Yangian module structure has already appeared in
[14] through a generalization of the idea of [1].

It has been clarified that the symmetry algebra of a two dimensional integrable
massive field theory is also the product of the algebra of the integrals of motions .#
and some “quantum group” symmetry commuting with each other [16]. Especially,
the WZW model allows the integrable massive deformation which has the Yangian
symmetry [17]. It is an important problem to understand how the symmetry algebra
of the WZW model here is related to the one in the deformed model.

We also comment that in the level 1 case there is a simple correspondence
between the spectrum of the vertex model and the one in the Haldane—Shastry
model [5]. The natural speculation is that there will be a higher spin analog of the
Haldane—Shastry model having a similar correspondence to the one in the vertex
model here.

To conclude, we expect that the correspondence between the spectral decompo-
sition of the solvable lattice model and the one of the corresponding conformal field
theory (and its massive deformation) will be a universal phenomena. This interplay
provides a new and useful way to investigate a hidden quantum symmetry structure
of other conformal field theories as well.

Acknowledgements The authors thank A Kuniba, P Mathieu, F.A Smirnov, and J Suzuki for
useful discussion.

Note added After the submission of this paper, the authors noticed the paper, M. Idzumi,
K Iohara, T Jimbo, T Miwa, T Nakashima, and T Tokihiro, Quantum affine symmetry in
vertex models, Int J. Mod Phys. A8, 14791511 (1993), in which the path space is described
using the combinatorics similar to what we used for the description of the spectrum of the path
space in Sect 3
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