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Abstract: We give a simple geometric description of all formal differentiable defor-
mation quantizations on a Kéhler manifold M such that for each open subset U C M
*-multiplication from the left by a holomorphic function and from the right by an
antiholomorphic function on U coincides with the pointwise multiplication by these
functions. We show that these quantizations are in 1-1 correspondence with the
formal deformations of the original Kéhler metrics on M.

1. Introduction

Formal deformation quantization on a symplectic manifold M (see [1]) is a structure
of associative algebra on the space of formal series C°°(M )[[v]] such that the mul-
tiplication in this algebra (denoted by % and named *-multiplication) is a deforma-
tion of the point-wise product of functions on M and the commutator corresponding
to the *-multiplication is a deformation of the Poisson bracket { -, - } on M.

Deformation quantization is called differentiable if the %-product is given by a
formal series of bidifferential operators. Differentiable *-product can be restricted
to any open subset U C M.

The formal product % can be thought of as an asymptotic expansion in a
parameter % of some hypothetical family of noncommutative associative products
{*1} of h-dependent operator symbols on M such as Weyl symbols, Wick and
anti-Wick symbols or their generalizations for curved phase spaces (see [2]). These
symbol products have to satisfy the following correspondence principle. For the
functions @, on M @ % ¥ — @Y and A~ (@ *1 ¥ — Y x4 @) — i{p, ¥} as i — 0.

Only a very limited number of examples is known where deformation quantiza-
tion appears in such a way from some concrete family of symbol products {xz}.

Berezin’s quantization on Kéhler manifolds (see [2]) provides important exam-
ples of differentiable deformation quantizations via the asymptotic expansion of the
product of covariant symbols. Such deformation quantizations were obtained on the
orbits of compact semisimple Lie groups in [7 and 3] and on bounded symmetric
domains in [6 and 4].
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Consider now the most simple example of Berezin’s Kahler quantization via
polynomial Wick symbols on C™" obtained by the normal ordering of creation—
annihilation operators.

The monomial (z!' )% ... (z")n(z')!1 ... (Z™)" is called the Wick symbol of the
operator )" ---akr(a})h - - (af)™ written in the Wick normal form, where a; and
a; are creation and annihilation operators respectively, subject to the standard com-
mutation relations [a],a;] = %d;;. The *4-product of two polynomial Wick symbols
f,g induced by the operator product is given by the following well known formula:

Bl /6 \* o\
f*hg=;a—!<‘a;_>f<“a;> g, (1)

where the usual multi-index notation is used.

The asymptotic expansion of f *; g as i — 0 is already given by formula (1)
and thus defines a differentiable deformation quantization on C” with a formal
*-product * defined by the same formula (1) with % replaced by the formal
parameter v.

Let us make the following trivial observation. If we multiply an operator with a
polynomial Wick symbol from the left by the creation operator a; or from the right
by the annihilation operator a; its Wick symbol gets point-wise multiplied by Z' or

Z respectively. It follows now that *;-multiplication of Wick symbols enjoys the
following property of separation of variables into holomorphic and anti-holomorphic
ones. The #;-multiplication from the left by holomorphic polynomial f(z) or from
the right by anti-holomorphic polynomial g(Z) coincides with the point-wise multi-
plication by these polynomials.

The *;-multiplication of Berezin’s covariant symbols on bounded symmetric do-
mains also has the property of separation of variables. Unfortunately, this property
has no analog on compact Kihler manifolds since there are no nonconstant holo-
morphic or anti-holomorphic functions on such manifolds.

It turns out that the property of separation of variables for Kahler quantization
holds “locally” and “asymptotically” as % — 0 at least in the known cases. Namely,
the deformation quantizations obtained from Berezin’s quantization on C” and in
[3, 4, 6, 7] have the following property of separation of variables.

For each open subset U C M, %-multiplication from the left by a holomorphic
function and from the right by an antiholomorphic function on U coincides with
the pointwise multiplication by these functions.

In [5] a simple geometric construction of some formal differentiable deformation
quantization with separation of variables on an arbitrary Kéhler manifold was in-
troduced. In particular cases it provides the quantizations considered in [3, 4, 6, 7],
thus giving their autonomous intrinsic description in terms of the Kéhler metrics
alone.

In this paper we shall show that a// quantizations with separation of variables on
a Kéhler manifold can be obtained by a slightly generalized construction from [5]
and are naturally parametrized by geometric objects, the formal deformations of the
original Kahler metrics.

2. Definition of Deformation Quantization with Separation of Variables

Define a formal differentiable deformation quantization on a symplectic manifold M

(see [1]).
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Let {C.(+, <)}, ¥ =0,1,2,... be a family of bidifferential operators on M, i.e.,
of differential operators which map C°(M) ® C>°(M) to C*°(M). Define a binary
operation % in the space of formal power series & = C°°(M)[[v]], posing for f =

S0V frand g= 3720 Vg,

frg=3V Y Cfng). @)

r=0  i+j+k=r

The operation % defines a formal deformation quantization on the symplectic
manifold M, if it is associative and for f,g € C>°(M') holds

Co(f>9) = f9. Ci(f,9) — Ci(9. /) =i{[.9} (3)

where { -, - } is the Poisson bracket on M, corresponding to the symplectic structure.

In such a case the operation % is called a %-product.

All the deformation quantizations considered in this paper are formal differen-
tiable, so in the sequel we will not mention it explicitly.

Since a -product is given by differential operators, it is local, that is, it can be
restricted to any open subset U C M. The restriction of % defines a %-product in
the space F(U) = C°(U)[[v]]-

If there is given a deformation quantization on M then for each open subset
U C M in the space #(U) the algebras £(U) and #Z(U) of the left and right
*-multiplication operators act, respectively. For f,g € #(U) define the operators
Ly e L(U) and Ry € #(U) by the relations Lyg =R, f = f % g.

The operators from #(U) commute with the operators from #(U), [Ly,R,;] = 0.

For U =M denote ¥ = (M), # = R(M).

Let 2(U) be the algebra of the formal series of differential operators of the form
A= Zf_’i_o v'A,, where A, are differential operators on U with smooth coefficients.

These series act as linear operators on the space % (U), for A= Yot VA4, and
f=20V 1 o r
Af =3 V"> Arsfs.
r=0 s=0
Since one can take a pointwise product of the elements of #(U), #(U) is included
in 2(U) as the algebra of pointwise multiplication operators. It follows from the
definition of -product that #(U) and #£(U) are subalgebras of Z(U).

Further, we will refer sometimes to formal series of functions, operators etc., as
to formal functions, operators, or even omit the word formal, which must not lead
to a misunderstanding.

Let M be a Kéhler manifold of complex dimension m with a Kahler form wg
of the type (1,1).

Definition. A deformation quantization on the Kdihler manifold M is called a
deformation quantization with separation of variables if, for any open subset
U C M and functions a,b, f € C*°(U), such that a is holomorphic and b antiholo-
morphic, ax f=a-f, f*b= f-b holds.

If on M there is defined a deformation quantization with separation of variables,
then for a holomorphic function @ and antiholomorphic function 4 on an arbitrary
open subset U C M, the operators L, and R are the operators of pointwise multipli-
cation by the functions a and b respectively, L, = a and R, = b. If, moreover, U is a
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coordinate chart with holomorphic coordinates z',...,z", then, since for f € #(U)

the operator L, commutes with R;; = Z ! it contains only partial derivatives by z*.

Similarly, the operator R, contains only partial derivatives by Z L

3. Deformation of Kihler Metrics Corresponding to Quantization
With Separation of Variables

With each deformation quantization with separation of variables on a Kahler man-
ifold M with a Kahler form wgy, we canonically associate a formal deformation of
the Kahler metrics wy, i.c., a formal series ® = wq + vw; + v?w, + - - - such that
W1, ®y,... are closed but not necessarily nondegenerate forms of the type (1,1)
on M.

On a contractible coordinate chart U, there exists a Kéhler potential & €
C>(U) such that wy = id0Py = igudz* N dz', where gy = 0?®y/0z*0z". Here as
well as below we use the tensor rule of summation over repeated indices. The
Kahler potential @, is defined up to a summand of the form a + b, where a is a
holomorphic and b an antiholomorphic function on U.

Denote by (g%) the inverse matrix to (gz;). The Poisson bracket of the functions
f,g € C°(U) can be expressed as follows:

w(0f 09 dg @
{f,g}=lg’k(57f;ca—f],——g——-j;)-

On M let a deformation quantization be defined. Introduce bidifferential operators
D,(-, +), such that for u,v € C*°(M), D,(u,v) = C.(u,v) — C,(v,u) holds. From (3)
it follows that Dy = 0, and D; =i{ -, « }. Thus for f=)"720 V' f, and g=> .2y V' gy,

o0

fhg—gkf= IV’ > Di(fj96) - 4

r= i+j+k=r

Lemma 1. Let U be a contractible coordinate chart on M. The system of
equations for an unknown function u on U, Dy(u,z*) = f*, k=1,...,m, where
f*¥ e C®(U), has a solution if and only if for all k,k' Di(f*,z¥) = D,(f*,z%)
holds. Then the solution u is determined up to a holomorphic summand.

Proof. By using the fact that Dy =i{., - }, the lemma can easily be reduced to
the assertion that the solvability condition of the equation ou = gusfrdz' is a
J-closedness of the form gy f*dz’.

Proposition 1. On a Kdihler manifold M with a Kdhler form wqy let a formal
deformation quantization with separation of variables be defined. Then on each
contractible coordinate chart U C M there exist formal functions u',...,u™ €
F(U) such that u* % z¥ — z% % uk = v6%'| where & is the Kronecker symbol.

Proof. We will construct, say, the function u = u!. Let u = up + vu; +VZup + ...
The coefficients u, have to satisfy the following system of equations,

o) r—1
ZoerOD’—s(usazk):WSlk, k=1,...,m. )
r= s=l
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Equating the coefficients at the same powers of v on the left-hand and right-hand
sides of (5) we get, at » = 1, the equations D;(ug,z¥) = 6', k = 1,...,m. Taking
into account that Dy = i{ -, - }, it is easy to check that the function uy = 0®/0z'
satisfies these equations. For » > 1, the obtained equations are as follows,

r—1
Z%D,_s(us,zk) =0, k=1,...,m. (6)

We construct the functions u; step by step using Egs. (6) and Lemma 1. Assume
that for s < n the functions u; are constructed and satisfy Egs. (6) for r < n. We
are going to show that the function u, can be found from Egs. (6) for r = n + 1,
which we rewrite in the following form,

n—1
Di(u,,z%) = ——Z%D,,_H](us,zk)zo, k=1,....,m. 7

It follows from Lemma 1 that Eqgs. (7) can be solved for unknown u, if the sum

n—1

zo Dy(Dys1(tt5,2%),2%')

is symmetric with respect to the permutation of the indices £ and k’. The Jacoby
identity for the %-commutator (4) is reduced to the identities

r—1
S DiA(Dr—i(f,9), k) + cyclic permutation of f,g,h =0 ©))]
i=

for any smooth functions f,g,%. Setting in (8) f =u,, g=2z*% h=z, r=n—

s+ 2, and taking into account that since z¥ pair-wise %-commute, D,(z*,z¥) =0
holds, we get

ntl—s

S (Dil(Dneimsia2ttsyz%), 25 ) = DDy 12t 2¥ ),2¥)) = 0. ©)

i=1

Summing up Egs. (9) for s =0,1,...,n — 1 and changing the order of summation,
we get

n—1 , ’
> (D1(Dy—si1 (s, 2%),25 ) — Di(Dpsi1 (5,25 ), 2%))
s=0

n+1n—i+1 , ,
= —Zz Y (DiDp—i—ss2(u5,z*),2% ) = DiDy—i—si2(us, 2% ),25)) . (10)
i=2 s=0

It follows from the fact that D; (s, z* )= 6" %-commutes with z*" that D;(D(uo,z%),
z¥") = 0, therefore the inner sum on the right-hand side of (10) at i = n + 1 is equal
to zero. It follows from (6) that the inner sum on the right-hand side of (10) is
equal to zero also for 1 < i < n+ 1, thus the right-hand side of (10) equals zero
which proves the solvability of the system (7) for unknown s,. The proposition is
proved.
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Lo..ome

In a completely analogous way, one can find the formal functions v
F(U) such that v/ %7 — " % vl = —v5'''.

Since L« = z¥, it follows from Proposition 1 that [L,z¥] = vé*'. Using the
fact that the operators from £(U) contain only partial derivatives by z*, the oper-
ators L, and similarly, operators R, can be calculated explicitly.

Lemma 2. Ly = u* + vd/dzF, Ry = v + vd/0z".

Introduce the formal differential forms o = — Y, ufdz* and B =}, v'dz". Since
the operators L, and R, commute, one gets dut/0z' = dv'/dz*, therefore du =
dB. Define the closed formal differential form w = idx = idf of the type (1,1).
As follows from the proof of Proposition 1, the first term of the formal series w
coincides with wg, therefore w is a deformation of the Kiahler form wy.

Assume 7',...,4" is another set of solutions of (5), and set & = — Dk idzk 1t
follows from Lemma 2 and from the fact that the operators L;+ and R,: commute,
that the form i0d coincides with w, that is, w does not depend on the concrete
choice of the solution of system (5). It is easy to show also that @ does not depend
on the choice of coordinates on U.

It follows from the Poincaré J-lemma that on a contractible coordinate chart
U C M there exists a formal series ® = @y + v®; + --- € &, which is a potential
of the formal Kahler metrics w = wg + v + v2@w, + .... That means that for all
r =0, w, = i00P, = i(09?/0z%0z")dz* A dz'.

Since w = ida = id(—0P), then o+ 0P is a J-closed form of the type (1,0).
Therefore the coefficients of « + 0®, which are equal to d®/dz¥ — u¥, are holo-
morphic. Now it is straightforward that Lygs,« = 09/0z* + v0/oz* and, similarly,
Rogjart = 0®/07" + v0/0z".

Thus, starting from a given deformation quantization with separation of variables,
we construct on each contractible chart U C M a formal deformation w of the Kéhler
form wg. It follows from the construction of the form « that on the intersections
of charts the local forms agree with each other and define a global form w on M.

Theorem 1. Each deformation quantization with separation of variables on a
Kdhler manifold M canonically corresponds to a formal Kihler metrics w, which
is a deformation of the Kdihler metrics wo on M. If @ is a potential of the for-
mal metrics w on a coordinate chart U C M, then Lygs,x = 0®D/oz* +vo/oz* and

Ra(p/az-l = 5(15/(32_[ + V@/@Z_l

4. A Construction of the Quantization with Separation of Variables
from Deformation of Kihler Metrics

Our goal is to generalize the construction of the deformation quantization announced
in [5].

Assume that there is given a formal deformation w of the Kéhler metrics wy
on M.

Lemma 3. Assume that on a contractible coordinate chart U C M, there is cho-
sen a potential ® = @y + v, + --- € F of the formal metrics w. Then the set of
formal series of differential operators from D(U), which commute with the oper-
ators z' and 0®/0z' 4 v0/oz', depends only on the metrics o, rather than on the
concrete choice of the potential.
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Proof. If &' € & is another potential of the metrics w, then &' = & +a + b,
where a and b are formal series of holomorphic and antiholomorphic functions,
respectively. An operator which commutes with z' and 0/0z' + vd/0z', commutes
also with multiplication by antiholomorphic functions. Therefore, it commutes with
o0V /07" +v0)0z" = (09/0z" + vd/0z") + 0b/0z', which implies the assertion of the
lemma.

Denote the set of formal operators mentioned in Lemma 3 by #,(U). Notice
that £, (U) is an operator algebra.

Let U be a coordinate chart on M with a potential @ of the Kahler metrics wy
defined on it. Denote by S(U) the set of differential operators with smooth coeffi-
cients on U, which commute with multiplication by the antiholomorphic coordinates
z!, i.e. which contain only partial derivatives by z*.

Define the differential operators D! on U, D! = g*9/oz* = i{z’, - }.

Lemma 4. For all k,1,I' = 1,...,m the following relations hold:

(i) [D",D"] = 0;
(ii) [D', 000/02" ] = 613
(iii) 0/0z% = guD'.
The assertion of the lemma can be checked by direct calculations.
It follows from Lemma 4 that any operator from S(U) can be canonically repre-

sented as a sum of monomials of the form q;, llel ... Db, where a, 1, €C®(W)
is symmetric with respect to /;.

Definition. The twisted symbol of an operator A € S(U), which is represented in
the canonical form 4 =73 ay, lle' ---Db, is a polynomial in E',... " a(é) =
Stay, 1, E - Es with coefficients in C(U).

From Lemma 4 easily follows

Lemma 5. Let a(&) be the twisted symbol of an operator A € S(U). Then the
twisted symbol of the operator [A,09y/0z"] is equal to daoE!

Consider a system of equations for an unknown operator 4 € S(U),
[4,000/0z'1=B;, 1=1,....m, (11)
where B; € S(U).

Lemma 6. System (11) has solutions if and only if for all 1,I' [By, 6@0/62"/] =
[By,0®0/0z"]. If Aq is a partial solution of the system, then the general solution
is of the form Ay + A1, where A, is an arbitrary multiplication operator.

Proof. Pass to the twisted symbols a,b; of the operators 4, B, respectively. Sys-
tem (11) transforms to the equation da =Y, b,d¢&', where da =" ,(0a/0E")dE!.
The assertion of the lemma is now reduced to a standard fact concerning differential
forms with polynomial coefficients, which follows from Euler’s identity.

Proposition 2. Let wy be a Kdhler metrics on M and U C M be a contractible
coordinate chart. For each formal function f =Y V' f, € #F(U), there exists a
unique formal series of differential operators A =3 VA4, from L4 (U), such
that 4 r1 = f. In particular, Ay is a multiplication operator by the function f,.
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Proof. Since A r commutes with antiholomorphic functions, all the operators 4, are
in S(U). Let @y be a potential of the metrics wp. The commutation condition of
Ay with 09y/0z "4+ v0/0z" is equivalent to the system of equations [4g, d®y/0z'] = 0
and

[4y,0®0/0z'] = [0/0Z', 4,1] - (12)

Find all the terms of the series 4 £ step by step. It follows from Lemma 5 that 4 is
a multiplication operator, so 49l = f, implies that 49 = fy. Assume that we have
found all the operators 4, for » < s which satisfy (12) and such that 4,1 = f,. Let
us now show that 4; can be found from (12) for » =, i.e., that the conditions of
Lemma 6 on the right-hand side of (12) are satisfied,

[ o 0P, ) ] 6@0}
——,A — s A7 | T ——/;A —_ s A7 |
[_az" ’ ‘] o7 } Haz" L
It follows from the Jacoby identity for commutators that
0 1 od, 0 09 [ o 0P,
[[E,As—l ) W] = Ha_,, a_ll] >As—1} + Frik [As—la Ef*”

2, o [0
= —_1_9AS— + o7 —/>AS— .
[62’82'1 ‘] [62'1 [82" 2”

It is easy to check that the last expression is symmetric with respect to the permu-
tation of / and /. Thus system (12) is solvable for » = s. Among its solutions there
is the only one solution 4 such that 4;1 = f;. The assertion is proved.

Lemma 7. For a given formal function f = fo+vfi+--- € F(U) there exists a
Sunction g = go +vg1 +--- € F(U) such that Agg =1 if and only if fo does not
vanish on U. Then g is defined uniquely and go = 1/ fo.

Proof. Let Ay =3 V'4,. The condition A;g = 1 is equivalent to the system of
equations Aogo = 1 and Aog, = — Z:;ol A,—sgs. According to Proposition 2, 4¢ =
fo, therefore if f, does not vanish, all the functions g, can be calculated step by
step. That completes the proof.

Lemma 8. Let the formal functzons f,ge F(U ) be such that A g = 1. Then the
operator Ag is inverse to A £ and, in particular, Ag f=1

Proof. The operator A ng belongs to £, (U). Since A ngl =4 rg =1, then A ng
=A, = 1. 1t follows from Lemma 7 that the coefficient at the zero power of v of
the formal series g does not vanish. Therefore, there exists a function & € #(U)
such that A h=1,so AgAh = 1. Thus the operator A has both left and right inverse
operators Wthh immediately implies the assertion of the lemma.

We will use some elementary facts about formal series. Let R be a vector space
and R = R[[v]] be the space of formal series with coefficients in R. There is a
decreasing filtration in R R=R, DR DR,.. .» where R, consists of the series of
the form 4 = Zr_n V'A,, A- € R. An element A 6 R is of the order n, ord(A) =n, if
A€ R,\R,;1. A series ZA,, with the elements 4, € R, such that the order ord(4,) —
oo as n — 0o, converges to an element of R with respect to the topology defined
by the filtration. If 4 — B is of the order n, we write 4 = B (mod v").
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For an arbitrary formal function § = Sy + vS; + - .- € #(U) define its exponent,
&S =e% 37 (1/n!)(S — So)" € F(U). The series in the definition of the exponent
converges since ord((S — Sp)") = n.

Lemma 9. For S € #(U), 0¢5/dz% = (0S/0z%)e® and 0e5)0z" = (8S/0z")eS More-
over, for S,T € F(U) the equality €° -eT = 5T holds.

The proof is standard.

Proposition 3. Let w be a formal deformation of the Kdhler metrics wy on M and
U C M be a contractible coordinate chart. For each formal function g = V'g, €
F(U) there exists a unique formal series of differential operators By =3 V'B,
from L ,(U) such that Egl =g

Proof. Let @ = &y + v®; + v*®, + --- be a potential of w. Set S = ®; + v,

.. It follows from Lemma 9 that e=5(8®,/0z' + v0/0z')eS = 00/0z" + vo/oz'.
Since, moreover, e 5z'eS = z! we get that e 5%, (U)e’ = £,(U). The operator
B, exists if and only if there is a function f € #(U) such that e=5(4;)e’ = B,
It is enough for f to satisfy the relation e™54 (eS) =g or A,(e) = e5g, which
is equivalent to the equality 4 f/fes —A~esg From Lemmas 7 and 8 it follows that

there is a function 2 € #(U) such that the operator A, is inverse to A,s. Therefore
A r= AyspAy, and so f = Aes h, which completes the proof.

According to Proposition 3, the mapping f — B r is a bijection of #(U) onto
ZL,(U). Since ,?Fw(U ) is an operator algebra, one can define in # (U) an associative
product %, carrying over to & (U) the operator product from #,(U). For f,g €
F(U) by definition B fdg = B fBg Applying both sides of the obtained equality to

the constant 1, one gets f % g = B rg. That means that B r is a left multiplication

operator in the algebra #(U) with the operation %. Denote L, = B Iz
Calculate the first two terms of the formal series of operators L;:.

Lemma 10. L:: =z’ + vD’ (mod ?).
Proof. Let L:i = A+ vB (modv?), then

0P 0 09y 0P, 0
|:L [,all—l—vé?] I:A+ B all +V<57+F):|(m0dv2) (13)

The operators L;: and 8<1§/6z'll + v@/éz"l commute, therefore the coefficients at
the zero and first powers of v on the right-hand side of (13) are equal to zero. First,

[4, 00,0z 1=0, therefore accordlng to Lemma 5, 4 is a multiplication operator.
Since L;1 =41 = z then 4 = z'. Taking into account that 4 =z’, we get the

equation [B,d®y/0z" ] = 6l,. Slnce Bl =0, from Lemma 5 follows that B = D'
The lemma is proved.
Now we obtain the formula expressing the operator L,, f € #(U), via L;.

Proposition 4.

a o
Ly = Zi <$> f (L:—=2)*, (14)

= o!

where o is a multi-index.
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Proof. It follows from Lemma 10 that ord(L; —z') =1, therefore ord((L; —
Z)*) = || so the series in (14) converges. Denote temporarily the right-hand side
of (14) by A. Since (L;: —z’ )1 =0, then A1 = f, so to prove the proposition it
is enough to show that 4 € £, (U). Let a = (11, .»im) be a multi-index. Intro-
duce the following notation, « &+ / = (iy,...,i; £ 1,...,iy). Taking into account that
L; € Z,(U), one gets

(&)t =2

1 " 0 _ 1 .
e G v | = e

and

which implies that
.00 0 1o\ Y
[A,E‘FV@]ZV(%&—!(F_) f(Lz'—Z)

. 1 A
Tty (&)r @ 1>_0'

The proposition is proved.

Example. Let us show now how the deformation quantization obtained from the
Wick symbol product (see Introduction) can be derived from our formalism.

We take M = C", o = wg = i)_;dz/ NdZ and @ = Y, |2/|*. Then 7/ = 0®/0z/,
thus Ly = 7/ +v9/0z/. Now formula (14) reduces to (1) with % replaced by the
formal parameter v.

It immediately follows from Proposition 4 and bilinearity of the product % that
the product % is given by formula (2) for some bidifferential operators C,. Let
u,v € C*®(U). Calculate the operators Cy and C; considering the first two terms of
the series u % v and taking into account Lemma 10,

ukv=Lo=uw+vy, %D’v(modvz) .
1 4
It follows that Co(u,v) = uv and Ci(u,v) =), 0u/0z Dy, therefore

Ci(u,v) — Ci(v,u) =Y <ﬁ_‘i,D’u — —af’—lD’u)
7 \ 0z 0z

ov Ou ou Ov
_ k[ OV Ou ou oV .
=g (62" P 62'1) i{u,v} .

That means that the product % is a -product on the chart U with the Kahler
metrics wy. It is clear from the construction of the product % from the deformation
of Kahler metrics w that on the intersections of charts the products * agree with
each other and define a global deformation quantization with separation of variables
on the Kéhler manifold M. From Theorem 1 it follows that the deformation of
Kahler metrics corresponding to the %-product %, coincides with . Thus we have
stated the following
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Theorem 2. Deformation quantizations with separation of variables on a Kdihler
manifold M are in 1-1 correspondence with the formal deformations of the Kihler
metrics wy on M. If on M there is given a quantization with separation of
variables corresponding to a formal deformation w of the metrics wy, U is a
contractible coordinate chart on M, and ® is a potential of w on U, then the
operators of left J-multiplication L(U) are characterized by the property that
they commute with multiplication by antiholomorphic functions and with the oper-
ators Ryp)p0 = 09/0Z "4 vo/oz!. Similarly, the operators of right *-multiplication
R(U) are characterized by the property that they commute with multiplication by
holomorphic functions and with the operators Liga,x = 0®/0z* + vojoz*.
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