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Abstract: The dynamic stability of vortex solutions to the Ginzburg-Landau and
nonlinear Schrodinger cquations is the basic assumption of the asymptotic particle
plus field description of interacting vortices. For the Ginzburg-Landau dynamics
we prove that all vortices are asymptotically nonlinearly stable relative to small
radial perturbations Initially finite energy perturbations of vortices decay to zero
in L”(IR?) spaces with an algebraic rate as time tends to infinity We also prove
that under general (nonradial) perturbations, the plus and minus one-vortices are
linearly dynamically stable in L?, the linearized operator has spectrum equal to
(—nc,0] and generates a Cy semigroup of contractions on L?(IR?) The nature of
the zero energy point is clarified, it is resonance, a property related to the infi-
nite energy of planar vortices Our results on the lincarized operator are also used
to show that the plus and minus one-vortices for the Schrodinger (Hamiltonian)
dynamics are spectrally stable, i e the linearized operator about these vortices has
(L) spectrum equal to the imaginary axis The key ingredients of our analysis are
the Nash-Aronson estimates for obtaining Gaussian upper bounds for fundamental
solutions of parabolic operators, and a combination of variational and maximum
principles

1. Introduction

In this paper, we study the dynamic stability of vortex solutions of the Ginzburg—
Landau and nonlinear Schrodinger equations
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—iu, = Au+ (1= [u = — (12)
ou

w, = A+ (1 — |u? )u (1)

Here, v = u(t,x) is a complex valued function defined for cach ¢+ > 0 and x =
(x,v)eR? A= F‘%l +F‘%_7 denotes the two-dimensional Laplacian The energy
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functional

&= (%Wuz - ;1(|u|2 — 1)2> dx (13)

R2

The Ginzburg—Landau equation arises in the theory of superconductivity, see
[4,11,20] and references therein The nonlinear Schrodinger equation is a basic
model for superfluids, see, for example, [7, 10,24, 15,12] These equations also play
a central role as universal envelope equations for bifurcation problems and pattern
dynamics, see, for example, [25]

Equations (1 1) and (12) admit vortex solutions These are solutions of the
form

'1/”()() - U,,(I’ )em(), n==+l1,42, >
UH(O) 0, UH(J’_OC) =1, (1 4)

where (r,0) denote the polar coordinates IR> The functions ¥,(x) define complex
vector fields in the plane (xy,x;)+— (Real ¥,,Imag¥,), whose zeros arc called
vortices or defects Since the evolution equations (1 1) and (1 2) define continuous
deformations of the complex vector field, u( -, x), if the initial total winding number
or circulation at infinity is different from zero, one expects a principal feature of the
dynamics to be the interaction of vortices or local flow fields organized around the
zeros of u(#,x) A description of the dynamics of an ensemble of spatially separated
vortices, cach having the local structure (1 4), is therefore of fundamental interest

The systematic study of this problem was initiated by Neu [24], sce also the
work of Pismen and Rubinstein [30], and E [11] In these works, the regime of
small &, the ratio of vortex core size to the separation distance between vortices,
is considered In addition to his asymptotic analysis, Neu [24] presents numerical
evidence for the stability of one-vortices and the fission instability of n-vortices
(Jn| = 2) This motivates the underlying assumption of these asymptotic studies
that the one-vortices (|n] = 1 in (14)) are stable. For ¢ small, a solution is sought
in the form of a product of one-vortices plus small error terms of higher order

u(t,x) = ﬁ ¥, (;?(U_)) +0(¢), (15)

=1

where n, = -1, N = 2 Since, U,(r) — | as r — x, the ansatz (1 5) incorporates
the assumption that for x in a neighborhood of x,(z.¢), u(t,.x) ~ ¥, L“)

In the small ¢ limit, matched asymptotic analysis is used to derive a coupled
system of ordinary differential equations for the functions x,(¢), i =1, N, which
describe the centers of the widely separated vortices In the Ginzburg—Landau case,
the motion of the vortex centers is governed by gradient flow dynamics, while in the
Schrddinger case, by Kirchhoff’s equations for point vortices of ideal incompressible
Euler equation, see [12] for another formal derivation

An alternative approach is to rescale (1.1) and (12) by X =ex, T = ¢?t The
rescaled equations are the same except that the factor ¢~2 appears in front of non-
linearities The problem then is to take the singular limit ¢ — 0 In recent work,
F-H Lin ([20,21]) proved the validity of the motion law of vortices in the rescaled
Ginzburg-Landau equation on a bounded domain with Dirichlet boundary data (see



Dynamic Stability of Ginzburg-Landau and Nonlinear Schiddinger Equations 391

also [31] for related results) The main tool is energy comparison based on the
energy functionals and the characterization of their minimizers in the limit ¢ — 0
studied earlier in Bethuel, Brézis and Helein [4] for static vortices

Regarding stability, there is work on the Ginzburg—Landau cquation considered
on the unit disc Lieb and Loss [19] showed that &, restricted to functions satis-
fying certain symmetry assumptions, has nonnegative second variational derivative
at n =+1 vortices More recently, Mironescu [22] further showed that the sec-
ond variational derivative at the n = +1 vortices is positive definite, and hence the
spectrum of the linearized operator is strictly positive This result can be recovered
using our method See Theorem 5.2 for a nonlinear asymptotic stability result in this
case

For the case of the entire plane, R?, it remains an open problem to prove the
validity of the effective particle description of interacting vortices on long time
scales A principal difficulty is that vortex solutions have infinite energy (see (1 3))
and arc therefore difficult to treat by variational methods. (A construction of the
vortices as minimizers of a relative or renormalized energy was given in [34].)
For the Ginzburg-Landau cquation (1 1), Bauman, Chen, Phillips, and Sternberg
[3] proved the large time asymptotic convergence of a class of solutions with zero
winding number to the finite energy steady states consisting of constants of modulus
one |u| =1 The vortex solutions of the gradient flow genecrated by the Abelian
Higgs functional in the case of critical coupling turn out to have finite energy [16].
Demoulini and Stuart [9] showed the convergence of each solution to a unique static
vortex solution of the same winding number

Our goal of this paper is to investigate the stability properties of the vor-
tex solutions (14) under finite energy or L*(R?) perturbations We confirm the
basic assumption of the interacting particle plus field description of interacting
vortices concerning the stability of one-vortices We view this as a step toward
providing a rigorous description of the motion of well-separated vortices on the
plane

Our main results are

Theorem 1.1 (Ginzburg-Landau Vortices). Consider (1 1) with initial data
up(0,r,0) = W, + vo(r,0)e"’, n==+1,42,

where vo(r,0) is a general complex valued function We decompose solutions of
the initial value problem as.

u(t,r,0) =¥, +v(t,r, ())em() ’

and v satisfies the evolution equation

(i):w(i)wv(i) (1.6)

where M is the self-adjoint linearized operator and N(-) consists of nonlinear
terms Then
1) Nonlinear asymptotic stability for radial data. If vy = vo(r) € L? N LI(R?),

where p €[3,6), g=7"p, y€(1+ %3), there exists an ¢ =¢(p,7,V,) >0
such that as long as ||vo|lLrrs < ¢, Eq (16) has unique global mild solution
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ve C([0,>), L") Moreover,

()l < €070
for t = 0with positive constant C = C(¢)

2) Linear dynamic stability for general data. If vy = vo(r,0) € L*(R?) and |n| = 1,
solution v = v(r,0,t) of the linearized equation v, = Mv satisfies

[lo(0)]

2 = HL‘()HLZ. Vi=0

3) Resonance at zero energy. The L’ spectrum of the operator, M. is (—>c,0]
Associated to the zero point in the spectrum is a resonance mode, generated by
translation invariance of (11) This function does not lie in L* but lies in L7 for
any p > 2

4) Nonlinear asymptotic stability of vortices on |x| < R. The n = £1 vortices,
"' Up(r), defined on the disc of radius R, B, are nonlinearly exponentially asymp-
totically stable velative to all small L* perturbations which vanish on the boundary
of By

Remark — The result concerning the zero energy resonance has implications for
the behavior of the resolvent, (M — iI) ' as /. — 0, and therefore the time-decay
propertics as ¢ — oc of the linearized evolution in suitable function spaces [17] The
resulting slower time decay is a subtlety which would have impact on a nonlincar
stability theory of vortices in the plane

Theorem 1.2 (Spectral Stability of Schrodinger Vortices). Consider (1.2) with ini-
tial data.
up(0,r,0) =W, + vo(r, ())e”’”, n==+l,

where vy(r,0) is a complex valued function We decompose solutions of the initial
value problem as
in0
w(t,r,0) =¥, + v(t,r,0)e"

where v satisfies the evolution equation

() (i)() e

Here iaM denotes the linearized operator, N( - ) is the nonlincar part, and

(o )

Then the L? spectrum of icM is equal to the imaginary axis

The remainder of the paper is organized as follows. In Scct.2, we derive
Eq (1 6) for perturbation v and write the equation as a coupled parabolic system
for the real and imaginary parts of ¢ Sections 3 through 5 address the dynamics of
vortices in the context of the Ginzburg—Landau equations, with Sects 3 and 4 focus-
ing on the radial case In Sect 3, we employ the vortex profile equation to convert
the linearized operators into divergence form Due to the vanishing of the vortex
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profile at r = 0, the parabolic operator of divergence form is degenerate at zero
We adapt the classical Nash—Aronson estimates using cutoff functions to obtain a
pointwise Gaussian upper bound for the fundamental solutions In Sect 4, we apply
these results to get decay cstimates for linear semigroup and then prove the non-
linear asymptotic stability of all n-vortex relative to radial perturbations In Sect. 4,
we use the variational characterization of principal eigenvalues, and the maximum
principle to prove parts (2) and (3) of Theorem 1 1 Wec identify the possible growth
modes of perturbations in n-vortex, [n| = 2 We also comment on how to adapt our
method here to show nonlinear asymptotic stability of one vortices on the finite disc
domain with given Dirichlet data as treated in [19] and [22], see Theorem 52 In
Sect 5, we prove Theorem 1 2 using results in Sect 4, as well as the Hamiltonian
structure of (17)

2. Preliminary Analysis
We consider the Ginzburg-Landau equation’
u, = Au+(1—|ul)u, xeR?,
uli=0 = up(x), (2.1)

where v R! x R> — R?, and 4 is the two dimensional Laplacian. It is known
that (2.1) admits vortex solutions of the form:

P, =U,(re", n=41,+2, . (22)
The basic properties of U,(r) are [24]
1) U,(r) is the unique solution to the ODE problem

5

1 Z
Uy +-U = ZU+(1-UHU =0,
r A

U) =0, U'(r) > 0, U(+o0) =1 (23)
2) U,(r) has asymptotic behavior.
2
U,(r)y~ar" (1 i 4) , asr—0, (2.4)
where @ is a positive constant, and
172
U, (ry~1-— 22 as r — 00 . (2.5)

We are interested in studying problem (2.1) with initial data.
up(x) = (U, (r) + vo(r, 0))e"” , (2.6)

where (r,0) is the polar coordinate of R?, and vo(r,0)) is a small perturbation in
LP(IR?), with p > 1 to be specified. We remark that writing the perturbation as in
(2 6) 1s technically convenient for our later analysis and has no loss of generality
To examine the evolution of perturbation uo(r,O)ei”(’, we write u as

u(t,r,0) = (Uy(r) + v(t, 7, 0))e™” (27)
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Substituting (2 7) into (2 1) and using Eq (2 2), we derive the following equation

for v

2ni n?
2 2= 2
u o= Av+ —vy— sv—-Ujo—Ujo+ (1 = Uy
r r

—U,ef = QU Re{v} + o), (28)

where Mv is the linear part and N(v) is the nonlinear part Later, we will write v
into its real and imaginary parts (v = o+ iff), and will also usc M to denote the
resulting linear operator. Some details in deriving (2 8) are.

ey, = AU + Ave™) + (1= Uy + o) Uy + 0)e"
v = (1= UDUy +e " a0e"") + (1= Uy + o’ )U, +0),

where we have used

2ni n?

e M A(e™y = Av 4 TSy — v,
2 2

and |
V0 = —(—sin0,cos0)
-

If we cxpress v in terms of its rcal and imaginary parts, v = o + i3, Eq (2.8) can
be rewritten as the system.

2n 22
a0 = Ao — ;3/3(, + (;—2 +1-— 3U,3) a— Uy + p*) = 2U,o* — (o2 4 o,

2 2
B = AP+ r—foc(, + (—’:—2 +1 - U,,2> B — 20,28 — (4 + B, (2.9)
with initial data (oo(7, 8), fo(r,0))

Remark 2 1 1n the case of the dynamics of Schrodinger vortices, then we replace
the left-hand side of (2.1) with —iu,. Subsequently in (2 9), the left-hand side vector
(o4, B)T is replaced by —Jo(2,, )", where Jo is the unit symplectic matrix (9 ;).

We shall first consider the radial case, ie, oy = 29(r), Po = fo(r) For functions
o= a(r,t),and ff = f(r,t), the system (2 9) reduces to

o = Lo~ Uy + f7) — 20,27 — (22 + fP)

pr= LB~ 20,28 — (2 + BB, (210)
where
1’12
P = A4 <r—2 +1- 3U,f(r)> , (211
o) n’ 2
LY = A (5 -0 ). (2.12)

The operators have domain of definition & = {u € H*(R?) . r%u € L*(R?)} We
will estimate the semigroups generated by these two operators, and establish decay
of solutions for system (2 10) in the coming two sections Our results will hold for
any n, so for ease of presentation we only consider n =1 We will replace U, by
U, and abbreviate the operators in (2.11) and (2 12) into &, i = 1,2
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3. Gaussian Upper Bound for the Semigroup e*?’

In this section, we derive the Gaussian upper bound for the fundamental solution of

the parabolic equation
u, = Lou 31D

Equation (3 1) is not in divergence form The key idea is to make use of the vortex
profile equation (2 3) to convert it into one Let us verify the identity.

(U™ #U)g = U™V -(U*Vg), (32)
for any smooth function ¢ = ¢(r,0) We compute

A(Uq) = (AU)q + UAq +2VU - Vgq

1
= <1~U2~—2> Ug+ Udg +2VU-Vq,

I

SO
</J +1-U” - %) (Ug) = £+(Uq)

=U " (U*4g +2UVU -Vq) =U"'V - (U*Vyq),
which is just (32) The semigroup e”>' is positivity preserving by parabolic max-
imum principle or by the Feynman-Kac formula [32]. If U were not zero at
r =0, then in view of (32), we could directly apply the results of Nash [23],
Aronson [1], Osada [27] and others (sce [8,13,26] and references therein) to con-
clude that U~'2,U or %, itself has pointwise upper and lower Gaussian bounds
for their solution kernels. However, the fact that U(0) = 0 makes the problem de-
generate and prevents us from doing so Actually there is no Gaussian lower bound
for ., This is easily seen, becausc for r ~ 0, ¥5 ~(A+ 1 — ]l:) which implies
exponential decay of ¢?* near r = 0 To establish the Gaussian upper bound, we
will introduce a smooth cutoff function 5 compactly supported in a ball centered
at zero Outside this ball we use identity (3 2) and inside the ball we use the —7%
term of ¢, to help us overcome the degeneracy caused by U(0) =0 A careful con-
struction of 1 is necessary to piece the two parts together and achieve the Gaussian
upper bound for the solution kernel of ;. We find it convenient to proceed along
the line of proofs in Osada [27], who in turn followed the original ideas of Nash
[23], Aronson [1], as well as Aronson and Serrin [2]
The properties of the function i are summarized in

Lemma 3.1. There exists a C3([0,0¢)) function n = n(r), r = 0, such that
D) n(r) =1, if r € [0,r0], where ry € (0, 1),
2y n(r)y=0,if r =2 ry, where ry € (ro, 1), and n > 0 if r € [0,r)),
N0 ) Lnr) 20, forallr 20,
4y for any r € supp{n},
2 4P 4,
il A

2-20% - 5
2 - 1> n
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and ,
1 10|, A1
| LA

1 - U? - =
) + e n

Proof  See appendix.
Let p = p(t —s,x,v) be the fundamental solution of (3 1), which satisfies the
semigroup property

plt—s.x,p)= [ pt = tx,2)p(t —s,2,y)dz, s <1 <1 (33)
We then have

Proposition 3.1. For any s < t.x,v € R?, there is a positive constant C, depending
only on the vortex profile U, such that

[Pt —s.x,v)dy < C(t—s) ", (34)
R?
‘['pz(z—s,.\',y)dx < C(r—s)", (3.5)
RZ

plt —=s.x.y) < Ct—s)"" (36)

Proof Note that (3 4) and (3.5) are similar, and (3 6) follows from (3 4) and (3 5)
by the semigroup property So we focus on the estimate (3 4) Next observe that
we can, without loss of gencrality, set s = 0, and x = 0 It follows from (3 2) that

qL>q = qUU ' 2U)U'q) = qUU VY - (U*V(U 'q))

= U gV -(UN(U'q)) (37)
Let
E(t)y= [p*-(r + (1 —n))dy (38)
With the notation, [ = le dy, we have
E = [2ppin* + (1= n)dy = [ 2p L5 p(° + (1 = )’ )dy (39)
. R oo
= [2(pn*) (Ap+ <1 - U* — ,—> p)
: |
+[2p(1 =) <Ap+<l—U2~;2—) p> (3 10)
=141 (3 11)

Concerning /, our strategy is to use the dominance of —7~2 for small r

!

: |
-/ 2V(P’72)‘V}7+2j(pi7)2 <1 —U? - ’_2>

, I
=2/ nV(pn)+ pnVnl-Vp + przn“ (1 — U - /—2>

= =2/ N(pn)-Vp+ pNVi)+2[ pV(pn)-Vn

. 1
2 V- pVp+2[ pn’ (l —U? - 7)

2
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-2 \V(pn)|* + 2 pNV(pn) Vi

: 2 . 5 1
+ [ YV pt +2[ piy? < — U~ 1_—> (3 12)
: g 2 2 1
= 7/ IV(p/])[z + / [|V77’hph + V(I]Vn)p2 + 21721)2 <1 —U? - ﬁ)}
. . 2 24
= —[IV(pmP + [pPn? <2 —2U7 - S+ 2'77’2” + )—7) (3 13)

By the Nash inequality [23]. [[u[l3 < ¢, '[|u|[}]|Vull3,

2\2 ' 232
S o ey ool

> : 20232 314
([ pn)y = ([p) P G 14)

HV(P’M 2 o~

where ¢ is a universal constant Inequality (3 14) implies from (3 13) that

2 2 Y
Vil +~ﬂ> (3.15)

1= —eolfPP?Y + [P <2 vt T L

Now using (3 7), we have

11

Il

2 (L= gPU~ pV - (UPV(U ' p))

Il

—2[UN (U ' p)- V(1 —n)*U " p)

“2[ U1 =V =mU ™ p)y+ (1 =nU ™ pV(L =) V(U p)
= =2[ UV = U " p)( =)V p)y+ U V(L =)
~UT pV (=) - V(= mU ™ p)+ (1= U™ pV(1 =) - V(U p)]
“2{ UV = U )P = U p RV =]

2 UPIN((1 = mU " ) +2f p[Vnf

I

lIA

—2¢, [ V(1 —mU " p)fF +2f PPV, (316)

where here and below ¢, > 0 denotes a constant depending on 5 Again, by Nash
inequality, we have

IV U= p)P = e(f(L=n)p) . (317)
Inequalities (3 17) and (3.16) yield

I < —¢,(f(1—n)p*) +2fp*Vnl? (318)
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Combining (3.15) and (3 18), we get

E, =1+1I
< —min(co. ¢, )((f P'0*) + (f(1 =) p*))
2 /I
2.2 2
+[p°n <2~2U ~r—2+4 p +7

1A

1 . . 5
—5 min(co, ¢, )( | PP+ (=)

2 4> 4
+fp2;72(2—2U2—-5+ | 27l +——’7),
r I n

or

1 . 2 4vnP 4
E < —5min(eo.c)E>+ [ pp? <2 - S | 2’” n —’7) . (3.19)
r n n

By Lemma 3 1, we then have.

1 .
E < 3 min(co, ¢, )E* — [ p*i*, (320)
which implies
1
E < —Emin(co,c,,)Ez, (321)
or
C
E(z)§7, Vt>0, (322)

where C depends on 1 and U Inequality (3 4) follows This completes the proof

Proposition 3.2. Let r > 0,(0,x) be fixed Let v(y) € L>(R?) N L>(IR?) such that
W(y)=01if |y —x| <r Suppose that u(t,v) is a solution of the Cauchy problem
of (8, — L2)u =0 in (a,00) x R? with initial value u(c,y) = v(y) Then for any
to<t=<ao+r? we have

lu(t.x)| < C(1 — )7 - exp{=Cr2/(1 — o)} |v]]> . (323)

with C a positive constant
Proof Without loss of generality, we assume (a,x) = (0,0) For 0 < s < 1, define
W(s.v) = ~CilyP /2t —s) (3 24)

for some C; > 0 to be chosen Consider the equation

1
u = Au+ (1 —U(r)— 1—5> u=Lou, (325)
and set
m(r)=n* + (1 —n)?
Multiplying both sides of (3.25) by m(r)ue?”, integrating over (0,7) x IR?, we have:

T T
[ [m@rweu dsdy = [ ds [ m(rue* (Au+ (1 — U* —r 2 yu)dy (326)
0 R 0 R
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The left-hand side of (3 26) is

1 - T
/ Em(r)ezhuzdy =0~ [ [eXmuthsdsdy . (3.27)
R2 0 R2

The right-hand side of (3.26) is.

J [ Pue(du+ (1~ U — =y dy s
0
TS = nPue(du+ (1~ U — 72y dy ds
0
= jf’7zl‘€2}7(ﬁu +(1=U* ~r Pu)dyds
+ff(1 e (U~ )V (UPY(U ) dy ds
= ff’72”€2h(4'” +(1 = U =r ) dyds

—ffV((l — U ) UPN(U i) dy ds
=7 + 1 (328)
We can rewrite the first term as.

I = jf V(ue®y - Vu+ nhure? (1 —= U? —r72)

—jfﬂ eVul> — fqu(ﬂzeZ/’) -Vu + ff17211262/’(1 —U?—r 2
= ~ffi7 M Vul? + - ffA(l]2 yy? +ff172 w1 —U?—r %) (329)
Using the Cauchy—Schwarz inequality, the second term can be estimated as follows:
I = ~ff(1 —;7)2U2e2/7j\7(U_1u)[2dyds*jfUuV((l ey V(U )y dvds
0 0

= [t —nUrIVU WP dyds — [ [Uu(l —n)?2e*"Vh- V(U 'u)dyds
0 0

— [ [Uue~N (1 —n)*)- V(U 'u)dyds
0

IIA

T 1 T
— [ [ =?PUrVU T w) P dvds + P AL MV (U w)Pe? U? dy ds
0 0
T 1 T
+8 [ [(1 = n)2e*i?|Vh* dvds + fo(l — U N(U )P dy ds
0 0

+8 [ [ute® |V dy ds
0
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1t
= _Eff(l . I7)2U2€2/7|V(U71u)|2 dde
0
T T
+8[ [P VAP dyds + 8 [ [1e V) dy ds (3 30)
0 0

It follows, using the properties of 1 in Lemma 3 1, that

b
p )
l+10’
0

T
[+1 < [f %

+(1-U" - }_-2)} Mt dy ds
0

[ [AVAPR? +10[VAP + An)ye*iPdy ds
0

[IA

[[(Ah+ 11V )e* v’ dy ds (331)
0
By (3.26),

1 - T
Efm(r)ez”uzﬁgg < [[(mhs + 11 NR? + Ahy e dy ds
0

r m |y|2 4C, 2 2
< 44C, | C) — — - — "dyvd 3.32
‘o“< ‘< ! 44)2t~s 5y U drds (332)
Choose () = imin{m(r) :r € R"} Then (3.32) implies, since v is supported
where |y| > r, that
sup [ M, yydy £ C [ m@r)e v (v)dy (333)

S€10.] 4]y < v

For (s, y) such that s € (0,7), 4|v|> <1, h(s,y) = ~%, for (s, y) such that s € (0,1),
>
C|}”2 < _Cll‘z

h < — <
- 2t -5 = 2t
Thus , )
1 (2
sup [ (s, y)dy £ Ce T [ P(n)dy £ Cem |02,
s€10.7] 4y < v >
and so
t .2
[ vy < Cem 7 ||of3 (3.34)
0 4]v]2 =t

By the local parabolic estimate (see Proposition 3.4 below )

|

!
w0y <t ' [ [ ddvds| . (333)
0 4)v]2<r
for some C > 0. It follows from (3 34) and (3 35) that
u(1,0) < Cr2e 7| |u]]; (3 36)

for ¢ € (0,7*] The proof is complete.
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Theorem 3.1. Let p(t,s;x,v) be the fundamental solution of u, = ¥£ou Then
0 < p(t— 5.5 p) < (1 —s5) e G (337)

for all t > s, x,y, where Cy and C, are two positive constants depending only
on U

Proof We follow the arguments of Aronson [1] or Osada [27], and include them
here for the sake of completeness First, if  —s > r2, by Proposition 3.1:

X—1

e 2
pts, %, y) £ Clt—5) " < Clt—s) '™ (338)
We now focus on the case r —s < 2. As in the proof of Proposition 3.1, the
pointwise bound (3 37) is obtained using the semigroup property of p(z —s,x, y),
(33) We first break the integration region in (3.3) into the regions {z - |z — x| = r}
and {z |z — x| < r}, and apply the Cauchy—Schwarz inequality to obtain
plt—s,x,y) =1 +/a,

where
1 1

J) = ( | PG —S,X,Z)dZ) ( [ pPa- T,Z,,V)dz>
[z—x| = 2z

5
1 1
2

Jz—< |/ p2(1~s,x,z)dz> < I pz(z_f,z,y)dz> ,
|z—vl= [z—x| =)

where s < T <t We now show that for r —s < %

and

[ P sx )y £ Clt—s) e (339)

[v—x|>/
To this end, we consider

u(ts,x)= [ p(s—o,xz)p(t—o0,yz)dz, (3.40)

lz—v]>1
which is the solution of equation u; = Y»u, s = ¢ with initial data
u(o,x)=0, if|x—yl <r, u(o,x)=plt—o0,y,x), if x—y >r (3.41)

By Proposition 3 1, u(a,x) € L> N L>(R?), and by Proposition 3 2-

ut,yy= [ Pt —o,y,z)dz < C(t — U)%e—f;—'ﬂ u(o,2)|]2,
[z=v|>1
which implies (3 39) by Proposition 3 1 Similarly,
[ PlU—0o.y2)dy <Cli—0) e T, (342)

|z =v]>1
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Now set 7 = '—X;—”, v = and assume ¢ — s < 2. Using (3.39) and Proposition
3.1, we get
I2 - 2
Jy £ C(t—s) e T < C(z-s)—‘exp{—c|xt il } (343)
.y

=

2yl implies |z — y| = r Hence we have

For J,, we see that [z —x| < r =

1

3 :
JZ = f pz(s_ T,X,Z)dZ f pz([ —T;Z>J’)d2
lz—x| =4 |z—x| <1
R +
< [ P(s—txz)dz [ P—r1zy)z
=y 2 EY
by (342) and Proposition 3.1
< Clt—s) e TET (3.44)

Thus (3 37) holds if  —s < 7> This completes the proof.
Finally, we outline the proof of the local parabolic estimate.

Proposition 3.3. Let 1 be a solution to u; = Lou and

0=0(y0.0)={x e R [x =y < (1 = 0)/4} x (0.1)
Then there exists a constant C independent of u, o, t and y such that
1

lu(t, )| = C(t — o) (f uz> . (3 45)
0

Proof In view of (3.2), and that by comparison ., is below 4 near r =0, it
is easy to check that the fundamental inequalities of Aronson and Serrin [2] (or
Proposition 2.2 of Osada [27]) hold for operator &, The rest follows from [2] on
local properties of solutions of parabolic equations.

4. Nonlinear Asymptotic Stability in the Radial Case

In this section, we prove that any n-vortex solution is asymptotically stable under
small radial perturbations (part (1) of Theorem 1.1). We will proceed with n = 1;
the proof in the general case is the same except for minor modifications. Let us
consider the parabolic system

9 = Lo~ U+ B*) =20 — (2 + ), (41)
B = Loff = 2Uaf — (2 + BB, (42)

where
Lo = Au+ <fri2 +1 —3U2(r)> x, (4.3)

Lf = Ap+ (—’12 +1— U2(r)) . (4 4)
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The initial data (2, ) € (LP(IR?))?, for some p € (1,00) to be specified. When
(20, fy) 1s radially symmetric, system (4 1)—(4.2) governs the dynamics of radial
perturbations of the one-vortex solution We will establish a decay result for mild
solutions of (4 1)—(4.2) in L? spaces without assuming radial symmetry.

We first note that the semigroups e'”", i = 1,2, are positivity preserving. Re-
sults of the last section imply that e/ has a Gaussian upper bound, and so by a
comparison argument, we have

Proposition 4.1. The semigroup €' satisfies'

||er,i/’z(pHI) < C||(/)H,), Vi=0, Vpell,+ox], Ve LI)(]R2), 45)

and i
¢ Cplly £ GO gl VIS p<g e, 46

with C > 0 independent of p.
The next step is to obtain an upper bound for e'“'. Following the proof of
Proposition 3.1, inequality (3.20), and writing ¥ = %, — 2U(r)?, we find that

E(ty= [T*(f* + (1 —n)),
R2

where ' is the fundamental solution of the equation u, = & u, satisfies the
inequality

1 .
—5aE? = [P0 = 2[T2UGY O + (1= n))
1 .
—zc,,E2 — [P+ 20 o + (1 =)D (4.7)

£,

[IA

IIA

Since n = | for » € [0,ry], we have on this interval that
w2008+ (=) Z 0t =7+ (1= n)?)
On the other hand, » > ry, we have
20 (” + (1 =m)*) 2 2U (o)’ (r* + (1 = )*)
It follows that

I .
E < jc,,Ez —min(1,2U000)) [T + (1 = n)?) = —coE* —ciE.  (48)

Integrating (4 8) from zero to ¢, and using £ — +0o0, as ¢ — 01, we get
' -t
E(l) é C]CO m 5

which implies that
E(t) £ Ct™ e, (49)

for any 1 > 0, where C > 0 depends on ¢y and ¢; It follows that Proposition 3 1
holds for I" with (¢ —s)~'e=U=9) replacing (¢ —s)~' We are ready to show
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Proposition 4.2. The semigroup e'?" satisfies

e, = C., (410)
for C > 0 independent of p € [1,+0o0],
e ][, < Ce ", (411)
and
e glly = Gty = Dty T g (4.12)

forany 1 £ p < q £ +0
Proof First we deduce from I'(4,x,v) < Ct—'e ', ¥x, v, t > 0, that
le"" ol = Cr™le™ Iy (413)

For any wy € LY NL™, 1 = p < oc, let uy = uo+ —u, , where u™ = max(u,0),
- : (L, g, tS o — . AT

Uy, = ~ln11?(Llo,0) Thf:n e = ey — el For any t > 0, ¢"*'uy > 0 by

strong maximum principle. The comparison principle says that

1k [
elluy = e luy

for any #,x It follows that

gl = [l ug 1l + e ug ||
< [l ugll, + leug 1l
< 2C| ol - (4 14)

for any p € [l,400] Interpolating (4.13) and (4.14) gives (4 12) Finally if we
replace I by the solution u of cquation v, = % u in the proof of Proposition 3.1,
and drop the terms — [|V(un)|? and =2 [U?|V((1 = n)U~'u)|?, we obtain without
using the Nash inequality

Ef g "C]E R

which gives the L? bound (4 11) The proof is complete.

Remark 4 1 The estimate (4 11) may be true for any p € [1, x], however we will
not pursuc it herc since (4 10) and (4 12) are sufficient for our stability proof

Based on Proposition 4 1 and Proposition 4.2, we present
Theorem 4.1. Let us consider the system of integral equations corresponding (o

(41)-(42)

!
u = ey — [TINUGE A+ B 22U 4 a4 ], (4 15)
0

!
B= e py— [ 2Uap + (o + BB (416)
0

with initial data (%, By) € (L” N LI(R?))?, where p€[3,6), g=7""p, 7€
(1 + %,3) Then there exists ¢ > 0 depending only on U, p, 7, such that if
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max(||(co, o) || - (20, B)Ilg) = &, system (4 15)-(4 16) has unique mild solutions
(o, B) € C([0, +20), (LP(R*))?) Moreover, we have the decay estimates.

1

e[ (1) < C(1 40y t=Dr ] (4.17)
1Bl (1) = C(+ ) 20-0e (418)

for all 1 = 0, where C = C(g) > 0 In particular, (4 17) and (4 18) imply the
asymptotic stability of the vortex solution U(r)e™"" under small radial perturba-
tions

Analyzing with the same method the analogous parabolic system

2 = Lo~ U + ) = 20,2° — (22 + ), (419)
B, = LB 20 — (2 + B, (4.20)
where
Py = A a+<~f+l~3U2(r)>d (421)
1 X,y }"2 n vy
2
“(/}(2”)/)) = A\‘,\'/j + <‘% +1 - U/zz(r)> /)) P (4 22)
we obtain.

Corollary 4.1. Any n-vortex solutions U,(r)e"’, n = +1,£2, . | are asymptoti-
cally stable with algebraic rates given by (4.17) and (4.18) under small radial
perturbations in L N LI(IR?).

Proof of Theorem 4 1 First we show that (4 15)—(4 16) has unique local solutions

in C([0,T*),(LP(R*))*) Letting (R;,R;) be the right-hand side of (4 15)—(4.16),
we estimate’

¢ . 7
||Rl”p = CH“OH/J"'CI(I‘5)71'/%‘”/) ([-\)||3°‘2+ﬁ~szd5
0

, ) .
L2 P2 3 4 B, s ds
0

[IA

! -1
Cllzollp + C [ =)~ P (| + [1BI[,) ds
0
1 ) ]
JrC‘Of(f—S)”2 Pe 2P0l + (B ds

so for t € [0, T], T > 0, we have

1
sup [[Ri]1p(1) = Ry [ poe < Cllzollp + CT 5 ([l o + 1B o)
0<i<T

FCT (2P o + 11213 0) (423)

p. o
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Similarly,

I .
||R2||11 = CH,BOH/I+C.[.H°‘/3||/)/2(t*SYI Pds
0

t t
+C [|o?Bl| pat — s)" 2P ds + C‘f]|[33||p/3(t —5) ¥Pds,
0 0
which gives

!
IRl poc = ClIBollp + Clltllpuoc = 1Bl proc sup [ —s)"""ds
te[0,7] 0
2 f 2
+Cllel e 1Bl poc sup [ —5)"2Pds
1€[0.7] 0

t
+C||ﬂ||p oc sup [(t - S)—Z/p ds
1€[0.7] 0

[IA

CH/}()H/? + CTI__HO’H/?% Hﬁ”l?%

+CT 3ol e - 1Bl oo + CT T, (424)

It follows from (4 23)—(4.24) that (R;,R;) is a bounded map from C([0, T],
(LP(R?*))?) into itself; moreover, if T < 6 = o(||(20, By)|| ), then there is a unique
solution (o, ) € C([0, T],(LP(R?))*) by the contraction mapping principle. Such a
solution can be continued to any ¢ < T*, for some 7* < +oo
Next we proceed to derive the estimate of |[(«, f#)||,(¢), independent of 7, where
€[0,T], T > ¢ Let us define the norms.

x|, = sup (1+0)2] (1),
te(0,7]

AT

sup (1-+0"(|Bl] (1), (425)
t€[0.7]

where 7 € (0,7*) and @ > 0, b > 0, to be chosen It follows from (4 15) that

|||°‘m/> = sup (1+t)”|’e[j]9‘0”1
€[0T

I
+osup (140 [ (U@ + ) + 2002 + (22 + )],
te[0,7] 0

[IA

max sup (1+ t)"||e“'oc0||,), sup (1 + t)"||e’“lloco||p
€108 (€[6.7)

+ sup (1+t)"[(t s)*lPe—“/’"'<’*»‘>1|3a2+/321|p2ds
t€[0,7]

+ sup <1+r>“f(r $) Hre 2 I 4 B, sds
t€[0, T
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< max(C(1 + 0)|[ool[ s sup (1~ "e™ )¢ =P (1 4 1)t ])
t€[0,T]

t
+ sup. (L0 (= s) e DTV +5) 72|25
0

te[0,

H(1 4+ ) 2B ds

+(1 + t)“j,‘((l‘ _ s)—]e—u(l-s))—2'll(1 _,’_S)~3amo(2'“.;ds,
0

+(1 + l)af((l _ S)—164L|(l‘*5'))*2 P(1 _’_S)—2h—a|\|/32|]|3) . IHQ(mp)ds
0
< C(g. poa)(lfoollonwe + [[Jal[15 + IBIE, + oI5 + BN, - ll])
(4.26)

under the condition
a <2b (427)

The integral term

sup (1 + l)(lj(t s,)fl ,Iie—('lp—‘(tfs)(l +S)_2bds
t€[0,7]

appearing in (4.26) is uniformly bounded in 7 under (4 27) Indeed,

sup (1 +t)a/(; sy pemar” - 91+ 5)2 ds
1€[0.0]

1
S (1 +0)[(t—s)""Pds = C(p,a)' 27 < C(p,a)d' " (428)
0

On the other hand, for 1 € (6, T], we have

=0

. 1o B
f (f _ S)~~-1'[)e—~(‘1 p ]([—\')(1 + S)—Zb dS g C(p) [‘ e——(']p I(I*S)(l 4 S)—Z/) dS
0 0

lIA

C(p,b)(1+1)"%, (4.29)

and

{ ) _ t
Jt—s)"Pe U0 45y Pds < (1+1—8)2 [ (1—s)""Pds
t—0 [
S (Lhe=0) A —1/p)~o "7
(430)
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The other integral terms in (4 26) are analogous Combining (4.28), (4 29), and
(4.30), we arrive at (4.26). We obtain from (4 16) that

1A, = max (C sup (14 0)"[|Bollp. sup (1+0)°Cem 7 )||/30|q>
t€[0,0] 1€[0.7]

+C sup (1 +t)/’[(t $)"CTP Bl ds
1€(0.7)

+C s[%pﬂ(wr)”f(r 72 2Bl s + B ps)ds . (431)
S

We choose
Tl=b+p ', (432)

and note that
Bl < (Sl By 7 < ([l ?Em =D f1gnte,

= el p—1y - 1Bl - (4.33)

Now (4 31) gives

! . -1
WAl = CllBollerow + € S[t;pr](lth)”f(l—S) GO ol oy - 1B ds
1€[0, 0

+C[€s[13p”(l +t)bf(z S)_2”7|(||o<|l§;‘“ﬂ|‘p + Hﬁ“;)ds (434)

Then if
g ' >@G-Dp ", (4.35)

by (4 15) again

(Ve -1 _ -1, —1
”O‘Hp,’(,‘—l)(t) = (@ G=br )e e (=br )||°‘0Hq

t
[ TI(UP + B2+ 202 + (o2 + B |y
0

< ¢ =G Demany™!

—(;—l)p")HO(OHq
{ —1

+C [ (t—s)" @
0

—<~,~71>p“)e—c1<r—v><2p*'—(,-~1>p*')||3az Jrﬁsz/z

t. _ -l —1 i (f =1 _ —1 2
+Cj(1‘ — ) Gp =CG=Dp7 )= ailt=5)3p™ =C=Dp >||a’ + “[;2HP/3
0

< Cf(q*'*(:"*l)p")e—(1r(q“f(,'~1)/>‘1)HaOHq

[ —
HC[(—9) @p~ ' =G=Dp™ ) pmaili=9)2p~ == 1)p )(||O,H2 4 HIBH )
0
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1

+C0]((t — ) e P D B (o] - I

= —(i‘—l)lf1)€—117(<171*(,'—1)P_I)HOCOH[] . (4 36)

Thus

S[‘épn“ +0)1 < C(lallls A+ HIBIE + a1, 4+ 1BIE < a1,y . (437)
1 N

where we have used the integrals
,f((z — ) e Al @ Gm (] )2 (1 4 5) )
0
<Cc(l+0%, (438)
f’((r —5) e TN L] )T (1 4 5) )
0

< Cc(l+07%, (439)
where C = C(a, b, p,7) under the condition
0<B-pp'<l, 0<@-yp'<i (4 40)
Combining (4 34), (4.36), and (4 37), we get
1B, = CllBollerus + Cllaolly - 1Bl sup (1+2)
1€]0. 71

i — -
< [(t—s) TP e(sT e )
0

1

=D gy
~ i —1

+C sup (1+ 0 [(t—s) P (1 45)ds
t€[0,7] 0

! —1
+CIad 13- BT, sup (140 [(t =) (1 +5) 2 "ds
1€[0,7] 0

! -1
+CIIBIL, sup (L4 0) [t =) (145)"ds, (441)
te[0,7) 0
where

C = Cllled15, + [IBIE, + a1, + (1B - AL
We optimize the decay rate by choosing
a=2b, (4 42)
b=@-1p ", (443)
1<@-1p '+2b. (444)
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It follows from (4 43) and (4.44) that
y>1+p/3, 3b>1, (445)

which implies that 2a + b = 5b > 1 Now (4 40) requires that y < 3 Since p = 3,
(445) says that y > 2 and 3 < p < 6. Thus given any p € [3,6), we pick
v € (1 + p/3,3), (a,b) according to (442) and (443), g ' =b+ p~ ' =yp~!
Then (4 35), (440) and (4 44) hold It follows from (4.26) and (4 41) that

(o Bl = CllCx0, Bodlleraes + £ CUlll]ps B ) - (4.46)

where /= f(x, y) is a fourth degree polynomial containing no lincar terms. Thus if
(20, f)||rrre is sufficiently small, |||(, f)]||, remains bounded for all time. The
proof is complete.

5. Linear Stability in the Nonradial Case

In this section, we consider the evolution of general (nonradial) perturbations of
vortex solutions, and prove part (2) of Theorem 11 We will sce that, in contrast
to the |n| = 1 vortices, there is a potential for destabilizing |#| > 1 vortices due to
nonradial effects This is in agreement with J Neu’s [24] numerical observations of
the instability of higher |n|-vortices, in particular the splitting of a n-vortex (|n| = 2)
into n individual one-vortices under suitable perturbations

The system governing the perturbation v = o + iff of an n-vortex solution U,e
is

mnl

2
0 = L= Ty = Uy + ) = 20U — (4 ) (1)
n 2
/3{ — y(z )I[)'—O— la(() ZU,ICX))‘ (9( ‘JF,B )ﬂ (5 2)
wherc
2
Py = Ao+ (—n—2 41— 3U,,2(1~)> %, (5.3)
,
n)p __ " 2.
Ly = Ap+ *r—2+1—U,,(I) B (54)

Consider the linear part In view of the 0 independence of the coefficients, we
expand into Fourier series:

x= Z 3(meim() 5 (5 5)
mez
ﬂ _ Z ﬁmeim/) (56)
mez
Then (2, f3,,) satisfies

2

n* 1
Ly = A, o + <~ ") +1 - 3(/,,2(1‘)) Ly + 1‘2( m? o, — 2inmp,,) ,

2

/))m.t - A' /))’" + <—“ U > ﬁm + (2”7’77‘/’7' —m ﬁm > (57)
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or in vector notation:

( A ) — A/ < A ) =+ ':l; + 1 —3[]”2(}”) 1, 0 . ( Um )
ﬁm t :[))m 0 —7—; -+ I — (]”2(1”) /))m
1 —m?  —=2inm o
+I‘_2 < 2inm —m? ) : < B, ) > (58)

where 4, is the two dimensional radial Laplacian. The operator formed by the first
two terms on the right-hand side of (5.8) is the operator we have analyzed in the
radial case It is casy to show that this operator has continuous spectrum equal

to (—oc,0] and the Nash-Aronson estimates in Sect 3 imply that the L? spectrum
equals (—oc,0] The “rotational terms” »~2f; and r~>uy produce the matrix

< —m? 72inn21 ) 7 (59)

2inm —m

whose determinant is equal to m*(m* — 4n?). Therefore, the matrix (5 9) has positive
cigenvalue if
m=*0, m> < 4n*, (510)

and the possibility of instability exists As »n increases, the number of potentially
destabilizing modes increases

In case |n| =1, only m = +1 could be a source of linear instabilities While if
m= £ 1, then (5 9) is nonpositive, so by our results in the radial case, such (o, [5,,)
would decay to zero with time in L” spaces Let us consider n = 1 and m = 1, the

other cases of |n| = |m| =1 are treated identically
Let us transform (5 8) into a real coeflicient system by first writing it as
% 2 %
=4, +1=U(r 511

_ —i ‘ _2U?
+’%< 11_1></°§:>+< e 8)(;‘1> (512)
1 i
()

has cigenvalues 0, —2, corresponding to eigenvectors ~\}—§(i, —1)7, %(i, DT, Let us
make the change of variables

(?31)*%(—11{)(5) (513)

The matrix

then
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where
y:(A,+1—U2(r))1d+%<8 _(2)>~U2<{ i) (5 14)
The following property of the one-vortex profile U is very useful in analysis ap-
pearing later in this section
Proposition 5.1. Let U = U(r) be the one vortex profile Then
rUr) > U, Yr>0
Moreover, the self-adjoint operator
Ly =4, + (1 =30%r)),

defined on H*(R?) has spectrum o( <) inside (—oo, —ag), for some positive con-
stant ag

Proof. Recall that U(r) satisfies the equation
1 1
Uy +-U ~ U+ (1-U)U =0,
r r

U(0) =0, U(+oxc) =1, U@r) >0, (515)
for any » > 0. Differentiate (5.15) to » and denote U, by w to get.

1 2 2
wy +—w, = Swt SU+(1=3U0%)w =0,
r r- r

or
1 2
Wy (1= 30w = 00 —r7'0) (516)
r r

Now letting ¥ = r~'U, we have from (5.15) that
(V) 7'V, —r V(1= UHU =0,

or
"V, 2V, 4V, VT (1= UHU =0,

or
vV, +3~ v, = (U= 1HU < 0, (517)

for any r > 0 We consider inequality (517) on r € [&,r], where ¢ < 1, 1} > 1
For r small, U(r) ~ ar(l — ’§ + O(r*)), for some constant @ > 0 Thus V(r) is
monotonely decreasing in r if r is small enough. With ¢ sufficiently small, we see
that ¥ (r) has to go through a local minimum if J/(r) increases with r at all In
other words, there exists an interval [r,,r3] strictly inside [e,7] such that V" has a
minimum over [r5,73]. However, inequality (5 17) and strong maximum principle
imply that V' (r) = const for r € [ry,r], or U(r) = const r Therefore if r € [ry, 3],
U,=0r'U —r2U=00""U), =0, but (1 -U*U > 0, contradicting (5 15)
We conclude that

Vi(r) = (g) <0, (5 18)
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or rU, < U(r), for any r =2 0 If V'(r4) =0, for some r4 > 0, then (5.17) says
that V"(r4) < 0, contradicting (5.18) Thus we have strict incquality in (5 18), and
rU, < U(r), for any r > 0.

Next we consider the spectrum of ¥; By Weyl’s theorem on the essential spec-
trum, we have that 6., (Z3) = (—oc, —2] Moreover, 3 has a principal eigenvalue
o) and corresponding ground state eigenfunction u; = u(r) > 0 in L?>(IR?) such
that

f/’j,ul =0ouy, (5 19)

or what is the same
Auy + (1 = 3U%(r)uy = oyuy (5.20)

for any (x,v) € R? By elliptic regularity u; is a smooth function. Similarly, we
write (5 16) as.

2
Aw (1 =30 )w=S(w-r"'U) <0 (521)
p

Both u; and w decay to zero as r — oc Multiplying (5.20) by 1w, and integrating
over IR?, we get with integration by parts that'

JurAw + [(1 = 3Uwuy = oy [uyw,
R R R

whose left-hand side is sz %(U, —r~"U)u; < 0 Noticing that fRZ upw > 0, we
infer that o; < 0, and the proof of lemma is complete

Proposition 5.2. The vector

1 -
5, + 71U, Uy = r71U) = (o, o)

satisfies L(70.00)" = 0, for any r = (x> + )2
in LP(R?) for any p > 2

However, (70,00) ¢ L>(IR?) but is

Remark A mode of this type is frequently called a resonant state It is known to
influence the decay rate of the linear evolution operator generated by it Sec, for
example, [17]

Proof 1t follows from (5 14) that W = ; + ¢ satisfies.
) 4
Wy =A4,W4+(1=-3U)W - =9 (522)
2
The pair (W,) is the solution to the system
) 4
W = AW+ (1= 3UHW - (W =),

-

o= Ay (= Uy = U (523)

Differentiating Eq (5 15) to  and letting W, = U,, we get

2
A,W0+(l73U2)W0+r—2(r_]U—U,):0 (524)
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Denoting

Wy U W, U
Ny = —— — _ 2
R T A S (525)

we have from (5 24) and (5.25) that
2 4 2 4
AWy + (1 =3U YWy — r—z(SO =A,Wo+ (1 =3U)Wy — r—z(W()—“,'()):O
Now using (5 24) and (5 15), we verify-
(4 + (1= U)o = Uy

- %(A, +(1 - U%) <Wo + g) — UW,

1 2 1
— E[(3(]2 — D)Wy + (U, —r7'U) + ~2~A,(r_lU)
2
1
+5(1 = U?) (Wo + Q) — U*W,
B

|
=r U - ')+ g(r" U, —2r2U, +2r 30U + 172U, —r30)
+2r) (1 = UHU

1
= 2U —r'U) + 5(r—lA,U +r U =270+ (2r) (1 - U
1 1
=r U =T U+ U ST U =200 = 0 (526)

Thus (70,00) = (52 + £, %0 — L) vanishes #. Apparently, (7o,8) ¢ (L*(IR?)),
however, belongs to (L”(IR?))? if p > 2. By Proposition 5 1, §y < 0, and 79 > 0,
for any » = 0 The proof is complete.

Proposition 5.3. Consider the self-adjoint operator & defined on
G ={(,0) e H> x H* 725 € LA(R%)},
Then the spectrum of & is equal to (—o0,0]
Proof By Weyl’s essential spectrum theorem, ¢.(¥) = (—oc,0] So we only
need to prove that there is no positive eigenvalue Suppose that o; > 0 is the

principal (the largest) ecigenvalue of ¥ By the variational characterization of the
principal eigenvalue, we have

o) = sup 0(;,9), (527)
(N OYEH X H||(,0)]]2=1
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where

Oa,b) = —[(2+ )+ [(1 =202 +07) =2 UPpd —4[ r25"  (528)
R? R? R? R

Notice that the maximizer (;*,0*) of O must have *(r) — 0 as » — 0 for 0
to stay finite (y*,0%) is a classical solution for » > 0. It is not hard to obtain
0*(r) < O(r?) by balancing terms in (& — a)(;*,0%) = 0 In fact, it follows from
the 0* equation that

- 4
A,6% — =% € LP(R?), (5 29)
p

for any p € [2,00) due to (y*,0%) e H'(R?) and Sobolev imdedding We can
regard (529) as the ¢*’ mode restriction of the two dimensional Laplacian Hence,
o e W2>P(IR?), p > 2, and is imbedded into C*'*, ¢ € (0,1). Now we conclude
by Taylor expanding 6* at zero, r26* € L*(IR?) with (528), and (529) Thus
2% %) € D(). Thanks to the term —2 J U?yd and that [, [V > = [, |V|f]?
for any f € H'(IR?), we have

0(*.8%) < 0(y*|, —10*])

which implies that 7* and 0* have opposite signs That is either 7* = 0, 6* < 0 or
vice versa We arrange 7* > 0 Now forming the inner product in L>(R?) (denoted
by ( B )2) of

(L —a(*.0%) =0, (5 30)

with (70.d0) Since o, > 0, (y*,0%) decays to zero exponentially fast as r — oc.
This can be seen as follows. The asymptotic behavior of U at infinity (2 5) implies
that (5 30) is a weakly coupled elliptic system for large r.

el l+o 1 el
w () [0 ) el () =0

where A(r) is a smooth 2 by 2 matrix in 7, and ||4||.. < O(r"?) The matrix

1 — (] 1
1 1+ (2]
is positive definite and so can be diagonalized by a constant orthogonal matrix Q.
Let

(7‘|761 )T = (?’*75X)TQT >
then (y,9;) satisfies

) LG 2)emol (2) 0 e

for 7, > 0, i=1,2, and a matrix B = (b,)), ||B]|~« < O(r?) Letting ¢ = 7 + 07,
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we have from (5.31)

Ayg = 204,71 + 2|V [P 4+ 2014,6; + 2|V
= 294,91 + 201 4,9
= 271271+ b () + bia(r)o1) + 201(4201 + by (1)1 + baa(71)dy)
> S0+ A20] = min(4,42)g (532)

if r is large enough depending on £, i = 1,2. Now it is easy to find a comparison
function ¢ = e, > 0 such that

(A, —min(/1,/2))§ = (2 — w/r —min(21,72))e ™ < 0.
By comparison principle of scalar elliptic operators, we infer that
q g Ce#‘“’ s

for some constant C if r is large enough. In other words, (7*,0") decays exponen-
tially fast as » — oo
Thus we can perform integration by parts to get from (5 30)

((%,0%), L(70,60))2 = a1((;*,0%), (70, 90))a » (533)

whose right-hand side is strictly positive, and left-hand side is zero, impossible
Hence no positive eigenvalue exists for ¢, and o(¥) is (—oc,0] This completes
the proof

We are now ready to prove part (2) of Theorem 1 1.

Theorem 5.1. Consider the linearization of (5 1)—(5.2) for the plus or minus one
vortex and let o+ iff € L>(R?) be the solutions to the linearized system

o, 2
vy = 2 “‘r_zﬁ(),

2
B, = LB+ S, (534)
r
with initial data (o9 + ify) € L*(R?) Then

(o P 2(0) = [|(20, By

for any t = 0, ie the plus or minus one vortex is linearly dynamically stable in
L? with respect to arbitrary (nonradial) L* perturbations Moreover, the linearized
operator in (5 34) denoted by M is self-adjoint and nonpositive

2, (535)

Proof By our earlier discussion, we decompose (2, [3) into the Fourier series:

a(t,r,0) =5 1,(t,r)e'j0 ,

jez

Bt 0) =3 B (tr)e"

jeZ
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The problem is reduced to an analysis of the linear evolution operator on each
invariant subspace corresponding to ¢/, j € Z By a comparison argument with the
reduced problem on cach Fourier mode j, we find that the only source of instability
of plus or minus vortex comes from j = +1 This further reduces the problem to a
study of semigroup e’ Since ¥ is dissipative (the real part of the L? inner product
Re(Zf,f) = 0), self-adjoint and densely defined, we have by the Lumer—Philips
Theorem (Pazy [28]) that

e (Sl (/.92
The theorem now follows

Remark. There is another way of proving Proposition 53 and Theorem 51 We
take m =n =1 in (58), and make the change of variables a =i, b=, We
obtain the following system with real coefficients for («, b)

a B A4, +173U2(r) 0 a
<b>,_< oa,+1U2<r>><b)
2 /-1 1 a
200

Clearly, (a,b) and (7,0) are related by a rotation

(8)= (7)) s

Then the zero resonance vector for the right-hand side operator in (536) is
(a,b) = (U,,U/r), whose two components are strictly positive By the same varia-
tional argument, we can show that the right-hand side operator in (5.36) or equiv-
alently ¢ has spectrum (—oc0,0] The advantage of the (a,b) variables is that we
do not need Proposition 51 to prove Proposition 5.3 or Theorem 51 Also the
zero resonance vector (U,, Ufr) is simpler The zero resonance vector comes from
the translation invariance of the Ginzburg-Landau and Schrédinger evolutions (1 1)
and (12)

We are however interested in obtaining a more refined understanding of the
character of the zero point in the spectrum of the linearization about a vortex. We
show, in our next result that the zero point is a pure resonance, ie there is no L?
eigenfunction at zero energy This provides an understanding of the resolvent of the
linearized operator at zero energy which is required in obtaining decay estimates
for the associated evolution operator See, for example, [17] To prove this result,
it appears that the (y,0) variables are most expedient

Proposition 5.4. Zero is a resonance and not an eigenvalue of &

Proof The maximum principle is the main tool of the proof Our method is a linear
version of the sliding domain method (Berestycki and Nirenberg [6]) for nonlinear
problems, and was used in an carlier work (Xin [37])

Suppose (7,0") € L> x L? is an eigenfunction of % corresponding to zero,
which is the principal eigenvalue by Proposition 5.3. By variational arguments, as
in Proposition 53, 7' and ¢ have opposite signs and §'(r) — 0 as r — 0 We
choose &' < 0, for any » > 0. The equations for (Wy = 79 + dg,d0) = (U,,dy) and
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(W' =+ 48,0 are

A,W+(1-3U2)W—%5:0, (5 38)

Ao+ (1 =U> =4 Ho—-U*W =0 (539)

This implies, for 4 € R, that the functions

W;VE)VW()*W/, 5/‘ E)véo—él,
satisfy

4
AW, + (1 =300, = 597, (5.40)

A,0; + (1 = U? = 4r )5, = UW, (541)

We first set /. > 0 It follows from (5 40) that W; ~ O(r~25;) due to | — 3U? ~ -2
as r — oo By (5.41) we have then. 4,8, ~ O(r 25;), which implies by direct
integration that 5, , ~ O(r='6,), and J,,, ~ O(r~23;) Going back to (540), we
see that W, , ~ O(r~'W,) and W;,, ~ O(r=2W;) or A, W; is a higher order decay
term than W, So by (540), W; ~ —2r=25, + hot Substituting this into (541)
along with 1 — U?> ~+~2 4 h.ot, we obtain

A0, +(—r 4+ hot)s;, =0 (542)

Since &' € L*(IR?), for any given / > 0, there is g = 79(/2) > 1 such that §,(ry) < 0
We can choose rp(4) large enough so that the above asymptotics become valid.
By (542) and the fact that 9,(r) — 0 as r — oo, we deduce from the maximum
principle that ; has neither a nonnegative maximum nor a nonpositive minimum
for any r > ry Therefore, §, is negative for r > ry, and monotonically increases
to zero as » — oc In other words, ¢ decays faster than O(dy) In particular, there
exists Ry such that:

0, =200~0 <0, ifr=Ry +2=1 (543)

By making R, larger if necessary, we have U = 2/3 for r 2 Ry We infer from
(5.40) that
AW, +(1=3UMW, <0, (544)

if 2> 1,r = Ry Forr €[0,Ry], there exists A = A;(Ryp) = 1 such that if 2 = A,
W;(r) > 0 and 0;(r) < 0, for any r € [0,Ry] Thus if 2 = Ay, (544) and the
maximum principle imply that W;(r) > 0, any » = 0 Also ¢, < 0, V r € [0,00)
Similarly, there is Ay = 1, such that if 4 < —A,, then W;(r) < 0, 9, > 0, for any

r = 0. Define
p=inf{2 € R'|W; = 0and 9; <0, Vrec[0,00)}

Then p € (—=Ay, Ay), W, =2 0, 6, £ 0, Vr € [0,00] Now suppose that y = 0, then
O, = —8 < 0 However, as initially observed, ¢’ < 0, and so &' =0 By (538)
and Proposition 5 1, we infer that W' = 0, or 7" = 0, contradicting the assumption
that (7’,d’) is an eigenfunction. We deduce that p > 0
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With 2 = p in (540) and (5.41), o, < 0, W, = 0, strong maximum principle
implies that either W, > 0, 6, < 0, or W, =0, =0 for all » € [0,00) The latter
implies 110y = &' and therefore &y € L*(R?), a contradiction

Now suppose that there is a sequence {/4,}, 4, € (0, 1), 4, — i, as n — oc, such
that

]ng(”) W, (r) <o,

for each 2, Since W, (r) — 0 as r — oc, there is a sequence {r,} such that
W, (ry)=inf W, (r)y <0
120

If {r,} is unbounded, there is a subsequence, still denoted {r,}, with r, — 0o If n
is large enough, r, > Ry, then evaluating

4
AW () 4 (1= 3UDW,, () = —50,,(r)

at r =r, > 1 yields
(Al W).,, + (1 - 3U2)Wi,,, )("n) Z (l - 3U2(I‘,,))W/"(V,,) >0 5
while

4 . .
k?(/bn()o(rn) - ()/(7'11)) <0,
N

because 7, — u > 0, and &' decays faster than Jy at infinity as we have showed
above by (5.42) We have a contradiction.

Therefore, {r,} is a bounded sequence, and there exists a subsequence, which
we also denote {r,}, along which we have r, — r* € [0,00) It follows that

W, (r) — W,(r*) £ 0,

as n — oc, contradicting W,(r) > 0, any » = 0 This means that there is a number
i € (0, 1t) such that

inf W;(r) 2 0, Vi€ (s 1)
By minimality of u, we have

supo,(r) > 0, Ve (,p)

120

Therefore, there exists a sequence {/.}, 7 € (ju,p), 4, — i, as n — oc, and a
sequence of {r/} such that

3,,(r1) =supd, (r) >0

120

If {r;} is unbounded, then 7}, — oo, up to a subsequence still denoted the same By
Eq (541) with 2 = 2,

4,0, +(1 —U*=4r2);, =UW,;, =0 (545)
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If 77/ > 1, then

L= U = (1= U)X +U@r)

1 1
= | —— + ho.t. 20—
<2<r/,>2 i ””) < 207y ”’0’)

= () P+ hot

Il

which shows that
| —Ur) —4(r) 2 <0

Evaluating (545) at = r,, > | implies that the left-hand side is

< (] — UZ(I‘,II) - 4(",/,)_2)‘5/,,(’4:1) < O’

a contradiction Finally, {7} is bounded, and r, — r** € [0,oc) along a sub-
sequence still denoted the same We have 4,(/**) = 0, contradicting our carly
conclusion that J, < 0 Thus all roads from the assumption of zero being an L’
eigenvalue lead to a contradiction We conclude that zero is not an eigenvalue but
rather a pure resonance The proof is complete

Finally, we comment on how to adapt our method to treat stability of one vortices
on the disc of radius R, denoted by By We will consider the plus one vortex to
be specific Let v = Ur(r)e'’ be the plus one vortex solution on By, and consider
perturbation of the form v(¢, 7, e such that v(£,R,0) =0 Going through the same
derivation as before, we see that (5 1-52) hold for the real and imaginary parts of
v, with U, replaced by Ur We then decompose solutions into Fourier modes as in
(55-56) For the radial part, or m = 0, we follow the estimates in Proposition 3 1,
however, they can be carried out directly on any solution v of the linear equation
v, = v since we can use the Poincaré inequality instead of the Nash inequality
thanks to the zero Dirichlet boundary condition of perturbation v at ¥ = R The result
is that 1 decays to zero exponentially fast in the L? norm with a rate depending
on R Thus we only need to verify that the linearized operator ¥ ,, which is just
Y in (5.14) with U replaced by Up corresponding to the m = 1 mode, has strictly
negative spectrum Using this strict negativity of ¢ ,, we can prove

Theorem 5.2. Let Ug(r)e” be a |n| =1 vortex on By the disc of radius R
Let u = (Ug(r) + v(t,r,00)e", where v is the perturbation satisfying v(t,R,0) = 0
and v(0.r,0) € L*(Bg) Then there exists constants 7 = (R) > 0, and C =
C(|[e(0,r,0)|)2) > 0, such that if ||v(0,r,0)||2 is small enough.

[lu(t,r,0) — UR(/")e”'()Hz < Ce ',

holds for all t = 0 In other words, the one vortices are nonlinearly asymptotically
stable with exponential rate

Proof We show that the operator ¥’ , has strictly negative spectrum Since we are
on a finite domain, ¥, has only discrete cigenvalues in the spectrum except for
—oc¢ Suppose that /; = 0 is the leading eigenvalue corresponding to cigenvector
(v1,7) By the variational principle, we can arrange so that v; = 0, v; < 0 Forming
the L? inner product of (79, d¢) with

T r
Lr(vy,v2)" = (v, 12)"
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integrating by parts, and using the zero boundary condition on (vy,v;), we get

S (0 + 12, 00) = 21((20, 80 ). (v1,02))a (546)

1=R

On the other hand, v, <0, vp, = 0, at » = R, hence it follows that 2; £ 0 So it
is only possible that 2y = 0 Then the equation for v is

(A, +1 =202 — Ud(r)v, =0,

or
(A, = 22U )y = —vy + Us(r)es <0,

which implies via the strong maximum principle that either v; =0 or vy > 0 if
r < R. Similarly, v, satisfies the differential incquality

4
<A, —2UR(r) — —2> vy =~y + Up(r)e; 20,
.

and so either v =0 or vy < 0 for r < R Since (v;,v2) is an cigenvector, one of
its components is nonzero. Let us assume that v; > 0 (or v; < 0), r < R Then by
the Hopf lemma, v, < 0 (or vy, > 0), at » = R It follows that the left-hand side
of (546) is strictly negative We deduce a contradiction, and so 2; < 0 Since the
spectrum is strictly negative, the linear evolution of the perturbation has to decay
exponentially in time, and so is the nonlinear one as long as the initial perturbation
is small enough The proof is complete

6. Spectral Stability of the Schrodinger One-Vortex

In this section, we show that the lincarized operator for the Schrodinger one-vortex,
icM = JM, has spectrum equal to the imaginary axis Therefore the Schrodinger
one-vortex is spectrally stable The perturbation v(z,x) = (o, )7 to the Schrédinger

one-vortex solution satisfies
v v
<_> :JM<_>, (647)
v/, v

ignoring the nonlinear terms of v By Weyl’s theorem, the continuous spectrum
of JM is the entire imaginary axis, so we only need to show that there is no
cigenvalue on the right half plane Hamiltonian symmetry then ensures that there
are no eigenvalues in the left half plane either

Theorem 6.1. The operator icM has L* spectrum equal to iR

Proof The proof follows from a general result appearing in [29] We present the
argument in the current context Suppose JM = ioM has an eigenvalue £, Re{/.} >
0, corresponding to the eigenfunction . Then

IMY = 2, (648)

and so
eJMfw _ e/[l// (6 49)
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Using skew symmetry of J and symmetry of M, we have for any u(¢,x) satisfying

u, = JMu
d d d
— = | M— Mu, —
dt(Mu, u) ( T u, u> + < u, 7 u)

= (MJMu,u) + (Mu,JMu)
(MJMu,u) + (MJ*Mu,u) =0 . (6 50)

If

for any u € Z(M). 1t follows rather that

o d it N d A It
0= (M) = e M)

which implies that

(MY, ) =10 (651)
Since —M is a nonnegative self-adjoint operator,
(=My ) = (V=M ,vV-M)) =0, (652)
implying
V—Myj =0,

and so My =0 In view of (6 48), we deduce that y = 0, a contradiction, and the
theorem is proved.

Remark 6 1 The previous theorem does not immediately imply linear dynamical
stability of the Schrédinger one vortex A key ingredient in controlling the time
evolution of the linearized Schrédinger flow is an expansion of the resolvent of M
necar the zero energy point. Proposition 54 is a component of this analysis, which
we hope to pursue in future work Note also that the operator JM is not skew
symmetric, so there is no immediate > uniform bound

7. Appendix: Proof of Lemma 3.1

Let us consider the C§® function

1
(a—l—(tan'lgx)) . ifx € [0,1]

— 0, ifx =1, (71)

Il

f(x)

where @ > 0 is a positive constant to be determined We compute for x € [0, 1)

—T tan
(a+ (tan~" 5)X(1 + (5x)%)

—1 mx
2

IIA

') = 0, (7.2)
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where equality holds at x = 0, and

DSIE]

gy 47« (tan! %)2~% T 1
e = (a+(tan "E2P(1+ (222 (a+(tan 2R (1 +(Ex)?)?

7 tan~! = Za

+ . :
(a+(tan~" )12 (14 (5x)°)

(73)

Let / =a+ (tan~' 2)%, /1] = 1 + (5 )% then

2

o= o (o 35 (o (a5

+ n3x an~' =L (a4 (tan’1 m>2
2 2 2

. 2 3 2 "
=[], 7~T2— . [nx (talf1 %) +3 (talfl 7;—)() + max (tan’l %A) — a]

5

=0 %G(x) (74)

We see that G(x) — +oc as x — 1, and for xy = %ﬂ’ Xo > %, tan™" %P = tan

— I
_6’80

o = (@ (F5)e

%(z)3+3<g>h+<%—l>a<0, (75)

if a > (13(%)3 +3(E))(1 - % “'=g". Thus 3x* =x*(a), x* € (4,1), such
that G(x) > 0 if x € (x*,1) and G(x*) =0 Let us consider
f”(x) 7'52 5 5
: = —1""-11"7-G(x), (76)
fx) 2

for x € (x*,1) Since

X (tan*' E>3 < (S—lxz (tan_l Ey + S(tan_1 E)4
2) =72 2 ‘ 2/

—1 N 2
—1E><5 22 (' )
x(tan 3 = 2x+2 tan 5 s

and

for any constant 0 > 0, we get

- X\ 4 ) 5! N 2 51
G(x) = mo (tan_lg) +<3+¥+”2 >(tan_lg) N 27I(l_a’
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and so

/" (x) < n? n()(tan_' oy (3 + ngu + n() (tan“l th__v)z L (%_, M

fx) = 2 a* + 2a(tan™! ”‘)2+(tan‘1%)4
72 nda  md~ né*l
< — (7w + 3+ — 2a)” —1a”!
= 5 <n()+< + > + >( )~ ! 5 ‘a )
2 3w wo! 7o~}
= (no+ -+ = —1fa! 77
2<n+2+4+4a+2 a> 77

It follows that Ve > 0, 30 = d(¢), a = a(d), such that
0< f"(x)/f(x) e Vxe(@*1) (78)

Obviously, 1) )
X

lim
ST T T

We have now a function

f(x) € CH(Ix" 1), ') =0, ')/ fx) = e
/"(x) z 0, f(x) 20, Vxelx,1], ") =0 (79)

Let us define the function.

gl = {gf(zi) ~fxt ), i i cm;;l]—’l,x*] (710)
It is easy to check that
gx) € CH([2x" = 1,1]),  ¢"(x")=0,  g(x) =0
g(x) <0, ¥x e (2x* —1,1),
} ff’.;(jy, Vx e (xh1),
g"(x)/g(x) = (711)

— /(2% —x) * *
)= F =) Vx e (2x™ — 1,x™).

Notice that in (7 11), f”(2x* —x) = 0 Moreover, f'(x) < 0 for x € [x*,1] and
2x* —-x = x* on x € (2x" — 1,x™) implies

f2x" —x) = f(x7), (712)

fQ —x) - 2f(") £ —f(x") <0, (713)
on x€(2x* — 1,x*) It follows from (7 13) that ¢’'(x)/g(x) £ 0, for any x € (2x* —
1,x*), while (7 12) gives

2/(x") — f2x" —x) 2 f(2x" —x) 2 0,

or
"(2x* —x)

F(2 )

J(2x —x)
2/(x*) = f(2x* = x)

(7.14)
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for x € [2x* — 1,x*] It follows that

glx) € CH([2x* = 1,1]),

1
x* e <§, 1> ,
gx) >0, Vxe[2x"—1,1),
g (1)=0, i=0,12,
gext =1 =0, i=1.2,
g2x" —=1)=2f(x") > 0,
lg'(x)/g()] = \,Es[t\}p‘” 1)/l Ve 20 = LT,

g"(X)/gx) =6 Vxe [ = 1.1]

Now since 2x™ — 1 > —1, we extend

g(x) =21(x"), Vxe[-1,2x" — 1], g(x) =0, Vxel[l,+20).

To summarize, we have

g(x) € Co([—1,+00)), g(x) =2f(x")on [-1,2x" — 1),

9" _
g(x) =7

Gl S sup £/ f )

g'(x) £0,

, Wxe[-1,4+),

gx)=0, Vx =1

We define
nw) = @f) g (S -1). oz o,

where o > 0 is a constant to be chosen It follows from (7 18) that

nx) € CR(RL), 0=<n=<1,

nx)y=1, Vxel0,2mx™],
n=0, Vxz=2

Let g = 2™, rp = 2o If o € (0, %), then ry < r; < 1 Moreover,

') _ 9G- D
ne) o g(G =1

425

(715)

(7.16)

(717)

(718)

(7.19)
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By our construction,

VES ) (x ) f(x)
T o) o<
o) =l
- mtan~' 2 -
< sup <
>0 g+ (tan —712"-")2 2\/5
So
n'(x) 27
<2 w>0 (720)
n(x) Va

On the other hand,

M) '@ 197G =) e (721)

n(x) = nx) o2 g(% — 1) = 9’

Combining (7 20) and (7 21), we conclude that Ve > 0,3n(r) € C3(R)) such that
nry=1, if r€(0,rp), where ro € (0,1), n(r)=0, if r = r;, where r; € (1o, 1),
and 0 < n(r) < 1, #/(r) £0, ¥r = 0 Moreover, we have

g An ¢ V|l

—, =< , 722
n n o? n N T 2uv/a (722)
for all » = 0 For r € (0,7)), that is on the support of 4, we have
2 4V Ay 2 €
I ] L - T F
r? + 1> * n r? o a  o?
2 n? £ 1 o\ 1
f2—-=54—=—+4+==2—-(-—-c—— ) =. 723
- r]2+ocza+12 <2 ¢ a>12 (723)
Similarly,
1 10/Vn> 4 1 572\ 1
1-U*— = Sl—(-—c—F)=.
2 N n? * no- 4 ' )2
We take ¢ = ]g, then choose ¢ = a(¢) as in (7 8) and @ > 407, finally we make
small enough in (7 23) It follows that therc exists o = oy € (0, %) such that
2 4y 4, 1
2—2U2——2+[—2}7|+—}7§2———,§—1, (7 24)
r n n 4o~
1 10|vy> 4,
pogpro L 1OV A (725)

r? 1> n

for all € (0,r; = 20p) which includes the support of 5. This completes the proof
of the lemma
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