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Abstract: An example of a finite dimensional factorizable ribbon Hopf C-algebra is
given by a quotient H = u4(g) of the quantized universal enveloping algebra U,(g)
at a root of unity g of odd degree. The mapping class group M, ; of a surface of
genus g with one hole projectively acts by automorphisms in the H-module H*®9,
if H* is endowed with the coadjoint H-module structure. There exists a projec-
tive representation of the mapping class group Mg, of a surface of genus g with
n holes labeled by finite dimensional H-modules Xi,...,X,, in the vector space
Hompy(X; ® --- ® X, H*®9). An invariant of closed oriented 3-manifolds is con-
structed. Modifications of these constructions for a class of ribbon Hopf algebras
satisfying weaker conditions than factorizability (including most of u,(g) at roots of
unity g of even degree) are described.

After works of Moore and Seiberg [44], Witten [63], Reshetikhin and Turaev [51],
Walker [62], Kohno [22, 23] and Turaev [60] it became clear that any semisimple
abelian ribbon category with a finite number of simple objects satisfying some non-
degeneracy condition gives rise to projective representations of mapping class groups
of surfaces as well as to invariants of closed 3-manifolds. It was proposed in [38] to
get rid of semisimplicity and to extend so the class of categories which serve as the
set of labels for a modular functor.

In this article we describe (eventually non-semisimple) ribbon Hopf algebras H,
whose modules form a category with the required properties, thereby giving repre-
sentations of mapping class groups. These algebras are called 2-modular. All finite
dimensional factorizable ribbon Hopf algebras have those properties.

As a byproduct we obtain a projective representation of the mapping class group
M, of a surface of genus g with one hole in the vector space H*®9. If H* is
endowed with the coadjoint H-module structure, M, ; acts by automorphisms of
the H-module. For genus 1 and factorizable Hopf algebras this representation was
obtained by Majid and the author [40]. In the case of Drinfeld’s doubles another
proof of modular relations for genus 1 was given by Kerler [16]. The projective
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representations of M) | thus obtained for finite dimensional H = u,(s[(2)) are very
close to those of Crivelli, Felder and Wieczerkowski [3], which come from conformal
field theories on the torus based on SU(2).

We describe also an intermediate class of categories and Hopf algebras between
factorizable and 2-modular ones. These categories and Hopf algebras are called 3-
modular and they give rise to invariants of closed oriented 3-manifolds. In the case
of semisimple factorizable categories this is the Reshetikhin—Turaev invariant [51].
In the case of Hopf algebras it turns out to be the Hennings’ invariant [10] (in the
form of Kauffman and Radford (14]).

The results of the paper apply to both main known classes of ribbon categories:
semisimple ones and the categories of all modules over a ribbon Hopf algebra. For the
former we obtain already known results, the latter gives new representations. Although
the language of abelian tensor categories is the most suitable for our purposes, the
reader is advised to restrict consideration to the categories of modules.

Finite dimensional quotients ug(g) of quantized universal enveloping algebras
U,4(g) at roots g of unity are studied as an example. We show that if the degree [ of
the root ¢ of unity is odd, the algebra is factorizable, if it is even, then uq(g) will be
2-modular or not, depending on arithmetical properties of q.

Conformal field theories is a powerful source of ribbon categories. Kazhdan and
Lusztig constructed non-trivial braided tensor subcategories in the category of modules
over an affine Lie algebra [15], motivated by CFT. These categories can be semisimple
as well as not. Furthermore, Gaberdiel [9] associates with each CFT a braided tensor
category, namely, the category of modules over the chiral symmetry algebra with a
non-standard tensor product. By the very nature of CFT one expects [44] appearance
of representations of mapping class groups (this is obvious for TQFT). It turns out
[38] that such representations can be constructed from ribbon categories even if they
are not describing the fusion in some CFT.

Turaev proved that in the semisimple case the modular functor extends to a TQFT
[60]. Moreover, he constructs the modular functor (that is, representations of mapping
class groups) as a part of a bigger functor (TQFT), assigning linear maps to 3-
cobordisms. In the non-semisimple case the word-by-word repetition of his approach
is impossible, which forces one to seek for a direct construction of the modular
functor as was done in [38]. Besides, some remnants of TQFT-structure survive in
non-semisimple case; this is under consideration now.

We recall basic facts about ribbon abelian categories in Sect. 1. The quantum
Fourier transform is discussed in Sect. 2. Ordinary ribbon Hopf algebras produce
braided Hopf algebras in Sect. 3. Representations of mapping class groups are de-
scribed in Sect. 4. New invariants of closed 3-manifolds are discussed in Sect. 5. We
construct finite dimensional ribbon Hopf algebras u4(g) in Appendix A and single out
factorizable and 3-modular ones in Appendix B.

Acknowledgement. 1 am grateful to R. R. Hall, T. H. Jackson and A. Sudbery for useful discussions of
number theory questions, which arose in this paper. I thank C. De Concini for discussions of 3-manifold
invariants and the structure of quantum groups at roots of unity. I am indebted to the referee for a useful
remark which simplified the proof of one of the theorems and for suggestions which improved the paper.
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1. Introduction

1.1. Notations and conventions. k denotes a field. In this paper a Hopf algebra means
a k-bialgebra with an invertible antipode. Associative comultiplication is denoted
Az = x1y @ x(2), counit is denoted by ¢, antipode in Hopf algebras is denoted ~. If H
is a Hopf algebra, H°P denotes the same coalgebra H with opposite multiplication,
H,, denotes the same algebra H with the opposite comultiplication. The category of
H-modules is denoted H-Mod, and its subcategory of finite dimensional H-modules is
denoted H -mod. In the particular case H = k we use k -Vect and k -vect respectively.
The category of H-comodules is denoted H -Comod, and its subcategory of finite
dimensional H-comodules is denoted H -comod. The left adjoint action of z € H in
a Hopf algebra H means
adz.y = znyyy(z@),

where y € H.

Let X be an H-module, denote X* the space of linear functionals on X. Denote by
XV and VX the two different structures of the H-module on X*, the former being
(h.€)(x) = &(y~'(h).z), the latter being (h.£)(z) = &(y(h).x) for h € H, £ € X*,
z € X. Iterating this definition we get XVV, YV X. Notice that (VX)¥ and V(XV)
are naturally identified with X, so we can use the general notation X ™), m € Z,
such that X(—2V) = VX, XCIV) = VX XOV) = X X(OV) = XV XV = xXVV,
etc.

g will denote a complex semi-simple Lie algebra of rank n with Borel and Cartan
subalgebras b,, b_, h. The root lattice, generated by the simple roots a, . . ., a,, will
be denoted (). The weight lattice, generated by the fundamental weights wy,...,w,
is denoted P. We write the group @ also in multiplicative notations K, = « € Q,
using K, = o; as generators. There is a perfect bilinear pairing

<,>ZQXP—>Z, <Cti,w_7‘>=(5ij.

The Cartan matrix a;, determines an inclusion
T
QQP, a]= E aijwia
i=l

and the inner product

(l):QXQ—)Za (ailaj)zdzazya

where d; = 1,2,3.
q will denote an indeterminate or a primitive /™ root of unity ¢ = & € C. This root
of unity is assumed to satisfy €2™ # 1 for all 1 < m < max; d;. Let [, be the smallest

positive integers such that e2%% = 1. We use the following notations for g-numbers:
¢" -1 " -q"
n)g = ——, [nly = ———,
R T g—q!
n n
(n)g! = [ m)q, [nlg! = [Jtmlq.
m=1 m=1

Un(g) (resp. Uy(g)) is a topological C[[h]]-algebra (resp. ()(g)-algebra), generated
by H,; (resp. Kf’), E;, F;, the quantum group of Drinfeld [5] and Jimbo [11].
Equipped with the comultiplication
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AH,=H;®1+1®H,, AE;=E,®1+K;'®FE;, AF;,=F,K;+1®F,

(in Up(g) K; denotes e"%H:) these algebras become Hopf algebras. Lusztig’s divided
powers algebra I'(g) [33] is a Z[q, g~ ']-subalgebra of U,(g) generated by Eim) =
E™/ [mlg, !, Fi(m) =Fm/ [m]q,! and some Laurent polynomials of K;, where g; = qd’.

Choosing a reduced expression s; s;, ...S;, of the longest element wy of the
Weyl group of g, we get a total ordering of the positive part A* of the root system
At

b=, B2=8i,00, ..., BN =8i, .. Siy_ Qiy-
Following [20, 25, 33] introduce the corresponding root vectors in I'(g)
Eg, =T, ... T;,_, By, Fg, =T ... T;_ Fyy,

where T; : I'(g) — I'(g) are Lusztig’s automorphisms [33, 34]. In the products like
[1, EZ we always assume that o runs over A* according to the above total order.
We use also gg, = q,, and lg, =1;,.

An R-matrix will be often denoted R= ), R, ® R/

1.2. Ribbon abelian categories. Ribbon (also tortile [57]) category is the following
thing: a braided monoidal category & [12] with the tensor product ®, the associativity
a: XY ®Z) - (X®Y)® Z, the braiding (commutativity) ¢c: XY - Y ® X
and a unit object I, such that & is rigid (for any object X € & there are dual
objects VX and XV with evaluations ev : VX ® X — I,ev: X ® XV — I and
coevaluations coev : I — X ® VX, coev : I — XV ® X) and possess a ribbon
twist v. A ribbon twist [12, 50, 571 v = vx : X — X is a self-adjoint (vxv = V%)
functorial automorphism such that ¢ = vy' ® vy' o Ux gy

Morphisms constructed from braidings and (co)evaluations are often described by
tangles. In conventions of [36] we denote

X
a morphism f: X - Y by f‘:;] ,
Y
X Y
the braidingc: X @Y - Y ® X by y ,
\
X Y

the evaluation ev: X @ XV — k by

the inverse braiding ¢! : X @Y - Y ®X by X ,
X X
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the coevaluation coev: k — XY ® X by m .
XV X

Consistency of these notations is due to the functor @ from the category of & -colored
tangles to the category & itself [8].
In a ribbon category there are functorial isomorphisms [36]

X X X X
\ 2 _ -2 -2 _ /
up = ’u—l"/ 2 U= \\’u_l_
X\/V va va vV Y
W=uiov ' =utov: X - XV, yt=utorvt=uorv: X - VVX.

Changing the category & by an equivalent one, we can (and we will) assume that
VX=XV, XYV =VVX =X and u} = uy > = idx (see [36]).

Warning. In the category & = H-mod, where H is a ribbon Hopf algebra, the
equation XV = VX is not satisfied, nevertheless X"V is canonically isomorphic to
VX. We identify these modules via u3 : VX — XV (see Sect. 3.2).

If in addition & is additive, it is k-linear with & = End /. We assume in the
following that k is a field, in which each element has a square root. (In fact we need
a square root only for one element of k& which depends on #".) In this paper & will be
a noetherian abelian category with finite dimensional k-vector spaces Homg (A, B).
(One more technical condition: isomorphism classes in & form a set.) In such a case
there exists a coend F' = [ X ® X" as an object of a cocompletion & [36] of &.
Recall that this coend can be defined via an exact sequence

®BY-A®f" '
(12.1) P 4o B DyreL &5 o,
f:A-Be® Le¥

where ft: BY — AV is the transposed to a morphism f : A — B. For a general
definition of a coend see [41]. .

F is a Hopf algebra in the category & (see [37, 40, 42]). The multiplication
mp : F@F — F is described in [37] by any of the following & -F'-tangles

L LV M MY o
LoLYoMeoMY) L2, poF
(1.2.2) \ or L®cl almp
. LeMe(@eMy 22, F
L M MY LY
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L LY M MY

\ (LRLVYo Mo MY 2%, pop
(1.2.3) or oMY l . lmp
\ \ MeLeMeLY Mo,

M L v MY

The antipode vr : F — F is given by

(1.2.4) VF =

\/)

There is a Hopf pairing w : F ® F — I [37],

F F

N\

)

Annw = Ann"™ w = Ann™" w € Z.

(1.2.5) w =

such that

The quotient f = F// Annw € & is also a Hopf algebra.

The morphisms called monodromies 2, = % : XOF — XQF, (2, =25 y
FRIX-FQRX,2=0pr: FQF — FQ F are defined via tangles

X F F X F F

N\

e
S

e
e
e

X F F X F F
They project to f as morphisms
Q=2 X X®f, 2, =[x fX —-fRX, 2= : fRf-{F

also called monodromies.
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1.3. 2-modular categories. The first modular axiom is [37]

(M1) f is an object of & (and not only of a cocompletion )
(more scrupulously, it means that there exists an exact sequence 0 — Annw — F —
f — 0 in &, where f is an object from & C %).

Being the coend [ X ® XV, the object F' € ¢ has an automorphism v ® 1 &f
f v ® 1 (notations are from [37], see also Sect. 3.8.1). The second modular axiom
says [37]

M2) v ® 1(Annw) C Annw
(more scrupulously, there exist morphisms 7" : Annw — Annw € C.T:f—fec®
such that the diagram

0 — Amw — F — f — 0
T v ll Tl
0 — Amw — F — f - O

commutes).
An equivalent form of (M2) is [37]
(M2') There exists a morphism 6 : [ — f such that for any X € & the ribbon
twist v : X — X coincides with the composition
XoToX 250 x teox 25 19X ~ X,
Definition 1.3.1. A noetherian abelian ribbon category & with finite dimensional k-

vector spaces of morphisms Homy (A, B) is called 2-modular, if axioms (M1), (M2)
are satisfied.

Here 2- refers to the dimension of a surface which will be the main application.
It was shown in [37] that in the case of a modular category there exists a morphism
w: I — f, which is the integral on the dual Hopf algebra Vf ~ f, and

n X X n X X

I Y < [

for some invertible constant A € £*. The pair (¢, ) is unique up to a sign. Morphisms
S, S lif—f

e

are inverse to each other. Morphisms S and T (defined via (M2)) yield a projective
representation of the mapping class group of a torus with one hole:
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ST =A8* =", Tu=wul, =v
Here + : f — f is the antipode of the Hopf algebra f, given by the same tangle as
(1.2.4).
2. Modular transformations in F'

Here we reproduce results of [37] in special assumptions, which permit to prove more.
Let & be a 2-modular category. Fix a morphism « : I — F' such that

yra=a:l —F and p=(I5F 51

(if there is one). In this section we adopt the convention AB = A o B for the compo-
sition.

2.1. The quantum Fourier transform
Theorem 2.1.1 (cf. Theorem 6.2 [37]). For any X € & we have

a | X o X
@.1.1) @ A Dy—l
a | X a X X
(2.1.2) vl @ =1 @ At D”-
|

Notation. Let 8 : 1 — F be an arbitrary morphism. Introduce morphisms F — F

S:P=(F=Fol 2 rer 2L FoF 2L [ g P~ F),

graphically depicted as

F F

| s |

S_(B) = WJW 8B = (J\
. o |

We shall use the shorthand S, = S+(3) : F' — F (a sign is chosen arbitrarily) and
Sy = ASy(a), S_ =218 ().
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Proposition 2.1.2 (cf. Proposition 6.3 [37]). We have

S_(a)yr = Si(@) =YrS-(a).
In particular, Sy commute with yp.
Theorem 2.1.3 (cf. Theorem 6.5 [37]). We have

S.r~'S,=Ts.T, STS_=T7'S.T7"
Corollary 2.14. S_TS_=T"'5_T71.
Lemma 2.1.5 (cf. Lemma 6.7 [37]). There are identities
S, TS_S,=8.T, S8, TS_ =TS,
S,17'8,8_=81T7"  S.5.T7'S,=T7'S,.

Lemma 2.1.6 (cf. Lemma 6.8 [37]). The morphism T commutes with S, S, and S, S_.
We have
S5.5.5_=8,=5,5_5,.

Corollary 2.1.7. The morphisms Py = S_S, and P, = 5,S_ are projections such that
P1P2 = P1 and P2P1 = Pg.

Proposition 2.1.8. The following kernels and images coincide
(2.1.3) Ker S, =Ker S_ =Ker P, = Ker P, = Kerm = Annw,

(2.1.4) ImS, =ImS_=ImP, =ImP;.
In particular, P, = P,.

Proof. We get by Corollary 2.1.7 Ker S, C KerP,, KerS_ C Ker P, KerP, =
Ker P,. Lemma 2.1.6 gives Ker P; C Ker Sy, Ker P, C Ker S.. Therefore, Ker S, =
Ker S_ = Ker P, = Ker P;.

Since Annw\ Cm

we have Annw C Ker S_. This identity also implies

(FeFol 2% Fror L FreoF 2L 1o F~F L) =

=(F5ttel 25teF Lt F 2519 F~F 5)

(FSt~fel Zhiet Ltof < rof~f)
=(F5t2),
hence 7S_ = Sw. Thus, Ker(nS_) = Ker(S7) = Ker7 and Ker S_ C Kerm = Annw,
whence Eq. (2.1.3) follows.
Proposition 2.1.2 implies Im S_(c) = Im S, (), so Im S_ = Im S,. Corollary 2.1.7
gives that ImS_ D Im P, ImS, D Im P,. Since S_S,S_ =S5_ and S,S_S, = S,

by Lemma 2.1.6, we get InS_ C Im P, ImS, C Im P,. Therefore, Eq. (2.1.4)
holds. g



476 V.V. Lyubashenko

Notation. Denote P=P, =P, =5,5_=5_85,.

Theorem 2.1.9. The morphisms S (), S_(a), T,yr : F — F commute with the
projection P : F — F. The restrictions of Si(a) to Ker P = Annw vanish. The
restrictions to Im P (which depends on o)

S = S—(O‘)|ImP’ S_l = S‘*(a)iImP’

inverse to each other, are identified with S*' : £ — f by an isomorphism In P = f.
Therefore,

(2.1.5) (ST =AS%,  §%=q5'
on Im P.

Proof. Lemma 2.1.6 implies that 7' commutes with P and PS_ = S_ = S_P,
PS, =85, =8,P. Proposition 2.1.2 implies Py = g P. Other statements follow by
Proposition 2.1.8, Corollary 2.1.4 and Proposition 2.1.2. O

A certain similarity of the properties of S with the properties of the ordinary
Fourier transform [39] suggests the name of quantum Fourier transform for this
morphism.

2.2. 3-modular categories. Here 3- refers to applications to 3-manifolds. Recall that
w: I — fis a two-sided integral and vyru = p. If F' € & (analogue of being finite
dimensional), then it has an invertible object of left integrals Int; [37]. The canonical
projection 7 : F' — f sends Int; to Im p.

Definition 2.2.1. A 3-modular category is a 2-modular category & with an additional

property
(M3) F € & and it has a two-sided integral o : I — F such that 7o = p.

The assumption F' € & is not needed in this paper and can be consistently
omitted. However, it holds in all known examples.

Proposition 2.2.1. Suppose (M3) holds. Then yro = 0.

Proof. Clearly, yro is another two-sided integral in F. Therefore, it must be propor-
tional to o [37]. Projecting the equation ypo = Co, C € k>, tof we get p = yeu = Cp,
hence, C = 1. |

Definition 2.2.2. A perfect modular category is a 2-modular category with a condition
(PM) Annw = 0 (equivalently, 7 : F' — f is an isomorphism).

A perfect modular category is a particular case of a 3-modular category (and the
easiest to deal with). The reader is advised to assume & perfect for the first reading
whenever appropriate.

3. Ribbon and Braided Hopf Algebras

In this section we reformulate the results obtained in the abstract setting of ribbon
abelian categories in the case of the category of finite dimensional modules & = H-
mod over a Hopf algebra H. This job was already partially done by Majid and the
author [40], so we shall omit most of the proofs.
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3.1. Quasitriangular Hopf algebras. Let H be a Hopf k-algebra with an invertible
antipode. There are several (more or less equivalent) ways to make & = H-mod into
a braided category, if it permits this structure. We choose the most direct one. Assume
that H has an R-matrix, which is an element R € H ® H (algebraic tensor product!)
satisfying the relations of Drinfeld [5]

(A® DR = RBR?, (1® AR =RPRY, A%q = RA(@)R™!

for any a € H, so (H, R) is quasitriangular.
For a finite dimensional H-module V' as for any vector space there is a canonical

linear map v3 : V — VYV such that (v,y) = (y,v3(v)) forv € V, y € V. Its square
2 2
gives v = (V % VVV 2% Y@V)) On the other hand, in & as in any rigid braided
-2 -2
category there are morphisms uy* = (V M vy B2 peany, Composing them
we get linear bijections

u? 4
gy 1V s v Dy
They are decomposable into a product of the two bijections

v} ul} v up?
u V=V LV, uV-3VVVW 1,V

Theorem 3.1.1 (Drinfeld [6]). The maps uy,us,g are given by the action of the fol-
lowing elements:

u; =y (RHR, ug =V (RHR" = y(u) 71, g = Uy,

The element g is grouplike ((g) = 1, Ag = g ® g) and for any a € H we have
gag~' =~*(a).

To find g we can use the following. Let h, (resp. h_) be the minimal subspace of
H such that R € h, ® H (resp. R € H®h_). Then h,, h_ are Hopf subalgebras. The
finite dimensional subspace spanned by their products h = h,h_ coincides with h_h,,
therefore, h is also a Hopf subalgebra. Moreover, it is a minimal quasitriangular Hopf
subalgebra of (H, R) [45]. All elements u,u4, g belong to h.

Pick a basis (a;) C h, and a basis (b,) C h_ for which R = )", a; ® b;. Introduce
a non-degenerate pairing 7 : h_ ®h, — k, m(b;,a,) = 5; Axioms of R-matrix imply
that m : h_o, ® h, — k is a Hopf pairing, i.e.

m(ab, c) = m(a, caym(b, cay), m(a, cd) = m(ay, d)m(aw), ).

Now construct the double D(h,) generated by its Hopf subalgebras h,,h_. The
natural projection j : D(h,) — h is a homomorphism of quasitriangular Hopf alge-
bras. Clearly, gg = gn = j(gpm,)) is the relationship between the elements g for the
three algebras. To find gpm,) use the following

Theorem 3.1.2 (Drinfeld [6], Kauffman and Radford [13]). Let 6. € h,, 6_ € h_
be left integrals, that is, 6y = £(x)64 for any x € hy. Then gpm,) = a;'a_ for
grouplike elements (called moduli) a, € hy, a_ € h_ such that

oy =m(a—,y)b  foranyy € hy,
b_y=m(y,a)d—  foranyy € h_.
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3.2. Ribbon Hopf algebras. Assume now that & = H-mod has a ribbon structure.
Then there is a morphism uy > = "2y = u;2v~! : V — YVV for any finite dimen-
sional H-module V. One can prove that the map
—2 2
Ky iV VY Ay

commutes with all morphisms and satisfies kxgy = kKx ® Ky and ng( =gx.If H is
finite dimensional, we deduce that «y, is the action of a grouplike element « of H.

Definition 3.2.1 (comp. [S0]). A ribbon Hopf algebra (H, R, k) is a quasitriangular
Hopf algebra (H, R) and a grouplike element xk € H such that

K =g, kar™' =~(a)
forany a € H.

In the category of finite dimensional modules over a ribbon Hopf algebra we have
canonical isomorphisms u3 : V — VYV, u3(v) = v3(kv) = kv3(v), which we use to
identify these modules.

The following is essentially proved by Kauffman and Radford.

Theorem 3.2.1 (cf. [13]). If (H, R, k) is a ribbon Hopf algebra, then the category
H-mod is a ribbon braided category with the ribbon twist given by multiplication by
the central element

V= 72(R/)R”H—l = R”’}’Z(R/)Kl - R”KRI - RIK—IR//.

The following holds
I/_l - RI’Y(R”)KI - ’Y(R”)R/K_l,

(3.2.1) ew)=1, W) =v, Av={R'R®.vev

Remark 3.2.1. Definition 3.2.1 is equivalent to the definition of a ribbon Hopf algebra
of Reshetikhin and Turaev [50]. The element »~! was denoted v in [50].

3.3. A braided Hopf algebra. Here we describe explicitly the braided Hopf algebra
F and its dual algebra U for the case of & = H-mod. Let H be a ribbon Hopf
algebra and let H° be its dual [58]. Assume that H has enough finite dimensional
modules, so that the pairing H ® H° — k is non-degenerate. Define the Hopf algebra
Fun = (H®),p as H° with the opposite coproduct (note that usually the algebra of
functions is a subalgebra of H®, not of (H°),,). We have an equivalence of categories
¢ = H -mod ~ Fun -comod. The pairing (,) : H ® Fun — k satisfies

<xafg> = <213(1),f><1}(2),g>, ('Tyyf> = <$,f(2)><y, f(l))

for z,y € H, f,g € Fun, where Af = f;) ® f) is the coproduct in Fun.

Consider linear maps iy : L ® LV — Fun, l, ® I, — t1,°, where t;,° is the
matrix element of the H-module L with a basis (I,), that is, t7,° is a'linear function
on H given by (u,t1,%) = (u.ly, %) for u € H. The maps i;, become homomorphisms
of H-modules if Fun is given the coadjoint H-module structure

ud f = (u, foyv(fe)) fo

for u € H, f € Fun. The vector space F'un with this H-module structure will be
denoted F'.
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Theorem 3.3.1 (cf. [4, 54, 55, 64]). The family (i;, : L ® LV — F)rcyw is a coend

of the bifunctor & x €® — &, (A, B) — A® B, so we can write F = fL L®LV.
In other words, the sequence (1.2.1) is exact.

Being the coend, F' is a Hopf algebra in the category ¢ = Fun-Comod C H-
Mod (braided Hopf algebra), as we have seen in Sect. 1.2. The Hopf structure of F’
described by tangles in [37] converts to the following. As the coalgebra F' coincides
with F'un. The multiplication in F is expressed via the multiplication in F'un as

me(f ® 9) = p(Y(f2) ® 90793 fmge
= p(f ® 937~ ) fnge
= p(fayr(f3) ® 99 fo
by (1.2.2) and (1.2.3), where
pla®b)=(R,a®b) = (R a)(R"b).

The unit of F' is the same as the unit of F'un. The antipode g of F is expressed via
the antipode v of Fun:

Yr(f) = p(fay @ Y(fa)ve™", fo)v(fe)

for f € F'. The inverse antipode is

Y () = p(fays F) (&~ fa)r ™ (fy)-

All the structure maps A, e, mp,yr are homomorphisms of H-modules.

3.4. The dual braided Hopf algebra. In order to define a Hopf algebra dual to F' we
shall not consider the rational part °F' of the H-module *F of all linear functionals
on F. Instead we denote by U the H-submodule H C *F. This amounts to consider
the adjoint action

ada.x = a(l)x'y(a(z))

fora € H, z € U. Since *F is an algebra in the category H-Mod (being dual to
the coalgebra F' € H-Mod), so is U with the usual multiplication m of H. We want
to introduce a comultiplication V : U — U @ U which would be dual to mp in the
proper sense:

(Vu, f @ g) = (uP @u®, fog) = @W?, /) {u?,g) = (u,mr(f ® 9))
forw € U, f,g € F. By dualising the formulae for mr one arrives to the following
(3.4.1) Vu =ad R .ug ® R'uq,
(3.4.2) = uqyy(R") ® ad R u).

The counit of U coincides with the counit of H. The operations m, V, e make U into
a braided Hopf algebra in H-Mod, the antipode vy : U — U being

) = v~ YR )Y wR
and the inverse antipode being
Vo'W =Ry @R = PRy T @R T
This is the unique Hopf algebra structure dual to F' on the H-module H.
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3.5. The algebra f. The algebra F'un* acts in every finite dimensional H-module
X. Consider special elements [;,(v ® w) € Fun* determined for any w € WV,
v € V € H-mod as the operators in X:

(35.1) lpwew)z)=(Eva)(l®d)(vewe )=y (v, RfRjw)R;R]z.
%,J

The subspace u spanned by [}, (v ® w) is contained in H and even in h, so it is finite
dimensional. As shown in [37] u is a braided Hopf subalgebra of °F’, therefore, it is
closed under the operations of U and constitutes a finite dimensional braided Hopf
subalgebra of U.

The map

-
F@vevy Zny
ver
factors through the coend (1.2.1), therefore, determines a map [~ : F' — U, which is

a homomorphism of Hopf algebras in H-Mod [37]. The image of [~ is u. The form
w: F®F — k (1.2.5) can be presented as

W(f @tra%) = (17 (F)lay 1% = (17 (), tLa"),

hence, Ann"w = Kerl~. Therefore, the braided Hopf algebras f = F// Annw and
u are isomorphic [37, Corollary 3.10]. Thus the first modular axiom (M1) is always
satisfied for the considered algebras H.

By definition the subspace u C h is the minimal subspace such that R1>R?! ¢
u ® h. Since (y ® 7)(R?R*") = R* R'2, the minimal subspace B C h such that
RZR? ¢ h® B is y(u). It does not coincide necessarily with u, for u is not an
ordinary Hopf subalgebra. Repeating the reasoning we get y*(u) = u and conclude
that R'?R?! € u ® «y(u). Similarly (R?R*)~! € u ® y(u).

3.6. 2-modular Hopf algebras. We already know by Eq. (3.5.1) the image
(3.6.1) D= RIR), )RR

,J
for any f € F. Notice that 7~"'(R}R;) ® R/ R/ € u ® u. The pairing u @ F' —
U®F — k factorizes through a perfect pairing u®f — k due to Ann'*" w = Ann"&" .
Therefore, an element x € H is representable in the form {~(f) for some f € f iff
TEW

Theorem 3.6.1. A ribbon Hopf algebra (H, R, k) is 2-modular (that is, H-mod is
2-modular) if and only if v € u, or equivalently, v™! € u.

Proof. If the axiom (M2') holds, then v = [~ (6(1)) for some 6 : k — f. Hence, v € u
by the above discussion.

If v € u, then for some f € f we have v =7 (f). Since v is central, the subspace
kv C u is a trivial H-submodule. Hence, its preimage kf C f by an isomorphism
[~ : f — uis also a trivial H-submodule. Now 0 : k — f, 1 — f is the homomorphism
required in the axiom (M2').

The condition ¥ ® 1(Annw) C Annw is equivalent to v~! ® 1(Annw) C Annw
[37, Corollary 5.12]. Therefore, v € u if and only if ™! € u. a
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Corollary 3.6.2. If a ribbon Hopf algebra (H, R, k) is 2-modular, then k € h. There-
fore, its minimal quasitriangular subalgebra (h, R) equipped with k will be also a
2-modular ribbon Hopf algebra.

Remark 3.6.1. Let H be a ribbon Hopf algebra. The category H-mod is perfect mod-
ular if and only if F' =f, or equivalently, H =u, so H is called factorizable [49].

3.7. 3-modular Hopf algebras

Proposition 3.7.1. Let o« € Fun be an element. Denote the corresponding linear
functional H — k and the linear map k — Fun, 1 — «, also by a. The following
conditions are equivalent:

(i) a:k — Fis a morphism of H-modules;
(i) amv(a@) ®ap =18 a;
(iii) a(xayuy(z)) = e(x)alu) for any z,u € H;
(iv) a:U — kis a morphism of H-modules;

(v) alzy) = a(yy*(z)) for any z,y € H.

Proof is a straightforward check and it is left to the reader.

Theorem 3.7.2. An element o € F' is a two-sided integral on the algebra U if and
only if the equivalent conditions (i)—(v) of Proposition 3.7.1 are satisfied and o is a
left integral on the algebra H, that is, (1 ® 0)Au = o(u) for any u € H.

Proof. Conditions (i) and (iv) are clearly necessary. Assume now that (iii) holds.
o € F is a two-sided integral if and only if

(3.7.1) (c® DVu=0o@) =(1®0)Vu

for any u© € U. Now we calculate

(0 ® NDVu =o(ad R”.U(Q))R’U(l) = O'(U(z))&‘(RN)R/U(l) = U(l)U(U(z)),
(1 ® CT)V’U, = u(l)'y(R”)o(ad R/.U(z)) = U(l)’)/(R”)E(R/)O'(U(Q)) = U(l)U(U(z))

by Eq. (3.4.1) and Eq. (3.4.2). Thus, both Egs. (3.7.1) hold if one equation (1®0)Au =
o(u) holds. a

Let the algebra F' have a two-sided integral o : I — F. Then moo : k — fis
a two-sided integral, therefore it is proportional to p. If the proportionality constant
does not vanish, then o can be rescaled to satisfy 7 o o = y. Non-vanishing of 7 o o
is equivalent to non-vanishing of I=(0) € u or of y~'(I"(¢)) € u. Formula (3.6.1)
gives
7' (0) = o(R;R))R/R),.

So we get

Theorem 3.7.3. A finite dimensional ribbon Hopf algebra (H, R, k) is 3-modular (that
is, H-mod is 3-modular) if and only if the following conditions hold:

(M2) v €,

(M3) [(zy) = [y (x)), [(R,R])R]R); #0,
where [ : H — k is a left integral on the algebra H.
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The property f (xy) = f (yy*(x)) above is equivalent to unimodularity’ of H,
which means that each left integral A € H is a right integral as well. This follows
from the Radford’s formula [(yv*(z)) = [(zqyc(z))y) [46], where oo € G(H*) is
the modulus relating left and right integrals for H.

Proposition 3.7.4. A factorizable ribbon Hopf algebra is unimodular.

Proof. This a corollary of the above theorem. Or, notice simply that in the factorizable
case the map [~ : F' — U = H is an isomorphism of algebras, preserving the counit,
and F' is unimodular. a

For Drinfeld’s doubles unimodularity was proven by Hennings [10] and Rad-
ford [45].

3.8. Some operators in F and U

3.8.1. 3-modular case. Assume that (H, R, k) is 3-modular. We find explicitly the
linear maps S,T : F — F and their transposed maps *S,'T : U — U.
Let y € H. There are maps F' — F,

The first is obtained as the projection of (y ® 1)(l, ®1°) = (y,t14)l. ®I® in the form
Y ® 1(tre®) = (y, t1o°)tr. Therefore,

Y@ 1(f) = (y, fy)) foy

and similarly

1oy =W, fo)fo-
The transposed operators in U are
u.tm = uy, u.tw = 'y_l(y)u
for any u € U. In particular, we have T =v ® 1 =1 ® v and its transpose ‘T
3.8.1) T(f) = v, fo)fo = (v, f) ~ for f € F,
(3.8.2) T(u) = uv = vu for u € U.
Similarly other maps are constructed by projection:
2: XF - X®F
(3.8.3) @ )= RfRiz® (R;R!, fo)) fo),

1,3

1T am grateful to the referee for this remark.
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2 FX>F®X
(3.8.4) 2(f@x)=> (v NR}R), fo)) fa) ® R} R},

i,J

2:FQF —-FQF
(3.8.5) Qh® fy=> (vURIR), he)ha) @ (R R, fu) fo,

2%

NV FQF—-FQF
(3.8.6) Q7@ =Y (7 HR)R} haha) @ (R R}, fo) foy

2]

Assume according to (M3) that ¢ € F is a two-sided integral with 7o o = pu.
Then

S (0): F—F
S_(a)(f) = ploqy @ Y(fay)e(fo) @ Y(o3))ow)
(3.8.7) =Y (v (RJR), )(R, R, 00))00
%]
(3.8.8) =Y (v (RJR),00)(R;RY, f)ow,
i
tS_(0):U—-U
LS_(@)w) =Y oy (RuY(R))R, R
1,7
(3.8.9) =Y o(uy(R]R))RR]
i
(3.8.10) =Y o(y"'(R/R)w)R;RY,
"3
S.(o): F - F
S:(0)(f) = p(fay ® o1))p(oz @ fe)o
(3.8.11) =Y (Y AR)R, f)(R! R}, 00))00)
i

(3.8.12) =Y (v AR)R},00))(R{ R}, f)o),
1,5
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tS.(0): U —-U

(3.8.13) tS.(0)u) = > o(RjuR{)R}R]

i’j
(3.8.14) =Y o(uR/R)Y *(R))R]

]
(3.8.15) =Y o(y R} Rw)R/ R;.

4,J

We know by Theorem 2.1.9 that P = S,(0)S_(0) is a projection in F' with

Ker P = Annw. Therefore,

‘P ="S_(0)'8:(0) = *5:(0)'S_(0) = *Ss(0) "
is a projection in U with Im*P =u.
Let us determine now the normalization for the integral o. Using the pairing
(,) : U ® F — k one computes
(L' Su0?’ M) =e(P() =e(D) = 1,

since 1 — P(1) € Annw C Kere. On the other hand
(1,75 840 (D) = (*Si(0)y5 ' (1), 1) = (*Su(0)*(1), 1),
so we have to satisfy £(*S,(0)?(1)) = 1. Using Eq. (3.8.13) twice we get
e(tS (o)1) = Z o(R,R)o (R} R).
,J
Therefore, o is normalized so that

(3.8.16) (0 @ o) RZR*) = 1.

3.8.2. 2-modular case. Let us assume less now, namely, that (H, R, ) is 2-modular.
Then the formulae (3.8.3)-(3.8.12), (3.8.14), (3.8.15) with F' replaced by f, U replaced
by u and o replaced by p € f or 4 : u — k give the correct operators Qém, X x,

), S=5_(w): f—>£ S '=S@:f—-£'S:u—uand’S!:u—u
Notice that
S YHR)R;@ R/R; = (v @ D(R¥R?) ™ cu@u,
%3
To determine the normalisation constant for 1 we use Eq. (3.8.9). As above, using
the perfect pairing (,) :u®f — k we get

1= (1,S*(D) =e("S*(1) = Y w(RiR))u(v(R} R})),
4,J
hence,
(1@ pyRZR) =1.
In 3-modular case we can use either this formula or Eq. (3.8.16) in the form
Y u(yHROROWRYRY) = 1.

2]
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Propeosition 3.8.1. Let (H, R, k) be a 2-modular Hopf algebra. Then
tS(Vi1)=/\ill/:Fl, tsf—l(ljzl:l)z)\:{:IV:FI7

A=p@), AT =peh.
Moreover, if (H, R, k) is 3-modular, then

(3.8.17) S ()W) = XELFL S (o)t = AELFL
A=0o), A l=o@™.

The perfect modular case was considered in [40]. When H is a Drinfeld’s double
one can compute A via contraction of the moduli (see Kerler [16]).

Proof. Both cases being similar, we prove the second statement. Equations (2.1.1),
(2.1.2) mean that for any H-module X and any vector z € X,

(e ® NRA(TF (o) ® 7) = \EFvFla.
Using Egs. (3.8.1) and (3.8.4) we get
(e ® D2AT*(0) @ 7) = (e ® D™, 00))00) ® 7)
= (vt o) > (7R R}, 03)e(00) R} R =

.3

=Y (o) (7 (R R), 00) R;Rw
¥

=Y (v '(RR)v*', 0)R; R}z
,J
=tS_(o)wthHz.

Therefore, S_(o)(v*!) = A*1wvF!. Applying vy we get the same result for 1S, (o).
Applying ¢ to Eq. (3.8.17) we get o(v*!) = A*! by Eq. (3.2.1). o

4. Representations of mapping class groups

According to [38] for any 2-modular category & there are projective representations
of mapping class groups of & -labled surfaces in vector spaces Homg(—, —). Here
we pay attention mainly to the categories & = H-mod, where H is a 2-modular
Hopf algebra, and we describe the representations explicitly. In the particular case
of closed surfaces or surfaces with one hole these representations are closely related
to the representations of mapping class groups in a category of tangles obtained by
Matveev and Polyak [43].

By a labeled surface we shall understand the following: a compact oriented surface
with a labeling of boundary circles L : 7p(0X) — Ob %, i — X, and with a
chosen point z, on i™ boundary circle, i.e. a section z : TH(OX) — 98X of the
projection X — mwo(0X) is fixed. By a homeomorphism of labeled surfaces we
mean an orientation and labeling preserving homeomorphism, which sends the set
of chosen points to itself. A mapping class group MCG(X) is defined as the group
of homeomorphisms ~' — X modulo isotopy equivalence relation. An isotopy is
supposed not to move the chosen points.

We use the convention AB = A- B = Bo A in this section.
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4.1. A central extension of the category of surfaces. Projective representations of
the mapping class groups are constructed in [38] as follows. The category Surf of
labeled surfaces and their homeomorphisms is embedded (non-canonically) into a
category ON of oriented nets, which are a sort of labeled oriented graphs with 1-,2-,
or 3-valent vertices. Morphisms of ON are generated by natural maps of graphs and
some extra generators called fusing, braiding, twists and switches. In particular, the
homeomorphisms S,7 : T2 — T? of the torus go to generators S,T in ON. The
generators of ON are subject to several relations, including

4.1.1) (ST)? = 52.

A central extension EN of the category ON is defined [38] by adding one more
generator C' commuting with other generators and deforming the relation (4.1.1) to

(STY =CS°.
Lift the central extension to Surf as in the diagram
1 Z ESurf —— Surf —— 1
H | L
1 Z EN —1 - oN — 1

The meaning of this diagram is the following. Objects of ESurf are objects of
Surf. For any two homeomorphic surfaces X;, >, € Ob Surf let ESurf(X), 2,) be
determined as a central extension of Surf(X, X,) as in pull-back

1 7 ESurf(X, X)) ——  Surf(X,X) —— 1
H [
1 zZ EN(H(Z), ¢(52)) —L— ON(H(Z1), ¢(52)) — 1

—1
Simply set ESurf(X,2s) = j (¢(Surf(X1, X»))) and set ESurf(X), X,) empty if
2’1 and X, are not homeomorphic in Surf.

The central extension FSurf of the groupoid Surf (as any other central extension
by Z) can be described by a cohomology class in H 2(.S’u]‘f, Z)) uniquely up to equiva-
lence of categories. Namely, choose arbitrarily a lifting f € ESurf for any morphism
f € Surf and for any composable f,g € Surf set (f,g) =m if f~'(fg)§~' = C™.
For any f, g, h € Surf such that fg and gh exist we have

0(f,9)+0(fg,h) =0(f,gh)+06(g,h).

Restricting to f,g € MCG(X) we get a 2-cocycle § € Z2(MCG(X),Z), whose
cohomology class [0] € H> (M CG(X),Z) does not depend on the lifting.

A functor EN — k-vect sending C to A € k™ was constructed in [38]. So
a summary of this work can be given by the following commutative diagram of

functors
Z' .ESurf EN k -vect

| |4

Surf — % . ON
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Any section of the projection p would give a projective representation Z : Surf — k-
vect satisfying Z(fg) = 0(f,9)Z(f)Z(g) for any composable f,g € Surf with a
2-cocycle 0.

Here we shall describe the projective representation of M, ;’n = MCG(Y,y) in
Z(Xy,) = Hom(X; ® ... ® X,,f®9) for various genera g and number of holes
n. The group M sI:,n depends on coincidence of labels Xj,...,X,. To describe the
representations uniformly we allow for homeomorphisms which do not preserve the
labels, obtaining a larger group My, O M;,n. It has a projection p : My, — &, to
the symmetric group. We represent elements h € M ,, by operators

Z(h) N HOIn(Xl ® Y Xn,t®g) — Hom(Xp(h)—l(l) R...Q Xp(h)—l(n),f®g)
satisfying Z(hf) = \*Z(h)Z(f) for some k € Z.

The reader might want to consider & = H-mod as the category of labels (set

I =k in this case), although the results are valid for an arbitrary 2-modular category
c.

4.2. Sphere. Consider a sphere X ,, with n disks removed, boundary circles are la-
beled by X1, Xs, ..., X,. The mapping class group My ,, is generated by the braiding
homeomorphisms w; interchanging the i™ and i+ 1% holes and the inverse Dehn twists
R, performed in a collar neighbourhood of the i boundary circle. The relations

RiRj =R;R,, w;iR;=Rinw;, w,Ri=Ruw,

wiRj = iji lfj #i,i+ 1,
WiWj = Wyw; if I'l —jl > 1,
Wi Wi = Wi Wiy,

2 -2 -1 -1
Wwy . Wy g waw = RUY, (W ecwp )" =R LR,

are defining relations of My p,.
The group My, is represented in

Z(Xon) =Hom(X; @ X, ®...® X,,,I)
by the operators

Z(w;) =Hom(l ® cx,,, x, ® 1, 1),
Z(R,) =Hom(1 ® vx, ® 1,1).

This is a usual representation not only projective.
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Fig. 1.

4.3. Torus. Consider a torus X , with n disks removed, boundary circles are labeled
by Xi,Xs,...,X,. The mapping class group M , is generated by the homeomor-
phisms S, T' = Tws, R;, a; = Tw;j1 Tws, where the cycles +y; separate j — 1* and
4™ holes as shown at Fig. 1, and the braiding homeomorphisms w; interchanging the
i™ and i + 1% holes. Denote b; = S~'a;S and for j < k denote

-1
B = (Wk—1wk—2 - . W) (WkWk—1 - - - Wjs1) - - - (Wn—1Wn—2 - - . Wnaj—k)
(W) —knWj—kan—1 - - - Wi Wj—ktn+1Wj—ksn - - - Wys1) - - - (Wn1Wn—2 - - . WE—1)-
The relations
3_ 2 4 -1 ~1
(ST) =S ) S =B12B23B34...Bn_1,nR1 Rn s

- —13-1 -1 -1
S 1bjS = bjaj bj y T a]-T =aj, T b]T = bj(l]',
wiS =8Sw;, wiT =Tw;, w;iR; =Ry w;, wiRi=Rwi,
wiR]‘ = iji for J 'T/i,i+ 1,
WiWy = Wjwg for |Z —j| > 2,
WiWip Wi = Wil W Witl,
ap = b1 = 1, a0 = akaj, bjbk = bkbj,
aja,:lbkaj_lakb;l = By for j <k,
—1;—1 —_ .
a 'b; 'braxb, by ' = By for j <k,
a;Bji = Bjra;, b;Bjr = Bjpb; fori < j < k

are defining relations of M, ,, ([44], extending [1]).
Set

Z(X1n)=Hom(X; ®...® X,,D),
Z(S)=Hom(X; ® ... ® X,,5),
Z(T)=Hom(X; ® ... ® X,,T),

Z(R;))=Hom(X; ®...Qvx, @...0 Xp,,§),
Z(w;))=Hom(X; ®...®cx,,.,x;, ®...0 Xp,0),
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Z(a;) = (Hom(X1 ® ... © X; 1 ® X; ®...® Xy,

S Hom(X1 ®...0 X;_1,f VX, ®...® VX))

-1
Hon 8- 8% %), Hom(X; ® . ® X;- 1,88 ("X, @ ... ® Y X;))

LHOH](X]®..-®Xj—[®(Xj®«--®Xn)af)

Hom(X1®...®Xj_l®u;;®m®xn,

f)
Hom(X; & ... ® X;-1 © X; © ... ® X, D).

Here S and T in the right-hand side mean S : f — f, T : f — f described in Sect. 2.1.
Equation (2.1.5) implies that

(Z(S)Z(T))® = AZ(S)>.

Moreover, the above is a projective representation of M, ,, [38].
Notice that in the particular case n = 0 we have

Z(S)* =1 : Hom(I, f) — Hom(I, )
since S*=vl:f—f

Remark 4.3.1. The map Z(b;) &f A (a;)Z(S) has another presentation, which
is an important part of the proof [38]. Consider for simplicity the case n = 2. Introduce
a map B, as the composition

Hom(cx,,x,,F)
_—_—

Hom(X1 ®X2,F) HOIII(X2®X1,F)

N
= Hom(X,, X,V ®/ N®NY)
—Qcoev x N
— Hom(Xl,/ XZYON®NY® X, ®X,Y)

N P
l>Hom(X1,/ (X2V®N)®(X2V®N)V®X2V)—+Hom(X,,/ PRPY®X,Y)

Hom(X; @u3,F)
—_—

Z Hom(X; @ X,VVY, F) Hom(X; ® X», F).

It covers Z(b,) in the sense that the diagram

Hom(X, ® X2, F) —2— Hom(X; ® X, F)

4.3.1) l l

Hom(X: ® X2,0) 2%, Hom(X; ® X,,f)

is commutative. Notice that in the perfect modular case F' = f and Z(b,) simply equals
B;.

If # is semisimple, the vertical arrows in (4.3.1) are surjective. The same holds
if & = H-mod for finite dimensional H and one of the H-modules X; or X, is
projective (then X; ® X is also projective). In these assumptions we can represent
B, in a different way as a composition of bijections
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Hom(cx,, x, ,F)
—_—

N
Hom(X; ® X;, F) Hom(X, ®X1,/ N® Nv)

N N
~Hom(e o X, [ Ne'N)= [ Hom( o 0 M),V)
N,P P
:/ Hom(X2®P,N)®Hom(X1®N,P)f:/ Hom(X; ® (X, ® P), P)

P P
:/ Hom(X,®X,, P®" P) ~ Hom(X, ®X2,/ P®PY) =Hom(X:®X>, F).

Knowing Z(b,) by (4.3.1) for projective X; or X», one recovers this map for arbitrary
X1, X, using short projective resolutions. In the calculations above we used

Lemma 4.3.1 ([38]). Let F: & — k-Vect, G : &P — k-Vect be functors. Then

X
/ F(X)®Hom(X,B) — F(B), v® f— F(f)w

X
/ Hom(B, X) ® G(X) — G(B), fRuve— G(fH)v

are isomorphisms of vector spaces.
4.4. Closed surfaces and surfaces with one hole

4.4.1. Surfaces with one hole. Let X' =X/, | be a surface of genus g with one disk
removed and the boundary labeled by an H-module X . Lickorish [29] proved that its
mapping class group M, is generated by inverse Dehn twists in a neighbourhood
of the following cycles: ag, by, dk, er (a1 = d; = e;) (see Fig. 2). These Dehn twists
are denoted by the same letters as cycles. Wajnryb [61] found a system of defining
relations for M, ;. An equivalent system of relations is the following:

(A) azb,a; = bja;b;, a,1b;05401 = byaii by, dibid, = byd;b;, e;be, = bye;b; and all
other pairs of generators commute.

(B) (a1biar)* = dres.




Invariants of 3-Manifolds and Representations of Mapping Class Groups 491

(C) eka = dek, where Gk = bkak PN b1a1a1b1 A akbk.
(D) Jedgs1 = diJy, where Jp = bragars1bpbrsiagsiag by 'dipbrarby—1dy—
—1p—1 p—1 _—1p—1 z—Iyg—lz—1_—1 ;-1
(ay, lbk—l-lbk ag bkllbk )i by b
(E) hbflal“laz—lbl“lhblagalbldz = dzazazai, where
h= bz_laz_laglbgldzbza3a2b2.
To construct Z(X') we follow the recipe of [38]. First of all we choose an oriented

net (roughly this is an oriented graph, for precise definition see [38]) which encodes
the structure of the surface. Several graphs can be chosen, for instance, Figs. 3-5.

D, Dy_y D,
Ly i Lg—l i LQ
Dy ‘ ‘ - : X
(& C3 Cy
Fig. 3.
D, Dy D,
Cz CB Cg
D, X
E, Ey Ey
Fig. 4.
D, Dy, D,
D] A2 A3 y Ag X
E, E, E,
Fig. 5.

They are all isomorphic in the category of oriented nets [38]. Next step is to compute
the functor £°°? — k-vect corresponding to these graphs, obtained by taking coends
over internal edges. The functor is obtained in different forms, which are isomorphic
due to associativity isomorphisms in & . By Lemma 4.3.1 we find that to Fig. 3
corresponds
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C‘l)D‘lyL’L
/ Hom(X, L,®Cy)®@Hom(Cy, Ly_1®Cy_1)®...QHom(C3, L, ®CH)®

®Hom(Ly ® Dy, Dy) ® ... ® Hom(L, ® D5, D) ® Hom(C, ® Dy, Dy) =~

~

D;,L;
/ Hom(X,Ly,® Ly 1 ®...® L, ® C2) ® Hom(Ly, Dy ® VD) ® ... ®
® Hom(L,, D> ® YV D;) ® Hom(C», D; ® VD)) ~

D;
(4.4.1) ~/ Hom(X,(Dy ® Dy")® ... ® (D2 ® DY) ® (D1 @ DiY)).

To Fig. 4 corresponds

C’L,D17E‘l
/ Hom(C, ® Dy, D;) @ Hom(D, ® F>, C) @ Hom(C3, D, Q B ® ... &

® Hom(Cy, Dy_1 ® E4_1) ® Hom(D, ® Eg4,Cy) ® Hom(X, Dy ® Eg) ~

Ci,D;
"’/ Hom(C,, D, ®D1V)®Hom(C3,D2®D2V®Cg)®...®
® Hom(Cy, Dy—1 ® Dy_1¥ ® Cy—1) ® Hom(X, Dy ® D" ® Cy) =~

Dz
(442) ~ / Hom(X,(Dy ® Dg")®...® (D2 ® DY) ® (D1 ® D1¥)).

To Fig. 5 corresponds
AlyDlyEl
/ Hom(E, ® D1, Ay) @ Hom(D, ® Ay, D)) @ Hom(F3, A3 Q@ Fr)®...Q
® Hom(Ey, Ag ® E4_1) ® Hom(Dy ® Ay, Dg_1) ® Hom(X, Dy ® Eg) ~
DiyEz
:/ Hom(E, ® Dy, DY @ D)) @ Hom(E3, D3V @ D, @ Fr) ® ... ®
® Hom(E,y, D" ® Dy_1 ® E4—1) ® Hom(X, Dy ® Eg) ~

D;
(443) ~ / Hom(X,(Dy ® DY) ® ... ® (D2 ® DY) ® (D1 ® D).

If X is projective this space is
Hom(X, F®...Q FQ F).

The same answer will be obtained if we calculate the coend in the category of left
exact functors &P — k-vect. The final step is taking a quotient and setting

Z(X,1) = Hom(X, £%9).
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The generators ay, di, e, of My are represented by applying a ribbon twist to
internal variables Ay, Dy, E. Thus from any presentation (4.4.1)—(4.4.3) we get

(4.4.4) Z(dy) = Hom(X, 297 % @ T @ &k,

From the third presentation (4.4.3) we get that a; acts by applying a ribbon twist to
DY ® Dy_y, which induces T®T -2 : F® F — F® F. Hence,

(4.4.5) Z(ax) = Hom(X 29 @ (T @ T - 2) ® £2F2),

From the second presentation (4.4.2) we get that e acts by applying a ribbon twist
to DV ® Cy or, equivalently, to DY @ Dy @ DY @ ... ® Dy ® D{". This
induces 27 - T Qv : F® F®%-1  Fg F®-1 hence,

(4.4.6) Z(ey,) = Hom(X, %9 % @ o) - Hom(X, f29°F @ T @ vpgr—1).
Finally, by is conjugate to dj, by a homeomorphism of the type S, and we set
(4.4.7) Z(by) = Hom(X, 897" @ STS™" @ £2+7).

As shown in [38] these operators define a projective representation M, ; —
PGL(Z(X,,)) with the 2-cocycle whose values are powers of . Therefore, this rep-
resentation is induced by a projective representation z : M, | — Auty, (F99)/{\"},,cz,

ap P (T T - Q)@ 2
by — £297F @ STS ! @ 251

dy — 297 @ T @ £+

er — 297k @ (ng®k~1 T ® vgor-1).

Indeed, set X = f®9 and apply both parts of relations (A)-(E) to the vector idx €
Z(Xg1).

4.4.2. Closed surfaces. Now let X be a closed surface of genus g. The mapping
class group M, o is the quotient of M, ; by two extra relations [61]:

F H; =1, where Hy = byagy ... brasbiajaibyazb, ... agbydgeq.

(G)dg=¢eq .
Set Z(Xyp) = Hom(C, f®9) and define Z(ay), Z(by), Z(dy), Z(er) by Egs. (4.4.4)—
(4.4.7) with X = C. We get a projective representation M, o — PGL(Z(X0)) [38].

4.4.3. Exercises. The reader might want to check some of the above results straight-
forwardly. Several exercises will help in doing this. They present minor generaliza-
tions of some of the quoted results and specify the power of A involved in relations.

Easy exercise 1. All maps z(a,), 2(d;), z(eg) : £29 — %9 commute. z(b,) commutes
with all maps except z(a;), 2(G.+1), 2(d,), 2(¢;). Also 2(d,)z(b;)z(d,) = z(b;)z(d;)z(b,)
(see relation (A)).
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Exercise 2. For any Y € & we have
Ay - S'@vy -y
=ATT'STITTYRY -2y - (STITTHRY (fRY - fRY,

.Q%/’f Vy ® S_l N Q{/,f
=AY Q@S 2 YRSTITT): Y @E- Y ®fF.

Easy exercise 3. Deduce from the previous exercise that z(a;)z(b;)z(a,) = 2(b,)2(a;)
2(bi), 2(ai1)2(b)z(aiv1) = 2(bi)z(ai)2(b;), 2(e:)z(bi)z(e,) = 2(bi)z(e;)z(b;) (see
relation (A)).

Exercise 4. For any Y € & we have
vy @S- ) =vy @F - vygr: Y @F - Y ®F.
What does it mean for Y = I?
Easy exercise 5. Deduce from the previous exercise that
(2(d)2(b)(a2))* = A 2(d2)z(e2)
(relation (B)).
Exercise 6. For any Y € & we have

T'SHeY -2y - (ST'THRY - (fy) ™ - (ST)®Y
=Qfy TRy fRY - feY .

Exercise 7. Deduce from the previous exercise that z(e;) = 2(G2)z(da)z(G2)™!,
where 2(G2) ' 2(b2)2(a2)2(d))* 2(a2)(by).

Easy exercise 8. Show that

Z(dg) = Z(ey) : Hom(C, f29) — Hom(C, f®9).

4.5. General case. Let X, ,, be a surface of genus g with n disks removed, boundary
circles are labeled by X, ..., X,. Figure 6 suggests an embedding X — X, ,,
which induces a homomorphism M, ; — M, ,. The mapping class group My, is
generated by images ag, b, di, ex, of generators of M, ;, the braidings w;, the twists
R;, new generators S;, which are homeomorphisms of the type S inside the T? — D?
region F; and identity outside, and inverse Dehn twists ¢; 5 in tubular neighbourhood
of the cycles t; ; This is not a minimal system of generators, since Sy can be expressed
through by and di. All of these generators are easily representable.
Set

Z(Xyn)=Hom(X; ® X2 ® ... ® X, f®9),
Z(ag) =Hom(X| ® ... @ Xp, 29 * (T QT - 2) @ £8%~2),
Z(bg) =Hom(X; ® ... ® X, f897% @ STS~! @ k1),
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Fig. 6.

Z(d) =Hom(X; ® ... ® X, {897 F @ T @ £+ 1),

Z(er) = Hom(X; ® ... ® X, f¥97% @ (Qf gor—1 - T ® vgai—1)),
Z(w;))=Hom(X) ®...®cx,, x, ®...® Xy, %),
Z(R)=Hom(X; ®...Qux, ®...® X, {29),

Z(Sk) =Hom(X; ® ... ® X,,f®97* @ § @ £k 1),

Set Z(t; x) to be the composition

Hom(X, ®®X] ®X]+1 ®®Xn,f®g)
14
Hom(X; ® ... X,, P9 *fo " 1oVX,®...0 VXu)

Hom(X/®...®X; ,f®9_’°®(2€ )

19k 16V X . .0V X,
Hom(X; ®...® X;,f®9 @ faf®* 1oVX, ®...0 VX,1)
Hom(X|®...®X],f®s—k®T®u,®k_.®vxn®m®vxm)
Hom(X1 ®...@ X, P9 *f@f®* 1@ VX, ®...@ VX;u)

l

Hom(X; ®...9 X; @ X, ® ... ® X,,{9).

Then the above is a projective representation of M, , [38].

I don’t know any defining system of relations of M, ,. Perhaps, it was never
written explicitly. Proof of the result {38] used the exact sequence [1, 56]

Il —— Bg»,n — Mgn —— Mgo — 1,

1l —— Z" —— Byn — Byn —— 1,

where By ,, is the braid group of a surface of genus g, whose presentation was given
by Scott [56].
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5. Invariants of closed 3-manifolds

I have nothing to add to the method of obtaining invariants of closed 3-manifolds
via Kirby calculus invented by Reshetikhin and Turaev [51]. It was used afterwards
by many authors including Lickorish [30, 31], Kirby and Melvin [19]. Turaev [60]
has shown that a semisimple modular category serves well to define a 3-manifold
invariant. In this paper I propose to use (eventually non-semisimple) 3-modular cat-
egories & as the starting data for the method. When & = H-mod this invariant
coincides with the one defined by Hennings [10] translated to an unoriented setting
by Kauffman and Radford [14].

5.1. 3-manifolds from links in S3. It is well known that any closed connected oriented
3-manifold can be obtained via surgery along a framed tame link in S [28]. Namely,
given a framed tame link L = Ly UL, U ---U L,, C S° = 8B* we construct a
compact oriented 4-manifold Wy, glueing m 2-handles D? x D? (D? is a disk) to the
ball B* along closed tubular neighbourhoods U, C S3 of L;. The part of the boundary
S! x D? = 9D? x D? of the ih 2-handle is identified with U; ~ L; x D? so that
the linking number of S' x 1 C 8D? x &D? with L; coincides with the self-linking
number of L;. The boundary My = 0W, is an oriented compact closed connected
3-manifold.

Kirby proved [17] that two manifolds M}, and M. obtained by surgery from two
framed links L, L’ C S° are homeomorphic iff the link L’ can be obtained from L
by a finite sequence of transformations, which we call Kirby moves:

1. The elimination or insertion of an unknotted component labeled +1, unlinked with
other components.

2. The band (or handle slide) move — making a connected sum of one of the com-
ponents L, with a parallel copy Ej of another component L,.

Fenn and Rourke [7] proved a similar result with a subset of transformations intro-
duced by Kirby, which we call Kirby-Fenn—-Rourke moves (see Figs. 7-8). Therefore,
to give an invariant 7(M) € k for 3-manifolds M = M, amounts to give an invariant
7(L) for framed links L in S3, which would not change under Kirby or Kirby—Fenn—-
Rourke moves. We may and we shall consider framed links in R? instead of S°.

5.2. An invariant determined by a 3-modular category. Let & be a 3-modular cate-
gory. The reader might want to assume that & = H-mod for simplicity. First of all
we construct an invariant of framed links in R

Fig. 7. Fig. 8.
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Let L be a framed tame link in R?. It can be deformed to a smooth link so that its
projection p(L) to the standard plane R? is a smooth generic link diagram Dy, and the
normal vector field on L; determining the framing is parallel to R2. Choose a straight
line R! in R? so that Dy, lies in one half-plane with respect to this line (we shall draw
it as a lower half-plane). Choose a point e; € L; for each i and connect it in R? with
a point z; of R! by a curve ~y;, which projects to the lower half-plane. We assume
p(7y;) smooth and transversal to p(L;) in the point p(e;). Make it generic, so that
x; # x; and the curves <y; don’t intersect each other and L except at the ends. Draw
the corresponding plane diagram Dj assigning necessary signs of overcrossing or
undercrossing to each double point of the projection to R?. Duplicate the projections
of the curves +;, replacing them by two parallel curves v, and ~; (e.g. parts of the
boundary of a small neighbourhood V; of p(v;)). Remove the connected component
of L; U V; containing e;. The result will be a diagram of a tangle looking like Fig. 9.
Make this diagram into a & -tangle T, [37] assigning a color X; € Ob & to the point
x; and X,V to the point 2} and inserting to ;” such a morphism u2% : X; — XV,
a € 7, as consistency requires. The tangle T}, represents a morphism in &

ST X1y, X)) X190 X1V X000 ®...0 Xin ® XY — 1.

Fix all objects X,, X;" except for ¢ = j and vary X,,X,". We see that the
following diagram commutes for any morphism f:Y; — Z; € &

\ v v '“®Y7®ft®'“ \ v v
X18X1V®..0Y;02;, " ®..0 X n®@Xym' — > Xi®X'®...0Y,Q0Y; " ®..0 Xm®@Xm

m®f®Z,~V®..l l@(TL;X,,‘..,YJ,‘..,Xm)

y , L BTLX1 Ty X)

Indeed, insert a morphism f to a point of v in Fig. 9 and push it along the curve
through all crossings. It will appear on ; as ft.

Commutativity of the above diagram means that &(T'; .. .) factorizes through the
canonical mappings ix, : X; ® X;¥ — F on the 4 place (compare with (1.2.1)).
Therefore, it defines a morphism

&(Ty) : Fo™ — 1.

Fig. 9.



498 V.V. Lyubashenko

Take an invariant element of F, that is, a morphism « : I — F' € & . Define a
number in k

Ty, a): [ =18m 22", pom 200, 1

Proposition 5.2.1. Assume that yp(c) = o Then the number ¢(T1, ) € k depends
only on L and o and not on choices made in constructing T,

Notation. 7(L, o) = ¢(Tp, ).

Proof. Since the source of « is a unit object, we can change all overcrossings with
<v; to undercrossings and vice versa without changing the value of ¢(T, o). Since all
tensor factors in a®™ coincide, the result does not depend on the order of z; = v;(1)
on the line. Indeed, an interchange of the two neighbour ends x, and z; is equivalent
to adding a crossing which is interpreted as ¢ : I ® I — I ® I, and this is an identity
morphism.

The tangent vector p(7;)'(0) can be chosen normal to p(L;) at the point p(e;).
The following diagram explains that the change from one normal vector to another
is equivalent to composing o with yg or 'y;l on the j™ place (Fig. 10). Since yra =
a= fy;la the resulting ¢(7,, @) will not change.

- [
) L

Fig. 10.

Also the value of ¢(T, ) does not depend on the choice of e;. Indeed, make
e; slide along L; and deform +; simultaneously. This isotopy will not change
&(Tr; Xq,...,Xm) and a forteriori ¢(T7,, o).

Therefore, ¢(T,, o) depends only on the plane diagram Dy, and c. It is invariant
under the three Reidemeister moves performed on Dy, namely, 22, 223 [47] and

0

Indeed, these moves are local, and we can always choose the points e, € L; outside
the changed pieces, hence, the corresponding moves for & -tangles apply without
changing the morphism &(Tr; X1, ..., Xym). For the £21F move notice that u% X —
XVV (resp. u;? : X — VVX) in the left (resp. right) hand side will be accompanied
by a power of u3. Thus, invariance under {21F follows from the equation

2W=v=wdu?: X - X.

Uy
Since the set of equivalence classes of plane diagrams under (21F, 22, (23 is the
same as the set of equivalence classes of framed links in R3 ([36] after [47]), we
deduce that ¢(T,, o) depends only on L and «. O



Invariants of 3-Manifolds and Representations of Mapping Class Groups 499

5.2.1. A 3-manifold invariant. By the very definition of a 3-modular category &
the Hopf algebra F' € & has a two-sided integral o : I — F. In the following we
shall consider the link invariant 7(L, o) = (T, o).

Denote by s(L) the signature of the intersection form in H*(Wp;R), where W,
is the 4-manifold obtained by surgery along L and My = Wy. It is the same as the
signature of the linking matrix of L [18].

Theorem 5.2.2. The number
T(Mp) = A\"*P7(L,0)

is an invariant of 3-manifolds, that is, it depends only on the homeomorphism class of
M;y.

Proof. Equations (2.1.1), (2.1.2) show that application of one of the Kirby—Fenn—
Rourke moves multiplies 7(L, o) by A%!. Simultaneously s(L) increases by +1. 0O

It is worth understanding why 7(M}) is invariant under Kirby moves. The answer
is because o is an integral in F'. Graphically this property is expressed by the following
equation

X XV I X XV I

\_/

(5.2.1) = X®XV®I—F.

F
Here the multiplication morphism ¢ is determined from the commutative diagram

XeYovVexy XouweX' yorgXxV

| e
X)X @Y)y —X& F

Let us give another proof of Theorem 5.2.2, using only the Kirby moves. For
particular categories related with SL(2) this was done by Lickorish [32] through a
different approach. Choose a pair of components L;, L; in L and perform a Kirby
band move as shown at Fig. 11. The points a € L; and b € L; become “connected”
by a double line 3. Take the point b as e; and choose v, so that 7;(0) pointed out
in the direction of 3. Duplicate all 4 as required by the recipe. Since the curves
L, and a new-made part of L] go parallelly, we can insert the morphism £ to this
& - F-tangle without changing the morphism ... @ X XV ® ... F®--- — k it
represents (see Fig. 12). In the vicinity of e, the picture looks like the left-hand side
of Eq. (5.2.1). Therefore we can change it to the right-hand side without changing
7(L',0). The resulting tangle at Fig. 13 is isotopic to the initial one, so its value
(L', 0) equals to 7(L, o). Finally, the signature s(L) will not change under Kirby
band move [18], whence Theorem 5.2.2 follows.
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’

. x! Cox! x. x' X, X
x xj x 0 % & %

[ o

Fig. 12. Fig. 13.

5.3. Lens spaces. We calculate as an example the invariant 7 for lens spaces L(p, q).
Consider the n-component chain link L C S* and the value of its invariant

\ c

() " o

The surgery at L gives the lens space L(p,q), where prime to each other p,q € Z
satisfy

=an—

P 1
q

Gp—1 — 1

1
az — —
aq
(see Rolfsen [52]). The right-hand side of Eq. (5.3.1) can be presented through the
maps S,T: F — F as
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7(L,0) = (T ST*" 'S ... T2 ST* 5(1))
= (1, T ST*~'S... T ST S(1))
= ('StTH ST L ST S (), 1)

/
= / (Irutgtre | tGtTan—itgyany).

The last formula uses only the maps 'T", *.S = *S_(o) in U, determined by Egs. (3.8.2)
and (3.8.9). We can also use ¢S,(c0) (see Eq. (3.8.13)) instead of tS.

In the particular case n =1, a; =0 we get 7(L,0) = e(u) = fl 1, which vanishes
for all u,(g), hence, 7(S? x S') = 0. This contrasts sharply with the case of a perfect
modular semisimple &, where e(u) = \/)_,(dimy X;)? is invertible (see [35, 60]).
Here X; runs over the set of isomorphism classes of simple objects of & . Their
categorical dimensions

dim?in=(I coev X ®\/)( 1®u0 X ®XV ev I)

are real numbers if the ground field is End I = C [35], so e(u) is positive.
Finally, s(L) is the signature of the linking matrix

ai 1
1 aj 1 0
1
1
0 1 An—1 1

1 an

which gives 7(L(p, q)).

5.4. The Hennings invariant. Let H be a finite dimensional 3-modular Hopf algebra
(see Theorem 3.7.3). Construct a 3-manifold invariant 7(M) taking the 3-modular
category & = H -mod as data. Calculating 7(L, o) for some link L we get an expres-
sion involving R-matrices (as many as there are crossings in Dy), elements o and
the powers of « (as many as there are components in L) under the sign of counit.
It turns out that the result of calculation coincides with the Hennings invariant [10]
defined in an unoriented setting by Kauffman and Radford [14] up to change of con-
ventions. Indeed, the calculation of 7(L, o) can be performed using the graphical rules
of Hennings—Kauffman—Radford as follows:

— change all crossings in Dy, to the composite of R-matrix and the permutation

X - R><R | \ v(R'>< o

— add to each component such a power of the morphism v} = v - k = k- v or its

2 _ =2 -]
inverse u, ~ = v,
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'u%:b, v(;z:Q{

that after cancellations of v2’s with vy *’s the diagram becomes a disjoint union of
unknots;

— slide all elements put on the diagram to the left of the chosen points e; via the rule

O P PO

Now each component looks like:

o
Z1
Tn

with x1,...,x, € H attached to it, and its contribution is

e(@pn ... 21 ®1(0)) = E(((En ..., CT(]))U(Q)) = <£L’n R A 0'>
(see Sect. 3.8.1). We can view ¢ as the left integral ¢ : H — k on the algebra H. So
7(L,0) = Za(wn...xl)...a(zm...zl),
where the arguments are either powers of x or come from R-matrices acted upon by

some powers of the antipode. This is the knot invariant used in the definition of the
Hennings invariant [10] up to change of the sign of the braiding.

A. Quantum groups

A.l. R-matrices for quantum groups

Theorem A.1.1 ([20, 21, 26]). The expression R = RR ¢ Uh(g)@)Uh(g) is an R-
matrix in the topological Hopf algebra Uy (g), where

(A.L1) R= [  exp, (g5~ 45 Es ® Fp),
BEB;...,BN)

o h
R= exp (5 Zc’ini ® Hj) s
where qg = e"MPIB/2 and (c;;) is the inverse matrix to (d;a;j).

Proposition A.1.2 (cf. [59]). The Cartan part of the R-matrix, R S Uh(b)®Uh(h)
satisfies

R-E;®1-R'=E, 9K,
é'l@Eﬁ‘é_l=Ki®Ei,

Fol-R'=F oK,

R.
R1®F -R'=K '®F,.
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Consider an embedding of Hopf algebras U,(g) — Un(@)®ciiayCLA ™1, A1), K,
ehd:fl: | with respect to a field extension Q(q) «— C[h~!, h]], ¢ — e”. The image of
Lusztig’s divided power algebra I'(g) is contained in Up(g). Let

Un(@)® = {z € Un(g) | [H;, 2] = a(H;)z},
(g = {zx € I'(g) | KizK ' = ¢z}

be natural gradings, o € ). Note that I'(g)“ C Un(g)*. We have R, R € HaeQ

(Un(b)*®Ux(b_)~%). Denote R = Zae R, then Ry € Un(b,)* @ Up(b_)“.
Combining Theorem A.1.1 and Proposmon A1.2 we get

Proposition A.1.3 (cf. [59]). In Uh(g)653 (or Uh(g)éz) the following equations are
satisfied:

(A.12) (A DR=R". Z K_o® R,
a€Qs

(A.13) A®AR=R". > Ro®K,,
a€Q,

(A.1.4) A%z . R=R- Az,

where z € Uy(g) and the new coproduct Ax = RAzR™! satisfies
AH;=H;®1+1®H;, AE;=E;®K;+1®E;, AF,=F,®1+K;'®F,.

Moreover, R, € I'(b,)® ®zig,qa-1 L'(0-)7% ®g1q,4-11 CIIA]] due to the formula

exp,-2((gs — 43V Eg ® Fp) =y _ a5 ™ (as — q5")"(m), 2 1EFY © ™,
m20
(A.1.5)

where
E(ﬁT) = /11'“ .. Zk I(E’(Tﬂ))7 F(m) 11 e ,I-!ik_] (Fz(;n))

(cf. Sect. 1.1). Since I'(g) is a free Z[q, ¢~ ']-module [33], Egs. (A.1.2)~(A.1.4) with
x € I'(g) can be interpreted as follows. All terms are elements of the Z[qlq"l]-
module HaﬁﬂeQ I'(g)* ® I'(g)? ® I'(g)" (or of Ha,,@eQ I'(@)* ® I'(g)? > R) and
the equations state in particular that these elements can be multiplied.
Let ¢ € C be a root of unity. Change the base by the homomorphism Z[q,q~!] —
C, g — € and denote
I'.(9) = I'(g) @y [g,q7 " C.

Equations (A.1.2)~(A.1.4) still hold for I'.(g) in place of I'(g). But the sum (A.1.5)

is finite, so R, vanish for all a except a finite number and R € I'.(b,) ® [.(b_).

Therefore, Egs. (A.1.2)—(A.1.4) hold in I'.(g)®* or I'.(g)®? with 2 € I'.(g).
Reversing the proof of Proposition A.1.3 we see that if we find a symmetric tensor

R € IL.(h)®? satisfying (A ® DR = RR? and

(A16) R-\1®EP . R'=KPQEP, R 19FP . R'=KP@F®
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for all p € Z~, we could construct an R-matrix R = RR for I'.(g). It turns out that
such an element is easy to find not in I.(g) but in its quotient (which sometimes
coincides with I'.(g)). Consider a symmetric bilinear (bimultiplicative) form

W:QXQ——)CX7 7r(I('L’)]{j)=qazj, 7r(KC¥7K,3)=q(a|ﬂ).

(2

Let Ann7={g € Q | Vh m(g,h) =1} be its annihilator. Since for h € Q,
(A.L7) hEP = n(K; h’EPh,  hF{P =n(K;,h)y PFPh,
the elements of Ann~ lie in the centre of I.(g). Introduce the Hopf C-algebra

Fé(g) = Fe(g)/(g - l)gEAnnﬂ'
The subgroup generated by K; in I'/(g) is denoted G = Q/Annw. The form 7
factorizes through a non-degenerate form on G denoted also 7 by abuse of notations.
Clearly, K fl’ =1 in G, where [, are minimal positive integers such that qfl’ =1.
More elements from Ann 7 can be found via the following
Lemma A.14. For any d =1,2,3 let [(d) be the minimal positive integer | such that
¢ =1 and let p(d) = 3, 2z2a @ Then for any i
aeA*
gl @lewr@ _

Proof. The equation to prove is ¢ @@ilP(® = 1, Assume first that ||a||?> # 2d. Let
s; be the simple reflection corresponding to «;. The well known equation s;(A* —
a;) = A" — a; implies s;(A}) = A}, where A} = {a € A* | [la||? = 2d}. Hence,
si(p(d)) = p(d) and
(au|p(d)) = (si())|si(p(d))) = —(a|p(d))

vanishes.

Assume now that ||||> = 2d. Then s;(A} — a;) = A} — ; and s;(p(d) — o;) =
p(d) — a;. Hence,

(au|p(d) = (si(@i))|si(p(d))) = —(ai|p(d) — 2;)

implies (a;|p(d)) = (a;|a;) = 2d and the lemma follows. a

Corollary A.1.5. For any d=1,2,3 we have Kf)((‘;)) =1 in G. In particular,

Il k& =1
a€A*
The R-matrix from the following theorem was already obtained by Rosso [53] in
the case of [ relatively prime to det(d;a;;) using Drinfeld’s double.
Theorem A.1.6. The Hopf algebra H = I'.(g) is quasitriangular with the R-matrix
R=RR, where R is given by Eq. (A.1.1) and

> wg, ) g@h.

9,h€@

O |

R=—
IG|
Proof. Using Eqgs. (A.1.7) one can check the property (A.1.6) of Re I!(g)®2. Non-
degeneracy of the pairing 7 for I'/(h) implies that R is an R-matrix for I'/(h). It
follows from the above discussion that RR is an R-matrix for I"/(g). O
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A.2. The algebra uy(g). Rewrite Theorem A.1.6 for g = ¢ as

(A2.1) = Y 11 (q‘zﬂ_baza_z)' - HE;”‘* o [[Fr=- &

0Mma<la «

(o runs over (3;,...,0n). Non-degeneracy of 7 : G x G — C* implies that the
minimal subspaces A, B C C[G] such that R € A® B are A = B = C[G]. Thus,
Eq. (A.2.1) implies that the smallest subspaces h,,h_ C I'/(g) such that R € h,®h_
k
have bases h []5c (s, ay) Eg’, vesp. h[1scs, .. pyy) Fs > where h € G, 0 < kg <
lg. As discussed in Sect. 3.1 (cf. [45]) h, and h_ are Hopf subalgebras. They coincide
with the subalgebras ’ll/q(b+) = C<K;H,E1>1<1<n and Uq(b_) = C<Kq;:t1aFi>l<ign’
since E, € h,, Eg € uq4(b,) by e.g. [34, Proposition 40.1.3]. Therefore, by general
theory u,(g) = C(K; R, F, Jigign =h = h+h_ = h h, is a quasitriangular Hopf
m
subalgebra of I'/(g). It has the basis [],e(5, gy Eac-h-T1g Be@r-0:) T ?, where

h € G, 0< kg,mp < lg. The R-matrix R € uq(b+) ® ug(b-) is the dual tensor to
the non—degenerate Hopf pairing

miho xh = C, wh,E)=n(F,h) =0, m(F,E)=56;(@q—q )"
forhe G, 1<4,J<

A.2.1. A presentation of u4(g). A lemma of Levendorskii and Soibelman [27] states:
for any positive roots o < ( there are unique constants Cny,...n, € €(g), such that in

Uq(9) ®qiq) C(9)

(A2.2) EoEg—q “PEgE, = cn, . .n, B} ... E,
n

where j is the number of all positive roots lying between « and (, which are denoted
o <7y < --- <y < 3. When this lemma is combined with Lusztig’s basis theorem
for I'(g) [34, Propositions 41.1.4, 41.1.7] we see that in fact

Cnyymy €K =Z1g, ¢ (g = ¢~ )7L NG 1],

where the constant N(g) > max;d; is the minimal possible. An upper bound for
it is given in Table 1. It is obtained as the product of max;d; with the maximal
Table 1. An estimate for the constants N (g)

a A, | Bn | Cn | Dy | Bs | B7 | Es | Fs | Ga
N@p<| 1 | 4| 4 2 | 3|46/ 8]09

coefficient ¢; in decomposition cg = Y ¢;; of the highest root g € A. (Apply
T;ITZ;L e Tz.—l to (A22), if B, =T;, ... T, E;,.) This estimate is rather rough,
and can be essentially improved. The conjectured value of N(g) is max; d;.

Introduce a K-subalgebra ?4,(g) C U,(g) generated by K;, E;, F,. It is closed
under the automorphisms T; and all relations (A.2.2) make sense in %4,(g), thus
2¢,(g) has a Poincaré-Birkhoff-Witt basis [ [, E5'>-Kx-[[4 F| " (compare [25, 34]).
Clearly, 24,(g) is a subalgebra of I'(g) ®zq,q-17 K.
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Assume in this subsection that £2™ # 1 for all 1 < m < N(g). Then we have a
homomorphism of Hopf algebras

(A23) ¢ : 264(g) = I'(9) ®giq,q—1 K — Ie(g) — I'(g)

via the homomorphism K — C, g +— €. Since CIm ¢ = uy(g) the relations (A.2.2)
are valid also in ug4(g).

The algebra U.(g) = %4,4(g) ®x C has the usual generators and relations of Uy(g)
with ¢ set to €. The obvious homomorphism é:U. (g) — I'l(g) induced by (A.2.3)
has u,(g) as its image. Its kernel contains Ela F la and h — 1 for h € Ann(r :
Q x Q — CX). Indeed, El = [1;1,!Ts, - .. Ti, 1(E<‘ )) in U,(g) and I'(g) for some
sequence (%1,...,%k—1,%), and the factonal vanishes in F’(g) Let I C U.(g) be a
two-sided ideal generated by these elements. By the explicit form of bases we get
dimU.(g)/I < dimug(g). Since $ induces an epimorphism U.(g)/I — uy(g), this
is in fact an isomorphism, and a presentation of u,(g) by generators and relations
follows. Namely, the new relations

Ela =0, Fle =0, h=1 fora € A*, he Am(r: Q x Q@ — C>)
are added to the standard presentation of U,(g).

A.3. Ribbon structure of I''(g) and uq(g). Let us find the grouplike element g =
uy(u)~! for the algebras H and h, where u =}~ v(b™)a,, R=3", a, ®b". Clearly,

6= h- [ By 'en, 6= h ][I Efen
he@  BeBi,....BN) he®  BEB,..-.BN)
are non-zero left integrals in the algebras h, and h_. For any x € h_, y € h, and
a;'l=a_= I[Is Kglﬁ” = K;, € G (cf. Corollary A.1.5) we have
b_x= 7['(2E, a’+)6—a 6+y = ﬂ-(a— ’ y)6+
By Drinfeld’s theorem [6] (see Sect. 3.1) we find
g=a;'a_ =Ky, €h.

By definition a ribbon structure is a choice of a group-like element x such that
K2 = K4, and ka = Y (a)x for all a € I'/(g). The only group-like elements of I7/(g)
are K, € G. Commuting x with E; we get n(x, K;) = qiz, which holds for the only
element x = K,,. Therefore, the quasitriangular Hopf algebra I'/(g) (or uq(g)) admits
the unique ribbon structure k = Kj,,.

Let us find the ribbon twist element using the formula v = Zn anKz_p1 b, R =
>, an ® b™. Equation (A.2.1) can be rewritten as

(qa — qgl)m" me \ D M, D Mo
o 2 WG e L e Re(IL )
where R = Yo R, ® R!. Therefore,

(A3.1)

-y (H (qin::;a_z' Ema) RLR'K_,, (1;[ Kg‘a) : (1;1 F;"‘*).

0{ma<la @
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A.3.1. The subalgebra u. Recall that the subalgebra u C h is defined as the smallest
subspace such that R">R?! € u ® h. Let us find it.
Theorem A.1.6 gives

(A32) RVRY= Z(H (q(m q)al) aEg‘a)é;ég’(H(Kgng)"ﬁ)c@
o B

me \ DI D! (g5 — _l)nﬁ n
® G;IFa Q)RGR,,(I;[ %(Eﬁf{ﬁ) ﬁ).

Proposition A.3.1. The algebra u has the basis

(I1 E(T“)KA(I;[F?),

«@

where K = K, - Hﬁ ?in G for some i € Q.

This follows from the formula (A.3.2) above and

Lemma A.3.2. The smallest subspace A C C[G] such that R e A RC[G]is A =
CI2G), where 2G = {z? | z € G} C G is the subgroup of squares.

Proof. Note that R is a symmetric tensor and

‘ | Zﬂ(g,h) lg@h- [ | Zﬂ(a b laxb
g,h€G a,be@

1<G|2 Y c®d Y wlg,BPd (e, b)
c,de@ g,b€E®

IGI Y c®dy  Sgpmlc,b)
c,dE@ be@

This implies that Re C[2G])® C[2G]. Introduce a symmetric bilinear (bimultiplica-
tive) pairing

712G x 2G — C*, (¢, d) = m(c, b), where b = d.

Clearly, m(c, b) has the same value for all b € G such that b*> = d. All such b differ
by an element of X = {b € G | b* = 1}. Therefore,

(A.3.3)
o 1 1
R2 = E‘ Z 7T2(C, d)‘lc®d25d7b2 = %‘ Z 7T2(C, d)_lC®d
] l c,de2@ be® I | c,de2@
and the statement follows. ]

Corollary A.3.3. u,(g) is factorizable if and only if 2G = G. In particular, it is fac-
torizable if the degree | of the root ¢ is odd.
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A.4. 2-modular structure of uq(g) and I'(g)

Theorem A.4.1. The ribbon Hopf algebras u,(g) and I'.(g) are 2-modular, that is
v € u, if and only if for any € G such that z* = 1 we have

(A4.1) m(z, ) = 7(x, Kp).

Remark A.4.1. Both sides of Eq. (A.4.1) are characters X — {1,—1}, where X is
the subgroup {z € G | 2% = 1}.

Proof. Equation (A.3.1) together with Proposition A.3.1 imply that v € u if and only
if R)R/K_,, € C[2G]. We have

o o 1 1
(A42)  RLRIK 5p== Y (g, h)"'ghK 5, = — ) ¢(b)b,
I(Gl g9,he® lGI be®
where the coefficient ¢(b) is the Gaussian sum
(A43) $b) = _ m(g,9)m(g, b K _5,).
geG
Its absolute value is found by the standard procedure
(A44) 6@ =G| Y (z, 2)m(@, b K _a).

z€X

This formula suggests to consider a function on Y = G/2G

Y@ = Y (@, o)z, y).

zeX

Here the pairing 7 restricts to a non-degenerate pairing 7 : X x Y — {1, —1}. Thus
the algebra uy(g) is 2-modular iff (y) = constd, K_,,1- This condition means that
the Fourier coefficients m(z, x) of the function v are proportional to the Fourier co-
efficients m(x, K3,) of the delta function 6,k _, ;. Equivalently, m(z, z) = 7(z, K2,)
for all z € X since the proportionality constant is 1. O

A.5. The integral on uy(g)
Proposition A.5.1. The functional [ : uy(g) — C

/(HEZ’“ <Ky - HFgﬂ) = H5ma,la—1 0K\ K H5nﬁ,lﬁ—1
a Ié] a B

is a left integral on the Hopf algebra u,(g). It is independent of the choice of the
reduced expression for wy.
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Proof. Notice that
(1 ®/> AT B Kx - T]F7 ) = KapKo /(HEZ,'% K TLEY
« 8 . - »

by Corollary A.1.5. This implies (1 ® [)Az = [ x.
All left integrals are proportional to each other, whence all functionals [ defined
for different reduced expressions are proportional to each other. The elements of the

highest grade [, El» ™' @ [] 3 F[lf ~!are also proportional to each other. Since
s~ - Z1 =
W(HFﬁa 1®HE}; I)'_'H((l(x“ l)qu!(Q(z*qal)l lu)
16 «@ «

(see [20, 21, 26], compare with (A.2.1)) these elements are all equal. Therefore all
integrals are equal. O

A.5.1. Invariance of the integral. When u,(g) is factorizable, it is unimodular by
Proposition 3.7.4. We will prove it also in non-factorizable case.

Proposition A.5.2. The algebra uy(g) is unimodular.
Proof. A left integral ¢, € u,(b,) and a right integral w_ € u,(b_) are given by
s.=> h-J[EY. w —HF“ N
he® a) he®

By a result of Hennings [10] and Radford [45] the double D(u,(b,)) is unimodular
with the two-sided integral 0,w_. Its projection to u,(g) via the epimorphism j :
D(uq(b+)) - uq(g) is

§=jbw) =G> h- HEWl HF},E“‘.

he®

This is a two-sided non-zero integral in u,(g). ]

A.6. 3-modular structure of uq(g)
Proposition A.6.1. Ifu,(g) is a 2-modular Hopf algebra then it is 3-modular as well.

Proof. We have to check the remaining condition (M3) from Theorem 3.7.3, namely

</®1) (RZR*) 0.

Only maximal powers will contribute to this expression which can be found from
Eq. (A.3.2),

(/@1) (RZR*) =

2G| (H e qu‘;) _ ) (HFl - Z m(Kap, d)d(HElj DK s,

de2@

and this obviously does not vanish. O
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Now we find the unique (up to a sign) normalization of the integral which will
be used for constructing switching operators.

Proposition A.6.2. Let [ : u,(g) — C be the renormalized left integral

_ (lo — 1D 2!
/ /Gl 2<p1p)H l)l _1/

considered also as an element . € fung(G). If ug(g) is 3-modular, then P = SZyp
F — F is a projection for S = S_(u).

Proof. The claim is equivalent to Eq. (3.8.16)

(/’®//> (R?R™M) =1.

Substituting the expression for ([ ®1)(R'?R?!) from Proposition A.6.1 we get

12 p21 (qa — gz ")="! L o
(/ /) RO = H lo— D, ) 2c]?

due to (], Fle=")-K_,, = ¢?PPK_,,T],, Fl=~'. This fixes the normalization. O

Proposition A.6.3. The exponential central charge \ = [ "v Sfor 2-modular u,(g) is a
root of unity

(A.6.1) g A i V ' @ Z

(g, 9)m(g, K_2p)
ge®

(A6.2) = g2l _\/ﬁ@’ T g,
a€Q/IQ
where n is the rank of g and l is the degree of the root of unity q = €.

Proof. From Eq. (A.3.1) we find

H((l —1) :' /HEZ —1) R/R//K_4p HFZ —1

Substituting I%ZZIOIZK —2p = I-GITI > peg P()b by Eq. (A.4.2) we find

A= [ v=iEl '2“"’” ¢<1>,

where ¢(b) is defined by Eq. (A.4.3). Its absolute value is determined by Eq. (A.4.4)

(A.6.3) B = [G] Y (a, z)m(z, K_ap) = |G| - | X]|

z€X

since all summands equal 1 by Theorem A.4.1. Therefore,
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2G|
A2=1—X =1

due to exact sequence 0 - X — G 2,26 — 0.

By Eq. (A.6.1) X satisfies an algebraic equation of degree 2[. Since A is an
algebraic number of absolute value 1, it is a root of unity.

If we sum up in Eq. (A.6.1) not over G, but over its covering group Q/IQ, the
sum will multiply by ["/|G|. This proves Eq. (A.6.2). O

Remark A.6.1. One easily recognizes in Eqs. (A.6.1) and (A.6.2) generalized quadratic
Gauss sums. Notice also that if u,(g) is not 2-modular, then f v =0 by Eq. (A.6.3).

B. Examples of 3-modular algebras

We assume that (a;;) is the Cartan matrix of a simple Lie algebra g and ¢ = c is a
primitive root of unity of degree I such that €? # 1 for 1 < p < N(g). We explore
case by case whether u4(g) is 3-modular or equivalently 2-modular.

In general, G = Q/ Annm, @ being the root lattice and Ann 7 = QNI Cow, where
Cow = Z{aljwi} is the coweight lattice and w; is the basis of the weight lattice P.
This implies Ann7 = Q N Z{liw;}, where I} = 1 if d;}I and I} = 1/d; if d;|l. The
inclusion @ — P, a; = Y1, a;jw;, determines the annihilator:

Amrm={u= Zuja] | Vi Zaiju]‘ =0 (mod l})}.

2 j
Similarly for X =Ker{2: G — G},
X={u= ZUjaj | Vi ZZaijuj =0 (mod )}/ Annm.
J J

2- or 3-modularity of u4(g) is equivalent to the property
(ulu) — 2plu)y =0 (mod 1)

for all u € X.
If [ is odd, X =0 and u4(g) is perfect modular (we shall see that this is not the
only case).

B.1. The algebra u.(sl(2)). This example was already considered in [40] for odd
l. Set Iy =1 for [ odd and l; = [/2 for [ even, then it is the degree of 2. Since
n(K,K) = ¢* for K = K;, the group G is isomorphic to Z/l,7. Several cases
emerge.

1. Iy =2m+ 1 is odd. Then u.(sl(2)) is perfect and

4
1 2 2a mam 2
A=l Zszk 2%k _ ( ) L
Vi P L
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where a is determined by €2 = e>7*/U Here for any relatively prime integers c
and odd positive b (9) =] j <i> denotes the Jacobi quadratic symbol, where

b = pip2 ... p, with prime p; and ( ) +1 is the Legendre symbol (see e.g.
[24]).
2. Iy =2(2m + 1). Then u.(s1(2)) is 3-modular and

2k?—2k _ a — T omlyam—
A= Z ( )6 Y &_m+2m 1,
2m+1

where a is determined by &> = €27/l The value of the generalized Gauss

quadratic sum was found here by a method of Lang [24] combined with results
of Chandrasekharan [2].
3. 1 = 4m. Then u.(s((2)) is not 2-modular since X = {1, K*™} and

l
W(sz,sz_l) = 84m(2m——1) - 57(2"7"'1) =—1.

B.2. The Cartan matrix A,,. The determinant of the Cartan matrix is n + 1. Let
p =(l,n+ 1) be the greatest common divisor. Then

Annt = {}%v | Vi Za’jvj =0 (mod p)}.
J

Various possibilities appear here as we already have seen for n = 1.

B.3. The Cartan matrix B,,. Here g=02n+1),d;=2for1 i <nandd, =1.
Index of connection det A =2. Let I’ =1 for [ odd and I’ = /2 for | even. Then

Amnm={} uja; |Vi<n Y aju;=0 (modl), Y anu; =0 (mod )}
J J J

In particular, 2u = (det A)u = 0 (mod ') if u € Ann 7. Solving the equations we find
that Ann7=1'Q and G = Q/I'Q

1. I' is odd. Then ug(g) is perfect modular. [ might be even in this case.
2. I'=2m is even. Then X = F,{ma;} and the algebra u.(g) is 2-modular iff m is
odd.

B.4. The Cartan matrix C,. Here g =sp(2n), d; =1if 1 < i < n.and d,, = 2. The
index of connection det A =2. Let I’ = for [ odd and I’ =1 / 2 for [ even. Then

Annm = {Z uja, | Vi<n Zaijuj =0 (mod ), Zamu] =0 (modl)}.

7 J J

1. lis odd. Then uy(g) is perfect modular with G = Q/1Q.



Invariants of 3-Manifolds and Representations of Mapping Class Groups 513

2. 1 =2(2m + 1). Then u4(g) is 3-modular and
Amn g = Q+7Z2m+ Day, for n odd
TVQ+Z2m + Doy +Z2m + 1)(eq +az + -+ ap—q) for n even

In both cases X = F{(2m + 1)e; }.
3. | =4m. Then

Annrm =1Q + Z2may, + ZmQay + 203+ -+ - + 2002)-1 + noy).

A) nis odd. Then ugy(g) is 3-modular and X = F,{2ma,, may, }.
B) n =2n/ is even. Then

X =F2{2ma;, ma,, m(ag + a3 + -+ + ap—1 +n'ay)}

and uy(g) is 3-modular iff n’ even or m odd.

B.5. The Cartan matrix D,,. Here g = 0(2n) and d, = 1. The index of connection
det A = 4. Since Au = 0 (mod ) implies 4u = 0 (mod ), we have for p = (4,1),
u = %b, b=(by,...,b,), Ab = 0 (mod p). This enables one to find all v € Ann7 =
QNIP.

1. lis odd. ugy(g) is perfect modular with G = Q/I1Q.
2. I=2(2m+1). Then uy(g) is 3-modular with

GC=Q/UQ+Z2m+ 1)(a,_1 +ay)) forn odd or
G=Q/UQ+Z2m+ ) (an_1 +an)+Z2m+ (a1 +az + -+ -+ anp_1))

for n even. In both cases X = F,{(2m + Da;}.
3. [=4m and n is odd. u4(g) is 3-modular with

Annw =1Q + Z2m(c,—1 + ) + ZmQRay + 203 + - -+ + 200 — Oy + Qp),

X = {2ma;, m(an—1 + an)}.
4. l=4m and n =2n'. Here

Ann7 =1Q + Z2m(an—1 + an) + Z2m{ag +az + -+ - + Q3 + 1),

X =TFo{2ma,, m(ap—1 + o), ma) + az + -+ - + Qp—3 + Qp—1)}.
The algebra uy(g) is 3-modular iff " even or m odd.

B.6. The Cartan matrix Es. Here d; = 1 and det A = 3. The equation Au = 0
(mod 7) implies 3u = 0 (mod ().

1. lis odd. Then u,(g) is perfect modular with
G= 99, if 3/1
Q/1Q +Zp(ey — a3 + a5 — ag)), if 1=3p

2. I =2m and 3fm. Then uy(g) is 3-modular with G = Q/IQ and X = F,{ma;}.
3. [ = 6m. Again u4(g) is 3-modular with

G =Q/IQ +Z2m(cy — a3 + as — ag)),

X =T {3may;, m(a; — a3 + as — ag)}-
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B.7. The Cartan matrix E;. Here d; = 1 and det A = 2. The equation Au = 0
(mod [) implies 2u = 0 (mod ).

1. 1 is odd. Then uq(g) is perfect modular with G = Q/1Q.
2. 1=2(2m+ 1). Then uy(g) is 3-modular with X = F,{(2m + 1)o;}

G =Q/1Q +Z2m + 1)(aa + as + a7)).
3. I =4m. Then X = F>{2ma;, m(cz + as + a7)}
G =Q/1Q +Z2m(a; + as + a)).
The algebra uq(g) is 3-modular iff m is odd.

B.8. The Cartan matrix E3. Here d, =1 and det A = 1, therefore, G = Q/1Q.

1. lis odd. Then u4(g) is perfect modular.
2. I =2m. Then uq(g) is 3-modular with X = F,{ma;}.

B.9. The Cartan matrix F,. Here d = dp, = 2, d3 = ds = 1 and det A = 1, which
implies Q = P. Let I’ =1 for [ odd and I’ =1/2 for | even. Then

Ann7 = Z{l'wy, U'wy, lws, lwy },
where
wy =201 + 30 +4as3 + 20y, wy =30y + 60y + 8a3 + 4auy,
w3 =20 +4an + 63 + 3y, ws = ap+20 + 303 + 204
are the fundamental weights.

1. 1 is odd. Then uq(g) is perfect modular with G = Q/1Q.
2. 1 =2l". Then uy(g) is 3-modular with G ~ (Z/U'Z)* x (Z/I1Z)*

G=Q/('ay,l'Bay +4a3 + 2ay), l(ag + 20 + 3a3), lawg),

X = Fo{l'(cq + 202 + 3a3), U o } for I’ odd
- ]Fz{mal,m(3a2 +4a3 + 2a4), l’(al + 20, + 3013), l’a4} for ' =2m

B.10. The Cartan matrix G,. Here d; = 1, d; = 3 and det A = 1, which implies
Q=P.Let!'=1if 3fl and I' =1/3 if 3|l. Then Annm = Z{lw,,!'w,}, where

wy =20 + ap, wy =3a; +20
are the fundamental weights. Therefore,
G=Q/Z{lw\,lw} ~ ZNIZ x Z|U'Z.

1. lis odd. Then u4(g) is perfect modular.
2. 1 =2m. Then u4(g) is 3-modular with X = F,{muw, %wz}.
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