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Abstract: In this paper we prove the existence of stationary solutions of some
nonlinear Dirac equations. We do it by using a general variational technique. This
enables us to consider nonlinearities which are not necessarily compatible with
symmetry reductions.

Section 1. Introduction and Main Results

The nonlinear Dirac equation has been widely used to build relativistic models
of extended particles by means of nonlinear Dirac fields. A general form of this
equation in the case of an elementary fermion is

iy 0, —my +°VFQ) = 0. (1.1)

Here,  : R* — €% 0,y = 55¥,0 < u < 3, we have used Einstein’s convention
for summation over y, m is a positive constant, F : C* — R models a nonlinear
interaction and y* are the 4 x 4 Pauli-—Dirac matrices:

I 0 0 k
y0:<0 _1> and yk=<_6k ‘g) for k = 1,2,3 (12)

L (0 1\ 5 (0 =i\ 5 (1 0
A= (V o) =5 F) =60 h)-

Note that x” plays here the role of time. Throughout this paper we assume that
F satisfies F € C? and

with

F(e"y)=F(@y)  for all . (1.3)

Different functions F have been used to model various types of selfcouplings.
For a review on this and historical background see for instance [14].
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Stationary states of the nonlinear Dirac equation are considered as particle-like
solutions. These solutions are in some sense solitons which propagate without chang-
ing their shape.

Stationary solutions are functions of the type

YO, x) = e (), (14)
where by x we denote (x',x%,x*) € R3, and such that ¢ is a non-zero localized
solution of the following stationary nonlinear Dirac equation:

iy 0k — mo + 0y°¢ +7°VF(9) =0 in R®. (1.5)

Here, we have used the repeated index convention for summation over the three
values of k. We will do this throughout the paper.

By “localized,” we mean that ¢ € WH4(IR3 C*) for any 2 < g < oo and
F(p) € L'(R* R).

The above equation has a variational structure. Indeed it is the Euler-Lagrange
equation corresponding to the following functional:

1
1°(p) = | (—5<z‘y°v"ak<o,qo> + 560 - S o’ —F(«p)) dx,  (16)
R3

where (, ) is the usual scalar product in €* and ¢ denotes (y°¢, @).
Existence of solutions of (1.5), i.e. of critical points of /“ has been proved in
[5, 6, 9 and 13] in the particular case when

1
Flg) = 5G(99), G € C*(R,R), G(0)=0 (1.7)

under suitable conditions on G, with @ € (0,m). When (1.7) holds, one can use a
particular ansatz for the solutions:

v(r) ((1))
. cos 0 ’ (1.8)
iu(r) (sin@ ei¢)
and then Eq. (1.5) reduces to the O.D.E. system

o(x) =

, 2u
u +7 v[g(v* —u?) — (m — w)] ’ (19)

Vo= u g — u?) — (m+ )]

where g(s) = G'(s).

In the above papers the system (1.9) is solved by a shooting method which
yields an infinity of localized solutions for (1.9). We will state the precise results
of [5,9 and 13] in Sect. 4.

The particular form (1.7) corresponds to the so-called Soler model, and has been
widely studied (see [14, 17]). There are other models of selfcoupling for which the
ansatz (1.8) is no more valid, for instance the following nonlinearity (see [10, 14]):

1
F(o) = 5[o9* + 657’0l (1.10)

Wlth bﬂzo,a = ’yo(p and rys — .yo.yl,yZ,y}‘
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In this paper we prove, by a variational method, the existence of non-zero critical
points of /*, and therefore of localized solutions of (1.5), both in the case when F
satisfies (1.7) and in the general case.

When F satisfies (1.7), we actually solve the O.D.E. system (1.9) by a vari-
ational method to obtain the existence of an infinity of solutions of (1.9) under
assumptions slightly less general than those in (5,9, 13]. The main assumption we
have to add is that G satisfies

G'(x)x = 0G(x), 0> 1,YxeR. (1.11)

This is a super-linearity condition on G. This kind of technical condition often
appears as necessary to use variational techniques when solving nonlinear PDE’s.

If F is a general function which does not necessarily satisfy (1.7), we also
obtain an existence result for (1.5) but only for functions F which grow more
slowly than |¢|* at infinity. This limitation comes from the fact that we work in
the space H'?(IR3,C*). Hence we are not able yet to treat nonlinearities like those
satisfying (1.10). Nevertheless we believe that the method used in this paper should
be useful to extend our results and treat more general nonlinearities. Our results are
concerned, for instance, with nonlinearities as

1 B 3
5[0l +h[77 0, 1 <ap < S bz 0. (1.12)

Let us now state our main results.

Theorem 1. Let F : €* — R satisfy (1.7) with G € C*(IR,R). Denoting by g the
first derivative of G, we make the following assumptions:

(H1) g(x)x 2 0G(x), 0> 1VxeR.

(H2) G(0) = g(0) =0.

(H3) G(x) = 0 (Yx€R) and G(dg) > 0 for some Ay > 0.
(H4) 0<w<m.

Then there is an infinity of solutions of Eq. (1.5) in ()<, - oo W™ (R, C*). Each
of them is found by a min-max on the functional I”. They are of the form (1.8),
so they correspond to classical solutions of (1.9) on R, decreasing exponentially
at infinity.
For more general nonlinearities /', not compatible with the ansatz (1.8), we have
Theorem 2. Let F(¢) = A(|o®|" + b[gy o|P), with 1 < a,B < 3; A,b > 0.
Then there exists a non-zero solution of (1.5) in (Yy<, o WH(R?,C*) for
every o € (0,m).
In fact, we will prove a more general result:

Theorem 3. Assume that F:C* — R satisfies :

(HS5) 0 < F(o) < ar(lo|™ +[9[?), VoeC.
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Here,ay > 0and 2 < a1 £ op < 3.
(H6) F e CH(C*,R), F'(0)=F"(0)=0,

[F"(¢)] < az]@|27%, ay >0, for |g| large.
(H7) VF(p)¢ Z aF(p), o>2, YpeC'.

(H8) 3B >3, V6 > 0, 3C; > 0, Vo € C*,

VF(@)| < (3+CsF(@)?) ol

(H9) F(9) = a3|od|' —as, v > 1,a3,a4 >0,V € C*.

Then, for every w € (0,m), we can find a non-zero solution of (1.5) in
nzgq<+oo Wl’q(lea ﬂ:4)

Theorem 2 is clearly a consequence of Theorem 3.

To prove Theorems 1 to 3 we will use a linking argument. For a description
of the general linking method see [7]. In the case of Theorems 2,3, we need some
ideas introduced in [11,19] in the context of Hamiltonian systems, and we use the
concentration-compactness theory [12].

This paper is organized as follows. The second section is devoted to the proof
of the existence of linking critical levels for the functional /. In Sect. 3 we prove
some auxiliary results and a priori estimates. Theorem 1 is proved in Sect. 4 and
Theorem 2 and 3, in Sect. 5.

Section 2. The Linking Argument
We consider a functional of the form
)
°(0) = 1°(0) = S 1ol fogocsy » @ € HP(R, T,

where

1(0) = £ [ [0 (=53 +m®) ] dx — [ Flg)d’x,
2]R3 R3

under the assumptions (HS), (H6),(H9), and for 0 < w < m. [® is well defined

and of class C2 on E = H'2(IR?,C*).

We want to prove Theorems 1 and 3 thanks to linking arguments on /”. For
Theorem 1, the linking argument will work in the subspace of £ whose elements
are of the form (1.8), and will give a nondecreasing sequence (cy )vx1 of positive
min-max levels, assuming F of the form G(¢®). This will be done in part 4 of
this section.

For Theorem 3, the linking will give one positive min-max level c¢(w).

When studying these linkings for /®, we are faced with some difficulties, which

do not appear in classical linking situations (see e.g. [7] for a description of usual
linkings).
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The main one comes from assumption (H9), which in some sense is too weak:
it would be much easier to find the upper estimate on the min-max levels if we
had

F(p) = aslo|®,

instead of F(¢) = as|pp|’ for @@ large enough.

To deal with this expression @@, which may vanish even for large values of
|@|, some technical work has to be done. We start this section by a study of the
functional 1°.

I° splits in two parts, a quadratic one, %((p, Do) gy g, with

D= -y o + m°,

and a nonlinear one, — [ F(p)d°x. We have the following estimates, for any
o e C*
a3lop|" —as < F(o) < ai(|o|™ + |o|™)
(H9) (H5)

with aj,a3,a4 > 0, and 2 < 2v < max(«;, %) < 3. Moreover, we always have
F(o) 2 0.

Let us study D. It is a differential operator with constant coefficients. So, in
the Fourier domain & = (&y, &, &3), it becomes the operator of multiplication by the

matrix .
. , 0 0
D) = &)™ +m’ = <ék0.k é"g ) + ('g ) :

—m

where 01, 02,03 are the Pauli matrices defined in (1.2).

By classical calculations (see e.g. [4]), D(¢) has two eigenvalues, ++/m? + &2
and —y/m? + &2. As a consequence, the spectrum of D is sp(D) = R\(—m,m).

Note that the meaning of the assumption || < m already appears: it avoids any
degeneracy of (¢, D@)es — 20|12

Now, there is a natural splitting of E = H'/2(R3,C*) as a sum of two Hilbert
spaces E.,E_, each of them being stable for D, with sp(D|g, ) = [m,+oc0) and
sp(D|g_) = (—o0, —m].

Denote P4 the projection on E4 with kernel E+. In the Fourier domain, Py
1s a multiplication operator, by a matrix 7.(¢) which is a smooth function of £.
Moreover, 7,.(0) is the orthogonal projection from C€* onto €? x {(0,0)} and #_(0)
is the projection on {(0,0)} x C2.

Consider the following norm on E,

lolle = (.(DP, — DP_)@)}. ., = (9. |Dl)’}

1

= (f(@(5),[ﬁ(é)ﬁ+(é)—D(é)n—(ﬁ)lé(é))d3£> .

R3

This norm is equivalent to the classical H'2-norm, and for ||-||, E; and E_ are or-
thogonal, as well as for ||-||;2. Moreover, Yo € E, m||o|?, < |lo|[3.

Let us call E* the set of functions ¢ € E of the particular form given by (1.8).
E® 1s a Hilbert subspace of E stable for D. So it is stable for P, and P_, and,
denoting E% = E4 NE*, we have £ = E @ E* .
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Coming back to I°, we now give the key lemma which solves our problem
with (H9).

Lemma 2.1. Assume that (H9) is true, and take p > 0 and N € N*.

There is a radius R > 0 and an N-dimensional vector space Ey C E, such
that,

if @ € E satisfies ||P_¢||lr < R and (P19 € Ey,||P1o|le = R),

then 1°(p) < 4|2,
Moreover, we can impose Ey C EY,.

Note that, in Lemma 2.1, Ey and R depend on p, N. The dependence on N is
not very surprising. It would also be true if we had F(¢) = c|o|*". But in that
case, we could take Ey, R independent of u for N fixed. We do not know if the
same thing can be done with the estimate F(¢) = c|¢@|’, for |@®| large enough.

Corollary 2.2. Assume that (H9) is true with u,N,Ey,R as in Lemma 2.1.
Define M ={p € E/||P-0¢||lr £ R, Pr¢ € Ey, ||P+ollc £ R}, and 0.4 =
{p € | either ||P_ollg =R or ||P+ollr = R}.
Then, for any ¢ € 0.4 _ and o € [y, m], we have I1°(p) < 0.

Proof of the Corollary.

o If ||P_o||r =R and ||P,¢|| < R, then I“(p) < J(R* — R*) =0.
o If ||P_o||lz £ R||PLo||le =R, we apply Lemma 2.1, and obtain /®(¢) =
%) = $llollZ; < 3(u—o)el, 0. O

Proof of Lemma 2.1. We consider the vector X = ( ) € C*. Note that y°X =

coo—

X, D(0)X = mX, £.(0)X =X, 2_(0)°X =#_(0)X =0,
m(8) = 240), D) = D(0).

Given 4 > 0, we call V; the Hilbert subspace of E of functions ¢(x)
whose Fourier transform may be written @(&) = 6(|€|)X, with 60 arbitrary in
L*(([0, 4], ¥dr),R), and O(r) =0 if r = A

Clearly, V7, is infinite-dimensional and ¥V; C E*. So E; = P.(V;) C EY, and
since 7. (€)X — X as & — 0, E; is infinite-dimensional.

Moreover, given 0 < 5 < 1/2, there is A() > 0 such that, if 0 < 4 £ (),
then for any ¢, € E; with ||@,||lg =1:

>

N

(1) m| s [Fo g gty Z m(9;,7°0;) 21—

(i) Vo €E-) [(0-1 0l = Jllo-l2-

Given N € N* and > 0, we select an N-dimensional subspace Ey(n) of E;(7).
There is 4 = A(y,N) > 0 such that, for any e € Ey(n), with |le|]|p = 1:

(J) mHeHiZ(R%qﬂ) g m f (e(x)syoe(x))dSX g 1 - 1”,
[—A+4P
61)) (Vo €E_)| [ (e(x)y°0-())@x| < nllo-|l2msc)-

[~4,4P
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In the following discussion, we are going to choose n(u) > 0 and R(N,u) > 0
such that Ey = Ex(n(n)) and R = R(N, p) satisfy the conclusion of Lemma 2.1.

We consider ¢ = ¢ +e,¢_ € E_,e € En,||o_|le £ R, ||le||[r = R. There are
two possibilities :

(a) B (1 - ;) < [lo-|l; < R*. Then

1
I’(p) < <(P7D§0>E><E’

= 2@ ~llo-|})

2
< /.t—R2 < iu“e”LZ(RS)
~ 4m — 41 —-1n)

for 5 <

N —

u
§ ‘2_“(/)”22(11{3)

(0) llo-II < RA(1 = £5), hence [l |2, o) < £(1— £). Then

[ lool'ds =2 oot [ (9@)d’x
(.47 QAP
1
2 ———r| J dx(e’e)+2 [ dx(er’o-)
QA _J i
.
+ f d3X(<p—,v°qo—)’
(4, 4P
> l 21 —_ I’] 5 v
= (ZA)3(V——1) R m — 2R71H¢—|IL2(]R3) — H(p_l‘Lz(]lU)
1 v g
> - * —
= (2A)3(v—l)[ — ) = 2n/m — 2 < Zm)] —

2v

2 G [~ 2]

1 H o H
> (E YR, ifgs — B
= (24)0-D (4m2) U= i+ 2m)

So

°(¢)

I\

1 .

gllellﬁ - ( | a3logl ) +(24) a4
[—4,41

R? _

< > — KR +K, <0 if R=R(uA az,as).

Finally, we take n(u)= min(i, —£——), R(N,u) =R, and Lemma 2.1 is
2> dm(1+2+/m)
proved. [
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We now describe the linkings of Theorems 1 and 3.

A. The linking of Theorem 1. In this part, we assume that F satisfies (H5), (H6)
and (H9). We suppose, moreover, the following :

F can be written in the form F(@) = H(|o1|% |@2]*),

H10
(H10) with @; € €%, ¢ = (Zl) € €%, arbitrary, H of class C2.
2

Note that these conditions are fulfilled in particular when F is of the form (1.7),
with G satisfying (H1, 2, 3).

Let us now define VI® as the gradient of I* for ||-]|g-scalar product, that is,
VI® = |D|7'(I®Y. As a consequence of (H10), if ¢ € E¥, then VI®(¢) € E¥, and
a critical point of I“|gs is also critical point of /. Moreover, I is even.

Given 0 < u < 7 and N € N*, we consider .4 defined in Corollary 2.1, and
we define A° = M_NE’,0M° = 0.4_NE* C M (we have imposed Ey C E’,.
in Lemma 2.1).

From (HS5), there are 0 < r(u) < R(N, u) and p(u) > 0 such that

(a)gm-u: ian“(Zir)gp),

with
2 ={ocE /lolle =r(w)}.
We define the flow A°,¢ = 0 of VI®|zs by

{hg) = ldp
Lhe = VI®ohp.

VI® being locally Lipschitz, 4 is well-defined and continuous.

Moreover, I o h?(¢) increases as ¢ increases, w, ¢ fixed, so Corollary 2.2 im-
plies that A”(2Z5 )N o4 =0 Yt =20 VYo € [u,m— p]. Finally, we remark that
VIi“(p)=Prp — P_¢+ k“(p), where k® is odd, non-linear, continuous, and maps
bounded subsets of E* onto precompact subsets of E°.

So, by classical arguments (see e.g. [1,3]), we have the following result:

Lemma 2.3. We assume that (H5, 6, 9, 10) are true.

To 0 < p < % and N € N*, we associate R, M*_, 0.U°, v, p, X% as above.

Then, for any w € [uym — u) and t = 0,
YA ()N M) = N,
where vy is the genus (or Zy-degree) of symmetric sets.

Lemma 2.3 has an immediate consequence :

Corollary 2.4. With the assumptions and notations of Lemma 2.3, for o fixed in
[u,m — ul, we can define

en(w) = inf {sup I°(X)/X = —X C E*,
and (V1 2 0) y(h*(25)NX) = N}.
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If Ny < Ny, then cy (w) < cn,(w), and we have the estimates
0<p=cen(w) £y < 400,

where p depends only on (a, a1, o, u) and I'y on (a3, as, v, g, N).
Moreover, there is a sequence (Qn)nz0, Pn € E°, such that

I”(¢n) — en(w)

and
(1“’)'(4),,);»0 as n-— +co.

Proof of the Corollary. The monotonicity of (cx(w))y>1 is obvious.

In the estimate p < cy(w),p is the same as in Lemma 2.3. It satisfies inf
I"¥(2Z%) z p. For cy(w) < I'y, we choose I'y = sup I*(M_), where M _ is
associated to u, N as in Corollary 2.2. The existence of (¢,),»¢ is classical result
of min-max theory (see e.g. [1]). O

B. The Linking of Theorem 3. In this section, no symmetry assumption is made on
F, and we cannot use the space E°. In E, the gradient of / is of the form P, ¢ —
P_¢p + k”(¢p), as in part A, but k£ does not send bounded sets into precompact sets.
The reason for that is the invariance of the problem by translations in R3. Such
a situation has been studied, in the context of homoclinic orbits of Hamiltonian
systems, by Hofer and Wysocki (see [11]), and we will use their ideas to overcome
this difficulty. See also Tanaka [19] for another approach.

We suppose that F satisfies conditions (H5,6,9). Let 0 < u < 7 be fixed. We
consider R, E| associated to ¢ and N = 1 as in Lemma 2.1. We take ey € E;, with
lle+|lz = 1.

We define

N_={p=9_+le,/o- €E_|lo-|lr = R A€[0,R]}
and
oN_={p=q¢_+ e, € A _/ either ||p_|[r =R or A€ {O,R}}.

Since /¥ < 0 on E_, it follows from Corollary 2.2 that /“ < 0 on 0.4 _.

We also define 2, = {¢p € E; / ||¢|lg = r}, where 0 < r < R is chosen such
that, for any ¢ € £, with ||p||z < r, I" #(¢) 2 0, and that p = infy, I"7# > 0.
This is possible thanks to (HS).

We call 1 the flow of —~VI® = —|D|~!(I®) at time ¢ = 0, defined by

ne =  ldg
omP = ~VI®ony, welum—p]
We start with the following lemma:

Lemma 2.5. (H5, 6, 9) are supposed to be true, p € (0,%) is fixed, 2, N _, h?
are defined as above and w € [u,m — ul. Consider the mapping

Hw:]R_‘,Xz/Vﬁ—)E__XIR+

(t, @) — (P_on?(¢), ||Py on(@)|}).
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Then H® is a Fredholm mapping of class C' and index 1, and there is
e€>0 such that for any T =0, the vrestriction of H® to U,r=
(H®)Y"YB_(e) x [(r — )%, (r + &)*]) U ([0, T] x A"_) is proper.

Proof. We just give a sketch of proof. For similar (and more detailed) arguments,
we refer to [11], Lemma 4.4, and [15], Lemma 4.4.
We may write

VI®(¢) =P.¢p —P_¢ —w|D|"'¢ — |D|"'F'(¢),
and ¢ — |D|~'F'(¢) has a compact differential
x €E — |D|"'(F"(¢)x) €E at any point ¢ € E.
So, by variation of the constant,
1E(@) = exp {t(P_ — P+ + D" }-0 + K@) = Ligp + Ki(9),

K, :E — E is of class C! and has a compact differential at any ¢ € E. Moreover,

1
K, is compact from E to H}_.

As a consequence, 7, H® are Fredholm mappings of class C',#® has index 0,
and H® has index 1.

Given & > 0, let us take a sequence (#,,¢,) in Us,r such that H“(t,,¢,) =
(Yn,72) has a limit (Y.,72) as n goes to infinity. To end the proof of Lemma 2.5,
we have to show that for ¢ small enough, (¢,) is precompact in E.

After extraction, we may assume that ¢, tends to ¢, € [0,7]. We have ¢, =
Lty (Y +1mes) — L_ K, (0n) = @) + @2. The sequence (o)) has a limit ¢! for
the topology of E, and after a new extraction, there is @2 € E such that o2 — B¢?
for any compactly supported function f € C*(IR,R).

Let us denote ¢ = @2 — ¢2. It is not very difficult to prove that P_ o n’(¢;)
— 0 and that Hr];‘;((pi)H £ 1s smaller than » 4 2¢ for n large enough. So, choosing ¢
small enough, we find that

lim inf I°(¢}) = lim inf I” o n(¢}) = 0.

Since P, (¢3) — 0 as n — oo, this inequality implies that ¢> — 0 for the topology
of E. The sequence ¢, is thus convergent in E, and Lemma 2.5 is proved. O

Lemma 2.5 allows to work with a generalized version of the Leray—Schauder Z,-
degree, due to Smale [16]. Given T = 0, we may define V, 7 = U, s N ({T} x A7)
and dr = deg(H*(T,+), V,,7,(0,7?)).

We have dy = 1. From Corollary 2.2 and Lemma 2.5, dr = dy. As a conse-
quence, the equation H”(T, ¢) = (0,7%) has always a solution in V; r, and we have
the following result

Corollary 2.6. With the assumptions and notations of Lemma 2.5, for any t = 0,
NN )N 24 is non-empty.
So, if we define c(w) = inf,;»¢ sup I® oy{’(N _), we have the estimates
O0<p=cw)=T < +oc0,

where p depends only on aj,oy,0, 1, and I' on as,as, v, .
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Moreover, there is a sequence (Qn)nz0, @n € E, such that I1°(¢,) — c(w) and
Y (a)ller — 0, as n — .

Section 3. Estimates and Auxiliary Results

We start with a priori estimates for the solutions of the nonlinear Dirac equation
(1.5), obtained via the so-called virial theorem. These estimates do not give direct
a priori bounds on the norm of the solution in E. The indefiniteness of the quadratic
part of the energy functional /® (and even of the two pieces of it, the one containing
the derivatives and the 0"-order term) is one of the main causes for that. But the
nonlinear part makes things much worse. Indeed, even when F satisfies (1.7), we
see that the term Q¢ has a cancellation cone, and hence for any G, G(@¢@) can
never have good growth properties: it can be equal to 0 for small || and for large
[p| as well.

Proposition 3.1. Let F € C!(C* R) and let ¢ € H'(R3,C*) a solution of (1.5)
such that F(@) € L'(R?). Then ¢ satisfies

3
[ @ ocp, @) dx = 3 J (m(@9) — wlol’ —2F(¢))dx . 3.1
RrR3 RrR3

Remark. For the nonlinear Dirac equation (1.5), the above identity (3.1) is the
equivalent of the so-called Pohozaev identity for semilinear elliptic equations. For-
mally (3.1) derives from the fact that if ¢ is a critical point of 7/, then

w(o(0)

Proof of Proposition 3.1. We notice that the generator of the group ¢ — ¢(7) is
x-V@. We use this multiplier to prove (3.1).

Multiplying Eq. (1.5) by y° and taking the scalar product of this with x-V¢ we
obtain for all R > 0,

@ ocp, X 3;0)dx = [(VA(@), X' 0;¢)dx (33)
Br Bp

=0. (32)
t=1

where by VA(¢p) we denote —m°p + we + F'(¢).
Integrating by parts in Bg = {x € R3; [x|] < R} we obtain

Bf(VA((p), X 0;p)dx = —3BfA((p)dx —|—SfA((p)(x-n)da , (34)
R R R

where Sz = {x € R3; |x| = R}. Moreover

Re [ (Y orp, ¥/ 0,0)dx = — [ (Y orp, @) dx
Bg Bg

1 .
+ 5 ) (@ 0. 0)0en) + (I0,0.im1" 9)] do (3.5)
Sk

where n = (n,ny,n3) is the outward unit vector to Sg.
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Therefore, since @o, |@> and F(¢) € R,

. 0.k 3 3 2
B{ ((tv Y Ok, @) — Em(w) + Ewlq)l - 3F(<p))

= Rsf(lA(w)I +1Vollpl)do . (3.6)

Now, since ¢ € H'(IR*) and F(¢) € L'(IR?), there exists a sequence R, — +00
such that

Ry [ (IVollol + lof* + [F()]) do — 0.

Sk,
Then we take R = R, in (3.6) and prove (3.1). O

Let us now see why a solution of Eq. (1.5) which is in H#'?(IR?,C*) has more
regularity. This is done by using a standard bootstrap argument and the regularizing
properties of the inverse of the linear Dirac operator.

Proposition 3.2. We suppose that F satisfies (HS, 6, 7, 8), and we take w € (0,m).
If ¢ € E is a solution of (1.5) such that

(@) =T and ol giesy = K,
then for any q € [2,+400),
pe W I(R®) and lollpe = My,

where M, depends only on the constants ay,as,Cs, o1, 02,0, B, which appear in
(HS, 6, 7, 8), and on m,I',K (and q, of course).

Proof. From (1.5), we write
¢ =D '(F'(9)+ wp), with D= —iyp’y*0; +my° .
From (HS), (H7) and (1.5), we have

0 < (x—2)[F(p)d*x <20°¢) < 2T
R3

From (HS8), for any x € R?,

F'(9) + 00|(x) < (a3 + m)(1 + [F(0)|)]ol(x) -

By assumption, ||¢],2 = K. We want to improve this estimate iteratively.
Assume that we have obtained ||¢||zs < K, for some ¢ = 2.
Then, by Holder’s inequality,

=i

2r .

1
IF@ ol < 1F@Ilolle = (25) 5.

1 11
Wlth;——a‘f—ﬁ .
So ¢ = ¢ + ¢;, with

H(PIHWL2 + ”(PIHWLq =M, and H‘PZHWLP = Mp,.
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So |¢llyr, = M. Hence

1 1 1 1 1 1
o,y < Ky With——:—-———:——(———>
ol < Ky with =2 -2=1o (12

if this quantity is positive. Continuing this process, we prove the proposition. [

Proposition 3.3. Assume that F : C* — R satisfies (HS, 6, 7, 8). Then for every
pair of constants cy,c, there exists a constant M, depending only on cy,c,, such
that any solution ¢ € E of (1.5) for which

a =1%9) £ o, (3.7)
satisfies
J @ orp, @)dx| < M, (3.8)
R3
f}(m(@t)) —olof)dx| < M, (3.9)
R
[F(p)dx| <M. (3.10)
R3

Remark. The quadratic forms defined by the integrals in (3.8) and in (3.9) are not
definite positive or negative. Moreover, the subspaces of H'/? on which these forms
are either positive or negative definite are all infinite dimensional. Therefore (3.8)
and (3.9) do not provide a priori estimates for the solutions of Eq. (1.5) in any
Sobolev space. Inequality (3.10) could provide one if for instance F' behaved like
the sum of power functions at infinity. Nevertheless in the often encountered case
when F depends on ¢ through the function P¢ or a similar one, (3.10) again does
not provide any estimate.

Proof of Proposition 3.3. First of all, Proposition 3.2 implies that ¢ € H', and
from (H5), F(¢) € L', so we can apply Proposition 3.1 to ¢.
We multiply Eq. (1.5) by —¢* on the right and }° on the left. We obtain

[ (=% o, ) + m(Bp) — wlp|* — (VF(¢),9)] dx=0. (3.11)
]R3

From (3.1) and (3.7) we get

—6c; £ [ (7Y O, @)dx < —6cy (3.12)
]R3

which of course implies (3.8). Now, from (HS) and (H7) we have

J(VF(¢),9) 2 0. (3.13)
IR3

Therefore, (3.11)—(3.13) imply

[ (m(@9) — w|o|*)dx = —6c, . (3.14)
]R3
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Next we multiply (3.11) by —2 and (3.7) by 2a and add them. Then we have

(a—2) [ (m(Pe) — w|o|*)dx
]R3

< (2 —2) [y ke, ) dx + 20 [ F(@)dx
R3 R3
+ 20cy — 2f(VF((p),(p)dx
R3

< (@=2) [ (@Y 0kp,0)dx +20c; by (HT),
R3

This and (3.7), (3.12) prove (3.9) and (3.10). OO
Let us define two kinds of norms, that will be used in the sequel.

Definition 3.4.

e Given ¢ = 1, and ¢ : R*> — B measurable, where (B, |-|) is a Banach space,
we write 1

q
Uy(@) = sup (fl(p(x)l"dx) ,
1€73 \Q

where Qp = {(x", x>, X)) e R3/I' < x' < I' +1, Vi}.

U, is a norm on the Banach space “uniform LI (R> B).”

loc
e Given ¢ = 1, and ¢ : R® — B measurable, we define

1
2

Ny(p) = (Z [flwlqur

1€z’ (O

N, is a norm on the Banach space of functions for which it is finite. Note that
N, = ”‘||L2(1R3,B).

The following result will be very useful in Sect. 5:
Proposition 3.5. Let @ € (0,m) and B € (3,00). There are K > 0 and ny = 1,
which depend only on w,m,f, such that if ¢ € E, y € “uniform Lfac(]R3,lR),”
Qe E and : R — C* measurable, satisfy Do — wp = + Q, with |{(x)| <
x(x)-|@(x)| for a.e. x € R3, then

lollz < KUs(™ @l 2msy + [1+ Us(0]™ " 126 - (3.15)

Proof. We denote ¢ = (D — wl)~ 'Y, ¢ = (D — wl)~'Q. We know that N,(¢) =
lloll,2 is finite. We follow the same iterative scheme as in the proof of Proposi-
tion 3.2.

If, for some g = 2, Ny(¢) is finite, then

+

>

. 1
Ny(xe) £ Up(x)Ny(@) with > =

Q|-
= -

by Holder’s inequality. So,

Np(@1) + Ny(Vor) < COU(ON(9) ,
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and by Sobolev embedding,

Ny (1) < CVU(0Ny(9) ,

Il

S =
+

Wl
il

+ (lﬁ - %), provided this quantity is positive. We also have

QY
Q-

Ni(@2) £ CHpalle < CH|Qlg

and Ny (¢2) < N3(@2) if ¢' < 3, hence
Ny(@) £ CEUp(ONg(@) + 1R1l) . if ¢ £3.

. . . . . 3
Starjung Wlth qo = 2, we iterate the process, until g,, = 3, i.e. py, = 5.
By induction on n, we get

Ny 1 (0) = CO [Up™ ™ lollz + (1 + U0y - 120] -

So
N3 (@1) + N3 (V1) = Np, (1) + Np, (Vi)

< COUG) (U™ loll2 + (1 + Up()) 2+ |12]1g)

< CO U Nl + (1 + Up(oY ™" 12le] -
We have the Sobolev inequality

loills = €® (lo1l; + [Vouly) -

Moreover,
loalle < Qe

hence the proposition. [J
Proposition 3.5 has the following consequence:

Corollary 3.6. Assume that F satisfies (H5, 6, 8), and take w € (0,m).
Then there are 1y > 0 and Ko > 0 such that, if Uy(F(@)) < no, then ||l <
Koll?Y (@)l -

Proof. Combining (H8) and Proposition 3.5, we get
Lqn
lolle <K ([6+ CsUIF(@) ] ol
1 ng—1 wy/
+[1+ 8+ GUIE@D A (@) )
m
<Ylole ey < 120 kol
for & = J¢ suitably chosen, and U;(F(¢)) < no. Hence the result. [
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Section 4. Existence of Solutions in the Symmetric Case

We already explained in the introduction that existence and multiplicity results for
localized solutions of the O.D.E. system

u’+27u: v [g(? — u?) — (m — w)]

Vo= u[f(0* —u?) — (m— )]

can be found in [5, 6, 8, 9 and 13]. The first result (see [9]) is the existence of
one solution (u,v) of (1.9) satisfying #(0) = 0, v(0) > 0. Moreover u,v decrease
exponentially at infinity and u,v > 0 in R*. Cazenave and Vazquez made a number
of assumptions to prove it and in particular the nonlinearity g had to be monotone
nondecreasing. To our knowledge, the most general extension of their result is due
to Merle:

Theorem 4.1. ([13]). Assume that 0 < w < m and that g € C'(R,R) satisfies:

(1.9)

g9(0)=0, (4.1)
G(x) = (m—w)x  for x large, “4.2)
Gx)y)=(m—w)x=gx)+m—o. 4.3)

Then there exist functions u,v which are global solution of (1.9) with
u(0)=0, v(0) >0, (44)
and for all 6 € (0,m — w), there exists Cy > 0 s.t.
0 <u(r) <o)< Coe™” forr>0. (4.5)

Remark. Remember that G is defined by G(¢) = fot g(s)ds.
The most general multiplicity result can be found in [5].

Theorem 4.2. ([5]). Assume that 0 < w < m and assume that g € C'(R) is a
function satisfying

9(0)=0, (4.6)
g is monotone nondecreasing in (0,+00), 4.7)
g(x) > m+w for x large , (4.8)
g'(g7 (m—w)) > 0. (4.9)
Then there exists a sequence of global solutions of (1.9), (uy,,v,) such that
u,(0)=0, v,(0) >0 foraln, (4.10)
both u, and v, have n zeroes in (0,+00), (4.11)
(tn,vy) converges exponentially to (0,0) as r — +o0 . (4.12)

In this paper we also prove existence and multiplicity results for (1.9). Our
assumptions are different from those above, and somehow more restrictive. The main
additional assumption we make is (H1), which says that G is strictly superlinear.
This is a usual assumption one encounters when using critical point theory.

Our result concerning the symmetric case is thus less general than Theorems 4.1
and 4.2 above. But our method is completely different: we use variational techniques.
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This provides us with additional information about the “energy” of the solutions and
also estimates on their norm.

In order to begin our study about symmetric solutions of (1.5), i.e. solutions ¢
of the form (1.8), we first write the expression of the energy functional for this
particular class of functions.

If ¢ € E*, then

u _I“’((p)ﬁ*o‘)[, 2uv , ) 2
S<U>— e —Of w'v+— vu+m(v* —u’)

w(u2+v2)—6(u2—u2)]r2dr, (4.13)

and the Euler—Lagrange equation associated with the functional S is the O.D.E.
system (1.9).

Our main result concerning system (1.9) is Theorem 1. The remainder of this
section is devoted to prove it.

In order to use variational techniques to solve (1.9) let us first use an approxi-
mation procedure.

For every A = Ay, Ay defined in (H3), we consider a nonlinearity G4 which
satisfies what follows (denoting g4 = G/)):

G G(x), x| =4
N GU+ DA+ DT, x = A+,
Gy, CHR), G, =20 VxeR (4.14)
G, satisfies (H1) with g = g4 and 6 replaced by 7,
where # = min {0,3}
Notice that (H1) and (H3) imply that for 4’ > A+ 1, Gy = G4 on R.
Then for ¢ = 0 we define the functional S, . :
+00 2
Su.e (sz) = [u’v—k v Vu+ m(v? — )
0 r

— 0@ +1*) — G(v* —u?) — is’“i(u2 + u2)5/4] rrdr.  (4.15)

Note that the Euler-Lagrange equations corresponding to S, (‘;) =0 are

u + %; = v [ga(* — u?) + e(u? + *)* — (m — )]

Vo= u g —u?) + e+ ) — (m+ )] .

(4.16)

Our strategy to prove existence and multiplicity of solutions to (1.9) consists in
looking for critical points of S, ., and passing to the limit as ¢ goes to 0. Finally,
the critical points of S, o obtained by the above limiting procedure are shown to
be solutions of (1.9) for 4 large enough.
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Theorem 4.3. Under the assumptions of Theorem 1, for every A = Ay, &€ > 0, the
functional Sy . satisfies the Palais—Smale condition, and there exists a sequence

n
of distinct critical points of Sy, (l;;fve) such that

A&

un

no__ A, &

pa S =Su:|
A, e

with c" independent of (A Z Ay, ¢ > 0), p4 > 0 independent of ¢ € (0,&)], and
Che = Cﬁl’g for all "' = n. Moreover

lim ¢y =+oo forall 4,¢. (4.18)

n—+00

I\
ﬁ:

(4.17)

Proof. Let {(ﬁj )} be a sequence in E* such that

/ Uj . /
SA’E<Uj)j—>_-i—>ooo’ in E'. (4.19)
From (H1),
e} + 571352 4y S f Ga(v] — ) + (uj + 0}y *r dr
5 1 u; 1 u; u;
< - - S J ) _ ! J j -
s meGamg) (e () -3 (1) (7))
< Ci+o(lloslle)

for j large enough, where C; depends only on ¢ and ¢; is defined by (1.7). By the
definition of g4 and (H2) we have

|94@0)p + elo| | < Clo[* forall ¢.

Therefore by the regularizing properties of the inverse of the linear Dirac operator,

loillwrsnmrsymizgsy = C2+o(1 +lo)lle),

and by the Sobolev embedding,

lojlle = Cs

Next, the embedding of E* in LI(R?) is compact for 2 < ¢ < 3. Indeed, this
can be easily derived from the definition of H'/? as interpolation space between H'
and L? and also from the fact that X = {u € H'(IR*); u is radially symmetric} is
compactly embedded in LI(R?) for 2 < g < 6 (see [18 or 2] for a proof of it).

Hence, from {¢;} we can extract a subsequence, still denoted by {¢;}, such
that

@ — @. LR, 2<g<3 (4.20)
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for some function ¢, in E°. By our assumptions on g and g4, we can then pass to
the limit in (4.19) to infer that S’ (ﬁ:) = 0, where (';:) are associated to @, by

(1.8). Moreover (4.20) and the regularizing properties of LBI imply that
@ — ¢. in HA(RY), (421)

and therefore, from (4.19),

So S, satisfies the Palais—Smale condition.
For every 4 = Ao, ¢ > 0, the functional S, . satisfies all the properties nec-
essary for the application of Corollary 2.4. Therefore there exists a sequence of

positive min-max levels (cf“)n> o such that ¢} . = cﬁ';’g Vn' = n. The existence of
p4,c" is also given by Corollary 2.4. Moreover for every n, 4, ¢, the same corollary
shows the existence of a sequence {(“f )} satisfying (4.19) with ¢ = ¢} .. So, by

the Palais-Smale condition, there is a critical point at each level ¢ = ¢ . The fact
that lim,, 1o ¢} , = 00 is again a consequence of the Palais-Smale condition,
combined with classical properties of the genus (see e.g. [1]). O

Proposition 4.4. Under the assumptions of Theorem 4.3 and if () is any solution
of Sy () =0 with c; £ S4.(%)) < ca we have

+o0 2
S/ (u’v+ —Z—v —v’u) P dr

0

<M, (422)

+oo
[ (m(* —u*) — 0(® +u*))?dr| < M, (4.23)
0
+o0 4
0 [ (Ga(v® —u?)+ g‘g(v2 + YR dr < M, (4.24)

0

where M is a constant which depends only on c¢; and c;. This result is also valid
for e =0.

Proof. Let ¢ satisfy (1.8). Then the function F(¢) = G4(@¢) + (4¢/5)|p|>? sat-
isfies all the assumptions of Proposition 3.3. Hence (3.8)—(3.10) hold. Moreover
all the functions G4 satisfy assumption (H7) with a uniform constant o = 25 > 2.
Therefore, by Proposition 3.3 we infer that M is independent of ¢ and 4. J

Next we will be interested in obtaining some kind of a priori estimates for the
critical points of Sy ., independently of ¢ small enough and 4 = 4,. We first obtain
a uniform decay estimate at infinity.

Proposition 4.5. Let ¢),c; € R, g > 0 be fixed. Then for all 6 > 0, there exists
R > 0 such that for all ¢ € [0,g], A = A,

lu(r)? + [o(r)? £ 6* Vr 2 R (4.25)

for all (%)) € E° such that Sy () =0, ¢; = S4,.(}) < c2.
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m+w 2
_wu

Jul?+ Ivi2= 82

Hae=h>0

Fig. 1.

Proof. From Proposition 3.2, we know that |u(r)| + |v(r)] — 0 as r — oo, and we
want to find a uniform estimate on the convergence speed.
Take 0 > 0, and assume by contradiction that there are sequences r;, — +o0,

g — €€ [0,8], 4; = Ao and( )EES such that

lu;(r))? + o)) =8V,

U; Uu;
S‘;j,‘g] (1]]) =0 and ¢ = SA/,CJ (Uj) h I (4.26)

J

Now let us compare the functions u;,v; with the solutions of the Hamiltonian
system

{u’ = 0lga, (0 —u?) + (i + v*)* — (m - w)]
(427)

v = u[gAj(v2 —u?) + gj(u? + * )/ — (m + w)]

The corresponding Hamiltonian is the function

1 4¢;
Hyy (0) = 5 [GA,(v2 — )+ L+ P (@ i) + o + o)

for (u,v) € IR%.
From (H4), (0,0) is a hyperbolic equilibrium for (4.27). From (HI, 3), the
zero energy level {Hy, , =0} is compact. Moreover, from (H3), Hj, " “(u,v) —

2Hy, ;2 (1 — 1)(Gy, (v — 2)+ (1 4+ 1v?)°*) > 0, so that there is no other
equlllbrlum point than (0,0) in the domain {—h < Hy; ., < h} for A > 0 small
enough. It is not difficult to see that 4 can be chosen mdependently of j.

Studying the flow of (4.27) in the domain {—% < Hy . = h} (see Figure 1),
one easily obtains the following property:

For 6 chosen small enough, there are D,L,c > 0 independent of ; (but
depending on §), such that if (%, 7,) is the solution of the Hamiltonian system (4.27)
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satisfying #;(r,) = u;(r;),0,(r;) = v,(r,), then there exists 7, such that [F; —r;| £ D
and
G(0;(r) —u(r)) > 20 for all r € [F, — L,7, + L] . (4.28)
Now, for r; very large, the solutions (u;,v;) and (u%;,v;) are very close on
[rj=D—L,vj+D+L]. A precise proof of this property is given in [8],
Lemma 2.5. Therefore,
2 2
G(vj(r) —uj(r)) > o (4.29)
for r € [F; — L, 7; + L] and j large enough. But this contradicts (4.24) because of
assumption (H3). The proof is complete. [

The uniform asymptotic decay obtained above can be shown to be exponential:

Proposition 4.6. Let ¢y > 0 be fixed. Then for every cy,c; € R, there exist con-
stants R,K,o > 0 such that

[u(r)| + o(r)] < Ke ™, Vr 2R (4.30)

for all ¢€[0,6], A = Ay and for any critical point (‘v‘) of S4 . such that
1 = Sy (Z) =

Proof. Taking derivatives in (4.16) and after tedious computations we find the
following:

0" + (m? — ) = o(v) + o(¢v') for r large,
{ (m ) = o(v) + o(v') g 431)

—u" + (m* — 0*)u = o(u) + o(u') for r large.
We conclude by an easy application of the maximum principle. [J

Remark. Both the uniform decay and the exponential decay properties we proved
above are independent of ¢ € [0,&] and also of 4 = A4y. The main reason for this
is that the constant M in (4.24) is independent of ¢ and 4.

Now we have all the ingredients which are necessary to pass to the limit as
¢ goes to 0. We begin by deriving some a priori estimates.

Propeosition 4.7. For all ¢;,c; € R and ¢y > 0, there exists a constant C > 0 such
that for all € € (0,e0], A = Ao, (1) critical point of Su . satisfying ¢; < Sa. (¥) <
¢y we have

||u”L2 ((0,+oo); r2 dr) + ||U||L2 ((0,+oo); P2 dr) é c. (432)

Moreover, for every p > 1 there exists Cp(4) > 0 independent of ¢ € (0,¢], such
that

lellwromrsy = Cp(4), @ defined by (1.8) . (4.33)

Proof. From Proposition 4.6, there are R,C > 0 such that

lell ((Retoo): 12 dr) +ell . ((R+o0); 2 dr) =C.
Then (H1,3), (4.24) and G,4’s definition yield the existence of > 1, 49 > 0, M >
0, independent of ¢ € [0, ¢}, A = Ay and such that

M

+o00 2 2 _ 1 2 —ul|=4 A
‘ < —_—
f 7 drlv u 1 {|v?—u?| =40} G( O) =

00, (4.34)
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hence
Rdy MAy™"
3 G(4o)
Then estimate (4.23) together with Proposition 4.6 proves (4.32). Finally (4.33)
follows from (4.32) and Proposition 3.2. [

Joo? =l dr < (4.35)

We now can pass to the limit as ¢ goes to 0. The next step will be to obtain a
priori estimates independent of A.

Proposition 4.8. Let A = Ay be fixed. Under the assumptions of Theorem 1 and
(4.14), there exists an infinite sequence (u},v}) of distinct critical points of the
Sfunctional Sy, ie. solutions of (1.5) with g = g4. Moreover, for every n € N
there exist positive constants C,K,o,R independent of A (but depending on n),
such that

n n
”uA”LZ ((O,Jroo) 2 dr) + IIUAHLz ((O,+oo);r2 dr) é ¢ > (436)

Wi + |v3(r)] £ Ke ™™ VYrzR. (4.37)

Proof. The above series of lemmas and propositions provide us with the estimates
which are needed to pass to the limit in (4.16). Indeed Theorem 4.3 yields the
existence of an infinite sequence of distinct critical points of Sy .. Then we use

Proposition 4.7 and the compact embedding er;dz C LI(R%),2 < g < 6, to pass
to the limit. By doing this we obtain a nondecreasing sequence of positive criti-

cal levels ¢ o > 0 such that for every n, there is a nontrivial solution of (1.5),
(ufy,v%), such that Sy o (Z;) =cY - The estimates (4.36) and (4.37) then follow
A ,

from Propositions 4.6 and 4.7.
If the sequence cj  is strictly increasing, the proof is complete. Assume there-
fore that there exists # such that

do=ciy=c, (4.38)

Pt

and let us denote by K. the set of critical points of S0, (%), such that Sy o () = c.
If K, is not compact, its cardinal is infinite, and the proof is over.
To treat the remaining possibilities, we need the following lemma:

Lemma 4.9. Let A = Ay be fixed We assume that (4.38) holds and that K, is
compact. Then: .
(1) Let %,V be two bounded open sets in E* such that K. CU C U C V.
Then there exist constants 01,a,8 > 0 such that for all ¢ € (0,¢], for all
(’;) e(\uU)N {(';), Sa, e (“) € [c = 61, ¢+ 011} we have

v

u
1S5 () Nl 2 .
(it) For all € € (0,&], if (“) & U and if Sy, () € [c — b1, ¢ + 61], then
, (U
S (v)

This lemma has the following consequence (whose proof is standard and will
be omitted):

2 B(e) > 0.




Stationary States of Nonlinear Dirac Equation 345

Corollary 4.10. Under the above assumptions, there exists 0, > 0 such that for
any 0 < ¢ < ¢, there is a time T(c) > 0 with

it (h (r(a), (1‘))) <6 (4.39)

for all (1) & v and such that Sy . () < ¢+ 05, where by h, we denote the flow
induced by —VS, . = —|D|7'S/ ..

Proof of Lemma 4.9. /" is bounded in £*, and E® is compactly embedded in L¢
for 2 < ¢ < 3. As a consequence, S, o restricted to the domain 7"\ % satisfies the
Palais—Smale condition, and (i) follows from that.

From Proposition 4.7 and the same compact embedding as above, for ¢ > 0
small enough, any critical point (u,v) of Sy . such that Sy .(u,v) € [¢ — g, ¢ + o]
must be in #. But from Theorem 4.3, we know that S , satisfies the Palais—Smale
condition, hence (ii). O

Let us come back to the proof of Proposition 4.8. We make the same
assumptions as in Lemma 4.9. Let us take two bounded open neighborhoods of
K., such that W(K.)=(¥") and K. C % C % C 4,7 being the genus. By
Corollary 4.10,

b= (T f(2) 50 (2) s o} ~>>
o ({(0) s o)) <

But we also have d,+ y(7") = n. Therefore, y(K.) = 2, so K. is an infinite
set. [

17
lIA

Remark 4.11. Notice that Propositions 3.2 and 4.8 casily imply that (uf,v]) €
L>®(IR*)? for all n,4 = Ay. Moreover from it we infer that 1,(0) =0 V n,4d >
Agy. Our goal now is to prove that for every » these solutions are uniformly bounded
in (L> )7 independently of 4. Of course, that will show that for 4 large enough,
(uy,v) is a solution of system (1.9).

Lemma 4.12. Let n € N and (u,v")) as in Proposition 4.8. Then there exists
Cy > 0 depending on n but independent of A = Ay, such that

[03(0)] < . (4.40)

Proof. This easily follows from Lemma 2.9 in [8]. Indeed this result shows that
(0)(r) — ()*(r) = e *(v(0))* for all » € [0,1/w]. This and (4.36) allow us to
conclude. [

Proposition 4.13. For ecvery n € N there exists C; > 0 depending on n but inde-
pendent of A = Ao, such that

lillemey + 15llo@me) = Ca (441)

Corollary 4.14. For every n € IN there exists A(n) = Ay such that for all 4 >
A(n), (U, 0"y is a solution of (1.9).

Remark. Of course this proves Theorem 1.
Proof of Proposition 4.13. Let n € N be fixed.
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As in [8] we see that for all 4 = Ao,

d 4
5((v2)2(r) — Wy)(r)) = ;(uZ Y (r) — 4ouy(r)v(r) . (442)

Since by Proposition 4.7, u? and v/} are bounded in L*(0,-+o0;7*dr) uniformly
in 4 = Ao, (4.42) implies that for every p > 0, ((v")* — («})?) is bounded in
L (p,+00) independently of 4 = 1. Moreover (u,v;) is a solution of the system

) 1 +o0

uy(r)=—-3 S s204(s) [94(W))* = Wf)?) — (m — w)] ds
T (4.43)

vp(r) = = [ wi(s) [ga((0})? — (})*) — (m + )] ds .

Hence the above estimates and Proposition 4.7 imply that for any p > 0, uj
and v} are bounded in L°°(p,+o0) independently of 4 = 1. Indeed the uniform
exponential decay at infinity implies that v} and / are uniformly bounded in
L'([p, +00); 2 dr).

But lemma 4.12 and the definition of g, enable us to use a contraction theorem
in order to prove local existence of bounded solutions of (4.16) (with ¢ = 0) in an
interval [0,6], & > 0, with the initial values (0, v(0)). Moreover ¢ is independent
of 4 = Ay, as well as the estimate on |u(r)| + |[0j(#)| for r € [0,0]. Therefore, if
we choose p = J, the proof of Proposition 4.13 (and also of Theorem 1, by the
remark above) is complete. [

Section 5. Proof of Theorems 2 and 3

We start with the following result, which describes the behavior of bounded critical
sequences :

Lemma 5.1. Assume that F satisfies (HS, 6, 7, 8), and take w € (0,m).

There is Ay > 0 such that any non-zero ¢ € E, solution of (1.5), satisfies
1%(¢) 2 Ao

Moreover, if (¢n)nzo is a sequence in E such that ||@,||g is bounded indepen-
dently of n, and (I°Y(@,) — 0 in E',0 < ¢; £ I°(¢,) £ ¢; < 400, then there
are p non-zero solutions ¢',...,¢" of (1.5) in E, and p sequences (X))o -
(X Ynz0, Xi € R3, such that i+j = |X! — Xj| —,_00 00, and, after extraction,

on — iqﬁ"(- X1

E
Each ¢ satisfies I°(¢') € [ho,c2], and 1 < p < 2

Proof. The existence of 4y follows from (H7), which gives

2
HF((P)HL! = mlw(ﬁl)) >

and from Corollary 3.6.
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The existence of ¢',...,¢” can be proved thanks to classical arguments of
the concentration-compactness theory (see [12]): “vanishing” is forbidden by
Corollary 3.6.

The estimates on /*(¢') and p come from the inequality > 7, I°(¢') < ¢;. O

The main problem we have to face is to find an estimate on the E-norm of
appropriate critical sequences.

As in Sect. 4, we need auxiliary functionals. Assuming that F' satisfies (H5, 6,7,
8,9), we define, for ¢ > 0, ¢ € C*, F.(¢) = F(¢) + &|@|®2, where «; is the con-
stant of (HS).

Clearly, F, satisfies (H5,6,7,8,9). We also define

I2(@) =I1”(p) — & [ ||
IR3

= S{9.09) - Zlol: - JAo).

—

For ¢ fixed, we associate to [’ a positive min-max level c,(w) and a sequence
(@en)nzo in E, such that I”(@.,) —n—oo ce(w) and

”(]:))I(Qos,n)nE’ njoo 0,

thanks to Corollary 2.6. There is also a level c¢(w) corresponding to /®, and
() —p—00 ().
We have the following result

Lemma 5.2. Assume that F satisfies (HS),(H6),(H7),(H8),(H9), and consider
I?, ci(w) defined as above.
Then there is ¢, € E with (I”) (@) =0 and

0 < %‘3 S 19(9:) = @) for & small enough.,

where g comes from Lemma 5.1.
Proof. Let ¢ > 0 be fixed and {¢,} C E be such that

(I") (@n) — 0 and I(¢n) — ci(®) .

First we prove that ||@,||[r < C, where C is independent of n. We do this as
in the proof of Theorem 4.3. Then we apply Lemma 5.1 to {¢,}. This yields the
existence of at least one critical point of I, ¢, such that

0 < Ao(e) = [gw(q)s) =< c(w)
and .
0 < 20 < Jge)
2
for ¢ small enough. O

Lemma 5.3. Assume that F satisfies (H5,6,7,8,9), and consider the functions ¢,
found in Lemma 5.2.
Then for & small enough ||@;||;2(rs ¢4y is bounded independently of ¢ € (0,¢].
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Proof. We take &, such that F, §atisﬁes (H5,6,7,8,9) with constants a;,o;, «, 8, Cs, v
independent of ¢ € (0,¢;], and ’70 =< IP(¢:) = ci(w), as in Lemma 5.2, with more-
over c.(w) < 2c(w). From Proposition 3.3, each ¢, satisfies

m [(9:5;) — o [ |o,)| £ KO, (5.1)
1R3 ]R3

[Fu(ge) = K, KU independent of ¢ . (5.2)
R3

We take v > 0, whose value will be chosen later. Recalling the notation
01 ={(x", 22,33, I £x' < I+ 1 (Vi)}, n € Z?, there is a finite set L C Z°, with

KO

0 <Cad (L) = ’I—ﬁ , (5.3)
and such that
(1 €Z)\L= [F(p.) < nﬁ) . (5.4)
o]

We take R > 0, to be chosen later, and we define

Vg = {x € R/ dist (x, UQ,) < R}. (5.5)
IeL

There is a smooth function 6 : IR> — [0, 1], such that 6k =0 on ¥, Og =1 on
R3\ Vg, and ||VOg||zc < K(z),K(z) independent of R. We have

T

D(0ro;) — wOrep, = Or F.cf((Ps) +Qre s (5.6)
with

1 K®)

12eller = —=N12all2 = 5 llgellz2 »

and, from (H8)
1
10k Fl(90)] < (64 CoF (07 ) 0re] 5.7)

almost everywhere.
But, from (5.4), we have

1
Up ([5 + CF(@e)? ] 13 UQI>
IeL

=/

<04+ CsUy (F(%)IW\UQ,) < 0+GCsn. (5.8)
lel
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So, from Proposition 3.5,

<

[Oreell2 < ‘\% ([5 + Csnl™-(l@ell 2 + [1 + 6 + Ca'?]""_l'IIQR,s'{E’)
v

3)

K K
< 2-f e como w145+ oo K ol

D)
< \/5allodliz (59)
for 0 = dg, n = no and R = Ry suitably chosen. As a consequence,

m

f (@:0:)

w
< louliage, - (5.10)
]RS\VRO

Now, from (H9), (5.2), (5.3) and (5.5),

1
y—1 , Y
m| [ (@) < m(Vol(Vgy)) ™ (f I(pa@l‘)
VRO VRO
i
< KW (fF(¢s)+ 1) < K® . (5.11)

Combining (5.1) with (5.10) and (5.11), we get

ol @cll2gsy < KO +m [ ()

R3
w
< KO 4 Enq)aniz(w) +K® | (5.12)
and
2(K + KO
2 6

lloms) = ———— =K© (5.13)

which proves the lemma. [

Combining Lemma 5.3 and Proposition 3.2, we find that ¢,, solution of

Do, — 0@, = F,(¢:) = F'(9:) + 622|020, (5.14)

is bounded in E (and even in any W'4 g € [2,00)) independently of & € (0,¢].
So

llod= il = O(llod= il 2 )
L

12‘

= 0(|lgll%, ) = 0(1), (5.15)

hence
I°Y(@)ller =0 as &—0. (5.16)
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Moreover,
A
0< 2 =10 £ ) +ellodlfy - co).

Applying Lemma 5.1 to (@i/n)nz0, We find ¢ € E such that (I*)(¢) =0,
0 < 2y <I°9) £ c(w).

From Proposition 3.2, ¢ is in [, WL4(R3,C*), and Theorem 3 is
proved. O N
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