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Abstract: We study the initial value problem for the Whitham averaged system
which is important in determining the KdV zero dispersion limit. We use the hodo-
graph method to show that, for a generic non-trivial monotone initial data, the
Whitham averaged system has a solution within a region in the x-¢ plane for all time
bigger than a large time. Furthermore, the Whitham solution matches the Burgers
solution on the boundaries of the region. For hump-like initial data, the hodograph
method is modified to solve the non-monotone (in x) solutions of the Whitham av-
eraged system. In this way, we show that, for a hump-like initial data, the Whitham
averaged system has a solution within a cusp for a short time after the increasing
and decreasing parts of the initial data begin to interact. On the cusp, the Whitham
and Burgers solutions are matched.

1. Introduction

In this paper, we study the Whitham averaged system:

Bir + 4i(B1, B2, B3)Bx =0, i=1,2,3, (L.D)
where
(BB ) = 2081+ + o) + 41— )
a(Bi B B3) = 2(B1 + B2+ o)+ 482 = ) g s
(BB 3) = 2B+ B2+ o)+ 42 — o) s (12)
and

BB
ST h=ps
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K(s) and E(s) are complete elliptic integrals of the first and second kind. Equation
(1.1) was first found by Whitham [17], and its hierarchy was found independently
by Lax and Levermore [7, 8], and Flaschka, Forest and McLaughlin [3].

The zero dispersion limit of the KdV equation can be determined by an initial
value problem of the Whitham averaged system (1.1) and its hierarchy [7, 8, 16].
This initial data is the same as the KdV initial data. Solutions of the different
systems of the hierarchy are matched naturally on the phase transition boundaries.
In particular, the Whitham solution of (1.1) would match the solution of the Burgers

equation:
Bt + 6ﬁﬁx =0

on the boundaries separating the Whitham and Burgers solutions. The Burgers equa-
tion and the Whitham averaged system (1.1) are the first and second members of
the Whitham hierarchy, respectively.

The investigation of the initial value problem of the Whitham averaged system
began with Gurevich and Pitaevskii [4]. They solved the initial value problem of
system (1.1) for step initial data, and studied numerically the case of cubic ini-
tial data. However, the structure of system (1.1) and its hierarchy was understood
only during the last decade. Dubrovin and Novikov [1, 2] developed a geometric-
Hamiltonian theory for the hierarchy. Based on this theory, Tsarev [15] was able
to prove that each member of the hierarchy can be solved by a hodograph method.
This method was put into an algebro-geometric setting by Krichever [5]. Using the
Tsarev—Krichever approach, Potemin [10] and Wright [18] managed to solve the
initial value problem of system (1.1) for cubic and cubic like initial data, respec-
tively.

Another way to make use of Tsarev’s hodograph method is to further transform
system (1.1) into a linear overdetermined system of Euler-Poisson—Darboux type
[11, 12, 13], 2 5 s

q q q ..
20~ B 3pog =35 a0
aB.B. B =f(B), i+J, (1.3)

where x = f(u) is the KdV initial data. Part of this result was also obtained by
Kudashev and Sharapov [6]. All the other members of the Whitham hierarchy are
also connected with higher dimensional linear overdetermined systems of Euler-
Poisson—Darboux type [14].

System (1.3) has a unique solution, and its solution can be written down expli-
citly. This explicit expression of solution to system (1.3) enabled the author [11, 12]
to solve the initial value problem for decreasing initial data with only one inflection
point.

In this paper, we consider the initial value problem for the Whitham averaged
system for generic decreasing and hump-like initial data. We show that for a generic
decreasing initial data, the initial value problem for system (1.1) has a solution for
t bigger than a large time. Tsarev’s hodograph method is modified to solve system
(1.1) for hump-like initial data. We show that the Whitham averaged system has a
solution for a short time after the increasing and decreasing parts of the hump-like
initial data begin to interact.

This paper is organized as follows. In Sect. 2, we describe in detail the initial
value problem and the hodograph method. The Whitham averaged system in the
case of generic decreasing initial data is solved in Sect. 3 for large time. In the last
section, we solve the initial value problem for hump-like initial data.

=123,
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2. A Hodograph Method

In this section, we describe the initial value problem of the Whitham averaged
system, and introduce the hodograph method. Properties of system (1.1) will be
discussed, and some known results will be presented.

Consider a horizontal motion of an initial curve u = uo(x). Each point on the
curve has a different speed. Initially, the curve is expressed by a single valued
function u = f(x,t), and the motion of each point is given by the Burgers equation:

ﬁt + 6ﬂﬂx =0,
B(x,0) = uo(x) . (2.1)

At a later time, the evolving curve can only, in general, be given by a multi-valued
function with an odd number of branches: u = fi(x,¢),k = 1,2,...,29 + 1, where
Prg+1 < P2g < -+ < P1. These branches move according to the (g + 1)th system
in the Whitham hierarchy. In this paper, we concentrate on the three branch case.
Therefore, the motion of f;, > and f3 is governed by the Whitham averaged system
(1.1).

Within the multivalued region, f;,, and f; satisfy system (1.1) while outside
it, the single branch f is given by the Burgers equation (2.1). The Whitham and
Burgers solutions are matched naturally on the boundaries.

a) At the trailing edge:

B1 = the Burgers solution defined outside the region .

B2= P . (22)
b) At the leading edge:

Bi=5.

B3 = the Burgers solution defined outside the region . 2.3)

The initial value problem of the Whitham averaged system is to determine the
multibranches f;,$, and f; with boundary conditions (2.2) and (2.3) from the
initial curve u = ug(x).

Complete elliptic integrals K(s) and E(s) have some well-known properties. As
—1 < s < 1, we have:
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o s, 9, 13---2n— 1\,
K“’*z[”ﬁa”“'*(w)” 24)
o s 3, 1 1-3--@n—1\* ,
E©)=3 [1_4 6a’ ~ _2n—l< 2-4--2n ) g
(2.5)
while, as 1 —s <« 1, we have:
1 16
K(s) -2—log T3’ (2.6)
E(s)~1+-1—(1—s) lo 16 -1 2.7
~iTg 1 s : '
Furthermore,
dK(s) E(s)—(1—95)K(s)
- 2.8
ds 2s(1 — ) ’ (28)
dE(s) E(s) — K(s)
ds 2s ’ (29)
It immediately follows from (2.4) and (2.5) that:
1 K(s) 1-3%
fi . 2.1
=% E(s)<1—s’ or 0 <s <1 (2.10)

Using (2.10) in (1.2), we obtain: for f; > S, > fs,

A =21+ B2+ B3) >0,
A2=2(B1+p2+p3) <0,
A3=2f/+P2+PB)<0O0. (2.11)

By (1.2) and (2.4)(2.7), we find that 4;, 4, and A3 have behavior:
1) At B = B3:
j'l(ﬂl’ﬁ39ﬂ3) =6ﬂ1 >

22(B1, B3, B3) = 23(Br, B3, B3) = 123 — 6B . (2.12)
2) At B = Ba:

A1(B1, B1, B3) = A2(B1, B, B3) = 4P1 + 2B, (2.13)

A1(Br, B1,B3) =6ps . (2.13)

The Whitham averaged system (1.1) is a strictly hyperbolic and genuinely non-
linear system. In fact, we have [9]:

Lemma 2.1. For ﬂ] > ﬂz > ﬂg,
i) Strict hyperbolicity:
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M (Brs B2y B3) > Aa(Brs Bos B3) > A3(B1s Ba, B3) - (2.14)
ii) Genuine nonlinearity:
04i(Brs o, B3)
B
Other results are given in the next lemma [11, 12].
Lemma 2.2. For f; > f, > fs,

023 < 32— < 04,
Bz 2P—B OB’
The most remarkable feature about the Whitham averaged system is that it can
be solved by a hodograph method. More precisely, we have [15]:

0, i=123. (2.15)

Theorem 2.3. If wi(B1, B2, B3)’s solve the following linear overdetermined system:

6w,- _

.87'_ aij(ﬂlyﬁZ: B3) [wi - W]] ) l’_] = 112a3 l:#:.] 5 (216)
j
where
24
0B;
@B BosBr) = T, hj=1.23 %), @17)
i T A
then the solution (B1(x,t), B2(x,t), B3(x,t)) of the hodograph transformation:
X = /’{i(ﬁl,ﬂbﬂii)t + wi(ﬂl’ﬂ25ﬂ3)$ i= 13253 (218)

satisfies system (1.1). Conversely, any solution (i, [, P3) of system (1.1) can
be obtained in this way in the neighborhood of (xo,ty) at which B;.’s are not
vanishing.

We shall use the hodograph transform (2.18) to construct the Whitham solution
satisfying boundary conditions (2.2) and (2.3). First, system (2.16) needs to be
solved for w;(f1,B2,53)’s. In this respect, we want to understand what kinds of
boundary conditions should be imposed on w;(f1, B2, f3)’s.

Clearly, the Burgers solution of (2.1) outside the multivalued region satisfies
the characteristics equation:

x=6Bt+ f(B), (2.19)
where f(u) is the inverse function of the decreasing initial data u = uy(x).
By (2.2), (2.3), (2.12), (2.13), (2.18) and (2.19), we see:
At the trailing edge:

wi(B1, B3, B3) = f(B1) »
w2(B1, B3, B3) =ws(B1, B3, B3) . (2.20)

Similar conditions hold at the leading edge:

wi(B1, B, B3) =wa(B1, 1, B3) »
w3(B1, B, B3) = f(B3) . (2.21)
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Motivated by the above observation, we consider system (2.16) with boundary
conditions (2.20) and (2.21). We shall explicitly construct all the solutions to this
boundary value problem. This is carried out in the next two theorems [11, 12].

Theorem 2.4. If g(B1, B2, f3) is a solution of:

0% 0
208 — ")EEégB} 51-;’-1 - % ij=1273, (2.22)

then (wy,wy, ws) given by:

wilBo B Bs) = 3 Ui 2B+ B+ Bl ok 4, =123 (24)

op;
solves the boundary value problem (2.16), (2.20) and (2.21). Conversely, every
solution of (2.16), (2.20) and (2.21) can be obtained in this way.

Theorem 2.5. The boundary value problem (2.22) and (2.23) has a unique solution.
This solution is symmetric, and is given by:

flflf(1+u1+vﬂ +___g1—v13 4 2uﬁ3)
q(B1, B2, B3) = dudv. (225)
Vo ) V= (1 =)

The hodograph transform (2.18) with w;’s given by (2.24) and (2.25) needs
to be solved to produce the solution to system (1.1). More precisely, we have
[11, 12}:

Theorem 2.6. Consider a decreasing initial data x = f(u). Suppose that f(u) has
only one inflection point and that f"'(u) < 0 beyond this inflection point. Then
the hodograph transform (2.18) with w;’s given by (2.24) and (2.25) can be solved
for By, B, and B3 within a cusp in the x-t plane for all time after the breaking
time of the Burgers solution of (2.1). Furthermore, these By,B, and B3 satisfy
boundary conditions (2.2) and (2.3) on the cusp.

Theorems 2.3 and 2.6 immediately establish {11, 12]:

Theorem 2.7. Under the conditions of Theorem 2.6, the Whitham averaged system
(1.1) has a solution (B1, B2, B3) within a cusp in the x-t plane for all time after the
breaking time of the Burgers solution of (2.1). Furthermore, this solution satisfies
boundary conditions (2.2) and (2.3) on the cusp.

Local conditions on f(u) will give short time results [11, 12].

Theorem 2.8. Consider a decreasing initial data x = f(u). Suppose that u* is
the inflection point that causes the breaking in the Burgers solution of (2.1), and
that f"'(u) < 0 locally in a deleted neighborhood of u = u*. Then the Whitham
averaged system (1.1) has a solution (B, B2, p3) within a cusp in the x-t plane for
a short time after the breaking time of the Burgers solution of (2.1). Furthermore,
this solution satisfies boundary conditions (2.2) and (2.3) on the cusp.

A hump-like initial data can be decomposed into a decreasing and an increasing
data. It is known that the decreasing part causes the Burgers solution of (2.1) to
blow up, while the increasing one does not. These two data would not interact
with each other for a short time after the breaking of the Burgers solution. As a
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consequence, a short time result similar to Theorem 2.8 holds for a hump-like initial
data [11, 12].

Theorem 2.9. For a hump-like initial data whose decreasing part satisfies condi-
tions of Theorem 2.8, the Whitham averaged system (1.1) has a solution (f1, B2, B3)
within a cusp in the x-t plane for a short time after the breaking time of the Bur-
gers solution of (2.1). Furthermore, this solution satisfies boundary conditions (2.2)
and (2.3) on the cusp.

3. Large Time Results for the Whitham Averaged System

In this section, we study the initial value problem for the Whitham averaged system
for large time. We shall show that for generic decreasing initial data, the Whitham
averaged system has solutions after some large time. The main idea is to use the
hodograph method to solve the Whitham averaged system for large time.

For convenience, we consider a smooth decreasing initial data u = u(x) which
is bounded at the infinity:

lim uy(x) =a, lim wup(x)=0>
X——00 xX—+00

Other types of decreasing initial data will be considered later in this section. The
inverse function x = f(u) of the initial data is defined over (b,a), and behaves as:

lim /() = —o0, lim f(u) = +00. 3.1)

First, we have:

Lemma 3.1. Consider a decreasing initial data x = f(u) deﬁned over (b,a). Sup-
pose that in addition to (3.1), f(u) satisfies:

f/l/(u) < 0

in the neighborhood of u=a and u=>b. Then there exists a 6 > 0 such that

q(B1, B2, B3) of (2.25) satisfies:

3

0
—_— N N <O, k=1,2 d++k=3
aﬂiaﬁéaﬂ’;q(ﬂl B2, B3) and i+ j

fora>p=Zp =phs>bandd > fF—5b>0.

Proof. We first claim that

f"(u) <0, in a neighborhood of u =a;
f"(u) > 0, in a neighborhood of u="5. 3.2)

We shall prove the first inequality by contradiction, and the second one can be
shown in the same way. Suppose that the first inequality of our claim does not
hold. Since f”’(u) < 0 in the neighborhood of u = a, we must have f”(u) > 0
near u = a. This implies that f’(u) is increasing in the neighborhood of # = a, and
that therefore, f’(u) is bigger than a constant when u is near a. A simple integration
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would prove that f(u) is bounded from below in the neighborhood of u = a. This
contradicts the assumption (3.1), and the claim is justified.
It immediately follows from (3.1) and (3.2) that

lim f'(u) = —oo, li_tgf'(u) =—00. 3.3)

Choose a; and by such that a > a; > b; > b, and that
") < 0, outside (b1,a1) .
By (2.25), we obtain:
33
oF 6ﬁ§aﬂkq(ﬂl’ﬂz’ﬂ3)
ﬂlfﬁgf”’(f)(f BsY*i(n — ey—hae

ﬂz (n - Bs)?

fora > By > B, = B3 > b, where

By =yt (n— ) " 2an

1
2n(B1 — B2)+

Since f"(u) < 0 outside (b1, a;), it suffices to show that there exists a 6 > 0 such
that

C=

f"f'"(f)(é — B3 (- f)"‘%df <0, foralnz=b (34)
B3

when 0 < 3 — b < 0.
For a fixed small g > 0, we have:

ﬁf"f’"(é)(é — By iy — & Hae

ff"'(f)(é BsY*i(n - eY~tde + 1f FENE = Bs)H(n — &Y 2de

bl —&

s f LF"(ONE = Bs)H(n — &Y~ 1 + sg_f ;f FIENE — By dE .
b~y 3
(3.5)

The first term is uniformly bounded for all f; € (b,a) and 5 € [b;,a), and the
second one can be decomposed into:

bi—a o
ﬂf F(ENE - B3y ae

=(b1—¢e —B3)f (b — &) — f'(br — &)+ f'(B3), wheni+j=1
or

= (b1 — &0 — B3)* /(b1 — &) — 2(by — &0 — B3)f" (b1 — &)

+2f(b1 —e)—2f(P3), wheni+j=2.
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This when combined with (3.1) and (3.3) proves:

by—¢p

[ W)€ = B3)HdE — —oco, as f3 — b,

B3

which together with (3.5) implies (3.4). Therefore, Lemma 3.1 is proved for the
case i > P2 = P;. The rest of Lemma 3.1 will be shown as follows.
At By = Ba, by (2.25) we have

3

aﬂnaﬂfaﬁkq(ﬁl’ﬁ%ﬁﬂ_lef'"(é)(é B (B - o hae,

where

1
= 7 f(1+V)"7(1-V)’ tdv.
2 (B — B3)2 -1
This and (3.4) prove Lemma 3.1 at f; = f,. The proof of Lemma 3.1 is completed.
We need the next two lemmas.

Lemma 3.2. Under the conditions of Lemma 3.1, we have:
hore)
lim
ﬁl—’“ﬂ{ VE—B3
M)
lim
B3 —b 1{ VE— B

Proof- By (3.2), we can choose a, and b, such that a > a, > b, > b, and that

(B — &)dE = —o0, for each ;5 € (b,a),

(B — &dE =+o0  for each By € (b,a) .

f"(u) <0, foru>a,,
f"(u)y >0, foru<b,.

For each f; € (b,a), we can choose @, such that max{f;,a,} < @, < a. Thus,

? S
ﬂ3 V f_ﬂ3

B @

=/+]

o B

(B — &)d¢

" C9)
< — dé+ d
ﬁ1 5 a{f (OB — ¢ f ,—'B3(ﬂ1 $)ds

m[ f'@)Br = @)+ f(Br) — f(@)]

”(é)
d
+ [ I ode

for B1 > a,. This and (3.1) prove the first limit of Lemma 3.2. _
As to the second limit, for each f; € (b,a) we choose b, such that b < b, <
min{f;,b,}. Therefore,



)
— &)
ﬁ{ f—ﬁg(ﬂl &)dé
B b
=!+f
b2 ﬂ3
Bi=by o r B
> Bzl oy - + - &)de

for B3 < b, which when combined with (3.3) proves the second part of Lemma
3.2

In the same way, we can prove the next lemma.

Lemma 3.3. Under the conditions of Lemma 3.1, we have:

B
pl,iTanlf"(é)(f = B)V B — &dl = —o0, for each B3 € (b,a),

By
Jim, [0 = Ba) /B = 8 = o0, for each fy € (b.a).

We are now ready to use the scheme of Sect. 2 to solve the Whitham averaged
system for large time. We need to solve system (2.18) with w;’s given by (2.24)
and (2.25) for 5, f, and f; as functions of (x,1).

System (2.18) is simplified as follows. Eliminating x from (2.18) yields:

F(taﬂl’ﬂbﬂ3) =0 5
G(t, BDBZ’ .83) =0, (36)

where
F = (At +wy) — (ot +wa),

G =Lt +wy)— (A3t +ws).
Substituting (1.2) and (2.24) into system (3.6), we obtain:

F‘(tsﬁbﬁbﬂ?:) =0,

G(t, B, 2, B3) = 0, €X))
where
N B B,
F(t, B1,Bor B5) = m}ffl_m_;
—a4| L 1 oq s Lo
_4[% <t+ 56—31) T E) - (- 9K (’* 2632)] ,
G(t,ﬂl,ﬂz,/ﬁ) = M

(B2 — B3)

(1 —$)K(s) ( léq_)
Es)-(-sk@ U

29,
K(s) 1 0q
TE®-K® (’ N 5%)} ' G

~
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Clearly, system (3.6) is equivalent to system (3.7) in the region f; > f, > fs.
The reason to consider system (3.7) is obvious from the fact that system (3.6) is
degenerate at the trailing edge (f; = f3) and leading edge (f; = B,), while system
(3.7) is not. We shall first solve system (3.7) at both the trailing and leading edges.

Lemma 3.4. Under conditions of Lemma 3.1, there exists a t— > 0 such that
system (3.7) has a unique solution (By (¢),B5 (¢),B5 (¢)) with B (¢) > 5 (t) =
B5(t) forallt > t.

Proof. Using (2.4) and (2.5) in (3.8), we find:

F(taﬁl’ﬂ29ﬁ3)=;8z_[(l+4s+-6l4s +- )(t-l_%%)
1 1 1 dq
+2(1~—§s—§s+ )(H_E%)]’

G(t, 1, B2, B3) = — 4[<1 - %S"r = ) 2(pr - ﬂs)aﬁ 9

+ (—% +) (t+ %—gg;)] . (3.9)

Therefore, at the trailing edge f, = 3 where s = 0, (3.7) becomes:

6t + % + 2—66—;;3- =0,
209~ Bzt -3 [+ 322 <o,
Substituting the first equation into the second one, and using (2.22), we obtain:
U(t,ﬁx,ﬁ3)=6t+ 5, (ﬁ1,53,53)+2 /f 9 (Br.BruBr) =0 (3.10)
V(Bi,B3) = 6[3 6ﬂ (ﬂl»ﬂ35ﬂ3)+4aﬂ T (B, B3,P3) =0 (3.11)

By Theorem 2.5, (2.25) can be rewritten as:

L (SRR + R + 1)

q(BI’BZ’ﬁ3) = f f (1 — #)(1 — VZ)

dudv .

Substituting this into (3.11), we have:
Lp 1—p
3 LB+ S
V(B1,B3) = V2 f ( = )
16 Vi—p

_ 1 f fl/(é)
4B — B2 VE— B

(I +wdu

(Br—O)d¢.
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First we want to solve (3.11) when f; is close to b. Choose a fixed El €
(b + 4,a), and it follows from the second limit of Lemma 3.2 that we can find a
B3 € (b,b + 5) such that

V(Bi.B3) > 0,
where § is given in Lemma 3.1. On the other hand, by the first limit of Lemma
3.2 we can also find a #; > f; such that

V(B B5) < 0.

These two inequalities show that there exists a f} > 5 such that
V(BT B3) =0

Denote ¢~ by

(ﬁl’ﬂ37ﬂ3)+26 (Bt ﬁé‘,ﬂé‘)] >0. (3-12)

[513 Ps
where we have used (2.25) and the assumption that f + <0 in the inequality.

Hence, (¢7, B}, B3 ) satisfies (3.10) and (3.11), and B3 € (b,b + §). Before we pro-
ceed, we need the following lemma.

Lemma 3.5. Under the conditions of Lemma 3.1, we have:

&q P*q Pq
= <0, =— <0,
0p10p>  0P10Bs op?
2 2 2
d o°q _ 0%q _3 79 d0*q >0

B 5,33 0B20PBs
on the solution (P, B3, B3) of (3.11), wherea > B, > B3 > bandé > B3 —b > 0.

Proof. By (2.22), we have:
N
2 a4 _
B~ B 3505: = 35~ 75
Taking derivative with respect to f3 yields
Pq Pq Pq
_ =2
oi0Bs ~ oBafs P agapas
This and Lemma 3.1 imply

q - ?q
0p10Bs ~ 0B20Bs °
which together with (3.11) proves:
& q Pq
- > (), _
0B20B3 0B10Bs

The rest of Lemma 3.5 can be shown in the same way.

<0.
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We now continue the proof of Lemma 3.4. Using (3.11), Lemma 3.1 and Lemma
3.5, we calculate partial derivatives of U and ¥ on the solution (1, fi3, f3) of (3.11),
where f5 € (b,b+ J):

oU % *q

41, 24y,

0B 0B " 0P10Bs

oUu *q *q

— =2 +8 =0,

0By 0P10Bs 0P20Ps

v g »q

7 = +4 <0,

op1 0Bty 0B10P20B;

ov »q »q »q > q

+4

3B~ oBaBa0s T opioi T omzaps T YapaoiE = O

Therefore, by the Implicit Function Theorem, (3.10) and (3.11) can be solved for:
By (1) =A(r), By (1) =B(t) (3.13)

in the neighborhood of #~, where ¢~ is given by (3.12). It can easily be checked
that 4(¢) and B(¢) are increasing and decreasing with time, respectively. Therefore,
B3 (t) keeps closer to b as ¢ increases. Repeat the Implicit Function Theorem; we
see that (3.13) are defined for all ¢+ > ¢~. This proves Lemma 3.4.

At the leading edge f; = B, where s = 1, it follows from (2.6), (2.7), (2.22)
and (3.8) that system (3.7) turns out to be:

1 0q _
t+ Ea_m(ﬁl,ﬁl’ﬂ3) =0,

1 d0q B \
t+§6—ﬂ3(ﬁl’ﬂl’ﬁ3)_0' (3.14]

In the same way as we handle Lemma 3.4, we can use Lemma 3.3 to solve the
above system for f, and f; as functions of ¢. Therefore, we have:

Lemma 3.6. Under conditions of Lemma 3.1, there exists a t > 0 such that sys-
tem (3.7) has a unique solution (B} (t), B3 (t), BT (¢)) with () = B () > BT ()
for all t > t*.

The following lemma is obvious.

Lemma 3.7. On the solution (t,B1, B2, P3) of (3.6) [or equivalently (3.7)] in the
region Bi > B, > B3, we have:

Whit+w) _ o o ij=1,23 ity
op;

Proof.
a().it + Wi) _ 04; ow;

B, B op;
= a;j(B1, B2, B3)[(Ait + w;) — (At +w;)]
=0 s
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where we have used (2.16) and (2.17) in the second equality, and (3.7) in the last
one. This proves Lemma 3.7.

By Lemma 3.4, (B (¢),B; (¢),B; (t)) satisfies system (3.7). For each fixed
t > t~, we need to solve (3.7) for f; and f3 as functions of B, in the neigh-
borhood of B, (¢). This is carried out in:

Lemma 3.8. For each t > max{t~,t*}, system (3.7) can be solved for B, and f;
in terms of P, in the neighborhood of (B (¢), B (¢), By (£)):

{ﬁl =M(B2) (3.15)

B3 = N(B2)

such that By (t) = M(B; (t)) and B5 (t) = N(B; (t)). Moreover, for B, > B, (¢),
N(B2) < B < M(B2). (3.16)

Proof. Calculating first partial derivatives of (3.9) at (87 (¢), B; (), B3 (¢)) and using
(2.22), we find:

oF 8[10d% &q ]

== |53t | <0,

6/81 T _2 613% aﬂlaﬁz

OF _8[3 o +52_q]_0

0ﬁ2 T _4 6ﬁ16ﬂ2 aﬁ% ’

I IR A

6ﬂ3 T _6ﬁ26ﬁ3 20/)’16/33 40ﬁ26ﬂ1 ’
a—é—_—4p 62q _i 62q N an }—_0

o 10B10B2  40B10Bs  0B20Bs ’
oG [ 5 &q

5= 4| S A - ﬁ3)aﬁaﬂ] >0,
oG [(1 &q 334 ]
A B + >0, 3.17

where we have used Lemma 3.5 in the first inequality, (3.11) and Lemma 3.5 in
the second, third and fourth equations, and Lemma 3.1 and Lemma 3.5 in the last
two inequalities.

It follows from (3.17) that the Jacobian:

a(F,G)
(B, B3)
is not vanishing at (8] (¢), B, (¢), B5 (¢)). Hence, (3.7) can be solved for:
pr=M(B2), B3 =N(B2)
in a neighborhood of f; (¢) such that B () = M(B; (¢)) and B5 (¢) = N(B; (¢)) for

t > max{t ,t"}.
It follows from (3.7) and (3.17) that

N'(By (1) <0,
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which implies (3.16). The proof of Lemma 3.8 is completed.

Later, we shall show that, for each fixed ¢+ > max{¢~,¢*}, solutions (3.15) of
system (3.7) can be further extended whenever: N(f;) < p, < M(f,). The Jaco-
bian of system (3.7) with respect to (51, f3) has to be estimated along the extension.
This is carried out in the next lemma.

Lemma 3.9. Under conditions of Lemma 3.1, the following inequalities:

0(A1t +wy) 0(Aat + wy) 0(A3t +ws)
—— <0, ——= >0, ————= <0
9p P2 B3

hold on the solution (B, B2, B3) of (3.6) [or equivalently (3.7)] in the region ;3 <
P2 < B1, where 0 < f3—b < 6

Proof. Using (2.24), we see that (3.6) is equivalent to:

10
(A1 = 2(B1 + B2 + B3)] (H' 5-8_[;]1') = [A2 —2(B1 + B2 + B3)] (H— %56[%) ,
(3.18)
[/12 —Z(Bl + /32 + 33)] (l‘—(— 5_6?2-) = [13 — Z(ﬁl +B2 +ﬁ3)] (t + 56—53> )
(3.19)
By Lemma 3.5,
7e P 62_q 0 (3.20)

— <0, ——— <0, >
0B10B, 0B10p; 0B20Bs

at the trailing edge.

We claim that (3.20) hold for all the solutions of (3.6) with 3 < f, < f;
and 0 < B3 — b < 6. We justify the claim by contradiction. Suppose, otherwise,
for instance, at some point (ﬁl, Ez, B3) on the solution of (3.6) with B3 < Bz < Bl
and 0 < f;—b < &

2
0q —0
0B20ps

which together with (2.22) gives:

d oL
99 _ %9 o BBy

0B, 0Bs
This when combined with (2.14) and (3.19) implies:
1dqg 1dq
Z+2'6—B;—t+26ﬁ3——0. (3.21)
By (2.11), (3.18) and (3.21), we obtain:
1 dq
t+ Ea—ﬁl =0

which together with (2.22) and (3.21) gives:
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Pq  %q g

0p10B,  0B10Bs  0P20Ps =0 (322)
at (By, By, B3) where f; € (b,b + 9).
On the other hand, by (2.22) and Lemma 3.1:
&q _ 0*q _ Pq
6ﬂlaﬂ3 6ﬂ25ﬂ3 - z(ﬁl ﬂz)aﬁ aﬁ 6ﬂ <0 (3.23)

at (B, s, Bs)-
Equations (3.22) and (3.23) contradict each other. This proves the claim.
By (2.22), we have:

_ % _ %
5ﬂ 5133 B Ops
Differentiating this with respect to f; yields:

&q *q
B 6[3 5iobs +2(f1 — ﬂs)aﬁzaﬂ <0, (3.24)

where we have used (3.20) and Lemma 3.1 in the last step.
It follows from (3.20) and (2.22) that

0dqg _ 0q _ 0q

2081 — Bs)zp—a

< < 3.25

< % (323)
which when combined with (2.11), (3.18) and (3.19) gives:
1 dq 1 oq 1 dq

t+§8_ﬁ]<0 t+26ﬁ2>0’ t+26ﬁ3>0 (3.26)

on the solution (fB,f2,63) of (3.6) in the region B3 < B> < B; where B3 €
(b,b + 9).
Therefore, by (2.24):

o(Ait + W1) 6111 (
B B

<0,

where in the last inequality we use (2.11), (2.15), (3.24) and (3.26). This proves
the first inequality of Lemma 3.8.
Next we shall prove the rest of Lemma 3.8. By (2.22), we have:

dg 0q

10 1
) =28+t IS

282 = B3) 7 a 3 ﬂ 6 T
Differentiating this with respect to f; yields:
Pq _, 0q
hdlh § . 2

From (2.22) and (3.19), we obtain:
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(= o) o+ 5 2] U =20+ o= ) =0

which together with (3.27) gives:

aﬂ 6ﬂ

Jla= s (H_ 1 3q>+[,13 2(ﬂ1+ﬂ2+ﬂ3)]

B2 — Bs 20p 552

= —=2[A3 = 2(B1 + B2 + B3))(B2 — B3)6ﬂ R

<0, (328)

where we have used (2.11) and Lemma 3.1 in the last inequality.
It follows from (2.24) that:

(st +ws) 6/13(+%aa/;1)+%[,13 2(ﬁ1+ﬂ2+ﬁ3)]

0Bs 0PBs aﬁz

3}.2—13 16(]
<3h =P <t+26ﬁ)+ 43 — 2(ﬁ1+ﬂ2+ﬁ3)]aﬁz
<0,

where we have used Lemma 2.2, (3.25) and (3.26) in the first inequality, and (3.28)
in the last one.

This proves the third inequality of Lemma 3.9. In the same way, we can prove
the second one. The proof of Lemma 3.9 is completed.

We are ready to solve (3.6) for f; and f; as functions of B, for ¢ >
max{t~,¢*}.

By Lemma 3.8, system (3.6) can be solved for:

{ B = M(B2)
B3 = N(B2)
in the neighborhood of (B, (¢), B, (¢), B5 (¢)), where 5 (¢) € (b,b + 0) for each ¢ >
max{¢~,¢"}. Furthermore, (3.16) holds if f, > B; (¢). We shall extend functions
(3.15) in the positive B, direction as far as possible. It follows from Lemma 3.7

and Lemma 3.9 that, along the extension of (3.15) in the region B, > B, > fs,
where f3 € (b,b + 6), the Jacobian matrix:

oF oF
B 0Bs
oG 3G
B s

is diagonal and that therefore, nonsingular. Furthermore, system (3.6) determines
(3.15) as two decreasing functions of ff;, and therefore, N(f;) € (b,b+ J) as f5,
increases.

This immediately guarantees that (3.15) can be extended as far as possible in
the region: f; > f, > f5 with B3 € (b,b + 6). Since M(f,) is decreasing, (3.15)
stops at some point S5 (¢) where, obviously, M(B5 (t)) = B3 (¢). Therefore, we have
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shown that (3.7) determines f; and f; as decreasing functions of B, over interval

(85 (), B (D).
Let

B (1) = MBS (1)), Bi(t)=N(B3(1)).
Clearly, (Bf(1),B5(2),B5(r)) solves system (3.7) at the leading edge f; = fo.
Hence, these B (¢), 7 (¢) and B () are exactly the ones appearing in Lemma 3.6.
Substituting (3.15) into (2.18), we obtain:

x = (M(B2), B2, N(B2))t + wa(M(B2), B2, N(B2))

which by Lemma 3.7 and Lemma 3.9 clearly determines x as an increasing function
of B, over interval [B; (¢), B (¢)]. It follows that, for each fixed ¢ > max{r~,t*}, B>
is a function of x over the interval [x~(¢),x*(¢)], and that so, therefore, are f; and
B3, where:

x5 (1) = (BE(), BE (1), BT ()t + waBE(), By (1), By (1)) - (329)
Thus, (2.18) can be solved for:

ﬁl =ﬂ1(xst)s BZ =ﬂ2(X,t), B3 =ﬂ3(x,t)
within a region:
x (t) <x <x™(t), fort>max{t ,t"}, (3.30)

where x~ and x* are given by (3.29).
Boundary conditions (2.2) and (2.3) can be checked easily. Therefore, we have
proved:

Theorem 3.10. Under the conditions of Lemma 3.1, the hodograph transform (2.18)
with w;’s given by (2.24) and (2.25) can be solved for By, B, and B3 as functions
of (x, t) within region (3.30) for all t > max{t~,t*}. Furthermore, these B,
and B; satisfy boundary conditions (2.2) and (2.3).

Theorem 2.3 and Theorem 3.10 immediately give:

Theorem 3.11. Under the conditions of Lemma 3.1, the Whitham averaged sys-
tem has a solution (fi(x,t),P2(x,t),B3(x,t)) within region (3.30) for all t >
max{¢~,tt}, and this solution satisfies boundary conditions (2.2) and (2.3) on
the boundaries of the region.

Remark. Conditions of Lemma 3.1 are quite generic. For instance, it is easy to
check that these conditions are satisfied by decreasing initial data uo(x) with the
following asymptotes at the infinity:

1
uo(x)zb+W, as x — +o0,

1
u(x) ~a— —z, asx— —oo,
x|
where o, f > 0.
We conclude this section by considering the case when one or both of a and
b are infinite. In addition to the assumption that f"”/(u) < 0, we need to put extra
conditions at a = +o0 or/and b = —oo. More precisely, we suppose
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f"(u) < 0, in the neighborhood of u = a if a = +o0,
linif"(u) =400, ifb=-c0. (3.31)
u—

Under these conditions, it is easy to check that Lemma 3.1, 3.2 and 3.3 with
slightly different wording still hold when a = 400 or/and b = —co. Obviously, the
proof of Lemma 3.4-3.11 do not or only superficially depend on whether a or/and
b is infinite. Therefore, we have similar results in the case when the decreasing
initial data is not bounded at x = —oo or/and x = oc.

Theorem 3.12. Consider a decreasing initial data x = f(u) defined over (b,a),
where a = +00 or/land b = —oo. Suppose that in addition to (3.1) and the as-
sumption that "' (u) < 0 in the neighborhood of u = a and u = b, f(u) satisfies
(3.31). Then there exists a t* > 0 such that the Whitham averaged system has
a solution (P1(x,t), B2(x,t), B3(x,t)) within region (3.30) for all t > t*, and this
solution satisfies boundary conditions (2.2) and (2.3) on the boundaries of the
region.

As in Theorem 3.11, it is easy to see that the conditions of Theorem 3.12 are
also quite generic.

4. The Whitham Solution for Hump-like Initial Data

In this section, we consider the case of hump-like initial data. For convenience, we
assume the initial data to have a single extremum. We further normalize the initial
data such that
max  up(x) =up(0)=1.
—00<x<+00
We denote f*(u) and f~(u) as the inverse functions of the decreasing and in-
creasing parts of u = uy(x), respectively.

As in Sect. 2, the initial value problem is to solve the Whitham averaged system
for the multibranches f;,f, and 3 from the initial curve u = up(x). Boundary
conditions (2.2) and (2.3) should also be satisfied on the trailing and leading edges.

The hodograph transform (2.18) when i = 1 after differentiation with respect to
x and use of Lemma 3.7 becomes:

_ 0(Mt+wy)
0

Since the maximum of the initial curve is preserved along the horizontal motion,

the above equation indicates that (2.18) when i = 1 is singular at the maximum of

B1 (see Fig. 2.). A modification of the hodograph method is therefore necessary.
Instead of f;,, and B3, we introduce X;(x,?)’s:

1 ﬂlx .

Bi(x,t) = uo(Xi(x,t)), i=123.

Later we will see that X;(x,#)’s are monotone in x.
As a result, the Whitham averaged system (1.1) becomes:

Xit + Ai(uo(x1), uo(x2), uo(x3)) Xy =0, i=1,2,3. (4.1)

The Burgers equation (2.1) becomes:
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> X
Fig. 2.
X, + 6up(X)X; =0. 4.2)
Figure 2 indicates that (X7,X,,X3) should be restricted in the region:
ST (uo(X2)) < X1,  fT(uo(X3)) < X1, X2 >0, and X3 > 0. (4.3)

Boundary conditions (2.2) and (2.3) are transformed to:
a) At the trailing edge:
X = the solution of (4.2) defined outside the multivalued region ,

XX=X>0. 44)
b) At the leading edge:
X =X2 >0 .

X; = the solution of (4.2) defined outside the multivalued region. (4.5)

Therefore, the initial value problem of system (1.1) for the initial data u = uo(x)
becomes the initial value problem of the modified Whitham averaged system (4.1)
for the initial data X = x.

We want to use another version of Theorem 2.3 to solve system (4.1) for the
initial data X = x. Consider the hodograph transform:

x = Ai(u(X1), ug(X2), up(Xa )t + Wi(X1, X2, X3), i= 1,2,3, (4.6)
where Wi(X1,X2,X3)’s are determined by the linear overdetermined system:

ow; ,
o = G (w(), uw(a), w6 (X)W = W), ij=123i+j, (47)
J

and g;;’s are given in (2.17).
We need to understand what kinds of boundary conditions should be imposed
on Wi(X;,X,X3)’s. The solution of (4.2) satisfies the characteristics equation:

x=6uy(X)+X. (4.8)
By (2.12), (2.13), (4.4), (4.5), (4.6) and (4.8), we see that at the trailing edge:
WX, X3, %) =X, X3>0,
W X1, X3, X3) = W3 (X1, X3,X3) . (4.9)
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Similar conditions hold at the leading edge:

WX, X1, X3) = W2(X1, X1, X3), X > 0,

W3(X1,X1,X3) = X3 . (4.10)

As a consequence, it is natural to consider system (4.7) with boundary conditions
(4.9) and (4.10). Similar to Theorem 2.4, we have:

Theorem 4.1. If O(X,,X>,X3) defined in region (4.3) is a solution of:

P9 d [
aX;0X; E% ax;

X ) = w) ~ axy

2[uo(Xi) — =123i%; (411)

with boundary conditions:

0X, X X)=X, forX>0, (4.12)
3Q(X],X3,X3)

2ue(Xn) — ug(Xs)]— e + O(X1, X3, X3) = Xu, for Xi <0,  (4.13)

uo(Xl)

then (W1, W, W3) deﬁned by:
Wi(Xl,Xz,X3)
gq
[/1 (U0 (X1), u0(X2), uo(X3)) — 2(uo(X1) + uo(X2) + uo(X3))]— ( X)

+ 00X, X2, X3), i=1,2,3 (4.14)

solves the boundary value problem (4.7), (4.9) and (4.10).

Before we prove this theorem, we shall solve the boundary value problem
(4.11)~(4.13). This is carried out in the following theorem:

Theorem 4.2. System (4.11)~(4.13) has one and only one smooth solution in region
(4.3). The solution is symmetric with respect to X, and X3, and is given by:

1 + (l=v 1+v
Q(XI,XQ,X3)__;1£ le (X, 1+ (5 u(;()_(zzj Fud) |

(4.15)

where

Vuo(X) ~up(Y) |0 2+4/uo(€) — ue(Y) @

T (5 + )
V2 5 vi—u o

FOGY) = P )

Furthermore,

3X[ (Xl 9X29X3 )
uo(Xl)

is also smooth in region (4.3).
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Proof. Under a change of variable:

€=f+(l_—_u+l+_,u (Y))

2
we obtain:
‘/1_u0(y)f1f+ (‘_;E+1—+zlfuo(Y))d __1}’ Eug(&) dé
22 4 Ji-g #7728 Vi - waD)
for Y > 0. This enables us to rewrite F(X,Y) of (4.15) as:
Py = L[ 860 !
’ ¥ 1/uo(€) - uo(Y \/uo(X ) —uo(Y)

which under a new transform:

1+pu

e= 1+ (G0 + L5 )

becomes:
S (M) + )
2\/_f VIi—p #

in the case that X = 0 and ¥ > 0. This allows us to write Q(X;,X;,X3) as

FX,Y) =

O(X1,X2,X3)
P () + () + S ()
=2l - m(1-w) Ay
(4.16)

for X; = 0,X; > 0 and X3 > 0. Notice that (4.16) is exactly the same as (2.25)
in view of the transform f; = uo(X;) and the symmetry as stated in Theorem 2.5. It
immediately follows from (4.15) and (4.16) that Q(X;,X2,X3) is smooth in region
(4.3). A simple calculation with (4.15) also shows that

0X1 (Xl,XZ,X})
“o(Xl)

is smooth at X; = 0, and therefore it is also smooth in region (4.3).
We next rewrite Q(X;,X,,X3) as:
O (uo(X1), uo(X2), up(X3)), X3 < 0

X1, X0, %) =
O, X2, Xs) {Q+(uo(X1),uo(Xz),uo(Xs)), X >0

where 1 G}. (ﬂ I—Vﬁ + 1+Vﬂ )
Ql(ﬁl,/ﬁ,ﬂs)—— f 1’\/21%‘5 273 gy

(4.17)
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and

G*(a, B)

CVa=B | b 2v/ue(d) -

and A =+, —.
To prove that Q(X;,X;,X3) satisfies (4.11), it suffices to show that:

52 A o A F! A
2 - B2 = 292

op:op; o 0P,
It is straightforward to use (4.17) to check that
62 A 0 A 0 A
2y - o) = L L

0P20Ps 0B OPs
Since Q*(B1, B2, B3) is obviously symmetric with respect to f, and fs, it is enough
to show that

62Ql aQ}. an

1 Y0 fu{)(é) d ,/ f <—2E Tﬂﬁ)du
,/"_1_

(4.18)

2(By — ﬂs)aﬂ T (4.19)
A simple calculation on (4.18) yields:
(92G’1 6G’1 0G*
B)a 5= 27— B (4.20)
By (4.17), we have:
2ot 11261 - BEG (B 2B+ $8) 1 4
2B — ﬁ3)6,8 o E_fl NI 5 dv
21 [ﬁx — (128, + H28s3) } %i‘;; (Bu 2B+ £2B3) 1 4
- __1 Vv 1-— v2 2
1 L(Ba— B3)5aaﬂ (B, 2B+ 2Bs) 1 — 12
+ ”—fl Ty 5 dv
1 (2% - 1) (1, 1528+ 42B5) 1 1y
N Ty V1-— V2 2
1 L(B2a— ﬁ3)aa6ﬂ(ﬂ1’ lzvﬁZ + 1+vﬁ3) 1—v?
+ E_j; ,—1 = v2 3 dv
an aQ/l @

11
= +_
B op Tl

+ 6a6ﬁ (ﬁl, vﬁZ + H-vﬂii)
T V1—1y2

dv (B2 —B3), (421)
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where we have used (4.20) in the third equality. Simply integrating by parts, we
can check that the last two terms of (4.21) cancel each other. This proves (4.19),
and therefore, system (4.11).

Boundary conditions can be checked as follows. At X, = X3, we have:

Q _ aF

X (X17X3)

_ uy(Xr) [’f“ G& 4
2uo(X1) — up(X3))7 |0 21/u0(&) — uo(X3)

/1= uo(Xs) 1 ft (Tﬂ —%ﬁuo(Xs)) dul + Xyuh(X1)
Vi—u 2[up(X1) — uo(X3)]

which together with (4.15) yields (4.13). Boundary condition (4.12) immediately
follows from (4.16).

Finally, we want to prove the uniqueness of solution to the boundary value
problem (4.11)—(4.13). Suppose O(X1,X2,X3) and Q(Xl,Xz,X3) are two solutions.
Since the boundary value problem in question is a linear one, O = Q — O satisfies
(4.11) and boundary conditions (4.12) and (4.13) with homogeneous terms. In
the region X; > 0, X> > 0, Xz > 0, if we let X; = fT(B1), X2 = f7(B2) and

= f*(Bs), we have:

POSHBS (B, ST (Bs)) _ 90 20

2(ﬁ1_ﬂj) aﬁxaﬂj - 6ﬂ, aﬁja l’j:192a3s
OB ST BT (B =0, i%),
which by Theorem 2.5 implies:
0X1, X, X3) =0, for X;,X5,X; > 0. (422)

On the other hand, for X; < 0, condition (4.13) with a homogeneous term can

be rewritten as: 5
= [Vuo(X1) — uo(X3)0(X1, X3, X3)] = 0
X,
This and (4.22) at X; = 0 prove
0X1,X:,X3) =0, forX; < 0.
Using the notation X; = f*(B2) and X3 = f*(B3), by (4.11) we have:

PO, [T(B2), fT(By) _ 90 30
0B20B3 0By 0Bs’

O, fH(B), f*(B) =0, forXi <0,
which by Lemma 3.4 of [12] gives:

2(2 — Ps3)

0(X1,X2,X3) =0, for X; < 0.

This and (4.22) proves the uniqueness, and the proof of Theorem 4.2 is completed.
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We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1. For X;+0,1 =+, —, let

= fAB1), Xo=fT(B2), X3 = f¥(B3). (4.23)

In this way, we write W;’s of (4.14) as:

Wi B, £ (B2), f(B3)) =—[lx(ﬂ1,ﬁz,ﬂ3) —2h1+ P2+ Bs)]

+ OB, S (B2, fT(B3)) -

In view of (4.11) and (4.23), Q(f*(B1), f+(B2), fT(B3)) satisfies (2.22). By The-
orem 2.4, we obtain

5/3,

ow;

B;

which is equivalent to (4.7).
Boundary conditions can be checked as follows. The second condition of (4.9)
at the trailing edge follows from (2.12), (4.14) and the fact that Q(X;,X3,X3) is
symmetric with respect to X, and Xj;. The first condition of (4.9) can be easily
verified using (2.12) and (4.13) in the case of X; < 0. The part of the trailing

edge for X; > 0 can be handled as follows.
It follows from (2.12) and (4.14) that

= a;j(B1, B2, B3)[W: — W],

29
WA(X0, 20, 5) = 200(Xi) = 10X 7 + 01 X5, 0) (424)
Differentiating this with respect to X3 yields:
dwi(Xi, X3, X3)
dxX;
00 , 0 # s+ i
aX 0%, T X 0xX.
= X 2 X 1042 1043
o, o 2uy(X3)— (X)+ [uo(X1) — uo(X3)] )
=0,

where we have used (4.11) in the last equation. W;(X;,X3,X3) is independent of
X3, and therefore, the first condition of (4.9) follows by substituting X3 = X; into
(4.24) and using (4.12). Boundary condition (4.10) can be checked in the same
way. This completes the proof of Theorem 4.1.

We now study the hodograph transform (4.6) with W;’s given by (4.14) and
(4.15). We shall show that transform (4.6) can be solved for X;,X; and X; as
functions of (x,¢) within a cusp in the x-¢ plane.

We make some assumption about the initial data. We suppose that the decreasing
part of the initial curve x = f(u) has only one inflection point at u = u*, more
precisely,

ay=0; W) <0, forutu*. (4.25)

Therefore, by Theorem 2.6 and 2.9, the hodograph transform (4.6) can be solved
within a cusp until a finite time 7 when the maximum of the initial curve hits the
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trailing edge. The main purpose of this section is to solve the hodograph transform
for time after 7.
First, we simplify the hodograph transform. Eliminating x from (4.6), we obtain:

(Mt + W) — (Aot + W) =0,
(Aot + W2) — (A3t + W3) =0, (4.26)
which is equivalent to:

(Mt + W) — (Aot + W3) _
[uo(X1) — uo(X2)IK(s)

(Aot + W) — (A3t + W3) _

0,

427
0oa) — o) 427
Similar to the equations above (3.10), this system becomes:
5Q(X$§53,X3) 5Q(X5:;_Y3,X3)
6t + L +2 3 =0,
up(X1) uo(X3)
azgg)r(, ,a))({z,xa) 3 ) 6Q(Xla,;(3,X3)
2Auo(Xy) — up(X3)]—2B__ _ = S < R G 42

[uo(X1) — uo(X3)] MOE 2 {t+ 2 0% ] 0 (4.28)

at the trailing edge X, = Xj. Substituting the first equation into the second one, and
using (4.11), we get

U(t, X, %) = 6t + aQ(X%Z‘?XQ +26Q(X5§§3’X3) =0 (429)
bl up(X1) uy(X3) ’ ’
V(X1 Xs) = 629(5)’(‘11’55‘3,“ 462Q$’)’{‘2"’)’{‘3,X) =0 430

R TF 7T RN (s ST 30

In particular, as mentioned previously, when ¢ = T system (4.29) and (4.30) has
a solution (T,X, (T),X; (T)) with X, (T) =0 and X; (T) > 0. To solve (4.29)
and (4.30) for X; and X; for ¢ > T, we shall calculate partial derivatives of U and
V on the solution (#,X1,X3) of (4.30), where ug(X;) > uo(X3).

Integration by parts gives:

’f &up(é)
0 [u0(&) — uo(X3)]?
Y Py . @31)

Vuo(X1) — uo(X3) { V(&) — uo(X3)

and
Lf (S5 + ()

-1 T—u

du

Y (1—25 + %E“O(X3))

= [uo(Xs) — 1
[u()( 3) ].Lfl \/m‘

(1—pdp . (432)
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~

Using (4.15) and the symmetry of Q about X, and X3, we rewrite U of
(4.29) as:
OF(X1,X3) OF (X1, X%3)

X, X,
uo(X1) uo(X3)

U, X1, %) =6t +

dé
VIuo(&) — uo(X3)[uo(X1) — uo(X3)]

VI [T wmy S (5 een)
+ T u()(Xl) — up(X3) _j; m du ,(4.33)

where we have used (4.31) and (4.32) in the second equality. This gives:

6 y
= t+'2—‘([

U 1 1 (X)) { 1% dé

X 2u0Xn) — () 2ug(Xy) — () | 26 ua(8) — to(Xs)

V2 LY (I—Z”‘ + #uo(Xs))
2 i | LA R,

>0, forX; 20,

where we have used the assumption that uo(x) is increasing for x < 0 and decreas-
ing for x > 0.
Differentiating (4.11) when i =2 and j = 3 with respect to X3 yields

azQ 2 )
W ) 00 s oK) — (Ko )] e 22
up(Xz)  [up(X3)1? 0X; up(X2) 0X; up (X )u(Xz)

This becomes , ,
/"
a_Q_“_(}@a_Q=3 9 (4.34)
5X32 uO(X3) 6X3 5X26X3

when X; = Xj. Since Q(X;,X3,X3) is symmetric with respect to X, and X3, we get:

PO u(n)eQ ., Q Y 9 (435)

AXE (o) dX, ~aX0Xs aX,0X,  0X,0X;

when X; = X;.
By (4.29), (4.34) and (4.35), we obtain:
~ fid &
oU _2an  Bank
Xy u(Xi)  up(Xz)
=0 (4.36)

on the solution (X7,X3,X3) of (4.30).
On the other hand, it follows from (4.30), (4.33) and (4.36) that
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U

1 ox;
V (X1, X .
X1,X) = 24 06)
Xl dé
~ 6, /r(xl) ~uo(Xs) 2 [uo(&) — uo(X3)]3

de
2
* { Va(®) — uaG )uo(X1) — ua(Xa)]

Al (I—Zﬂ + 1—"%ﬂllo(X:»))

+v2/1 -uo(Xs)f1 = (14 p)dp
, — up(Xy) fl o (‘—E” + l+T"uo(Xz)) dﬂ} |
[uo(X1) — uo(Xs N1 —up(Xz) =y vi-p
(437)
Therefore, we obtain:
W _ 1
oxXy 16\/“0(X1) — up(X3) [uo(Xl) — uo(X3)]3
up(X1)d¢
\/ uo(&) — up(X3)[uo(Xy) — uo(X3)]?
VauX) L (5 + Bu)) )
[0(X1) — 0 06)1y/T = o)1 Vi-n g
_ - w1 (7 ) }
[u0(X1) — uo(X5)Pr/T — wo(X3)1 VI—h #
>0, for X\; £0
on the solution (Xi,X3) of (4.30) with u(X7) > up(X3).
Similarly,
W uh(X3) A 3d¢
= 16+/uo(X1) — uo(X3) | o [uo() — uo(X3)]3
Xl dc
+/ 3
0 [uo(&) — uo(X3)]12 [uo(X1) — uo(X3)]
o] i
0 Vuo(&) — uo(X3)[uo(X1) — uo(X3)1?
VI w1 () (1 +
2 Tugp(X1) — uo(X3)]y/1 — uo(X3) = T—p

L V2= w2 + o) = 3u)] + S (45 + S#u0(x:) dﬂ}
2 [uo(X) — uo(X)PI1 — uo(X3)) =1 T=x
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_ uy(X3) A 3d¢
163/uoX1) — uo(X3) | 0 [uo(&) — uo(X3)]3

X wpX)—ugy)
! 27 i) d¢

+/
0 [0(&) — uo(X3)]2 [uo(X1) — uo(X3)]

1+2ug(X} )—3up(X3)
1—up(X3) é

\/ ug(&) — uo(X3)[uo(X1) — uo(X3)1?

L Y21 - @)+ 3up(X) = du(Xs)) vl (T“ —3”“°<X3))dﬂ}
2 [ — oC6)PIL - wo(X)E 1 Vi
>0, forX; £0

on the solution (X1, X3) of (4.30) where we have used f +" < 0 in the first inequal-

ity, and replaced the integral involving f*" by (4.30) and (4.37) in the equality.
All these imply that the Jacobian:

au,v)
a(*Xl,‘xfii)

at the solution (Xi,X3) of (4.30), where up(X;) > uo(X3) for X; < 0. Since system
(4.29) and (4.30) hold for (T,X; (T),X; (T)), it follows from the Implicit Function
Theorem that system (4.29) and (4.30) can be solved for X; and X; as functions of
t for ¢ in the neighborhood of T'. Furthermore, it is easy to check that the solutions
X7 (¢) and X; (¢) are decreasing and increasing, respectively, as ¢ increases. Since
X (T) =0, we have X (¢) < 0 for ¢t = T. Equations (4.29) and (4.33) imply that
X[ (T) can not catch up with f~(uo(X; ())) in finite time. Using the Implicit
Function Theorem again, we see that X, (¢) and X;”(¢) can be further extended for
all ¢ = T. Therefore, we have established:

+0

Lemma 4.3 Consider a smooth initial data u = uyg(x) with a single hump. Suppose
that uy(x) reaches its only maximum at x = 0, where the maximum is normalized
to be 1. If the inverse function f*(u) of the decreasing part of u = uy(x) satisfies
(4.25), system (4.27) has a unique solution (X| (¢),X; (£),X; (t)) with X; (t) =
X, (t) for all t = T. Furthermore, we have uy(X; (t)) > uo(X; (¢)) for t > T.

At the leading edge X; = X2 > 0, system (4.27), similar to (3.14), is equiva-

lent to:
1 55000, X, X)
2 up(X1) ’
1 aX3Q(X1,X1,X3)
2 uo(XB) B

This system, under transform f; = uo(X;), becomes (3.14) with g(Bi, B2, B3) re-
placed by O(f1(B1), £ (B2), fT(B3)). Therefore, by Lemma 3.6 we have:

Lemma 4.4. Under conditions of Lemma 4.3, system (4.27) has a unique solution
(X1+(t) X;H(), X5 (2)) with X[H(t) = X3 (¢) for all t 2 T. Furthermore, we have
u(X; (1)) > uo(X;"(1)).
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For each ¢t > T, we want to solve (4.27) at X; = 0. Under a change of variable:
X =f*B), Xo=f(B), Xs=f"(B) (4.38)

system (4.27) when X; = 0 becomes (3.7) with f; =1 and g(B, B2, B3) replaced
by O(f (1), fT(B2), f1(B3)). 1t follows from (3.9) and (3.17) that

oF_u o o
o0 m’ 0p, OBy
oG oG oG
E =6, 6_ﬂ; > 0, EE >0
which implies the non-vanishing of the Jacobian:
oF,G)
a(ts ﬂ3)

at (T, 1,up(X; (T)),uo(X; (T))). Hence, system (3.7) can be solved for B3 and ¢
as functions of f:

Bz =H(B2), t=L(B2)
in the neighborhood of uo(X; (T)).

Clearly, H(f,) decreases as f5, increases, and therefore, (t,f1,p2,03) =
(L(B2), 1, B2, H(B2)) satisfies system (3.7) for ff, in the neighborhood of uo(X; (T'))
and B2 > uo(X, (T)).

Before continuing, we need a lemma whose proof will be given later.

Lemma 4.5. The following inequalities:

0(22t + W2) 0(Ast + W3)
—_— = >0, —=<0
B2 0ps

hold on the solution (t,1, B2, 83) of (3.6) in the region f, > ps.

By (2.14), Lemma 3.7 and Lemma 4.5, system (3.7) determines ¢t = L(f3,) as
an increasing functions of f,. Accordingly, f, is an increasing function of ¢, and
therefore, f; is a decreasing function of ¢ for # > T in the neighborhood of T.
Using Lemma 3.7, Lemma 4.5 and Implicit Function Theorem again, we see that
we can extend ¢ for all + > T. This together with (4.38) establishes:

Lemma 4.6. Under conditions of Lemma 4.3, system (4.27) when X =0 has
a unique solution (1,0,X;(¢),X;(¢t)) for all t 2 T with X;(T)=X, (T) and
X;(T)=X; (T). Furthermore, X;(t) and X;(t) are decreasing and increasing
Sfunctions of t, respectively.

We now come back to prove Lemma 4.6.
Proof of Lemma 4.6. By (4.11) and (4.38), we have:
P9 0 2
0o, 01 OBy

Taking derivative with respect to B3 yields

2(B1 — B2)
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Q *Q )
- =2 4.39
oBops Bk P agapap (439
Using (4.25) in (4.16), we find:
30
— <0
0B10p20ps
These two equations and inequalities give:
Q0 *Q
0103 = 3B.0P;
at (T, Lup(X; (T)), uo(X5 (T))).
This together with (4.30) implies:
2 2
Y 20

< 0,
0B10ps 0B20PBs
at (T, 1,uo(X; (T)),uo(X5 (T))). The symmetry of Q with respect to B, and f;

gives: )
g ’Q
3BoB> ~ 3Biofs
at (T, 1, uo(X, (7)), uo(X; (T))).
We claim that
02Q *Q 0 *Q <0 (4.40)

<0, — >0, ——
0p10ps 0B20B3 0B19p>
on all the solutions (¢, 1, B2, f3) of (3.7) with f, > fs.
Suppose otherwise, for instance,
0
0p20Bs

at some point (1,52, 33) on the solution of (3.7) where B2 > ﬁ3. This when com-
bined with (4.11) gives:
90 _ %9

%, ~ s (@40
at (LBZ)B3) where BZ > ﬁ-3'
Using (4.14) and (4.38), we write (4.26) as
(0o ) =201+ o+ o (14 352 )
Ve -2+ pa Bl (14 500 ) )
Ul o) ~ 201+ B+ ) (14 32 )

— Ul ) — 201+ oot o] (14 332 (443)
3
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By (2.14), (4.41) and (4.43), we have:

which together with (2.11) and (4.42) gives:

+§ﬁ O.

Therefore, by (4.11) we have
igY igY gy
= = =0 444
5B:1oB; ~ 9B:0B:  OBroba 49

at (1,B,, B3), where B, > B;.
On the other hand, we obtain from (4.16), (4.38) and (4.39) that
*Q B *Q
0B10Bs  9B20Bs
at (1,B,, ;) where B, > ps.

Equations (4.44) and (4.45) contradict each other, and the claim is justified.
It follows from (4.11), (4.38) and (4.40) that

9 09 _ 99
< <
s op’
which when combined with (2.11), (4.42) and (4.43) gives:

>0
35135,0P; <0 (4.45)

=2br - B s mna

100 aQ 1 0Q
t+ 26ﬂ2>t+26ﬂ3>0>t+2651 (4.46)

on the solution (1, 5, f3) of (3.7) with 1 > f;, > fs.
By (4.11) and (4.38), we have:

7o _00
X0~ ap,08, = 33, 3,

Differentiating this with respect to f, yields:

?9 _, P0 >Q
B " 5Bihs +2(p2 - ﬁ3)6ﬂ§6ﬂ3 : (447)
Using (4.11) and (4.38) in (4.43), we obtain:
=) [t 3 22 4 s =28+ o 4 B (o = ) =0

which together with (4.47) gives:
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Jads (130 20
ﬂz ~ 5 (t+ 3 96 ) + [A2 = 2(B +ﬁ2+ﬁ3)]6_ﬂ§
hE
= 20ia =21+ b+ BN — B g
2
> 0, when B, > 5 (4.48)

where we have used (2.11), (4.16), (4.25) and (4.38) in the last inequality.
It follows from (4.14) and (4.38) that

(ot + W) _ 0dy 180

) <’+zw> + 50— 25 +ﬁz+ﬂ3)]aﬁ2
J3k—h 190 20
2ﬁ2—ﬂ3 <t+23ﬁ ) +5 [12*2(ﬂ1+/}2+ﬂ3)]aﬂ%

>0, when f§; > B;,

where we have used Lemma 2.2 and (4.46) in the first inequality, and (4.48) in

the last one. This proves:
0(Jat + W2) >0

P2

In the same way, we can show that
0
(Ast + W3) <0
0ps

This completes the proof of Lemma 4.6.
Next, we want to solve system (4.26) for X; and Xj as functions of X, at each

t > T when (t,X1,X;,X3) is in the neighborhood of (T,0,Xy(T), X5 (T)).
By (2.12) and (4.9), we have:

(At + Wh)

w =L (4.49)

at (T,0,X, (T),X; (T)), where up(x) reaches its maximum at x = 0.
It follows from (1.2), (2.4), (2.5), (2.8) and (2.9) that

lz(ﬂl,ﬁz,ﬂs)hiz =5 =9.

B2
This together with (2.12), (4.14) and (4.35) gives:
0(Jat + W)
X,
29
—% 1 %‘% +4[u (X)—u(X )] 0X22 _ u(,),(XZ) Q
ox, 2 ub(X) GV W) T [up(X0)P 0x,

1 % 2
1 a4 _ 0X,0X3
= 9u)(X3) l:t + ] + 12[ug(X3) — uo(X1)] (%)

uy(X2)
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at X = X3. Using (4.28) and the symmetry of Q about X, and X3 in the last

equation, we obtain: e )
2t + Wa
A L 4,
0X, (4.50)

at (T,0,X, (T),X; (T)).
Equation (4.16) when combined with (4.25) gives

e} Y}
axZox <0 X0 -
[ug(X2)Pug(X3) T up(X)[up(Xa)P?

at (7,0,X; (T),X; (T)). This together with (4.49) and (4.50) allows us to choose
an ¢ > 0 such that

0

@) -X (1) <e X5@)—X, (T) <& whente[l,T+e) (451)
and that the following inequalities

o(Ait + W) >0 0(Jat + W3)
oxXi ’ 0X;

< 1|a(4t+ W)
2 X
ide) 29
axZoxs <0 X, 0X; <
[ug(X2)Puy(X3) T [ug(X2)up(X3)P
hold in a set S where

S = {(t’XI’XZ’X3)\T g t < T+8, |X1l <g, IXZ —Xz_(T)I <g,

0 (4.52)

X5 — X5 (T)| < &,and up(Xy) > ug(X2) = uo(X3)} .
Following the proof of Lemma 4.5, we can use (4.40) and (4.52) to show that

0(Aat + W) 0(Ast + W3)
A < 0, % >0

hold on the solution (#,X;,X3,X3) of (4.27) whenever the solution is in § with
X2 #X;.
Lemma 3.7, (4.52) and (4.53) enable us to solve (4.27) for

Xi =m(X2), Xz =n(Xz)

in the neighborhood of X;'(¢) for each ¢ € (T,T + ¢). Moreover, m(X;) and n(X2)
are decreasing functions of X3, and in particular, we have:

%(lzt + W2)
a(at+ W)

(4.53)

m' (Xy) = (4.54)

Using the Implicit Function Theorem again, we can extend m(X;) and n(X;) in the
positive X, direction so far as (¢,X;,X3,X3) is in S and X; < X;.

By Lemma 4.6, X;*(t) and X;*(¢) are decreasing and increasing functions of ¢,
respectively. Hence, we have X;'(t) < X; (T) =X; (T) < X3(¢) for ¢t > T. Since
X; = n(X,) decreases as X, increases, if we increase X, starting at X*(¢), then by
(4.51) we find
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X -X(T) <& [X3-X(T) <e
for X, £ X3. Thus, to prove that (¢, X;,X3,X3) € S before X; and n(X;) meet, it
suffices to show that —e < X7 < 0 during this extension.

It follows from m(X;(t)) =0 and the fact that X; = m(X,) is a decreasing
function of X, that X; < 0. Using m(X;') = 0 again, we see

X

Xi= [ m'(&)d¢

X3(t)
1 -
> =516 - X @)]
> —¢

for X, > X;(t), where we have also used (4.52) and (4.54) in the first inequality,
and (4.51) and |X»(¢) — X, (T)| < ¢ in the last one. Therefore, we have proved
that (¢,X;,X>,X3) € S before X3 = n(X;) and X, meet.

As a consequence, we can extend m(X,) and n(X;) so long as m(X;) < Xz <
n(X3). Eventually, n(X;) and X, will meet at X, . Denote,

X =m(X; ), Xy =nX;).

Obviously, (X, (¢),X; (¢),X; (2)) satisfies (4.27) and therefore, X;” (¢)’s are given
in Lemma 4.3. Thus, we have proved:

Lemma 4.7. Under the conditions of Lemma 4.1, there exists an ¢ > 0 such that
(4.27) can be solved for

X1 = m(Xp),
X)) =X = X(0),
X3 = n(Xp),

for each t € [T,T + ¢). Furthermore, m(Xy) and n(X;) are decreasing functions
Of X.

We are now ready to solve the hodograph transform (4.6) for Xi,X; and X;
as functions of (x,¢) for a short time after 7. By Lemma 4.7, (4.27) determines
X1 =m(Xy) and X3 = n(X3) for X; (¢) < X2 £ X;(¢). We want to extend m(X;)
and n(X;) for X; < X;(¢). The change of variables (4.38) allows us to transform
system (4.27) when X; = 0 into system (3.7). The method of Sect. 3 can be used to
show that (4.27) determines X; and X; as decreasing functions of X, for X, (¢) <
X; £ X;(t), where X, (¢) is given in Lemma 4.4. Therefore, we have shown that
(4.27) determines X; and X3 as decreasing functions of X, over [X,7(¢),X, (1)].
Substituting X; = m(X;) and X3 = n(X;) into the hodograph transform (4.6), we

obtain
x = A (uo(m(X2)), uo(X2), uo(n(X3)))t
+ Wa(ug(m(X2)), uo(X2), uo(n(X3)))t ,
which by Lemma 3.7, Lemma 3.9, (4.52) and (4.53) determines x as a decreasing
function of X, over [X;'(¢),X, (¢)]. This implies that X is a function of (x,¢) for
x (t) <x <x™(t) and t = T, where
x*(t) = Zo(uo(mX5"(1))), uo(X5" (1)), uo(n(X5"(1))))r
+ Wa(uo(m(X;5(1))), uo (X5 (1)), uo(n(X5(1)))) -
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In the same region, X, and Xj are, accordingly, functions of (x,z).
Thus, (4.6) can be solved for

Xl =Xl(xs t)a X2 =X2(x9t)9 X3 =X3(x’t)

within a cusp for a short time after 7. Therefore, we have proved:

Theorem 4.8 Under conditions of Lemma 4.3, the hodograph transform (4.6) with
W; given by (4.14) and (4.15) can be solved for X,,X, and X3 as functions of (x,t)
within a cusp for a short time after T. Furthermore, boundary conditions (4.4)
and (4.5) are satisfied on the cusp.

Theorems 2.3, 4.8 and the transform f§; = uo(X;) immediately establish the main
theorem of this section.

Theorem 4.9 Under conditions of Lemma 4.3, the Whitham averaged system has
a solution (B1(x,1), B2(x,1), B3(x,t)) within a cusp for a short time after T. Fur-
thermore, the Whitham solution satisfies boundary conditions (2.2) and (2.3) on
the cusp.

Remark. Lemmas 4.1-4.6 are all time results. However, we did not succeed in
proving Theorems 4.8 and 4.9 for all time ¢ = T.

Acknowledgments. 1 thank C. David Levermore for several discussions.
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